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ABSTRACT OF THE DISSERTATION

Localization for the Random XXZ Spin-J Chain
and
Embedded Eigenvalues in Defective Periodic Quantum Graphs

By
Lee Fisher
Doctor of Philosophy in Mathematics
University of California, Irvine, 2023

Professor Abel Klein, Co-Chair
Professor Stephen Shipman, Co-Chair

This thesis is composed of two distinct projects. Although both projects are devoted to
studying situations in which the eigenfunctions of certain Schrédinger operators exhibit in-
teresting or exceptional behavior, the nature of the results as well as the tools used in each of
the parts are drastically different. The first portion is dedicated to a particular spin-system
model in which a type of many body localization is proved. We use the Multiscale Analysis
to show that localization in higher spin systems occurs within a certain interval near the bot-
tom of the spectrum. The second project demonstrates that a carefully constructed defect in
specific kinds of periodic media, most notably multilayer quantum-graph graphene, can cre-
ate an eigenvalue embedded in the continuous spectrum with a corresponding eigenfunction

that has exceptional properties.



Chapter 1

Localization for the Higher Spin
Random XXZ Chain

1.1 Introduction

The phenomenon of Anderson Localization for a single particle is well studied, see, e.g.,
2, 3, 4, 5, 19, 24, 30, 31, 40, 44, 45, 46, 47, 50, 80]. The situation is different in the case
where the number of particles is large, even growing in conjunction with the infinite volume
limit. Due to a lack of spatial degrees of freedom, spin systems are a relatively simple
setting to study many body localization phenomena. In particular, the random Heisenberg
XXZ spin-1/2 model has been the subject of rigorous mathematical analysis. For this model
localization in the droplet spectrum (the lowest spectral band above the vacuum energy) is
proven in [14, 35] and consequences are studied in [36, 34]. Very recently, localization has
been proven in any given energy interval at the bottom of the spectrum [32]. All these proofs

of localization are based on the fractional moment method (FMM).

Here we prove localization for the random Heisenberg XXZ model for the general spin-J case.



Our proof is based on a multiscale analysis (MSA), extending the method developed in [33]

for the spin-1/2 model.

There are differences between the spin-J case for J > 1 and the spin-1/2 case. A crucial
difference between the spin-1/2 and the spin-J cases is that the interaction potential for
the spin-J case is more complex. Unlike in the spin-1/2 case, the interaction potential does
not simply count the number of clusters (connected components) of a spin configuration.
However the notion of a droplet band still makes sense: if the particle number is sufficiently
large (N > 4J), then states corresponding to energies in the droplet band are supported
around single cluster configurations. This feature makes it amenable to techniques similar

to ones developed in [33] to prove localization in the spin-1/2 case.

On the other hand, the situation is different for small particle numbers, which adds an
additional technical difficulty. In this case, even for energies in the droplet band, states can
be supported around multi-cluster configurations. Although the lower and higher particle
number regimes have different features, it is possible to treat them separately. For the lower
particle number case, the localization results follow from methods developed for many-
particles Schrodinger operators in [23, 6, 51]. These publications treat the case of a fixed
number of particles, and their methods apply to our lower particle number setting. The
fixed particle number results can be used to cover the finitely many cases where N < 4J —
however they cannot be extended to prove localization that holds for all particle numbers V.
The parameters have to be chosen large enough depending on N, where how large diverges

with N.

We will proceed as follows: In Sections 1.2, 1.3, and 1.4 we cover prerequisite material for
stating the main results. In Section 1.2 we introduce the XX7 Quantum spin-J model, as well
as fundamental objects such as particle number, subintervals of Z, and projection operators.
In Section 1.3 we show that the XXZ-Hamiltonian is unitarily equivalent to a direct sum

of Schrodinger operators on a particular graph; this equivalence enables us to apply some



well known tools to study the XXZ model. In Section 1.4 we cover some essential operator
bounds and their consequences for the spectral properties of the XXZ model, and describe

the properties of energy minimizing configurations.

In Section 1.5 we outline the main results in the case where N > 4J. Our two main results
are Theorem 1.5.2 and Theorem 1.5.4, which respectively prove eigenfunction and resolvent
localization with exponentially high probabilty. These can be viewed as an extension of
results from [36, 33] for the spin-1/2 model to the spin-J case. From Sections 1.6 to 1.9 we
build up towards a proof of Theorem 1.5.4, which is presented in Section 1.10. In Section

1.11 we apply the already developed tools to give a proof of Theorem 1.5.2 as well.

In Sections 1.6 and 1.7 we detail how some common tools for the Multiscale Analysis can be
adapted to the XXZ setting. In Section 1.6 we give a proof of the Combes-Thomas estimate
that proceeds along an argument similar to the one found in [35]. We use the Combes-
Thomas to prove Lemma 1.6.6, which is crucial for the Multiscale Analysis. In Section 1.7
we cover Wegner and Large Deviation estimates, these results allow us to easily handle the

cases where N is large enough compared to the size of the subsystem.

We dedicate Sections 1.8 through 1.10 directly to the Multiscale Analysis. In Section 1.8
we prove the starting condition, that is, that there is a base case for which the hypothesis
of Theorem 1.5.4 is satisfied. In Section 1.9 we cover buffered intervals, one more essential
concept for the induction process of the MSA. Finally the proof of Theorem 1.5.4 is given in
Section 1.10, using the MSA.

The case of low particle numbers (N < 4.J) is treated in Section 1.12. Theorem 1.12.22 is

the analog to Theorem 1.5.4 for low particle numbers.



1.2 The XXZ Quantum Spin-J model

Let J € AN = {1/2,1,3/2,...} and let A be a finite subgraph of Z. We let H, be the

Hilbert space @), ., C*/**. Now we introduce the matrix
S? =diag(J,J —1,...,—J +1,-J) (1.2.1)

Let e; be a basis for C2/*1 where i = {0,...,2J}. Then we have that S%¢; = (J —i)e;. The
spin raising and spin lowering operators are defined by their action on the basis vectors e;.

ViRT+1) =2 e, ifi>0

Ste; = (1.2.2)
0 if i =0

V2J +i(2] — 1) —i2 ey ifi<2J
S*el- = (123)

0 ife=2J

Here, J is the highest spin and —.J is the lowest spin. In what follows, we will however inter-
pret eq as the vacuum and ey as a slot being occupied by 2J particles. Other foundational
objects are the matrices:

Sti=1(5T+57), (1.2.4)

1
2

S5 = (ST —87). (1.2.5)

Let A’ C A. Then, if A is an operator acting on the tensor product H,:, we extend A to
an operator on H,, Ax/, where Ay acts as the identity on the factors in the tensor product

corresponding to the elements of A\ A’. Next, suppose that {z,z + 1} C A and introduce



the two-site Hamiltonian

1
hawi1 = J? A (S;Salcﬂ + S;fSiH) - SES:}O)H (1-2-6)

1

= J?
2A

(S;S;+l + S;S;H) - S§S§+1'

Here, A is called the anisotropy parameter and in what follows, we will assume A > 2.J.

Another important object is the particle number operator
N =J — 8% =diag(0,1,...,2J). (1.2.7)

Observe that {e;}#/, is an eigenbasis for N with Ne; =i - ¢;. If z is a vertex in A, then we
say that the particle number operator at x, N, is the operator which acts as A on the site

x and as the identity at all other factors in the tensor product.

Remark 1.2.1. When speaking about any subgraph of Z, say A, we will use #(A) to mean

the cardinality of A and we will use |A| to mean the length of A as measured on the real line.

If A is a finite subgraph of Z, we then define the total particle number operator Ny as

Na= > N, (1.2.8)
z€V(A)

Here V(A) denotes the vertex set of A. The eigenvalues o(Ny) = {0,1,...,2J#(A)} of Ny

are consequently interpreted as the total number of particles occupying the vertices of A.

We introduce the operator

1
howi1 = howir — J(Np + Nog1) = —NoNpiq — A (SFS 1+ 5,55 (1.2.9)

The second equality can be directly verified by checking it on the basis elements of the tensor

product C*/™1 @ C?/*1. Now, let £y = {{z,x + 1} C A} be the set of edges when viewing A



as a graph. We introduce the XX7 Hamiltonian H, on the graph A,

Hp = Hy 4+ 2JNy + AWV (1.2.10)
Hy = Z - (1.2.11)
{z,z+1}€€N
Viw =Y _wal\s. (1.2.12)
TEA

Here, w, are independently and identically distributed random variables, whose common
probability distribution g has {0,1} C suppp C [0,1] and is Hélder continuous of order
a € (0,1]:

sup p{la,a+t]} < Kt for all t € [0, 1], (1.2.13)

a€R
where K is a constant.

Definition 1.2.2. Let i € Z and let p € {0,1,2,...}. We then define the interval with

radius p centered at i, A, (i) ={j € Z:|i — j| < p}.

1.2.1 Projections and Identities

Given the subset A, we define orthogonal projections Py on H, as follows:

Py = @ ey () (1.2.14)

TEA

where 7., () is the orthogonal projection onto ker(N,). We interpret P, as the orthogonal

projection onto the state where no particles are present in A (vacuum). We also define

Py :=1-P; (1.2.15)



This is a projection onto the space of configurations where there is at least one particle in

A. Next, we summarize some useful identities involving these projections.

Proposition 1.2.3. Suppose {k,k+ 1} € Ex:

M1 P iy = Pl ik = 0 (1.2.16)
Bk,k—l—lp{_]g k+1} — P{_k’ k+1}hkvk+1 - iLk:,k:—i—l (1217)
Plyhikin Py = Py s Plyyy =0 (1.2.18)

These identities rest on the observation that P{J,;’k 1} is a projection onto the space of config-

urations where there are no particles at sites £ and k+ 1, and likewise Py, is a projection

{k,k+1}

onto the space of configurations where there is at least one particle at site k or site k£ + 1.

For any 7 € A, we also have the following useful identity for projections:

Py = Z P/t;(i)ﬂAP{;+p+1,i—p—l}ﬂA' (1.2.19)

p=-1

Given ¢ € N, multiplying both sides by P Ay ()yna We get

A q(9) OA Z Ap(P)NA {1+p+11 p—1}NA° (1220)

In order to read the above equations, we define that A_y(p) = 0 and P;" = I.



1.3 Equivalence to a Schrodinger operator.

1.3.1 Operators on Subintervals

Suppose that A and K are subintervals of Z and that K C A. We define the edge boundary

of K relative to A by
'K = {{u,v} € Z2,uc A\ K,v € K, |u—v|=1}. (1.3.1)

We also define a few more related objects:

MK = U {u, v}, the vertex set of K. (1.3.2)
{uv}€drK

'K = 0K (1.3.3)

O"K =0"KnNK (1.3.4)

A\ OK = G C Z a graph where V(G) = V(A), and E; = &) \ Egnk (1.3.5)

A\ K = G C Z a graph where V(G) = V(A) \ V(K), and E; = &) \ Ek. (1.3.6)

Notice that #(0*K) = 2 if A and K share an endpoint and #(0*K) = 4 if they do not. We

define the edge connecting operator:

FA\@K = Z ilz,x—l—l' (137)

{z,2+1}€8 K

Notice in particular the identity,

HA\@K = HA — FA\BK = HK -+ HA\K which acts on HA = HK ®HA\K~ (1.3.8)



We define a few more essential spaces and operators,

H, = PyHa = Qy (1.3.9)
H, = Py H = HPy which acts on H/ (1.3.10)
Hy\ox = Hie + Hp\x which acts on PrHy = Hi @ Haxk. (1.3.11)

1.3.2 Spaces of Configurations

Fix A a finite subinterval of Z. It can be verified that the XX7 Hamiltonian H, preserves
the total particle number, i.e. [Hy, Na] = 0. We thus decompose Hp = ?\}]fO(A) ’H/(\N), where
HRN) denotes the eigenspace of Ny corresponding to the eigenvalue N — the space of all

N-particle configurations in A with the restriction that no site can be occupied by more

than 2J particles. We also define H/(\N) = Hy [, 0. Let,
A

MM = {m:A—>{0,1,...,2J}:Zm(:¢) :N} , (1.3.12)

TzEA

be the set of all functions from A to {0, 1, ...,2J} whose values add up to N. For convenience,

we also define M, := ?\,Jj)(A) MSXN) — the set of all functions from A to {0,1,...,2J}.

Furthermore we define the support of m € M,,
suppm = {z; € A such that m(z;) > 1}. (1.3.13)

If we can write m = m; + --- + m, where for each i # j, suppm; is connected and
dist(supp m;, suppm;) > 2, then m is an n cluster configuration with the m; being the

clusters of m.



There are other important subsets of ME\N). Suppose that ® C A C Z then we define,

SEI)N) ={m € ME\N) such that m(x;) > 1 for some z; € ®}. (1.3.14)
Notice in particular that,

m € SEI)N) <= P Nsuppm # 0. (1.3.15)

For any m € My, we then define

Ym = X) em(a) - (1.3.16)

zeA

This means that for any = € A we get Nyt = m(2)Yy,. In other words, 1y, describes a

configuration of particles, where at each site z € A, there are exactly m(x) particles. Since

Nithm = (Z m(x)) U » (1.3.17)

FASIIN

it immediately follows that
’H&N) = span {wm 'm € ME\N)} . (1.3.18)

Now, consider the Hilbert space EQ(MS\N)) = { f: MXN) — (C} equipped with inner product
(f,g) = ZmeM(AN) f(m)g(m) and let {¢m}meM5\N) denote the canonical basis of 62(1\/[5\]\7)),
ie.

1 if m=n

¢m(n) = (1.3.19)
0 else.

10



The Hilbert spaces ’HE\N) and 62(M5\N)) are unitarily equivalent via

UM 1 o eM®Y), UM Y = - (1.3.20)
One also naturally identifies (2(M,) = @37 2(M(V). For any f € 2(M{"), let us now

define the adjacency operator AXN), given by

(ALY F)(m) = >~ w(m,n)f(n), (1.3.21)

n:n~m

where for two configurations m,n € ME\N) to be adjacent (denoted by m ~ n) is defined as

follows:

Hzo, 1} € E such that m(zg) = n(zg) + 1,
m(z;) = n(z) — 1,

and m(z) = n(z) when x € A\ {zg, 21}

This definition should be interpreted in the following way: two configurations m,n of N
particles distributed over L sites (with the requirement that no site be occupied by more
than 2J particles) are adjacent if one configuration can be obtained by moving a single

particle along an edge to the other configuration.

For m ~ n, the weight function w(m,n) = w(n,m) in (1.3.21) is given by

wmmn)= [[ (Jm()+n(@)+1) - m(z)n)"? (1.3.22)
z:m(z)#n(z)

Moreover, for any m,n € ME\N), we define their distance dE\N)(m, n) to be the length of

the shortest path connecting m and n, which we will refer to as graph distance. If there is

no path connecting the configurations m and n, we adapt the convention deN)(m, n) = oo.

11



Likewise we use dj(m,n) for configurations on M,. Also notice that if m and n have
different particle numbers then dy (m,n) = oo, and otherwise dgN)(m7 n) = dy(m,n). Hence
we will omit the superscript and simply use, d, (m, n) as the distance between configurations

going forward.

Next, we define the interaction potential W/(\N), a multiplication operator on 62(M5\N)), to be

given by

W Hm) =W m)f(m) = [2JN - Y m@m@+1)| f(m). (1.3.23)
{i,i+1}e€n
By a slight abuse of notation, we also use the symbol V/Eﬁ) to denote the random potential

acting as a multiplication operator on EQ(M&N)), ie.

(VA £)(m) = V%) (m) f(m) = (Z m(m)wx> f(m) . (1.3.24)

TzEA

In [42, Prop. 2.1], it was shown that the Hamiltonian H/(\N) is unitarily equivalent to a

many—body Schrodinger-type operator fA[,(XN):

Proposition 1.3.1. We have the following unitary equivalence:

* 1 ~
st (UgN)> = o AV W ) = Y (1.3.25)

Remark 1.3.2. While in the statement of the proposition, we introduced the symbol ITI/(\N) for
the Schrodinger-type operator acting on KQ(ME\N)), in what follows, we will abuse notation

and just use the symbol HJ(XN) instead.
Definition 1.3.3. We define

MY = {m A —{0,1,...,2J}: Zm(aj) > 4J} . (1.3.26)

zEA
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This is the set of all mass functions with at least 4.J particles. Likewise define H{* to be

the restriction of Hy onto ¢2(M7").

Remark 1.3.4. For the special cases N = 0 and N = 2J#(A), note that

dim (2 (M) = dim (M F#FO)) =1

(M)

On these one-dimensional spaces, the operators H,(XO) and H/(\Q‘]# are just given by H/(XO) =0

and HP#M) =402 4275w,

1.4 Bounds and Minimizers

Let us also introduce the operators

2J#(A)
Av= P AV (1.4.1)
N=0

with W, and V, ,, being defined analogously.

Definition 1.4.1. The Hamiltonian without random potential is given by

Hop = —55Ax + W
Lemma 1.4.2. We have the bound:

—4JWy < Ay < 4JWh (1.4.2)
and consequently, we get

(1=2)Wa < Hop < (1+Z) Wy (1.4.3)

13



Proof. In [67], the following bound was shown
AJ(J = S3S%,) < SFSiy + STShy < AT — S38%,) (1.4.4)

Summing over the edges in A yields the desired result. O

Lemma 1.4.3. For every i € 7Z,
P i || = 472 (1.4.5)
Proof. First we will prove that Hﬁ”HH < 4.J?. Starting with the definition of l~1m+1 we have,
hii1 = —NiNis1 — 55 (S S, + 577 S5)) (1.4.6)
From the relative bound in Lemma 1.4.2.

~NiNig1 — 54T (J? = S2821) < hijin < —NilNjpr + 54 (J* — S2SE) (1.4.7)

We will use the fact that N; = J — S? to proceed. First we prove the lower bound:

hije1 > —NiNipr — Z (I = (J = Ny)(J = Nija)) (1.4.8)
= — (1= ) NiNip1 — ZE (N + Nir)

>—(1-%)4r? - % (4J) = —4J%.
Then the upper bound,

hiiv1 < —NiNipt + Z(IN; + TN — NiNisr)) (1.4.9)
- (1) AN+ 2N N

<0+ 2 (4)) =82 <4

14



Consider the unit vector v = ey;;®es7,11, it is straightforward to show that iLm-Hv = —4.J%v,

so we see the bound is attained. OJ

For brevity, we introduce
Qr = 4J* + 2Jk. (1.4.10)

For any k € N we define MX\Q to be the set of configurations for which the potential W/(\N)
is bounded by @y — 1, i.e.

MY = {m e M - Wi (m) < Qi — 1}, (1.4.11)

Moreover, we define My, = Uy Mg\]\;) as well as P, ;, and P/g) to be the orthogonal projec-

tions onto ¢2(M, ;) and EQ(ME\JY,Q), respectively. Let Py := I — Py}, and ?E\]\Q =1 — Plg\,?.
Finally, if ® C ME\N) then X¢ is the characteristic function of @, it is also the orthogonal

projection onto ¢?(®). Using Lemma 1.4.2, we also note that

(N)

= N) =) SN )
PA,k

H( )PAk = Pk (_iAE\N) +W1(xN) + AVKQ?) Pyp>(1- )W(N)PAk (1.4.12)

Proposition 1.4.4. Let N € N and let Ay, be a finite interval with 2L +1 > [&]. We
define W/(\{\([)) = min{W,(‘N)(m) :m € MEXN)}. Then

2JN — | 22| N <4J
Wi = Wil = ! . (1.4.13)

4J? N > 4J

Moreover, if N > 4J then, — up to overall translations — the minimizers of W/(\N) are given

15



m{"(z) = { 97 i =2 1 (1.4.14)

J if r=
m{"(z) = { 97 if v=2,...,1+|2] (1.4.15)

N(mod 2J) —j if x=2+|%]|

\

if N is not a multiple of 2J, j =0,..., N(mod 2J) — 1.

Proposition 1.4.4, for the case where N > 4.J, is proved in [43, Prop. 2.5]. The proof for the

case where N < 4J is below.

Proof. We will prove that the minimizer has the desired form in steps. First we will show
that the minimizer has one cluster. Consider a mass function m with two or more clusters.
Since W has a translation symmetry, then without loss of generality we will take the m(x)
to be supported so that the left most point in the left most gap is at the site z = 1 (so m(x)
is supported at 0). We define n to be the smallest positive number for m(x) > 0. Let m’ be
the function where the portion of m that lies to the right of 0 is translated to remove the

first gap. In particular this means that for x > 1, m’(z) = m(x +n — 1). Then

W(m) = 2JN — Zm m(i +1) Zm m(i + 1) (1.4.16)
> 2JN — Zm m(i + 1) — m(0)m(n) — Zm(i)m(i +1) = W(m).

16



We have shown that, for any N, configurations with two or more clusters are not minimal.
Now let supp (m) = [0, ..., n], we will show that there is a minimal configuration with n = 2,
and that minimal configurations never have n > 4. Suppose n > 3, since N < 4.J we can
construct a configuration with tighter support m’ by redistributing the mass of m(0) onto
m(1) and m(2) ; notice that again since N < 4J, and m(z) < 2J we will never need to

redistribute onto m(3). Let m’(x) be a such modified configuration. We have that:

We used the fact that m(0) = m’(2) — m(2) + m’(1) — m(1). Now we want to show that as
long as m(2), m(1),m(0) > 0 we can choose m’ such that (I)+ (I1) — (I11) > 0. We will

redistribute so that m’(2) is as large as possible. There are three possibilities:

e 2/ >m'(2) > m(2) and m'(1) = m(1). Here we have, (/1) = (111)=0. If m(3) >0
then (/) > 0 and we have shown that if m is supported on at least 4 points then m’ is
supported a set one point smaller and has strictly smaller potential. If m(3) = 0 then

m is supported on 3 points and m’ is supported on 2 points with no change in W.

e 2/ =m’'(2) > m(2) and m’(1) > m(1). In this case, we have:

It is clear that since the maximum occupation number is 2J, and N < 4J, (A) and

(B) are both nonnegative.
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e 2J =m'(2) =m(2) and m’(1) > m(1). In this case we have (I) = 0 and then

W(m) —W(m') = (2 — m(1))(m’(1) — m(1))

Since m(1) < 2J both factors are positive which yields the desired conclusion.

We have shown that minimal configurations can be taken to be supported on two points.

Applying some simple quadratic optimization we get,

W(m) = 27N — m(0)m(1) > 2JN — gJ gw —2JN - LN{J | (1.4.19)
O

Proposition 1.4.4 with (1.4.12) shows that for every N > 4.J, we have
HY) >472(1- %) . (1.4.20)

Theorem 1.4.5. (Minimal configurations with two or more clusters) Suppose that N >
4J and assume that m has two clusters, that is m = m; + my, and my,my # 0, and

dist(supp my, suppmy) > 2. Then, we have the following lower bound:

Wi (m) > dnf (Wék) + Wée)) >4J% +2J = Q. (1.4.21)
k-HI=N

Proof. Let N > 4J. If J = % the inequality (1.4.21) is trivially true. Therefore for the
rest of the proof we assume that J > 1. Let m = m; + m, with with m;,my; # 0 and
dist(supp my,suppmy) > 2, and let N; and Ny be the particle numbers of m; and m,

respectively, and note that Ny + Ny = N.

Consider m;. It follows from (1.4.13) that W(my) > 2J for all N; € N and W(m;) = 4.J>
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for Ny > 4J — 1. The same is true for ms. If either N; > 4J — 1 or Ny > 4J — 1 we have
W(m) = W(m,) + W(mgz) > 4J* + 2.J. (1.4.22)
If Ny <4J—2and Ny <4J — 2, using (1.4.13) and N = Ny + Ny > 4J, we get

2
W(m) = W(my) + W(m,) > 2JN - 5 2 > gy S (N, - 2 (1.4.23)
=1
2 2 2
> A2+ ON(T =B >4+ Y N -2 =4+ Y b
=1 i=1

i=1

=47+ 5 >4+ 20

]

Remark 1.4.6. Note that the converse is not true when J > 1. In fact, there are one-cluster
configurations with arbitrary large potential W/(\N). Indeed, fix a value k € N, let #(A) > k
and choose N = #(A). Defining the one cluster configuration m(i) = 1 for all i € A, one

immediately sees that W™ (m) = 2J#(A) — #(A) + 1 = (2J — D)#(A) + 1 > k.

Remark 1.4.7. Note that if N < 4J, then there are configurations m with two or more
clusters such that WI(\N)(m) < 4J% +2J — 1. As a simple example, take any two-cluster

configuration with N = 2, for which we get W,(XN)(m) =4J <4J?>+2J—1aslongas J > 1.

For any K € {1,2,...} and any ¢ € (0,1), this motivates the definition of k-cluster energy
bands [, and I s:

L= [42 (1= %), (47 +2Jk) (1 - %)) (1.4.24)
Ins = [4J° (1 = %), (4* +2Jk —0) (1 - 2)] . (1.4.25)
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When considering other energy intervals we define,
I(E,0):=[FE—0,E+4. (1.4.26)

Remark 1.4.8. From this point forward, if it is necessary to distinguish between different
particle numbers and different subintervals we will use the full decoration of W as W[(\JZ); but

otherwise we will always use the convention that W := W/(\N).

Remark 1.4.9. We will occasionally use the following notation for the resolvent,
R(E)=(H - E)™" (1.4.27)

Decorations may be added or omitted depending on the context, and in all cases decorations

on R(FE) will correspond directly to decorations on H, for example RXN)(E) = (H/(\N) —E)~ L

1.5 Main Results

We introduce several fixed constants that will be used throughout the paper, &,(, 5, 7,7,k €

(0,1), and v > 1. These constants satisfy the inequalities:
—1 1
0<§<C<B<%<1<7<\/§and max{yﬁ,w} <T<7T<1. (151)
Y
Note that,
1—

0<é<y<(<f<Iic<i<r<i<if<y<i (1.5.2)

We also say that ¢”, ¢’ and, (; are chosen and fixed constants such that ( < {; < (' < (" < S.
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Notice that,

vy —1

1-8 o 1=¢
7>T_5>T_<:>C<7_1’ (1.5.3)
therefore we can select (, such that
(<G<Zl <l (1.5.4)

We will fix Ag > 2J, A\g > 0 and ¢ € (0,1), and repeatedly invoke the hypothesis that the

parameters are such that the following equations are satisfied.

2
max {M (1 — %) LECI, e—éL(‘f} < Xo (1.5.5)
/J/ 0
. é _2J
et < ( AO) (1.5.6)
L K _1 1 _— 1 .
0 <3Og( +4J(4J2+2J)) (1:5.7)

Notice that A > Ag, A > Ao, d and L > L also satisfy (1.5.5) through (1.5.7). The following

equation will also be required for the starting condition.

/

M < AN (1.5.8)

Definition 1.5.1. For a given energy interval I C I; 5 and m > 0 we will say that an interval

Ar C Zis (m, I)-localizing for H=4 if an eigensystem {(,,v)} is (m, I)-localized,

VEO'(HE;J)

that is, for all v € U(HEZU) N I there is j, € Ay such that ¢, is (j,, m)-localized:

P g, || < e ™= for all i € A with |i —j,| > L7. (1.5.9)
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We also define the following event,
Q(m, L,I,u) = {Ar(u) is (m, ) — localizing for H=*"}. (1.5.10)
Theorem 1.5.2. Fiz Ay > 2J, A\g >0, and § € (0,1). Let mqg satisfy,

(1.5.11)

Ag—2
L5”<m0§10g<1+ dc J))

4J(4J2 +2J)

Suppose Ag, o, 0, and the scale Ly satisy (1.5.5)- (1.5.7). Further suppose that Lo is suf-
ficiently large, depending on Mg and Ag. Moreover, suppose that A > Ag, and X > Xy are
chosen satisfying (1.5.8). Then there exists a scale L = L(A, 6, Lg) such that for all L > L

we have
P{O(mo/4,L, I 5,u)} > 1— e 52 for allu € Z. (1.5.12)

Moreover if w € Q(mg/4, L, I 5,u) and {¢,, V}VGU(HZALJ ) is an eigensystem for Hff{u), then
Ap(u

> IR ellIP el < eI for allij € Au(u) with i—j| = L7, (15.13)

VEU(HAL(u))mII,S

Definition 1.5.3. Given F € R and m > 0, an interval Ay, is said to be (m, F)-regular if

m> L* (1.5.14)
dist(B, o (H{M)) > et (1.5.15)
1P (HEY — E)' Py o, Nl < e ™EH) for all i € Ay and R > L. (1.5.16)
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We also introduce the event
R(m,L,I,u,v) ={F €1 = Ar(u) or AL(v) is (m, E) — regular.} (1.5.17)

Theorem 1.5.4. Fiz Ay > 2J, Ay > 0, and § € (0,1). Suppose that Ay, N, §, and the
scale Lo satisy (1.5.5)- (1.5.7); that Lq is sufficiently large, depending on \g and Ag; and
that A > Ay, and X\ > X\ are chosen satisfying (1.5.8). Then for all E € I 5 and L > L}

we have
P{R(mo/4, L, I(E,0) NI 5,u,v)} > 1—e ¥ for all u,v € Z with |u—v| > 2L. (1.5.18)

Here mg is as in (1.5.11), and 6 = e~3Lo. It follows that there exists a scale L = L(A, 6, Ly)

such that for all L > L we have

P{R(Z2, L, I, 5,u,0)} > 1 — e " for all u,v € Z with |u — v| > 2L. (1.5.19)

Notice that Theorem 1.5.2 and Theorem 1.5.4 are both statements about the operator H=47.
From looking at (1.4.13) and (1.4.2) we can see that the properties and, in particular the
spectra, of H=* and H<*/ are not the same. For everything until Section 1.12, unless it is
explicitly stated otherwise, it is assumed that N > 4.J and that H), is shorthand for Hf‘l‘].
However, by replacing H=%/ with H<*/ in Definition 1.5.3, a theorem similar to 1.5.4 can

be proven for H<*/; this will be discussed in Section 1.12.
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1.6 Combes—Thomas estimate and projection bounds

For any N > 1 we define the lifted operator

HY =HM + (@ —1) (1-2) PY. (1.6.1)
Lemma 1.6.1. We have

2N >0, (1-%). (1.6.2)

Proof. Applying the bound from Lemma 1.4.2 yields

Remark 1.6.2. Since PX\Q is an operator of rank |[MY |, note that this implies that H/(\N) has

at most [MY, | eigenvalues inside I},.

Corollary 1.6.3. If E € I}, 5 then
)
HY -EB>—(1-2O)w (1.6.4)
’ Qrk
and in particular

1
HWE(HXQ - E)1W§H < (1.6.5)
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Proof.

HYY = B> (P +PO) (- 2)W +(@c—1) (1- %) P - B) (1.6.6)
=P ((1-)W +@ -1 (- %) R - B) (16.7)

FPR (A =E)W @D (- F) R - B) = (D + (D), (165)

where we used Lemma 1.4.2 and the fact that the projections PX\,/C) and FE\]\Q commute with

W. Now we estimate both terms,

—~
~
~
v
—~
—_
|

DY PO W+ (Qu— 1) — (Q — 0)) (1.6.9)
P

=(1-Z)pPH)w-(1-9)

> (1- %) Py, )<w —(1-owW) = (1-¥)swr)
> (1=-F)wW
and
(1) > PRi((1 =)W — (1 - %) (Qu — 9) ) (1.6.10)

Adding the separate inequalites gives the desired result.
O

Proposition 1.6.4. Let A be a finite subgraph of Z. For any N € {1,2,...,2J#(A\)}, let
YA(N) be an arbitrary multiplication operator on KQ(ME\N)) and z ¢ O'(H[(XN) + YA(N)) such that

there exists k, > 0 for which

1
< — <. (1.6.11)
Kz

HWz My ™ ) lyys
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Then for all subsets ®, ¥ C MEXN), we have

-1 1 1 -1
HX@ <H/(\N) -+ YA(N) — Z) Xy SW X@WQ (HI(\N) —+ Y/SN) — Z) W2X\I}
0
2
< e A (2Y) (1.6.12)
W(()N)Foz
where
AV
=1 1 ). 1.6.13
0= tog (1+57) (16.13
Proof. Consider 0 : MSXN) — R such that
0y = sup |0(z) —0(y)| < o0 (1.6.14)
yEM&M
o~y

Let AEXN), Y/EN), H/(\N)7 and VXN) be A, Y, H, and V respectively. Let

1
Hy=e"He™? = —EAQ +V (1.6.15)

We have that if 1 € 2(M{") then

Ag(x) = "W Az, y)p(y). (1.6.16)
Yy~
Define
By=—Ay+ A. (1.6.17)

Then we have that

(Bow) ()] = |= Y ("0 — 1) Az, y)yp(y)| < (e — 1) (Ajg])() (1.6.18)

y~z
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From this and Lemma 1.4.2 we have that

2

||W_%BQW_%¢H2 — Z ZW_%(ZL‘)W_%(y)(GQ(x)_e(y) - 1)A($,y)@/}(y) (1‘6'19)
< (- 1)"Y (Z W‘%(rr)W_%(y)A(rr,y)lw(y)|>

2 1 _1
< (¢ 1) IWBAWE P9I < (4" — 12 [
This implies
1 1
W 2B 2| < 47(e" — 1), (16.20)
as well,
||W_2 (He _y_ Z)W_2 . W_Q(H Y — Z)W_2 || — EHW_QBHW_Q || (1621)

Let k, be as in Equation (1.6.11). Then suppose we select 6 such that 6, satisfies the

following

4J 4 4 1. Ak,

— (e’ — < - le 0, < =1,. .6.

2A(€ 1)k, _21e9 _log(l—l— 4J> n (1.6.22)
Using Neumann Series we get,

1 At 2

V2(Hy =Y —2)" W2 | = [[(HUD] = —, (1.6.23)

where
1 1
(I)=W2(H -Y —2)'W2 (1.6.24)
1 1 11 1\
(I1) = (1 — ﬂ(W_QBQW_Q)(WQ(H -Y — z)_1W2)> . (1.6.25)
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Suppose ® and ¥ are subsets of M&N) and R > 1. Let 0p : ME\N) — R be given by

Ak,

4J

Or(x) = —log (1 + > (dp(z,®) A R). (1.6.26)

Notice that 0 satisfies (1.6.14) and also that Xefg = 0. This implies

1 1 1 1
HX@W§ (H +Y — 2)71W§X\p” = HX@W§ (H@R +Y — Z>71W§€9RX\1/H (1.6.27)
1 1
< [W2(Hg, +Y —2)"' W2 - ||’ x|

< 36—1og(1+%)(dA(¢>,x1/)AR)

Ry
This estimate holds for all R. So taking R — oo completes the proof. O]

Corollary 1.6.5. Suppose E € I}, 5 and that ® and ¥ are subsets of ME\N). We have that

2Qx —log(l—&-M)d/\(fb,\P)

< 173 . (1.6.28)

HX@W%W M) _ By iy,
R

Proof. In light of Corollary 1.6.3 we can apply Proposition 1.6.4 with x, = ¢ (1 — %‘]) /Qx

]

Lemma 1.6.6. Let N > 1 and let k < N be a natural number, let A = Ap(i), let E €
Iis \ O'(H/(\N)), let © C ME\N), and let 0 < ¢ < s < L, so Ay(i) C Ay(7). Further suppose that

Sa,NO c MY, and that

g <5 < da(Sa,NOMY)) +4q. (1.6.29)

28



Then for all ¥ C ME\N) we have

2v/Qk 6—1og(1+‘3§1§,752]€‘”)dA(sAq(i)me,\p)
2w
Q(Qk —1 \/_ Z log 1-1—6(A 2J))( q)max{|r—i|,s}
(SWO reA

1Py, o xe(HY — B)'xu <

‘PT (Hgm _ E) Xo

(1.6.30)

Proof. We introduce the shorthand A, = A,(7)NA and likewise for A, we also use RgN)(E) =

(H™ — E)~* and RE\Nk)(E) = (H[(fp — E)~!. From the resolvent identity, we get
N N) (N
RMV(B) = R(B) — (@ - 1) (1 - &) R (B)PY R (B) (1.6.31)
It follows that

1 1
Py xeW2 R (E)xw = Py xeW2 Ry} (E)xu

— Q-1 (1-%) Py “XoW2 R N (E)PO)RY (E)xy (1.6.32)
We will focus on a portion of the second term.

Wi RM (2 PN RN By = Wi RN (mywa pr PYOW 3R
Akz()AkA() A,kz() AAk A()

1
+ WiRXY}Q(E)WE Py Py w3 RM(E) (1.6.33)

Observe that
WPA_qX@ > QkPA_qX@ since we assumed that Sy, N© C MX\Q ) (1.6.34)
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Therefore, we get

1
V@ |[Prxe R (B)xa < ‘ Py xeW2 R (E)xq (1.6.35)
_ 1o
< ’ Py XeW2R (E)xw

1
Q-1 (1-2) ’ qux@WER(AfY,Q(E)sz(M

P Prw- RV (E)xe

1 1 1
Q-1 (1-%) ’ Py XeW2 R\ (EYW2 P{Y PY W2 R (B)xy

=)+ )+ (I1I).

Using Corollary 1.6.5, we have

() < QQk 6—1og<1+‘nﬁiglj))distA(sAqm®,m)

(1.6.36)

Also,

(IT) < 2(Qr — )le—log(HM)dlstA Sa,nO.M{Y)) -

sWi

““(E)xquH . (1.6.37)

To estimate (III), we use (1.2.20) in order to get
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(II1)
O =1 (=% < (1.6.38)

2 (N -
PAqWQRAk WQPAk Z Atts {z+t+s+12 t—s—1} 144
=0
5(A—=2J)

< 2@]{:5 1 i —log 4JQ )diStA(SAq,Mi\J\\]/)\SJFt)
= 2J ()
( WO t=0

“(

N[
=
3
3
=
S

W2RAk: E)W? PA+

N
H (it ttstlit—s— 1}R5\ )(E)X\I/H

s+t

_ N
R+S+t+lR& (E)xol

N
zsth() H)

log 1+5(A QJ) (s+t+1—q)
=3 (1-2)yw™ Z )

“( )

2Qk —10g(1+6(A72J)>(|7’—i|—Q)
< e 1JQy,
QIR

Pz:rs-l-t-‘rlRA E)Xv H +

"l
T‘GA\AS

Combining our bounds for (I), (IT), and (III) we get that

2\/ o S(A=27)) gig
| Py, X@RS\N)(E)X\I/H < Q e lg(H 47Qy, )d ta(8ay»NO. )
q T
Q(Qk - 1) Vv Qk e 10g<1+LQQ‘])>
N
Wi
+ 2(Qk - 1 \/ Z — log 1+6(4AJ222]€J)>(|T—1'|—Q)
6WO ’I‘EA\AS
2\/ k e log(l—‘rM)dIStA(SA ne,)
NI

( E— 1 \/_ Z log 1+5(A 2J>)<1—%) max{|r—i|,s}
sWY)

(1.6.39)

el

e

o

reA
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Corollary 1.6.7. Assume the hypotheses of Lemma 1.6.6 and suppose that (v, E) is an

eigenpair for H/(\N). Then

_ ( —lo 4A 200 ) (1— 4y max{|r—i|,s
I1Pr vl < = VO § tes(1+ 555G YOS mestilel pog - (1.6.40)
0 relA

Proof. Recalling (1.6.1) we have that

(Hﬁ) _ E) V= (Qr—1) (1 =) Py (1.6.41)
Since E € I 5 we have (1.6.4), so

Y= (Qr—1) (1- %) R (E)P . (1.6.42)
It follows that

1 1 1 1
Py XxoW2hp = (Qr — 1) (1 — &) Py xeW2 R (E)W2W 2 P}y (1.6.43)

1 1 1
= (Qx— 1) (1— &) Py xeW2 R\ (E)W2W 2 P (P + Py .

Compare (1.6.43) to (1.6.32); they are identical except that the first term of (1.6.32) is not
present in (1.6.43), and ¢ has been substituted for (H[(XN) — E)™'Xy. In order to estimate

(1.6.43) we will proceed in the same way as for (1.6.32) and arrive at a version of (1.6.39)

”PA_qXQQﬂH < 2(@1;];)(1]\)[)\/@6—10g(1+5m@ ))dlstA(SA ne MA k) HP w” (1644)
0
L L ]
reA\A;
0
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1.7 Large Deviation and Wegner Estimates

1.7.1 Large deviation
Let N € {44+ 1,...,2J#(N)}, k€ {1,2,...,N}, and A = A,. Let g = &€ {wy}, assume

[N/2JIAE > 2Q (1 — %) . (1.7.1)

Let N, be defined as,

_ 4 (1-%)

N,
k i

(1.7.2)

Notice that if N > Nj then (1.7.1) holds, which can be seen from a calculation. For any
m € ME\N) note that V,(m) = 37, \w(@m(i) > >, ;.ow(d) = V,(m). Now, since
m € MSXN), which implies that >, , m(i) = N and since 0 < m(i) < 2., this implies that
|supp(m)| > [N/2J] and thus V,,(m) can be bounded from below by a sum of at least

[N/2J] ii.d. random variables. From (1.7.1), the standard large deviation estimate gives

P{AVo(m) < Qx (1 %)} <P{AV(m) < Qi (1- %)} (1.7.3)

< P{Vw(m) < [N/2ﬂ§} < e N for all m € M{",

where ¢, is a constant depending only on the probability distribution p and J. It implies

that we have

P{AV,(m) < Qx (1 — &)} < e™e N for all N € N. (1.7.4)
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Consequently,

P {/\Vw(m) < Qr (1 —2) for some m € ME\Nk)} < ’MX\Q erlVkgmenlV (1.7.5)

In order to estimate |MX\2|, we use an upper bound that is implied from following several

results in [43]. From Equations (2.1.2), (3.29), and (3.37) in [43] we get the following bound:

Q 2Q
M| < (47e) T 220+ 1) 7T < 69, (1.7.6)
Where A = A, and the last inequality holds for ¢ large enough. We therefore conclude

P {)\Vw(m) < Qi (1 — %) for some m € ME\]\Q} (1.7.7)

< ecuNkEGle_CuN )

This implies that with probability greater than 1 — e%Nof6@re=uN e have

ALPY) > Q (1-2) P (1.7.8)

which implies

HM > (1-2)w v, (1.7.9)

= [ =)W+ PR+ [(1 - E)w+ a1, Y
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where we used the fact that for N > 4.J, one has by Proposition 1.4.4 that W > 4J2. In

addition, for any E € I, it was shown in [43, Eqns. 2.34-2.36] that

1 1
Wz (Hgm LAV, — E) Wz > (1.7.10)

Definition 1.7.1. We say that an interval A is (k, N)-reduced if (1.7.8) holds. That is,

AWLPYY > Qi (1 - %) P (1.7.11)

Note that being (k, N)-reduced is an event, which we will call yﬁ) from here on. Also if A
is (k, N)-reduced for all N > (¢ then we say that A is (k, ) reduced; this event is V4.

Notice that in particular we have
Vaw C{Iino(HM) =0 for all N > ¢¢'}. (1.7.12)

Lemma 1.7.2. Suppose that A is (1, N)-reduced. Then for any N > (', any energy E € LI s

and any two sets of configurations ¢, ¥ € MSXN), we have that the Combes-Thomas Estimate,

Proposition 1.6.4, holds:

Notice that the bound is uniform for E € I, 5. We also have the following probability estimate

2 _ 5(A-20)\ ..
Ql e log(l—i- 170, )dlStl(‘b,‘P).

<

-1
A

(1.7.13)

P{A is (1,N)-reduced} = P{Yr1} > 1 — et (1.7.14)

Proof. Equation (1.7.13) follows from Proposition 1.6.4 using (1.7.10) and noting that for

N > 4J, we have by Proposition 1.4.4 that WSN) =4J2%
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When we consider (1.7.7) we can estimate the probability that A is (1, N')-reduced. The

equation is rephrased
P {A is not (1, N) — reduced} < e (6@e=enlN < et N (1.7.15)

Which is true assuming that (1.7.1) holds, N > ¢¢, and that,

P <4JQ1 (1-%)

Cu i

+ 60, 1og(f)> = l (Ny + 6Q; log(0)) . (1.7.16)

i

This immediately yields the estimate

P{Vir} < Z P{A is not (1, N) — reduced} < %C—WC’ <3 (1.7.17)
N> 1—e 2
This finishes the proof. O

1.7.2 Wegner estimates

Let p be a probability measure on R with concentration, S, (t) := sup,cp pt {[a, a + t]}, t > 0.
Note that in our application S,(t) < Kt* for some a € (0,1]. Given a finite index set A,

then denote by p# the A-fold product measure of 1 on R4,

Lemma 1.7.3. [81] Given a finite index set A, consider a function ® on R* which satisfies
D(q+te) —P(q) >t fore=(1,1,...,1) € RY and all t > 0. Then, for any open interval

I C R, we have

W g ®(q) € I}y < |AIS,(1)). (L.7.18)

Given an operator A and an interval I, we set o7(A) = o(A) N 1.
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Lemma 1.7.4. Consider an open interval I C I. Then
P{o(H") £ 0} < K 11" (V)20 +1) ‘MXY;‘ (1.7.19)

Proof. Let Fy < Fy < ... be the eigenvalues of H/(\N) in 7, counted with multiplicity, which

we consider as functions of wy. By Remark 1.6.2, there are at most

ME\]\L)‘ of them. Each
E,(wy) is a monotone function on R#™). Let e = (1,1,...,1) as in Lemma 1.7.3 with A = A.
We have E, (@ + te) — E,(@) = Nt for all t > 0 and all n by the min-max principle and

can apply Lemma 1.7.3 with ® = (NX)~! E,, to get — using that S,(|I]) < K|I|* -
P{wys : Ep(wa) € I} < K|I|* (NA)™*(20+1). (1.7.20)
Using (1.7.20) for each one of the eigenvalues E,, yields (1.7.19). O

In particular, we have the following Wegner estimates for H/(\N) .

Lemma 1.7.5. Consider an open interval I C Ij,. Then
P {a,(HgNU v @} < K || A=, (1.7.21)
Proof. Lemma 1.7.4 and Equation (1.7.6) give

P {aI(H/(\N)) ” @} < K |1)" (NA) (20 + 1) ‘M(A]Q‘ (1.7.22)

< K|T(NX)™%(20 + 1)059 < K|I|*\ =5k
This holds as long as ¢ is larger than N /6@ O]

This result, with (1.7.12) and (1.7.16), yields the following lemma.
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Lemma 1.7.6. Let I be an open interval such that I C I,. Then

P {O'I(H/(‘N)) # () for some N < ECI} < K |I|% A8t

In addition, if (1.7.16) holds we have
P {o(Hy) # 0} < K |I|* A0+t 4 =%
Proof. Tt follows from Lemma 1.7.5 that

P {o—,(H,ﬁN)) £ () for some N < £<’} < K |I|* xo

< K |I|* A—o3@tt,
Using also (1.7.14) we get

P{o;(Hpr) #0} <P {O’[(H[(XN)) # () for some N < KCI}

+ P {A is not (1, V) — reduced}

!

< K |I* A3t o= T

Lemma 1.7.7. Consider two disjoint intervals Ay and Ao, and let

0<n<d(l-2%).

Then (recall (1.7.12))

(1.7.23)

(1.7.24)

(1.7.25)

(1.7.26)

(1.7.27)

P{{diSt(Ufl,a (HA1)7 011,5(]_-]1\2)) < 7]} N yA1,1 N yAz,l} <K (Qn)a )\—a(g1£2)8Q1+1'
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Proof. Since the two intervals are disjoint, the random variables wy, and wy, are independent.
Thus, given v € oy, 5(Ha, ), as a random variable v is independent of wy,, so it follows from

(1.7.23) in Lemma 1.7.6 that

P {{dist(v,0(Ha,) <y O Vn,n} =P —n, v+ 0] 0o(Ha,) # 03 OV Va0t (1.7.28)
<P {U[Z,,WJFW](H/(\IQV)) # () for some N < écl}

< K (2n)* A~
Therefore we can estimate the desired event

P {{diSt(Uh,a(th)’ 011,5(HA2)) < 77} N yAl,l N yA271} (1.7.29)
<P {U {{lv —mn,v+nNno(H,)#0}N yA2,1}}
< > My

K (20)* X059 < 270,059 K (20)* A 5@

N<2J0
< K (20) N7 (014)8@ 1, (1.7.30)
Assuming that both ¢; and /5 are large enough. O

Remark 1.7.8. We will need (1.7.27) with = 22", that is,

e < (12, (1.7.31)
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1.8 The Starting Condition

Definition 1.8.1. Given E € R and m > 0, an interval Ay is said to be (m, E)-regular2 if

m> 20" (1.8.1)
dist(E,o(Hy,)) > 2¢ (1.8.2)
| P~ (Ha, — E)_IPXR(Z.)QALH < e B foralli € Ay and R > L. (1.8.3)

Theorem 1.8.2. Fix Ag > 2J, Ay > 0, and § € (0,1). Suppose Agy, Ao, 0, and the scale L
satisy (1.5.5)- (1.5.7). Further suppose that L is sufficiently large, depending on Ao, 0, and

Ay. Moreover, suppose that A > Ay, and A\ > Ao are chosen satisfying (1.5.8) for L. Let

m= imm{l,log <1+5<A4"J—522J))}. (1.8.4)
1

Then setting 0, = e 3L, we have for all E € I, 5 that
P{R(m, L, I(E,0;),u,v)} > 1 — e for all u,v € Z with |u — v| > 2L. (1.8.5)

Lemma 1.8.3. Fiz Ag > 2J, A\g > 0, and § € (0,1). Suppose Agy, Ao, 6, and the scale L
satisy (1.5.5)- (1.5.7). Further suppose that L is sufficiently large, depending on Xo, §, and
Ag. Moreover, suppose that A > Ay, and X > Ao are chosen satisfying (1.5.8) for L. Let
A = Ag be a subinterval of Z of length 2L, and for E ¢ o(Hy), let R\(E) = (Hy — E)7%.
Then for all E € I, 5, we have

i 1 . (5(A0 — 2J) — L%
— + —_ — >1— 8.
IP) {A 18 ( min {1, 10g (]_ J ) ) } ,E) regular2} 1 e (1 8 6)

Proof. Let Ya 1, be the event that Ay is (1, N)-reduced. In view of (1.5.5) and the choice of
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¢ < (1 < ', Equation (1.7.14) holds with ¢; substituted for ¢ so for sufficiently large L,

/

P{Vpi}>1—e 1 >1-—Le (1.8.7)

Let £ € I 5 and w € Yy 1, it follows from Proposition 1.6.4 that for all N > LY, i e A and

R > L™ we have

1 —log (14249220 ) (R+1)

—e
< 27% (1= %)

loga 1 (22} 272
g1 3895z [ S E)

(1.8.8)

+
(B)P

<e

_10g(1+6(§9—2J)> (1_LB+1085_Q_1K/4J2))(R+1) _lo (1+5(A0—2J)) (1_ 1 )(R—H)
<e Q1 3L <e ® 1JQ, LR P

1 5(Ag—2J)
<o 210g(1+7>(R+1)

— Y

for sufficiently large L, where we used (1.5.7).

We now consider the operators H WA etc. If N < L, given n > 0, it follows from the

Holder Continuity of u, that for all m € MSX ) we have

P{W(m)+ \V,(m) — E| <n} < K (7") ; (1.8.9)

For a particular configuration inside of A, let m; = m(x;) be the number of particles of the

first nonzero entry from the left.

IW(m) + AV, (m) — E| <7

= dwym; € W+ NV, (m(ze,23...)) — E—n, W+ ANV, (m(xe,25...)) — E + 1)

P{W(m) + \V,(m) — E| <n} < K (ig) <K (Z)"
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Consider the event Q:

Q= {H(WJFAVW—E)*H > %} (1.8.10)
Which we estimate by

P{Q} < K ()" 2L +2)" < Lot (1.8.11)

10

which holds if

A(QRL+2)7N L\
<= ——F— . 1.8.12
=7 ( 10K ¢ (18.12)
We choose
n= re 3L (recall (< (' < ("< p), (1.8.13)

so (1.8.11) holds for L sufficiently large. For every w € Q°, we have,

1 -1
BV(E) = (Y - ) = (~5A0 + W+ v - ) (1.8.14)

1

—(W+AV - E)"! (1 — A WAV - E)’1>7

— W+ —E)! (1 +) (iAE\N) W+ AV — E)l)"> ,
n=1

where the series converges absolutely in operator norm if we have

N — N 2 7
L AM WAV - B) 1H < 3% HAg )H < 2 W) < 216 (1.8.15)

_ Al s 1
=amlrer” <3,
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which we obtain by requiring (1.5.8) with L sufficiently large. Then
Pr WAV — E)! (ﬁAgN) W+ AV — E)*)" Plp=0 (1.8.16)

if n < R. Hence

N)(E)ETRH (1.8.17)

“ WAV — E) <2AA (W AV — E) )nP;RH

n>R
1rc” 178 1p¢
< E 7172% — %QQL 2%{ S eGL e2L %2¢ (log2)R
n>R
B ¢""+log2
GL +3 L
< (10g2)R<1 (logz)LT)
(§]

< e*(logZ)(lfBL*THa)R < o 3R

Y

for L sufficiently large, where we used (1.5.5). Combining (1.8.8) and (1.8.17), and our

assumptions, we conclude that for w € Y 1 N Q° we have

RO ()P | < b mn{es (52 b (1.8.18)
with probability

P{Yp1 NQ} >1— det — Lol > 3710 (1.8.19)
In addition, it follows from (1.7.24) in Lemma 1.7.6

P {dist(E,a(HA)) < 26—”} <K ( ‘Lﬁ) [P | o~ FL < LI (1.8.20)

for sufficiently large L, using (1.5.5).

Thus, if (1.5.8), (1.5.5), and (1.5.7) hold and L is sufficiently large (in particular, L=" < %),
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we proved that

Ny —2
P {AL is (% min {1, log (1 + (S(;J—QJ)) } ,E) —regularQ} >1—c ' (1.8.21)
1

O

Lemma 1.8.4. Fiz Ag > 2J, Ay > 0, and 6 € (0,1). Suppose Agy, o, 0, and the scale L
satisy (1.5.5)- (1.5.7). Further suppose that L is sufficiently large, depending on Ao, 0, and
Ag. Moreover, suppose that A > Ao, and X > g are chosen satisfying (1.5.8) for L. If the

interval Ay, is (m, E')-reqular2 for some E € I, 5 and some m > L™", then the interval Ay, is

(m/2, E")-reqular for all E' € 1(E,0), where § = e~3~.

Proof. Assume A = Ay is (m, E)-regular2 for some E € I,5. Let E' € I(E,0). By the

resolvent identity we have that

RA(E") = RA(E) + (E' — E)RA(E")RA(E) (1.8.22)
Therefore
/ 1 Lh 1 A /
IBACED < 5e™ + 50e™ | Ra(ET)] (1.8.23)

So taking 0 < e L7 we get
IRA(E)|| < e (1.8.24)
Now, given that L™ < % < m, then if : € Ay and R > L” we get the following

1 1 m
IP7RAE) Pl < 1P RACE) P, |+ 506 < e 42962t < 72 (550, (1.8.25)
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The final inequality must hold for all R, with L™ < R < 2L — 1. In this case we need
§< inf e mB+)-2L° <£(R+” . 1) (1.8.26)

— LT<R<2L-1

Notice that since e* — 1 > = we have,

9e—m(R+1)—2L7 <6%(R+1) _ 1> > m(R + 1)e MBEHD-2L 5y [ 7o =2mL-2L7 (1.8.27)

The inequality will be satisfied if we choose

0 =e?t < min{mLTe_QmL_uﬁ, e_Lﬁ}. (1.8.28)

Proof of Theorem 1.8.2. From Lemma 1.8.3 and Lemma 1.8.4 we have that for all y € Z,

P{A(y)} :=P{A.(y) is (m, E') — regular for all E' € I[(E,0,)} > 1— ¢ " (1.8.29)

Therefore

PR(m, L, I(E,0;),u,v)} > P{A() 1 A@w)} > (1 - €_L<1>2 S1—e ¥ (1830)
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1.9 Preliminaries for the Multiscale Analysis

1.9.1 Subintervals

Lemma 1.9.1. Let K C A be finite intervals in Z. Let (1,0) be an an eigenpair for Hy

wz’th022J( —QK‘]), andlet0<n<5( —%). Suppose

dist (0,0 (Havox)) = 1. (1.9.1)
Then for all z € K we have

8.J2
IProll < [[Peefl <2 > ||Pb‘¢}|§7||P;¢H for some red K. (1.9.2)
bedMK

Proof. Note that for 6 > 2J( — %) and 0 <n <9 (1 — %) we have

dist (0,0 (Haox)) =1 < dist (6,0 (H//\\aK)) > . (1.9.3)

Let {@v, v}, co(m,) be an eigensystem for Hy and {1y, x} be an eigensystem for

k€o(Hp\oK)
Hp\or, 50 {0y @ e, v + “}ueo(HK),neU(HA\K) is an eigensystem for Hp\px. Then, since Pz =0

on CQK & %A\Kv
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Py = Py > (v ® N, V) 00 B Mg (1.9.4)

VGU(H}{),KGO'(HA\K)

= Py Z O—(+r)" {pv @ N, (Ha — Hyvox) ) 1 @ 1,
veo(Hy),k€a(Hp\ i)
= PI; Z (6— (V‘f’ff))_l <§0u®7]n7FA\8Kw> Pr D Ny
vEo(Hy),k€o(Hp\ i)
= Py (0 — Hyor) " > (pv @ 0, Tavor ) v © 1
vea(Hj),k€o(Hp\ k)
= ((9 — Hllx\aK)il PI; Z <@y®77mFA\BK¢> SOV®77H
veo(HY),k€o(Hp\ k)
= (9 — Hll\\aK)_l PI; Z <SOV®77I£7FA\8K¢> 801/@7714

veo(Hg),k€o(Hp\ k)
1 -1 5 P p-
= (0= Hyor) ™ Pl = (0 = Hyor) ™ P > hBy o,
beOMK

Thus, using (1.9.1) and (1.9.3) we get

~ 8.J2
[Pevll <2 D7 Il || 54| < =I5 (1.9.5)

beOAK

Where we used from Lemma 1.4.3 that ||h,|| = 4.J2.

We now want to look at the Hamiltonian restricted to subspaces of sufficiently high particle

number. To this end, let HI[XNO’NH '= X[no,n1] (Na) Ha and moreover Hl[\NO} '= X[Ng,00) (N ) Ha.
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Lemma 1.9.2. Let K C A be finite intervals in Z and assume that Ny > 4J. Let 0 € I,

cmd0<77<5( —QK‘]). Then
dist (0,0 (H}?OQ) > = dist (9,0 (H[A]\\[?JK» > 0. (1.9.6)
Proof. Note first that for > 2J (1 — %) and 0 <n <4 (1 - %),

dist (9,0 (H%Vo]» > = dist <9,0 (H;LNol)) > . (1.9.7)

In view of (1.9.3), we only need to show

dist (6,0 (HR™)) < = dist (0,0 (B3 )) <. (1.9.8)
Note that
= @ [H® I+ g o HY| (1.9.9)
k,:1>1,k+1>Ng
(rweme( @ [mioninwen]) oo
E>1,1>1:k+1>No

It follows that o (H™) < o (H{\Yy ), and hence

dist (6,0 (HR™)) <0 — dist (0,0 (H{)) <. (1.9.11)

Conversely, since 6 € I 5, if dist (9, o (Hﬁ@k)) < 1 there exist [ > 1 and k > 0, satisfying

I+ k > Ny, such that for some v € O'(HI(?), and kK € 0 (H(k)

A\K> we have |0 — (v + k)| < 7.
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Moreover we have that

HY @ I+ Ink © HY > (1- %) (Wék) n Wé”) . (1.9.12)
Now if £ > 1 then we get by Theorem 1.4.5, the bound

vtk > inf o(Hy e ® I+ Inge ® H) > Q1 (1- ). (1.9.13)

This implies a contradiction. We would have that v + k > Q) (1 — %) and consequently
0> (Q1—9) (1 — %), but we assumed that 0 € I, 5. Hence, k = 0, which is only possible

for k = 0. Therefore |6 — v| <, thus implying dist(6, U(H%VO])) <.
[l

Corollary 1.9.3. Let K C A be finite intervals in Z and assume that No > 4J. Let 0 € 1,5
and suppose that ¥ is an eigenfunction of H’K@K with eigenvalue 0. Then ¥ = Qy\x ® Y,

where Y € H[[](VO].

Proof. This follows from the proof of Lemma 1.9.2. Let A be the set of all tuples {(ay, as) :
a; > 0,0 > 1,1 + as > Ny}. Since 9 is an eigenfunction of H/[\A\[%];(, it can be written as a
linear combination of eigenpairs (&,, ko) for H/(\O\‘}g and (¢q, Vo) for Hé?g) where for each «,

Ko + Vo = 6. From (1.9.10) we can write

Y= Zéa Q o = (QA\K ® Z ¢<o,a2)> + Z £a® po = (1) + (I1). (1.9.14)

acA a2>Ny acA:a1>1

Suppose for some a that v, # 0, by an analogous argument we could show that 6 is too

large to be in I 5. Therefore k, is identically 0, which implies that {, = Qx\ k.
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Lemma 1.9.4. Assume the interval Ay is (1, N')-reduced and suppose that N > 4.J. Suppose

the interval Ay := No(j) C Ap is (m, E)-regqular, where E € I, 5 and

7" <m <log (1 + (S(i(]—_@fj)) : (1.9.15)
Then, for sufficiently large £, we have

dist (B, o(H},\,)) > ¢, (1.9.16)
and

| PR on, (BYPY || < €0 forall i€ A and R >0 (1.9.17)
where

m' >m (1 - 7555) . (1.9.18)

Proof. The estimate (1.9.16) follows from (1.5.3) and Lemma 1.9.2. Our proof is divided

into two cases the first is when N > L¢, and the second is when N € [4.], L¢'].

Case 1: Since Ay is (1, N)-reduced and N > L¢ we have Lemma 1.7.2 for H[(\]RMZ. So for

all N > LS and i € A we have

‘ §2+Ql)exp (—log (1+M> (R+1)>

— pV) +
i (E)F, 4725 (1 - % 4JQ,

© TVAL\OA,

(i
(1.9.19)

< @1 el < o (R
2J%5 (1 - %)

)
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for all R > (7. Here, we used (1.9.15), and

1 27 1
log —— logd| 1—= | |+log(2+7)
m' >m (1 = §§J§5> —m (1 e i) ! ) (1.9.20)

8 1log(24+
Zm<1—#>zm<l_gro—l—n{ﬂ>7

where we used (1.5.6). This finishes Case 1.

Case 2: Let {p,, I/}VEU( be an eigensystem for Hy, and {7, x} ) be an eigen-

N
HiG ) KET(Hpp\A,

system for Hp\z, 80 {0, @, v + m}yea(HA)’KGU( is an eigensystem for Hp\ga.

Hg\n)

For ¢, a unit vector, let m, = (¢,-) ¢ denotes the orthogonal projection onto C¢. Since
there are N particles in Ay in total, we will need to consider all possibilities for how the N
particles can be divided between Ay and Az \ Ay. Let Ny be the number of particles in A,

and Ny be the number of particles in Ay \ Ay,. Then,

ROW(B) = Y wrs-B)'m,em, (1.9.21)
NZ 1 K20 Vo),
KGU(HXZQ\)AE)
—1
Sy Y (e E) en,

N1+No=N (N2)
N1>1,N2>0 HGU(HAL\AZ)

so, for i € Ay(j),
— (V) = p(N)
Py Ry on, (E)PY o) = P By non, (B) Py ) (1.9.22)

-1
_ — (N1)
- Z Z (PZ (HAe TR E> PIR(Z')QAZ(J)) & T PIR(i)’

N14+No=N (N3)
Ni>1,N2>0 "€y X4,
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and hence
— p(N) _
| P B s (B)PE )| =

-1
- (N1) + +
< Z Z ((Pl <HAe TR E) PAR(i)ﬂAe(J)) ® W"”) PAR(Z')

N1+No=N (N2)
Ny >1,N5>0 #€THy N ,)

 — NY
F; PAZRS\L)\aAe(E)P/C(R) H (1.9.23)

AL \Ag

P~ E{UVO _E __1}3+
Z Z i\, TR Ar(i)NAL(j)

Ni+No=N (Ng)
Ny >1,85>0 #€7(H L N,)

A

A

—1
- (N) +
P <H/\e —E> LINNORINE

DD

N1+No=N (Ng)
N1 >1,N2>1 P HA )

< e—m(R—l—l) + Z Z ’

Ni1+No=N (Ng)
Ni>1,85>1 FEUH L 3 ,)

P (HM E) P;
i</\e TR ) AR()A()

- (N1) E -t P—I—
B (HAZ + K- ) Ar()NAL()

)

where we used the hypothesis that the interval A = Ay(j) is (m, E)-regular to get the last

inequality. We have the estimate:

HM —E+r>(1-2)W™ - E+ (1-Z)w™ (1.9.24)
> (1- %) (WéNl) + WéN2)> — (42427 —68) (1— )
>(1-23)Q1—@l+2J-0)(1-%)=6(1-% (1.9.25)

Inequality (1.9.24) follows from the fact that x € U<H1(\ZZZ<)A4)’ so that k > (1 — 2) W(()Nl),

and Inequality (1.9.25) follows from Theorem 1.4.5. We have two subcases: first suppose
that N; < 4.J; this implies that W,, < 8J2. In this case we have

H/(\Nl)

£

E+r>0(1-%) 2@(1—%‘]) Wa,. (1.9.26)
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Now if N; > 4.J, then W, > 4J? and we have that

HMW —E4rw>(1-Z)YWy, —E+r> (1- )Wy, — 42 -6) (1-Z) (1.9.27)

W o
2(1_%)WAZ <‘]_5)< J)4J2ZZ4J2( _%)W/\e'
In either case Inequality (1.9.26) holds. Then we have the following
() 0 J
Hy, ' = (E—=r) > o5 (1—22) Wh, (1.9.28)
(N ) -1 1 8.J2
= [ (w2 i < gy

Moreover, using L > 1,

s

¢ (2L+1—(20+1))2J

A0ty )| = | U o000 < Z( SR IIRED
N=4J

< ((142(L - 02N —1< (@4JD)™

Thus it follows from Proposition 1.6.4 (as in (1.6.13)) that

-1
P (HYY + k- E) Py

i Ar()NAG) (1.9.30)

> %

N1+ No= (N2)
N>, N2>1 reo(Hy )

@1 B 6(A —2J) ¢ —m”(R+1)
_—2J2(5( A)exp( log (1+—4JQ1 >(R—|— 1)> (4JL)" <e )
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for all R > ¢7. In the previous equation we used (1.9.15), and

1 ’
log 5757 +L¢ log(2L)
m’ >m (1 — =2 )

LTe—r

—-m (1 _ ‘log6(1—%)’+10g(2+%)+e‘v<’ 10g(24'y))

ZT*K

IT—K

1 !
>m (1 . €5+10g(2+j)+€75 10g(2€7)> >m (1 o W;_w) , (1931)

which holds because of (1.5.6), 7 > k+ 3, (' < /3, and because L is taken to be sufficiently
large. Combining (1.9.19) and (1.9.23)-(1.9.30) we get

for R > (7, where m" is as in (1.9.18).

P RV (B)PY

AL\OA, < 2o (B < o™ (] 9 39)

— p(N)
B RAL\aAZ(E)PIR

= sup

Ol i 0

]

Remark 1.9.5. In what follows, we will occasionally substitute i, for 7. Given two box sizes

¢ < L, and the center j of Ar, we define 7, as a function of i,

;

i if |j—i| < L—20

bh=Qj—L40 ifj—i>L—2 (1.9.33)

GAL—C ifi—j>L—2
\

This guarantees that Ay(i,) C Ap(j) for all i € AL(j).
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Lemma 1.9.6. Let E € I, 5. Assume that the interval Ay is (1, N)-reduced. Let m satisfy
(1.9.15). Leti,j € Ay with |j —i| < R — 2 so that Ay(i,) C Ag(j), and suppose that the

interval Ay(iy) is (m, E)-regular. Then

1P Ray (E)PY, 5 (1.9.34)

|

< max e—m(R—f—l—\]—zD’ max 6—mmax{|r—z|,€ }
relp

‘PT_RAL(E)PXR(J‘)

where
m > m(l — Ce-toT) (1.9.35)
for sufficiently large L.

Proof. Let E € I 5. Let i,j € Ay with |j —i] < R — 2¢ so that A, := Ay(is) C Ag(j).

Consider when N > L¢. We apply Proposition 1.6.4,

~ pV) 1
15 Ry, <E)PIR(J')|| < m (1.9.36)
S(A—2J
X exp <—log (1+—(4JQ1 )> (R+1-— |j—i]>
QU m(rr1-li—il) < o/ (1)

<« =l
T 2J% (1- %)
since R > ¢ and (1.9.15). Also
log = log6( 1=22 ) | flog(2+ 1)
m' > m (1 - %) =m (1 e i) ! (1.9.37)

08 +log(2+ =
2m<1—#)2m<1—f+"5>,

The nontrivial case is when 4J < N < L¢. We will consider the Hilbert space ”Hg) It
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follows from the resolvent identity that

(V) G X () (V)
PRy Py = B Bavon, Piay = B Bagnon, Danion By, (E)PY )

e ) () (V)
=P Ry on, P Pangy — B Bagroa Danon Ry, (B)PY )

(1.9.38)

_ (N N
=0— P, RE\L)\ﬁA[FAL\aAZRE\L)(E)PIR(J')

_ — p(N) (N)
=—-b RAL\BAeP/—\:T (i*)FAL\aAZR/\L (E)PIR(j)

— p(N) - (N)
- P, RAL\BAEPA[r(i*)FAL\aAéRAL (E)PIR(j)

=—A-B

To estimate A, first consider the case where i = i,. Then we use (1.2.20) to rewrite

-1
— - pV) — (N)
A=>"P Ry o, P 0 Pliapstip1y Danion Ba, (E)PY . (1.9.39)
p=LT
From here we apply the fact that Ay(¢) is (m, E)-regular to get that
-1
— (N - N
1Al = Z 17 RE\L)\BAZP/—\:(Z')HHP{i+p+1,ifp71}FAL\aAzREXL)(E)PIR(j)H (1.9.40)
p=L"
-1
! _ N
< Z ey HP{HPJrl,i*p*l}FAL\aAZ RSXL) (E)PXR(J') I
p=LT
|| e N
< e NPy 0i o Tanon RSy (E)PY, | (1.9.41)
-2
—m/ — ()
+4J° Z € (p+1)||P{i+p+1,i—p—1}RK <E)PIR(J’)”’
p=£T
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We proceed by focusing on the first term of (1.9.41).

1PsrionTaon, ()l < ITapon () (1.9.42)
< hiseivens (irtirerny (oI ||Bz‘—£,i—€—1p_i,g,i471}(- |
< 4‘]2||P{_i+£,z'+tz+1}(' I+ 4‘]2||P{_i,g,i,g,1}(‘ I
= 4J%(Phy+ PP ) (O 4P (PZ, + PP, )]

<47% Y PGl

SG@ALAg

Returning to (1.9.41), we see that:

! — (N
JAll < e art 37 PR (E)PY gl (1.9.43)
SE@ALAZ
-2
—-m’ — (N)
+4J° Z ey HP{Z‘erH,ifpfl}RAL (E)PIR(j) I
p=LT
—mr—i||| p— p(V
< Y MR RD®P )| (1.9.44)
TGAZ+1(i)\AgT (Z)
Where we used m” > m/(1 — C*Y) and ||l pis|| = 4J%. If i # i, then a similar estimate
holds. In either case we get
—m/ |r—3 - pv
1Al >0 e BT RO (B P (1.9.45)

TEA[+1(i*)\AZT (Z)
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Now we estimate B.

— N —
”BH = ||Pz RE\L)\(?A[PAZT('L*)FAL\aAZRAL (E)PI j)H (1.9.46)
< ||P RAL\aAgPA_gT ’L* || AgT(’L*)FAL\aAZRAL (E)P/—\’— ()H

= ”Pi_R/AL\aA/zPA_[r (%) ||||FAL\3A€PA£T(1*)R5\L)(E)P+ (g )H
2 8 -
<4 Y|Py PO RS (B)EY G

s€dML ¢

Next we estimate |Py_. \P-RWN(E)PY , which we will do by using Lemma 1.6.6.
AZT(Z*) S AL AR(])

dist (S N Soren, MY\ Sans)) = dist (S0 MY\ Sa) (1.9.47)
>RA1—|j—i|—r
dist (Agr (i), 0N (i) > £ — (7

dist (SAW) N Sprsn,, MY ) >0 0T (N—2)>0— —IF (1.9.48)

The inequality (1.9.48) is not immediately obvious. Consider m*, a configuration in Sy, ;N
Soara, C Mg) Suppose m* is as close as possible to ME\]Z)r It must be the case that m

consists of a single particle in dA,(7), as well as a single particle in 9*A;-, the remaining
N —2 particles are arranged in a connected configuration somewhere inside A, \ A, and that
component is connected to either one of the boundary particles. In this case it is clear that
the distance to move the disconnected particle at the boundary to the connected component
in the interior is at least the desired inequality. Continuing where we left off, if we let s from

Lemma 1.6.6 be 3¢/4, then (7 < s < ({ — 7 — L&)+ (7 = ¢ — LS.

N V2 Clog(14 382D\ (R 1|
1Py, i P RXL)(E) Anl < me log(1+ 557 ) (R+1—[j—il —£7) (1.9.49)
A

2 . .
n \/_ Z o log(1+M)(17§€ 1) max{|r—i|,3¢/4} HPT_REX]\L[)(E)P+

J2%0 (1 — %) oyl Ar(®j)
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Combining all the previous estimates,

- pv —m/ |r—i - pv
1R e Py < Y el e RN E) Py | (1.9.50)
TEA[+1(i*)\AgT(i)
B
+ 4v2¢! o log (145572 ) (R 1—|j—i )
72 (1-3%)

4\/§€Zﬂ 1 1 3(A—2J) 4[7—1
L VRS e

N)(E>P+
2] N
T (1-%) & R(9)
_m// r—q N
< > =P RO (E)PY |
r€A 1 (6)\Ar (9)
1 28 o log (14 MG ) (R~ jil —47)
(A—27) — ,
12 Z o log(14+ 25572 ) (1307~ max{|r—i,3¢/4} HPFRE\AL[)(E>PA+R(]

reAr

This holds assuming ¢ is large enough. We use the hypothesis on m, (1.9.15) and obtain

_ (N (R 1—|j—i
1Py RY(B)PY || < e (Rl (1.9.51)
—m/" max{|r—i|,£7 — p(V)
+ Z e {r=il.e7y ‘Pr RK (E)PXR(]')
reAy
—m!" —|j—i|—e7 —m/" max{|r—i|,0"} N
S e (R+1—|j—1i|—¢7) + (2L + 1) 11:2%};6 {l [,07} ( )(E)P/—\FRU)

< max 6—m””(R+1—|j—7,\) max e —m/"" max{|r—i|,£7}
- TGAL

AR(J H}

When we incorporate (1.9.36), we arrive at the desired result.
_ ~ (N
IP7 R (EYPY, )l = sup 17 R (E)PY, (1.9.52)

i

It is not too difficult to show that only a small amount of mass is lost: m® > m(1 —Cf"“rﬁ_T).

Ar(j)

< max e—m(“)(R+1—|j—z\) max e—m(“) max{|r—i|,£7 }
- TEAL

PR (B)P

O
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1.9.2 Buffer Intervals

Definition 1.9.7. An interval T C Ay is called an (m, E)-buffer if for all s € 9* T we have

that s, = s and Ay(s) is an (m, E)-regular interval. In this case we set Y/ =T\ 9*: 7.
Definition 1.9.8. Given an interval T C Az, we set T = T U (UsearnrNe(s))

Lemma 1.9.9. Let E € I, 5, and let m be as in (1.9.35). Assume that Ay is (1, N)-reduced.
Let Y C Ay be an (m, E)-buffer, where m satisfies (1.9.15), j € Ay and T C Ag(j). Assume

that dist ( E, o(H), > e L7 There exist sx € O, Y such that for all ¢ € Y we have
AL\aT L

”Pq_RL(E>P/—\~_R(j)H (1.9.53)
2 LB —m(R+1—|sy—jl|) —m max{|r—sy|,07} — 4
< 16J%¢” max {e ) ,maxe LET P RL(E)PARU)H}'

Proof. Let T C Ay be an (m, E)-buffer, where £ € I, 5, and let j € Ap, T c Agr(j), and

g € YT'. It follows from the resolvent identity that,

Py Ry(E)P; ) = Py Rapor(E)Daor Re(B)PY (1.9.54)
Hence,
1Py RL(E)PY, )| < IRy \or (B)ITor RL(E) P ;)| (1.9.55)
<47 NPT RU(E)PY, || < 16.7%X || P RU(E) P, .
s€rLY
where s = sy is selected from 9T so that HP;RL(E)PIR(].)H is at a maximum. For

s € 02 () we have, since T is a buffer, that Ay(s) is an (m, E)-regular interval. Since Aj is
(1, N)-reduced, E € I, 5 and (1.9.15) holds, it follows from Lemma 1.9.6 that (1.9.34) holds
with ¢ = sy. The conclusion follows from (1.9.55) and (1.9.34).

60



1.10 The Multiscale Analysis

Theorem 1.10.1. Fiz Ag > 2J, \g >0, and § € (0,1). Suppose Ag, Ao, §, and the scale Lg
satisy (1.5.5)- (1.5.7) Let A > Ay, and A\ > Xo, consider an interval I C I 5, and suppose

that with the parameters A and \ we have
P{R(mo, Lo, I,u,v)} >1— e~ L6 for all u,v € Z with |u —v| > 2L, (1.10.1)
where my satisfy (1.5.11).
Then, if Ly is sufficiently large, depending on \g and Ao, setting Ly = L], we have
P{R(my, Ly, I,u,v)} > 1— e~ Li for all u,v € Z with |u —v| > 2Ly, (1.10.2)
for all k=0,1,... Also my is a decreasing sequence with my > mq/2.

Proof. The theorem is proven by induction. We start with a scale ¢ > Ly and move to scale
L =107 Let {7" < m < my, so that m satisfies (1.9.15) with Ay and ¢ at scale ¢, and

suppose we have
P{R(m,{,1,u,v)} >1— e for all u,v € Z with |u—v| > 2(. (1.10.3)

We will show that, if ¢ is sufficiently large, the same statement holds at scale L with a new

mass m, with

(1.10.4)

L™ <m(l—-Cl% <my <log (1 + M)

4]

Here C' > 0 and ¢ > 0, in particular this means that m, satisfies (1.9.15) at scale L. Select

u € Z and consider and interval A; = Ap(u). Let ) be the event that Ay is (1, N)-reduced.
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We know from Lemma 1.7.2 that

Cl

PV} >1—e 15 51— Let (1.10.5)

Let = = Zp ¢(u) be the collection of intervals A, C Ay, that is

(11

={Ao(y) :y € Ap_o(u)} so |Z] < 2L. (1.10.6)
We set (recall (1.5.4))
Sy = 20407V 1, (1.10.7)

For each n € N we consider the event B(n), that for some E € I there exist at least n

(m, E)-nonregular disjoint intervals in =. Note that

B2)= J (R(m,(1,00))F (1.10.8)

v,v' €E
[v—v'|>2¢

It follows from (1.10.3) that
P(By) < (2L)% (1.10.9)

Observe that Sy 4+ 1 is an even integer and that events based on disjoint intervals are inde-

pendent. From this, we have

Sp+1

P{B(Se + 1)} < (P{B(2)}) =

> [V —1)Cx |

< (462’76—” < LIt (1.10.10)

10

Let w € (B(S¢+ 1)) and E € I. Then there exists A,(F) = {a1,aq,...,as} C E, where

S < S, las — ay| > 20 for s # 5" and Ay(b) is (m, E)-regular for all Ay(b) € =\ U, Ase(as).
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We will construct a collection of disjoint (m, E')-buffer intervals, {Y;};=1. . 7, where T < S,

77777

which contain the S disjoint (m, F)-nonregular intervals. From this we know that if b € Y =

Ap \ U Y} then Ay(b) is (m, E)-regular.

We need to estimate the size of T = Uthl T, from above. Notice that the worst case is when
T = S, this means that the disjoint nonregular intervals are far enough away from each
other such that when each one is covered with an interval of length 2(2¢ + 1), and there is
no overlap between the buffers. Also suppose that one nonregular interval, say B, is close
enough to (say) the left end point of A that when B is covered by an interval, Y g, with
2¢ 4+ 1 points on each side there is not enough space for an interval of size £ to fit on the left
hand side; in this case we expand T g all the way to the left endpoint of A;. Here we have

that |Tp| <2(20+ 1)+ ¢+ 1. In total we have

T
Y[ = [T <220+ 1)S+2(0+1) < 60(S+1) (1.10.11)

t=1

<12007NGTL e < T = I
Where, using (1.5.1), v, is chosen to satisfy
(Y =1+ 1<y <~T. (1.10.12)
For E € I we consider the event
Gu1(E) = {dist(E, o(H}, () > ¢ for all intervals K € K, 1}, (1.10.13)

where IC, 1, denotes the collection of all intervals K C Az (u) such that either ¢ < |K| < 7
or K = A (note Hy, o, = Hy,). Then for all w € (B(S¢+ 1))° N G, (E) the disjoint

(m, E)-buffers {Y;};—1, r satisfy the hypothesis of Lemma 1.9.9.

77777
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Let E€eland we YN (B(Se+1))°NG, (F) and set
G(r) =P (Hy — E)7'P{ ;| for r € Ay (1.10.14)

So, for all 7 € A, we have the estimate G(r) < |[(Hy — E)™'|| < e*”. For R > L7, we will
use previous lemmas to obtain the estimate G(i) < e”™F+D The following two estimates

are essential:

1. Let j € A with Ay(j.) C Ag(7) and Ay(j.) is (m, E')-regular. Then from Lemma 1.9.6

we have that

G(j) < max {e‘mm(RH_j_iD, max e_m(l)max{lr_j’”}@(r)} : (1.10.15)

reAy

2. Suppose for some ¢, that ¢ € Y/ such that d(i, T;)+|Ye|+14¢ < R, so that T, C Ag(i).
Then it follows from Lemma 1.9.9 that there exists s; = sy, € OALY, such that for all

q € T} we have

G(q) < 8J%" max {6_m<1)(R+1_8t_j|), max e_m(l)ma"{r—stl’W}G(T)} (1.10.16)

reAr

—m@(R+1—|si—7 ) —s¢| L7
< max{e m® (R+1-]s. J|>7£r€l%xe m® max{lr—sil.£7) (7
L

where
m® >mW(1 — COPH=Ty > m(1 — C'PTET, (1.10.17)
We notice that the right hand of the estimate does not depend on ¢, therefore we can say

G(T}) = max G(q) < max {e‘m(2)(R+1_|St_j), maxe ™" maxﬂr_stl’ﬁ}G(T)} - (1.10.18)

teY) reAL
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We will frequently change m, the rate of decay, throughout the proof. Each time the rate
of decay changes we will increase the number in the superscript. It can be shown that the

following inequality holds at each step
m®™ > mD (1 - o) | (1.10.19)

where for every n, C,, and ¢, are positive constants which can be calculated explicitly. We
will adjust the mass finitely many times in the following procedure. The goal of the following

portion of the proof is to attain an estimate of the form

G(i) < e~ (BHD) (1.10.20)

for any choice of i. If G(i) = 0 we have the estimate and we stop immediately; henceforth

assume G (i) # 0. Suppose first that ¢ € Y, then it follows from (1.10.15) that

G(i) < max {e‘m(l)(R“),maX e max{”_i’ET}G(T)} : (1.10.21)

reAy,

If the first argument of the max is larger then we have the desired estimate and we stop.

Suppose not, then we have that

G(i) < emm M maxlin=ie3 G (r)) for some r1 € Aj. (1.10.22)

If |ry —i| > R — 2(, then
G(i) < eV R=20,L7 < pmm®) (i) (1.10.23)

and again we are done. If |r; —i| < R —2¢ and r; € Y, we can apply (1.10.15) again, this
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time we have

G(Z) < e—m(1> max{|r1—i[,0"} max {e—m(l)(R—l—l—|r1—i)7 m%X e—m(l) max{|r—r1|,€T}G(T)}
renr,

(1.10.24)

—mW(R+1 —m@ —i|,207
§max{e miO (R ),%%XG m mas{|r—i| }G(T)}
L

Proceeding as above, if either (1.10.22) or (1.10.23) hold then we stop. Or we have
G(i) < e_mmma"{lm_i"%T}G(m) for some 9 € Ay with |ro —i| < R — 2¢. (1.10.25)

If ro € Y we can repeat the procedure. In fact we can continue to repeat the procedure as

long as r, is in Y. Eventually we will either have, for some n, the estimate,

max{|r,, —i|,nd"} > R— 20" (1.10.26)
in which case we arrive at

G(i) < e_m(l)max{l”"*_i"”*éT}G(rn*) < om0 L o omm P (R (1.10.27)

and we are done, or r, ¢ Y and (1.10.26) does not hold. In the second case we must have

Ty = Ty, € T}, for some t;, and

G(Z) < eim(l)vnlii‘G(T’nl) < e—m(l)d(i:Tél)G(Tél)_ (11028)

Notice that since (1.10.26) is false we have that

A, Yo,) +| Lo |+ 1+ < |rp, — 1| +20 < R. (1.10.29)
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In order to cover all possibilities we take the convention that n,y > 0 and rqg = i. To handle
the future situations where {r,,} leaves Y we say that {r,,} is the subsequence of {r,} which
contains only the points which lie inside U; Y} (without satisfying (1.10.26)). To continue

we will apply (1.10.18) and obtain

G(i) < e~V ax {e_m(Q)(R+1_|St_j|), maxe ™ max{lr_st"ZT}G(r)} : (1.10.30)
reAy

If the first argument is maximal then we have

G(i) < o (A0 )+ (R+1=|se—j]) < oM (R+1-|Te, ) (1.10.31)

< e—m(2>(R+1—m*) < 6—m<3)(R+1)

and we are done. If the second portion is maximal then we move to another step
G(Z) S e—m(l)d(i,Tgl)e—m(% max{|rn1+1—st\,["}G(rnl_H) S e_m(2)(‘rn1+1_i|_|Tt1‘)G(rnl-l,-l)- (11032)

If |7y, 41 —i| > R — 20, then we can obtain the estimate G(i) < e=™ " E+D_If |r, 4 —i| <
R — 20, then we will apply the same strategy again. Notice however that if 7,1 € T}

then from the first inequality in (1.10.32) we get that
G(i) < e ™0 T G ), (1.10.33)

If this is the case then the preceding argument can be summarized by the following implica-

tion:

G(i) < e ™M G(T) ) = Gi) < e P e VTG ). (1.10.34)

The chain of implications can iterate indefinitely, so G (i) = 0. This possibility was already

ruled out from the beginning; therefore r,,, .1 ¢ T} . From this point on we continue the
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iterating process as long as necessary, we move along some sequence of points in Ay:

{ra} ={ro,m1s o s Tngs Tyt ty - Trgs Tng 1 - -« Trgs -+« Triptk J - (1.10.35)

Notice that if ry,,, 7,; € T} and n; > n; then an argument along the same lines as in (1.10.34)
will imply that G(i) = 0. This means that the stepping process visits each buffer interval at
most once before terminating. Either the process terminates (as in (1.10.21), (1.10.23), or,

(1.10.31) ) or we attain an estimate of this form:

G(Z) < e—m(2>d(i,T;1)€—m(2) max{d(stl,’réz),ﬂf} o e—m(2) maX{d(stb—l’Tgb)’”}e_m(z)|Tnb+k_stb7|G(

rnb+k)

with, |1, — i > R — 207~ (1.10.36)

This is still satisfactory though:

G(Z) S e—m@)d(i,T;l)e—m(?) max{d(stl,ng),E"} o e—m(2) max{d(stb—l’Tf‘.b)7£T}6_m(2>|Tnb+lc—5tb|6LB

»
(T (A, g0 (T 100 0)) Ol

IN

IN

e

—m(2>(\rnb+k—i|—2€7*)eL5 < e—m(2>(R—4m*)eLﬂ < e—m<3>(R+1) (1 10 37)

We have shown that for £ € [ and w € Y N (B(S¢+ 1)) N G(F) that
G(i) = | P (Hy — E) ' P ol < e for all i € Ay and R > L7 (1.10.38)

In this case we see that Az(u) is (m®), E)-regular.

Now let u,v € Z with |u—v| > 2L, and set Yy = Vur NVor. U K € Ky p and K' € I, 1,

then from Lemma 1.7.7 we have
2
P{{d(or,(Hg), o1, (Hir)) < 2672} N Vyor} < C4%e L NSO (2L + 1)1691+2 < o=3017,
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(1.10.39)

Define the event

Gt = {d(oh(HK), on(Hg)) > 2¢7 for all K € Ky, K' € /cv,L} . (1.10.40)

It follows that
c 2 —2aLB —laLﬂ
P{Gaor N Vuwr} < (2LO")%e 3% < e 27, (1.10.41)
for sufficiently large L. Also,
Guwr C Gur(E) UG, (F) for all £ € I. (1.10.42)

This holds for the following reason: if w € G, N G, (E)® we must have w € G, (E),
and similarly for the same statement with « and v interchanged. We now define the event

Euwr = B(Se+1)°NGuwvr N Vuyr- From (1.10.41), (1.10.10), and (1.10.5) we get

PLwrt S PAB(Se+ 1)} +P{GL 00 N Vuwr} + PV} (1.10.43)
_I¢ Lo _I¢ IS
< e ez 4 Le <l (1.10.44)

for a sufficiently large L. Moreover from (1.10.38) and (1.10.42),

Eunr C RMP L, T,u,v). (1.10.45)
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Therefore we conclude that
P{R(m®, L, I,u,v)} >1—¢ . (1.10.46)

We can finish the proof by induction. Let Ly = L] for k = 0,1,2.... For k = 0 the
conclusion holds with mass mg by the hypothesis. If it holds for & with mass m; then it

holds for k£ + 1 with mass myg,, = m,(f), that is

Mpyr = me(l — CLL ™) (1 — CoLy ) (1 — CsLy®) > my(1 — Co Ly ™) (1.10.47)

It is apparent that as long as C, and ¢, are greater than 0, and Lg is large enough then the
product of terms (1 — C,L, %) will converge to a positive number. Simply taking L, large

enough can guarantee the inequality my > mg/2 for all k. O]
Corollary 1.10.2. Assume the hypotheses of Theorem 1.10.1. Then, if Lo is sufficiently

large, for all L > L§ we have

P{R(", L, I, u,v)} > 1— e~ for all u,v € Z with |u — v| > 2L. (1.10.48)

The proof follows from the next lemma.

Lemma 1.10.3. Given Ay > 1, \g > 0 and 6 € (0,1), let the scale ¢ satisfy (1.5.6). Let
Ee€lClysandlet L =10, wherey < < ~2. Consider a (1, N)-reduced interval Ay (u)
and suppose every interval Ag(u') is (m, E)-regular for all v’ € Zp 1, ,(u), and m satisfies

(1.9.15). Then for sufficiently large ¢,
I(Hap — B)7' < e (1.10.49)

Proof. Let A = Ap(u), Hyx = Ha, (), and Ry(E) = (Ha—E)~"'. Suppose A is (1, N)-reduced
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and every interval Ay(u') is (m, E)-regular for all v’ € 2, 1, ,(u). Since A is (1, N)-reduced

it follows from Lemma 1.7.2 that for N > L¢,

2
IHM =B < @ < (1.10.50)
A
425 (1 — —ZJ>
0

We now fix 4J < N < LCI, and omit N from the notation. Let i € A;. With some basic

computations we have:

P RA(E) = P Rajon,(E)(Hyjon, — E)RA(E) (1.10.51)
= B Rajon, (E)(Hy — E — Tpon, ) Ba(E)

= P Rajon (B) = By Rajon,(E)Lavon Ba(E).
Since Ay(ix) is (m, E)-regular, we have from Lemma 1.9.4

1B RAE)| < N[ B jon, (E)| + 1B Rajon, (E)Tmon, Ra(E)| (1.10.52)

< " + |27 Rajon (E)Con, Ra(E).
We estimate the second term,

157 Rajon, (E)L pon, Ba(E)|| (1.10.53)
< |27 Rajon, (E) Py, oy Tmon Ba(E)|| + |27 Rajon, (E) Py, iy Tmon, Ba(B)]|
< 1P Rajon (E) Py, i 1T avon, NI RA(E) + ([P Rajon, (E) Py, oy Favon, Ra(E) |

Ny 811 o
< 8J% ™ | RA(E)| + ¢ || Py, iy T mvon Ra(B)|),

Next we use that Rg\Nl)(E) = (H/(\]X) — E)7! recalling (1.6.1),
HY = HY +(Qi - 1) (1 - Z—“’O) Py, (1.10.54)
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We continue our calculation with the resolvent identity, the dependence on E is suppressed

for brevity.

_ _ N N
1Py, oy Davon, Ball < [Py, oy Pmon, By | + @1 (1 — 2") 1Py, o Tavon, RS PAY Rall

— N
<8Py o BN+ Q1 (1= 22) 1Py, Davaon B PV IR |
8J%Qy o
- 27 +AT°Q (1 N Z_Jo) Y Z 1P, P Aer( z)RA 1 PA 1)H
0 <1 N A_o) bEAA (i)

8‘]2Q1 + 8J2 1 HRAH Z e log(l-&-i&(AO 2J))dist(SAZT(i)ﬁSb,MS\ﬁ))
27
0 <1 - A—0> bEAN, (i)
8J2Q1 16J2Qle—log(1+6(AO 20) o(1-20-9)

1(1-%)

In the preceding argument, Corollary 1.6.5 was applied twice. Notice that for each b €

<

< + || Rall

(1.10.55)

ON\(i.) we have that
dist (S, (5 NSp, M) > €07 —(N—=2) > (07— L8 > (07— > ¢(1-2077). (1.10.56)
With ¢ = 1 — max{7,(’,v*} > 0. Putting it all together, along with (1.9.15) we have that

P RA(E)|| < ¢ + 8% || Ra(E)| (1.10.57)
4ot 8J2Q1 n 16{;@1 ,10g<1+6(§9Q2’))e(1—2e—q)
i(1-%)
8.J? e 16J2Q2 s Y
< |1+ ¢ eZB + (8(]26_[ 14 + Ql eeﬂ—é 0(1-2¢ )) ||RA(E>||
-2 T
0

< 4 Ce | RA(E)).

[RA(E)|
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This holds for sufficiently large ¢. Therefore

IRA(B) < S IPRAE) < (2L +1) (e + Ce™ | Ra(B)])) (1.10.58)

1€EAL

£ 6 6
< JIIRA(B)]| = [[Ra(BE)| <267 < et
We have now proved the bound holds when N < L¢ and when N > L¢'. O

Proof of Corollary 1.10.2 We assume the conclusions of Theorem 1.10.1. Given a scale
L > L} = Ly, let k = k(L) be a natural number, chosen so that Ly < L < Liy;. We have
that Ly = L] , < L < Lzz_l. So L = Lzl_l for some ' € [y,~?). Now, given u,v € Z with

|u — v| > 2L, consider the event

fuvva = ﬂ R(%aLk—hIau/avl)- (11059)

uIEEL’Lk—l(“)
’UIEEL,Lkil('u)

From the conclusion of Theorem 1.10.1 and (1.7.14), and the fact that &y < &2 < ¢,

P{FyorWVuwr} > 1—(2L)2e M —Lem2 =1 (2L0)2e 5" —1e~2 5 115 (1.10.60)

Let w € Fupr M Vuwr. Then Ar(u) and Ap(v) are (1, N)-reduced, and given E € I then
either Ay, (u') is (mo/2, E)-regular for all v’ € = 1, ,(u), or Ap,_ (V') is (mo/2, E)-regular
for all v € Zp 1, ,(v). Suppose the former, the other case is similar. Notice that the
conclusion of Lemma 1.10.3 holds for Az, and that given i € Ap(u), (1.10.15) holds for all
j € Ap(u) with Ay(j.) C Ag(i), and where £ = L;_; and m(Y) = mg/2. We proceed as in
(1.10.21) - (1.10.27) to conclude that Az (u) is (mg/4, E)-regular.

Proof of Theorem 1.5.4 for H=*/. Tt follows immediately from Theorem 1.8.2 and Corollary

1.10.2. [l
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1.11 Eigenfunction localization

The proof of the main theorem in this section will depend on a series lemmas that we will

prove in advance. Also we continue to use the convention that if m is a decay rate then

m) > m(1—C¢~?) for some positive explicit constants C' and ¢, and furthermore that m®,

m) and so on will denote further modifications of the mass in the same manner, but with

possibly different constants.

Lemma 1.11.1. Suppose Ay is (m, 1) localizing for Hy, where I C I 5 and m > L™", let

{(bv: V) }veo(my, ) be an eigensystem for Ha,. Then for all v € or(Hy,) we have
P o l||P; ool < e~ Vli=3l for gll i,j € A with |i —j| > L7,
i ¥ R4
It follows that

ST PP el < e for all i, j € Ay with |i — j| > L7

I/EJ(HAL)QI

Proof. Let v € o(Hy,) N 1. It follows from Definition 1.5.1 that for all : € A,
1P || < emEmemmiiivl,
Now if 4,5 € Ay with |i — j| > L7, then

1P o llI1P; || < b emmlimavl=mli=inl < gmm'liil,

This is exactly (1.11.1). Also (1.11.2) follows from (1.11.1) and (1.7.6).
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Lemma 1.11.2. Let the interval A = Ay, be (1, N')-reduced and let (¢, E) be an eigenpair
for Hy with E € I, 5. Let i € A and assume the interval Ny = Ny(i) is (m, E)-regular,

where m satisfies (1.9.15). Then for sufficiently large L,
1P| < e_m(l>max|”_iwHPT_IQ/JH for some r1 € Ap. (1.11.5)

Proof. Since A is (1, N)-reduced and E € I; 5, we must have N1 = N1 for some N < <.

We have

P = P Ravon, (E)(Havon, — E)Y = =P Ravon, (E)T o, 00 (1.11.6)

= — P Raon, (E) Py Taon, 0 — P Ravon, (E)Py, T = A+ B

To estimate A, we will focus on the case where i, =i and use (1.2.20), getting

ZP Ravon (E)PY () Plispriop1y T mvon ¥ (1.11.7)

p=LT

this calculation is similar to the one in (1.9.38). We proceed by using the fact that Ay(7) is

(m, E')-regular, analogous to the derivation of (1.9.45)

{—1
HA” < Z HPi_RA\aAz( ) Ap (i) H” {z+p+1z p— 1}FA\8AK¢H (1118)
p—ZT
—m(
< Z p+1)H {z—l—p—l—lz p— 1}FA\8Ae¢H
p=LT
-2
—mM(p —m® _
S 8J2 Z +1)H z—|—p+17, p— 1}¢H + ¢ Z ”PS w”
p=LT s€ON(7)
< 3 emrIRYL
T‘EAZ_‘_l\AgT
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If 7 # 1, the estimate holds and the same proof will work with some minor adjustments.

Bl = P Ryvon, (E) Py, Uavon, Nl < 1B Bavon, (E)|[[[ Py, Tavon, ¥l (1.11.9)
_ B8 oy
< | Ryon, (B Py, Tavon, Il < € Y|Py P
SEDA,

We now estimate || Py, P;¢|| by Corollary 1.6.7. For the value of s in Corollary 1.6.7 we use

3¢ and we use (1.9.48).

1 R 5(80=2D Y (1_4 yr=1Y ot 1r—il 2 B
S 1P Prol] < 2@ DVEL S o1 8351) (50 ) maxl—i39 ) o (1.11.10)

N
EISoNY) (SW(% ) reA

We now combine all of the preceding estimates to get the following

, »
1Pwl < S e By 4 e (0, g, N) S e il 0 g

T‘GAZ+1\A[T reA

< Z e—m(?’) max{|r—i|,7} < <2L + 1)€—m(3) max{|r«—i|,f7} ||Pr:d}H

reA
< e maxtfr =L pap|| for some 7, € A. (1.11.11)
This holds for sufficiently large L and we used the fact that m > L™". m

1

Proof of Theorem 1.5.2. Assume L is large enough that (1.5.19) holds at scale ¢ = L7 .
Let A, = AL(j) for some j € Z. Let Y = Vi, (j1 be the event that Ay is (1, N)-reduced.

Consider the event

Fr = N R(m, €, I 5,u,v). (1.11.12)

uwEEL (), lu—v]>20

It follows from (1.5.19) that

P{F.} >1—4L% " =142 >1 - L t™ (1.11.13)
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Hence, using (1.7.14) and 0 < (; < ¢ we have that
P{F,NYL}>1—e "2 (1.11.14)

To finish the proof we need to show that 7, N Y, C Q(%F, L, I15,7). Fix w € Fr NV, and
let (¢, E) be an eigenpair for Hy, with E € I. Since w € Yy, we have that Ny, ¢ = N¢
for some N < L¢. Notice that there must exist a ¢ € = L¢(j) such that the interval A,(q) is
not (m, ¢)-localizing. Otherwise, from Lemma 1.11.2 we have that ||P; 9| < e ™ for all

1 € A, and hence

1= [l < Y IP7wl < L+ 1)e™ ™ <1, (1.11.15)

1€EAN],

a contradiction. Now since w € F, it follows that A,(u) is (m, £)-localizing for all u € Z 4
with |u —¢| > 2¢. So let i € A with |[i —¢| > L. Since Ay(iy) is (m, ¢)-localizing, it follows

from Lemma 1.11.2 that
1P| < eV maxlin=ibe}| p=yp|| for some ry € Ap. (1.11.16)
If |r1 — q| < 3¢, we have

1P| < eIl < gmmMlizallrni—al) < g-m®(limal=30) < =m@lizd] (1.11.17)

since |i —¢q| > L7. Now if |r; —q| > 3¢, then |(r1). — ¢| > 2¢ and another application of

Lemma 1.11.2 yields

[P < oo maxlin=il g masti =k b (111.18)

S efm(l) max{|r2—i|,27} fOr some 79 € AL (11119)
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If |7y — gq| < 3¢ we have (1.11.17) and we are done, otherwise we have that |(r2). — q| > 2¢
and we can apply Lemma 1.11.2 again in the same way. We repeat this argument n times,

stopping when either |r,, — ¢q| < 3¢ or nf™ > |i — g|, obtaining the desired estimate

|P) < e ial, (1.11.20)

We have shown that 1 is (¢, m®) localized. Now if we pick L sufficiently large we will have
that m® > m/2. Thus w € Q(m/2,L, 1 5,7). Given L sufficiently large, the estimates

(1.5.12) and (1.5.13) follow from (1.11.14) and Lemma 1.11.1 respectively. O

1.12 Fixed Particle Numbers

The results up to this point suffice to prove Theorem 1.5.4 and Theorem 1.5.2 for the case
where N > 4.J. In multiple places we relied on the bound from Theorem 1.4.5 and the fact
that for N > 4J, W > 4J2. We will show that an analog of Theorem 1.5.4 will hold for the
operator H<*/. In the low particle number situation we have to take a different approach.
In this section we will show that H<%/ is, with small modification, unitarily equivalent to

the one studied in [51].

From this equivalence we will state the main theorem of this section, show that the hypothesis

of the theorem is satisfied, and then finally give a proof of the main theorem.

1.12.1 Configurations in Z"

Definition 1.12.1. The space of allowed configurations:

ZN =Ix e ZN : 2, < --- < xy and at most 2J consecutive coordinates equal.} (1.12.1)
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See [43]. We will treat Z¥:/ as a graph by considering it as an induced subgraph of Z",

in particular this means that two vertices z,y € Z/ are adjacent, denoted by x ~ y, if

|z —yly =1in ZV.

Definition 1.12.2.

(2N = {f 2V S st If1P= Y @) < oo.}

reZN,J

with the obvious inner product. We denote the canonical basis,

¢z (y) - 6ar,y-

Lemma 1.12.3. There is a graph isomorphism ¢: M) — ZN.J,

Proof. We write the support of m as a finite set of integers

supp(m) = {1, x2, 3, ...2,} where z; are increasing and n < N.

Then mapping is given as,

m(z1) m(z2) m(zn)
0 : MM 5 ZN a5 o(m) = (T1, 21, 0 T2, T2, e s Ty Ty ).

(1.12.2)

(1.12.3)

(1.12.4)

(1.12.5)

Since Y, m(x;) = N, we see that p(m) € Z", and since m : Z — {0,1,...2J} we have

furthermore that ¢(m) € Z™7 as desired. The inverse mapping is

o™ (@)](5) = {k € Z @, = 5}.

See [43] for the proof that ¢ and ¢! are adjacency preserving.
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Now we associate to ¢ a unitary operator from ¢2(ZN7) to 2(MW), U, by extending

linearly from the basis vectors, that is

Uyp(¥m) = Yp(m)- (1.12.7)

Fix N € N. We define a random Schrodinger operator on ¢?(Z™+/) that is unitarily equiva-

lent to HN) by using ¢.
AN 22Ny = 2(2N7) as AN = U, HVU ! (1.12.8)

Similarly, with conjugation by U, we also define:

. 1 - ~ N
g — _EA(N) LW AT, (1.12.9)

Observation 1.12.4. Since ¢ is a graph isomorphism, A®™) is a weighted N-dimensional
adjacency operator on (2(ZN:/). Furthermore we extend AN to a weighted adjacency
operator, A, on (?(Z") by assigning weight zero to any edge in Z" which connects to a point

in ZN \ ZN.

Observation 1.12.5. Consider a random multiplication operator on ¢?(Z") given by

VIV f(x) = (Z w) f(x). (1.12.10)

It is straightforward to show that for any f € ¢2(Z"/) we have that

VIV =UvMUL(f). (1.12.11)

Therefore the restriction of V" to (2(ZN+7) is unitarily equivalent to 17280
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Lemma 1.12.6. We have

W (%) f(x) = (QJN— > 5|xj_m,1> f(x). (1.12.12)

1<i<j<n

Proof. Recalling(1.3.23), we have

W (x) = W (p7'x) = 2JN = Y [0 'x](0) ™' x](i + 1)

€L
N N

> e (@)l i + 1) Z(Z% ) (Zé) ) Z Dessbonin
i€Z i€Z \j=1 k=1 1€Z j,ke{l,..

N N

- Z Zémj,xk—l - Z 6xk—xj,1

=1 k=1 1<j<k<N

S N (1.12.13)

1<j<k<N 1<j<k<N

The last few steps follow because the points in Z™¥/ are ordered.

Now we need to extend the Hamiltonian, H to an operator, K, that acts on all of (2(ZY)

and is of the form treated in [51]. First we will define a potential on all of ¢*(Z").

Definition 1.12.7.

Ux)= > Ulz;—x) (1.12.14)

U(CL’) = —5|x‘,1. (1.12.15)
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Note that if x € Z¥7 then

U(x) = W (x) — 2JN. (1.12.16)
Definition 1.12.8. We define the main operator on ¢*(Z")

KM = —iA +U+AVWM =M —2]N, (1.12.17)

where A is the weighted adjacency operator on Z”" in Observation 1.12.4, and U is the range
1 interaction, namely W—2J N, given in Lemma 1.12.6. Lastly V™ is the natural extension

of the identity in Observation 1.12.5 to a random potential on all of Z".

Except for the fact that A is a weighted Laplacian, K is of the form of operators considered
in [51]. However since the weights are non-negative and uniformly bounded, (see (1.3.21)
and (1.3.22)), the conclusions from that paper will follow from the same proofs. In particular

we obtain all the localization results for K5 proved in [51].

Definition 1.12.9. Let x = (21, 2s,...2y) and y = (y1,¥2,...,yn) be two points in Z",

the Hausdorff distance dy(x,y) is given by
dg(x,y) = max{max min |z; — y;|, max min |z; — y;|}. (1.12.18)
i j j i
Definition 1.12.10. Let x € RY and let L > 0. Define the box of radius L centered at x,

Br(x)={y €Z" : |y — x| < L}. (1.12.19)
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Definition 1.12.11. For fixed N, given £ € R and m > 0, a box B = By(a) is said to be
(m, E)-good if

m> L" (1.12.20)

B

dist(E, o (KW)) > et (1.12.21)

(05, (KYY) — E)716,)| < e ™Yl for all x and y with [|x — y|le > L7.  (1.12.22)

Definition 1.12.12.

A(m,L,1,x) ={E € I = B(x)is (m, F) — good}. (1.12.23)

R(m,L,I,x,y) ={FE €I = B(y) or Br(x) is (m, E) — good.} (1.12.24)

Now observe in particular that,
P{R(m, L, I,x,y)} > P{A(m,L,I,x)} forall x,y. (1.12.25)

Below is the main theorem from [51] but adapted to our setting. We will prove that the

hypothesis of this theorem is satisfied.

Theorem 1.12.13. Fix N > 1 and 0 < { < ' < 1. There exists L = L(N), such that if for

some Lo > L,

sup P{By,(x) is (3, E) — nongood } < e~ Lo for all E € R, (1.12.26)

4
x€RN

then there exists Le = L¢(N, Ly) and 6 = 6:(N, Lo) > 0 with the following property: Let
E, € R with I(Ey) = [Ey —0¢, E1 +0¢|, then for every L > L; and a,b € R™ with dy(a,b) >

2L, we have

P{R(}, L, I(E1),a,b)} > 1—e . (1.12.27)
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Remark 1.12.14. We can get results uniform in N € {1,2,...4J — 1} .

Definition 1.12.15. Given £ € R and m > 0, a box By (a) is said to be (m, E)-good?2 if

m > 2L7" (1.12.28)

dist(E, o(Ky 1)) > 2¢7 (1.12.29)

|(dx, (Kgﬁa) — B)715,)| < emmlx¥le for all x and y with ||[x — ¥ > L7. (1.12.30)

Theorem 1.12.16. Let m = 3, fix \g > 0, and let the scale L satisfy

1
4

e ot < N, (1.12.31)

" < AN (1.12.32)
we have
P{R(}, L, I(E,e*),x,y)} > 1 —e ™, (1.12.33)

for all E € R and for all x,y € Z.

Lemma 1.12.17. Fix N € N and firt \g > 0. Then choose A\ > \g and A > 2J so that
(1.12.32) and (1.12.31) are both satisfied for a sufficiently large L (depending on N ). Let
B = By, be a box of size L, E ¢ O’(K(BN)), let REBN)(E) = (K](gN) — E)~'. Then for all E € R,

we have

]P{B 18 (l E) —good2} >1-— e L

29

Proof. This proof is similar to the proof of Lemma 1.8.3. Given n > 0, it follows from the
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Holder Continuity of p, that for all x € Z" we have

P{U(x) + AV, (x) — E| <n} < C (3)7, (1.12.34)

By

Consider the event O:

Q= {|lW+ v, - B = 1}, (1.12.35)
so that
P{Q} <C(&)" 2L +2)N <72, (1.12.36)

which holds if

A(L+2)7N o\
< (=t . 1.12.
n < 5 ( - e ( 37)
We take
n=xe 3 (recall ¢ < (' < ("< B), (1.12.38)

so (1.12.36) holds for L sufficiently large. When taking w € Q°, we have,

—1 —1
RYOE) = (K - B) = (=540 + U+ - E) (1.12.39)

-1

—(U+\V - E)! (1 — AN (U AV - E)*l)

— (U +\V —E) (1 +y (iAg“ (U +\V — E)l)”> ,
n=1
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S PN 1 PRy
which we obtain by requiring (1.12.32) with L sufficiently large, depending on N.

(6, (U + AV — E)™ (ﬁAgW (U +\V — E)*l)" 5y) =0 (1.12.40)
if R =||x —yl|l1 > n. Hence

(1.12.41)

n>R
17" 178 11¢" 4 —
A ELA St
n>R
LB+ LC +10g2
—(log2)R[1-8— 22 -
<o (log2) L™ < o Uog2)(1-3L"+*)R - —%x— vl

for L sufficiently large, R > L, and by using (1.12.31) to estimate 1/\. We conclude that

for w € Q° and ||x — y||; > L™ we have
(0, (K — B)710y)| < e 2l < emalxyile, (1.12.42)

We get from (1.12.39) and (1.12.31) that in the event where w € Q°,

1 " 1 B
|RD(B)| < 21 < 2" < 2edt” < o (1.12.43)
Thus, we have proved that P {B, is (3, E)-good2} > 1 — e L, O
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Lemma 1.12.18. Fix N € N and fit \g > 0. Then choose A > Ao and A > 2J so
that (1.12.32) and (1.12.31) are both satisfied with some sufficiently large L (depending on
N). If the box By, is (1, E)-good2 for some E, then the interval By is (i,E’)-good for all

27

E' € I(E,0), where
6 < min{%LTe_L_QLﬁ, ey < e (1.12.44)
Proof. The proof is identical to the proof of Lemma 1.8.4. O

Proof of Theorem 1.12.16. By Lemma 1.12.18, Lemma 1.12.17 and equation (1.12.25) we
have that if L is sufficiently large (depending on N), and our starting parameters satisfy

(1.12.31) and (1.12.32) then

P{R(L, L, I(E,e7L),x,y)} > P{AQL, L, I(E,e %), x)} > 1 — e 1,

In particular notice that this guarantees the existence of an Lj which satisfies the hypothesis

of Theorem 1.12.13.

1.12.2 Main theorems for fixed particle numbers

Observation 1.12.19. Let A = Ay (z¢) be an interval, then @(M&N)) = Br(x)NZY7 where

x = (xo,...2o). This follows immediately from the definition of .

Definition 1.12.20. Notice that in Definition 1.5.3, whether an interval is (m, E')-regular or
not depended on the properties of H=4/. We replace H=*/ with H" in definition 1.5.3 to give
a new definition of (m, F)-regular that is suitable for H”™ The definition of R(m, L, I,u,v)

for HY follows analogously.
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Lemma 1.12.21. Fiz N € N. Let x = (zg,--x0) € Z" and suppose that B = By (x) is
(m, E)-good, then Ap(xg) = @' (Br(x) N ZY7) is (%, E + 2JN)-regular if L is sufficiently

large.

Proof. We need to show that (1.5.15) and (1.5.16) hold for Ay (zo). Notice that since ZN:’/
is a reducing subspace A™) we have that

o(K5) = a(K s @ K o) = o(K L ) UK ) (1.12.45)

BNzN,J BNzN,J

=o(HM = 2JN)Uo(KYY

BN(ZN.J

) D o(HY —2JN).

Therefore, if dist(a(K "), E) > e=%" | then dist(a(H\"), E+2JN) > e~*”, 50 (1.5.15) holds
for A.

Now consider the left hand side of (1.5.16), suppose i € A and R > L7, then

N _
1P (HY — B —2JN)7'PE o al < DT (O, (Y — E = 2JN)7'4,)]
m,nEMS\J\LU
d{ (m,n)>R

2
<D ey (KR = B)pm)] < (<2L 4]-\[1)2J) e~ MY
m,nGME\J\LI)
dE\N)(m,n)>R
e(2L + 1)2J\* | riy _ mpy
< (T) e ™ <e 2 . (1.12.46)
The last inequality holds for L large enough, depending on N. O
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Theorem 1.12.22. (compare with Theorem 1.5.4) Fix A > g >0, A >2J, 6 € (0,1), and
Lo > 0 such that (1.12.26) holds for all N € {1,...,4J —1}. Then there exists L = L¢(Lo)
and 0 = 0¢(Lo) > 0 with the following property: Let Ey € R with I(Ey) = [Ey — 0¢, By +6¢],
then for every L > L¢ and a,b € Z with |a — b| > 2L, we have

P{R(L,L,I(Ey),a,b)} >1—e % forall Ne{l,...,4] —1}. (1.12.47)

167

Proof. Let N € {1,...,4J —1}. If a = (a,a,...a) and b = (b,b,...b) € R then clearly
la —b] = dg(a,b) > 2L. From Lemma 1.12.21 and Theorem 1.12.13 we have that
¢

P{R(L, L, [(E)),a,0)} > P{R(L, L, I(E, — 2JN),a,b)} > 1 — ¢ .

L (1.12.48)
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Chapter 2

Embedded Eigenvalues in Defective

Periodic Quantum Graphs

2.1 Introduction

Quantum graphs are a common object of interest in the field of mathematical physics.
They are a simple model to study solutions of the Schrodinger equation in an molecule like
structure. This portion of the thesis is dedicated to a study of periodic quantum graphs and
in particular the phenomenon of Fermi-surface reducibility and how reducibility can allow

for the construction of defective graphs with embedded eigenvalues in the continuum.

For any d-periodic self-adjoint operator there is an associated function D : C x (C*)? — R,
called the dispersion function. In the case of periodic graph operations, the dispersion func-
tion is a Laurent polynomial in the variables z = (z1,...,24) € (C*)? and it has coefficients
that are meromorphic functions of A € C. Since this work is devoted to the study periodic
graphs, especially quantum graphs, we will use the terms dispersion polynomial and disper-

sion function interchangeably. For each A € C, the set of z € (C*)¢ such that D()\,2) = 0
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is called the Fermi Surface at energy A\; when |z1| = -+ = |z4| = 1 the point on the Fermi
Surface describes a set of wave vectors that are admissible by the operator at that energy.
When the dispersion polynomial can be factored, for each fixed energy, as a product of two
or more polynomials in z, each irreducible component contributes a sequence of spectral
bands and gaps. For periodic quantum graphs the only eigenvalues are ones corresponding
to eigenfunctions with compact support. However, when a quantum graph has a reducible
Fermi Surface, it is possible that a local defect creates an embedded eigenvalue with a non-

compactly supported eigenfunction [57, 58].

Irreducibility seems to be the default situation because a polynomial in several variables is
only factorable into nonconstant polynomials of lower degree when its coefficients lie on a
specific algebraic variety. For this reason proofs reducibility rely on constructions that are
tailored to result in the desired type of dispersion polynomial. This work describes two such
constructions. On the other hand, proofs of irreducibility utilize a wide variety of methods.

We will briefly outline some known results on reducibility and irreducibility.

Irreducibility of the Fermi surface is known to occur for the discrete Laplace operator plus a
periodic potential in any dimension. This was proved in two and three dimensions in [11],[48,
Ch. 4],[12, Theorem 2] for all but finitely many energies, and in [64] for all energies in
dimension higher than two. Proofs rely on the algebraic structure arising from the relative
simplicity of the discrete Laplacian on a square graph. Recently, by applying techniques from
algebraic geometry, irreducibility has been proven for a large class of finite range periodic
Schrodinger operators [41]. Irreducibility is also known for the continuous Laplacian in three
dimensions plus a periodic potential of the form ¢;(x1) + g2(z2, x3) [13, Sec. 2]. Irreducibility
for all but finitely many energies is established for discrete graph Laplacians with positive
weights and more general graph operators, where the underlying graph is planar with two

vertices per period [62].

All constructions so far of graph operators with reducible Fermi surface involve multiple

91



coupled layers [77, 78]. The simplest are constructed by coupling several identical copies
of a discrete graph operator, using Hermitian coupling constants [77, §2]; or by coupling
two identical layers of a quantum graph by edges between corresponding vertices, where the
potential g.(x) of the Schrodinger operator —d?/dx? + g.(x) on each coupling edge e is sym-
metric about the center of the edge [77, §3]. When the layers are not coupled symmetrically,
a compatibility condition for the potentials on the coupling edges, which is sufficient for

reducibility, was proved in [78, Theorem 4].

Here is a summary of properties of the two types of multi-layer quantum graphs, introduced
in this thesis, that have reducible Fermi surface. All potentials are electric; we will not cover
magnetic potentials. We include in this summary the bilayer quantum graphs studied in [78],

which we call type 0.

Type-0 bilayer graphs. ([78])

. The two layers are identical, and otherwise there is no restriction on the individual layers.
. The layers are coupled by single edges connecting corresponding vertices.

. The potentials on all connecting edges lie in the same “asymmetry class”.

Type-1 multilayer graphs. (Fig.2.3.2 left; and section 2.3.3)

. Each layer breaks into a collection of finite pieces when a vertex and its shifts are removed
(Fig. 2.3.1).

. Several layers are connected by a finite graph, at the vertices of separation.

Type-2 multilayer graphs. (Fig.2.3.2 right; and section 2.3.4)

. Each layer has the same graph, which is bipartite with one vertex of each color per period.
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2. The potentials on corresponding edges in different layers are Dirichlet-isospectral.

3. Several layers are connected along vertices of the same color by finite graphs.

Multi-layer graphene models. (Section2.4)

An important application of the theory we develop is to two-dimensional periodic graphs
with hexagonal, or honeycomb, structure. Graphene is the most familiar of these structures.
We will use the word “graphene” to include any periodic quantum graph with the hexagonal

structure of graphene, shown in Fig.2.4.1.

Quantum graphs offer an intermediate model between full partial differential equation models
and tight-binding ones, and they have been used to model graphene and other honeycomb
structures in single-layer form [25, 56, 9] and multi-layer form [26, 27, 28]. The model is also
called a quantum or free-electron network model [25]; see [61, Appendix A] for a historical

discussion.

The quantum-graph model of single-layer graphene satisfies the properties of the individual
layers of both typel and type2 By applying the techniques of both types, one finds that
very generally stacked multi-layer graphene has reducible Fermi surface. This includes AA-,

AB-, ABC-, and mixed stacking, as illustrated in the figures of Section 2.4.

The differences between single- and multiple-layer graphene are covered in [68, 1], which
offers much physical context. The most important feature of two or more layers, which
occurs typically but not always, is a transition from conical singularities of the dispersion
relation (linear band structure at Dirac points) for a single layer to nonconical singularities
(quadratic band structure) for multiple layers, accompanied by spectral gaps; see [70, 65, 21],
for example. Refs. [49, 73, 75] present some interesting work on opening gaps by twisting
two layers relative to one another. The work [72] provides a review of physical phenomena

of stacked bi-layer graphene.
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This thesis contributes to the spectral properties of graph models of multi-layer graphene
with electric potentials in two ways: (1) The reducibility of the Fermi surface allows the
construction of local defects in multi-layer graphene that would allow bound states within
the radiation continuum (cf. [58]); and (2) The theorems demonstrate the range of allowed

potentials on the layers and the connecting edges in order to obtain a reducible Fermi surface.

Quantum graphs have been used as models for a variety of physical systems, such as single-
and multi-layer graphene, as mentioned above, tubes of graphene or other planar materi-
als [52, 53, 56, 69, 79|, and related band-gap structures [74, 61, 8, 29, 15]. We also refer the

reader to the works [7, 54], the collection [37], and the monograph [18].

The multi-layer graphs types 0, 1, and 2, described above allow general vertex conditions of
Robin type, defined below (see 2.2.2). The condition stipulates that the value of a function
at a vertex v is proportional to a flux from the vertex into the adjacent edges, and the
proportionality constant is called the Robin parameter «,. Different values of o can model
different types of atoms at the vertices. A quantum graph with the Robin vertex condition
emerges as the limit of a Schrodinger operator on a thickened graph, as the thickness tends
to zero [39, §2-3]. Taking the limit in different ways results in other types of self-adjoint

vertex conditions; see also [38, 22] for discussions of these limits and their physical relevance.

The Robin condition also allows different coupling strengths imparted by the edges (denoted
by €. in (2.2.2) below). This accommodates, for example, adjusting interlayer couplings,
which can be much weaker than the intralayer bonds [60, 66, 63, 10], and quite complex
variations of atom interactions [20, 70]. This strength parameter has been implemented in

the quantum-graph models of multi-layer graphene in [26, 27, 28].

Bound states in the continuum are impossible for locally defective periodic Schrodinger par-
tial differential operators in R¢ [57, 55], and this makes the prospect of creating multi-layer

structures where local defects admit embedded eigenvalues intriguing. In Section 2.5, we
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show how to construct a local defect in a periodic quantum graph with reducible Fermi sur-
face, that creates a bound state at an energy embedded in the continuous spectrum. We do
this for AA- and AB-stacked bilayer graphene. The associated eigenstates are not those of
compact support that are peculiar to graph operators, but rather, they decay exponentially
with unbounded support. Bound states in the continuum are associated with interesting and
useful resonance phenomena. A motivation for the present work is to understand the mech-
anisms underlying the creation of embedded eigenvalues and resonances in diverse material

structures.

2.2 Periodic graphs and the Fermi surface

2.2.1 Quantum graphs and notation

We begin with an overview of the fundamentals of periodic quantum graphs. The notation
specific to periodic graphs essentially follows [78, §3.1-3.2]; and the standard text [18] gives

a more general exposition of quantum graphs.

Definition 2.2.1. A weighted metric graph is a graph I', with a vertex set V(I'), an edge set
E(T"), a metric which assigns a length L. to each edge, and a set of weights e, € R associated
to each edge. When referring to an edge e connecting vertices v and w, we write e{v, w}

when the edge is unoriented and e(v,w) when the edge is oriented from v to w.

A simple example of a metric graph is the unit interval, this graph has two vertices and one
edge of length 1. A periodic metric graph is a metric graph that is imbued with a shift action
from Z?, denoted by x — g + x for each x € I" and g = (g1, ... g94) € Z%. A good example of
a periodic metric graph is constructed by considering the way that Z is a subset of R. For

this graph we say that the elements of Z are the vertices and that all other elements of R
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belong to some edge of length 1; the Z! action on this graph is simply the map = — g + x.

Definition 2.2.2. For a weighted metric graph T' we define the Hilbert space, L*(T',¢) by

imposing that the following norm be finite.

s = 3 / | f () de (22.1)
)

ecE() ¥ €

The weights ¢, for each edge e{v, w}, control the strengths of a connections between adjacent
vertices. In multi-layer graphene, the inter-layer coupling is considered to be much weaker
than the intra-layer bonds, and this is modeled by small values of €, on those edges that

connect vertices in different layers.

Definition 2.2.3. A quantum graph is a pair (I', A) where I' is a weighted metric graph,

and A is a self adjoint operator on the space L*(T,¢).

Our analysis is dedicated to the case where A is a Schrodinger operator with vertex condi-

tions. For each edge e of the metric graph, we associate to it the operator

d2

—@—qu(zf) (0<II? <Le).

We create a global operator on I' by coupling these edge operators with conditions at each
vertex v. There are two different kinds of vertex conditions that we will consider, Robin and

Dirichlet Vertex conditions.

Definition 2.2.4. A Robin vertex condition at v is satisfied by f in L*(T', A) if

S e fl) = auf(). (2.2.2)

ec€(v)

and f is continuous at v.
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This condition is called the Kirchoff or Neumann condition when o, =0. The sum is over all
edges incident to v, and the prime denotes the inward derivative, in the direction from the
vertex into the edge. Thus, if an edge e{v,w} is parameterized by z € [0, L.] running from
v to w, then fl(v) = df./dz(0) and f!(w) = —df./dz(L.). The weight «,, called a Robin
coefficient, can be considered as a singular §-potential of strength «a, at the vertex (see [39,

Eq. 2.6] for example), and thus the condition can also be called a ¢ vertex condition.

Definition 2.2.5. A (homogeneous) Dirichlet vertex condition at v is satisfied by f in

L3(T,A) if f(v) =0 and f is continuous at v.

Remark 2.2.6. One important thing to consider is the situation where some number edges
meet at a vertex with Dirichlet condition. Suppose u solves Au = Au on each one of those
edges and satisfies the vertex condition. If the graph is modified so that vertex is removed
and each one of the dangling edges gets its own separate vertex with a Dirichlet condition,
then u will still solve Au = Au on each dangling edge and it will still satisfy the Dirichlet
condition at each one of the new terminal vertices. From this observation we see that
imposing Dirichlet vertex conditions has a decoupling effect on the dynamics of a quantum

graph.

This is sufficient to determine a self-adjoint operator A in the Hilbert space L*(T', ). The
operator A, being unbounded, has domain D(A) that is not all of L?(T', €) but consists of those
functions in L?(T', ) whose restriction to each edge e is in the Sobolev space H?(e) and that
are continuous on I' and satisfy the Robin condition at each vertex. Aside from Dirichlet and
Robin there are other vertex conditions that correspond to self-adjoint operators in L?(T', ).

They are described in [18, Theorem 1.4.4], but we will not cover them in this thesis.

The quantum graph pair (I', A) is periodic provided that the edges, potentials g., vertex
conditions, and edge weights ¢., are all invariant under the shift group Z?. The operator
A can in fact be applied to any continuous function on I' that is in H? of each edge and

satisfies the vertex conditions — they do not necessarily lie in L*(T',¢). The extended domain
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consisting of these functions will be called D(A).

Definition 2.2.7. We say that u € D(A) is a simultaneous eigenfunction of A and the Z4

action if the following equations are satisfied:

Au = lu (2.2.3)

u(gr) = 29u(x). (2.2.4)

We used the notation that 29 = [[%_, 2% for each g = (g1, ..., 94) € Z*. We say that X is the

i=1%i
energy and that z = (z1,...,24) = (e*1,.. ., e%4) is the vector of Floquet multipliers. Such
u is called a Floquet (or Floquet-Bloch) mode of A. If the wavevector, or quasi-momentum,
k = (ki1,...,kq) is real, then u is a Bloch wave and the k; are phase shifts of u across the d

period vectors of the structure.

The pair (2.2.3,2.2.4) is used to obtain a “spectral matrix” A(z,)\) for A, from which is
derived the dispersion function and the Fermi surface. We now describe the elements of its

derivation, which is described in more detail, including its relation to the Floquet (Fourier)

transform, in 78, §3.1-3.2].

2.2.2 The Combinatorial Reduction

Let us first consider the eigenvalue problem Awu = Au, this means that u satisfies the ODE
—u" + ge(x)u = Au on each edge. If we consider u.(x) the solution on a single edge, we know

that u. can be written as a linear combination of two fundamental solutions to the ODE.
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Definition 2.2.8. The generalized sine and generalized cosine are the fundamental solutions

on an edge.
—c(x;0) + qe(x)ce(x; ) = Ae(z; N), where ¢.(0;\) =1 and ,(0; ) =0 (2.2.5)
—s(; A) + ge(x)se(x; N) = As(z; ), where s.(0;A) =0 and s,(0;\) =1 (2.2.6)

Observe that if Au = Au then for each edge, we can write u(x) as a linear combination
of the ¢ and s functions: wu.(z) = u(0)ce(z;A) + v (0)se(z; A). We will use the notation
Ce(Le; A) = ce(N) and s¢(Le; \) = se(\) for simplicity. From these observations we construct

the transfer matrix:
T.(\) = , notice T¢(\) = . (2.2.7)

By rearranging the information in the transfer matrix, we derive the Dirichlet-to-Neumann
(DtN) map for this ODE on each edge. By definition, the DtN map N(A) takes the values
of u at the vertices of the edge to the inward derivatives of u at the vertices. The DtN map

is formed from the entries of T,(\) by,

—ce(N) 1 u(v) u' (v)
ﬁ here N.(\) _ | (2.2.8)

1 —si(\) u(w) u' (w)

Ne(A) =

By applying the DtN map, the vertex condition (2.2.2) for u can then be written in terms of
the values of u at the vertices. This results in a discrete, or combinatorial, reduction of the

graph operator. Let @ be the restriction of u to V(I'), then we can define the combinatorial
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reduction of the operator A — \I:

QMa)(v) = Y E(w)—ﬂ(v) awt Y ze(M (2.2.9)

{v,w}e€(v)

(ha)(v) =0forallv € V <= Au= Au for all z € I" and s.(\) # 0. (2.2.10)

The combinatorial operator 2, will be used to derive more essential machinery and we will
make use of 2, also in section 2.5, where we construct embedded eigenvalues. Notice of
course, that 2, is undefined if A is a root of the function s.()\) for some edge e. This set of

all such A is denoted by
op(I'; A) = {A:Jeec &(T), sc(A) =0}. (2.2.11)

Observe that with the construction of A, as described, (2.2.9) is only valid for A & op(T', A).
However, these poles of the DtN map are not an “essential” feature of the model: by following
a technique introduced in [59, §1V] we can create a quantum graph that is almost identical
but where op (I, A) is altered to include or exclude particular values of A as we see fit. The
Dirichlet spectrum can be moved by adding “dummy vertices” — the original and modified

quantum graphs are unitarily equivalent.

Proposition 2.1. Let (I, A) be a quantum graph, let e{v;,v2} be an edge of I', and suppose
that s.(\) = 0, say that e has length L and v, is identified with 0 and v, with L. Let (I, A)
be the quantum graph obtained by placing an additional vertex v, with Neumann vertex
condition (a, = 0), in the interior of e, say at point ¢ € [0, L]. This divides e into two edges
e1{v1,v} and ex{v, vy}, with the potentials on e; and es being inherited from ¢, on e. Let
s(xz; ), s1(x; A), and so(x; \) be the generalized sine functions for the edges e, e;, and es.
We have that quantum graphs are unitarily equivalent and also that it is always possible to

choose ¢ such that s;(¢; \) # 0 and s2(L; A) # 0.
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Proof. First we show that A and A are unitarily equivalent. We will define the map ¥ :
D(A) — D(A). We let ¥(u(x)) = u(z) whenever z is outside of the modified edge, when
re€eandz < {let Y(u(x)) = u(x)xpqg(r), and when z > £ let o (u(z)) = u(x+L£)xp,-q ().
Since u € D(A) the restriction of u to e is in H?(e). Thus the restriction of u to e; and
ey are each in H? as well, and since u is also continuous and differentiable at x = ¢, v(u)
will satisfy the Neumann vertex condition at v. Therefore 1)(u) € D(A), the inverse is also

another inclusion map — we have the unitary equivalence.

Now to show that it is possible to select ¢ such that s;(A) # 0 and sa2(A) # 0. We have
that s1(A) = se, (6;A) = se(¢; X). We know that sinc s.(x) is the generalized sine function
for the operator —d?/dz* + q(x) — X on the interval [0, L], s.(x) cannot be identically zero.
Therefore there is some ¢ such that s.(L) # 0. Now we need to show that so(L) is also not
zero. Notice that sy can be extended from a function on [, L] to a function on [0, L], we say

that so solves the following initial value problem.

—sh(x;A) 4 ge(x)s2(z;N) = Asa(x; A) where so(f;\) = 0 and s5(4; \) =1 (2.2.12)

We proceed by considering the transfer matrix, and we use the fact that the Wronskian of s

and c is identically 1.

c(l; N) s(GA) | |s2(0;A) 0 52(0; \) s (A —s(GA)| |0
- = _ (2.2.13)
AN SN |s5(0;0) 1 s5(0; A) —d(l;N) (N 1

Therefore we can write sy(z; A) in terms of s(x; A) and ¢(x; \).

So(z; X)) = —=s(l; N)e(z; A) + (6 N)s(z: N) (2.2.14)

= So(L;A) = —s({; N)e(Ly A) + e N)s(Ly A) = —s(€; N)e(L; A) (2.2.15)

This is because we assumed that s(L; ) = 0. We have that s3(L; \) # 0 because s(¢; \) # 0
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by choice of ¢ and ¢(L; \) # 0 because ¢ and s are linearly independent. O]

2.2.3 The Floquet Transform and Spectral Matrix

Another crucial tool for our analysis of periodic quantum graphs is the Floquet transform.
This is closely related to the Fourier transform but it is used to study objects defined on
a periodic structure with a Z? (as oppposed to R?) symmetry. We will step away from
quantum graphs for a moment to discuss the Floquet Transform as it acts generally on a

periodic measure space.

Definition 2.2.9. Suppose that (', ;1) is a measure space that is periodic with a Z? action,
g:x — g+x. Wesay that W C T' is a fundamental domain if for every = € I' there is a

unique g € Z% and w € W such that z = g + w.

Figure 2.2.1: A ladder quantum graph with fundamental domain in red.

Fundamental domains are not unique; for example a translation of a fundamental domain is
also a fundamental domain. Some of our tools require us to select a fundamental domain,
although the choice of W is arbitrary and it does not have any impact on the essential

properties of a periodic measure space.

Definition 2.2.10. Suppose that u € L?(T', 4) and that T" is Z? periodic with fundamental
domain W. Let T be the unit torus in C? and let v be the unique symmetry respecting

measure with v(T?) = 1. Then, the Floquet transform of u, is an element of L2(W x T¢, i x v)
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given by:

[.Fu] (w, ];/:) = Z u(g + w)e—i(klgl+k292...+kngn)

(g1,.--gn)EL™

= Zu(g +w)z ez I = Zu(g +w)z? = u(w, z).
g

g

Definition 2.2.11. The inverse Floquet transform is given by an integral over the complex
unit torus. Let x = g 4+ w uniquely, then we have that

u(w) = [FYa)(g + w) = / i(w, O)Cdv(0). (2.2.16)

n

Notice that the Floquet transform will work on both quantum and discrete graphs, and that
the measure p could be a counting measure, Lebesgue measure, or it could be a measure that
is scaled by some aforementioned e coupling constants. As long as the measure is compatible
with the Z? action the Floquet transform machinery will work smoothly. Now we consider
the situation in which u € L>°(T', ) is an eigenfunction of the Z¢ action. We have that, for
some 2z € T? u(g + z) = 2%u(z). Although the Floquet transform of u is not classically

defined, we can interpret 4 as a distribution:
w(w, z) = ulw (w)d, (). (2.2.17)

When we interpret the Floquet transform of a quasiperiodic function in this way, it should be
clear that the inverse Floquet transform yields exactly the desired result. Suppose that wu is
a quasi-periodic function on a periodic quantum graph. We use both the Floquet transform

and the combinatorial reduction to write,

u(w, 2) = ulywyd:(C)- (2:2.18)
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Since we assumed that a periodic quantum graph has fundamental domains with finitely
many vertices, we can interpret @ simply as an element of CVW)l x T¢. We will define a
linear map from CYW)l — CVW)I that incorporates all of the elements of our discussion so

far:

Definition 2.2.12. The “spectral matrix”, A is a [V(W)| x [V(W)| matrix with entries that

depend on z and . Let u € CIVWI then,

Az, Nu = FAF 1 (ud.). (2.2.19)

Notice that if u is a simultaneous eigenfunction, then the pair (2.2.3,2.2.4) become equivalent
to a homogeneous system of linear equations. The coefficients depend on A and z and the
variables are values of u on the finite set of vertices in a fundamental domain. The spectral

matrix for this system, A(z, A), necessarily has the following property:

A(z,\)ii =0 — u satisfies (2.2.3,2.2.4). (2.2.20)

This suffices to derive the matrix 121(2, A) abstractly, as well as to demonstrate its essential
properties. However we will also detail an algorithmic construction. Let V), and &; denote
the vertices and edges of a fixed fundamental domain W for (I', A). The matrix A(z, \) is
indexed by the vertices Vy minus those that have the Dirichlet condition. Given an edge
e € &, there are vertices v,w € V, and g € Z% such that e connects v and g + w. If both v
and w have Robin conditions (including Neumann when the Robin parameter is 0) and v #w,
then the following modified DtN matrix goes into the 2x 2 submatrix of A(z,\) indexed by

v and w:

(2.2.21)
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in which the off-diagonal entries come from the Floquet eigenvalue condition (2.2.4). If v=w,
then e.(29 + 279 — ¢.(A) — sL(A)) goes into the diagonal entry indexed by v. If w has the
Dirichlet condition, then —e.c.()\)/se(A) goes in the diagonal entry for v. Then a diagonal

matrix with entries —q, is added.

The dispersion function for (I'; A) is defined by
Droay(z,0) == det A(z, ), (2.2.22)

and its zero set is the set of all (z, ) pairs at which (I', A) admits a Floquet mode.

The spectral matrix does depend on the choice of fundamental domain, but of course the
Floquet modes of (I, A) corresponding to null vectors of A(z,\) are independent of this
choice. More importantly, the entries of A(z, A) and D1 4)(%, A) have poles in A. All of them
are Laurent polynomials in z with coefficients that are meromorphic functions of A. This
can be remedied by considering Proposition 2.1. If we periodically add dummy variables
in the prescribed way then we can consider A(z, \) and Dr,a(2,A) to be defined up to

meromorphic factors.

Proposition 2.2. Let (I, A) be a periodic quantum graph, and let (I, A) be the quantum

graph obtained by applying Proposition 2.1 periodically. We have that,
s1(A)s2(A) Dip 4y(2,A) = £5(A) Diroay(2, A). (2.2.23)

Proof. The proof is follows by proceeding along the strategy outlined in the proof of Propo-
sition 2.1. First consider the simple case of a quantum graph where the underlying graph
E consists of two vertices and the edge e{vy,vs} between them, identified with the interval
[0, L]. Let E Dbe the graph obtained by applying Proposition 2.1. We place a dummy vertex,
v, at the point of e corresponding to z = ¢ € (0, L), and ¢ is chosen so that s;(\) # 0 and

s9(A) # 0. Denote the transfer matrices for —d?/dz? + q(x) on [0, L], on [0,¢], and on [¢, L]
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ca(A)  s2(A)

(M) s5(A)

. (2.2.24)

Considering (E, A) as one period of a d-periodic disconnected graph, its dispersion function

is a meromorphic function of A alone, as its spectral matrix A(z, A) cannot depend on z.

When Robin conditions are imposed at both endpoints, denote this function by ARR(A) =

det /?l(z, A),

ARR(A) = det

c1(A)
e @

s1(A)

1
s1(N) 0
51N e2(V) 1
s1(A) 52(A) s2(A)
1 s5(A)
=00 Tao) T

(2.2.25)

When the Dirichlet condition is imposed at one end and a Robin condition is imposed at the

other, we have

[ ) e 1
. s1(\) s2(A) s2(A)
APR(X) = det : (2.2.26)
1 s55(N)
ey Ty @
SN 1 _
‘ _si()\) - IPY)
AP (N) = det , (2.2.27)
! S0 el
L s1(\) s1(A)  s2(A)
and hAPP(\) = — 28; - % is the dispersion function when the Dirichlet condition is imposed
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at both ends. By using the relation T = 15T}, we find that

/ / /

. ¢ + a8 + asec+ ajass . S+ s

RR __ 1 2 1642 DR __ 2

ht = — , h"t=———, (2.2.28)

5152 5152

. c+ a8 . S

RD __ DD __

ARP — B
5152 5152

For the un-dotted quantum graph (FE, A), one obtains these same expressions except with
the denominator s;(A)so(\) replaced by s()),
| RR _c’ + 18" + asc + agass DR s' + aus

== (2.2.29)

S S

c+ a8 S
hRD _ hDD
S S

Now we consider what happens for a general periodic quantum graph. The first case is where
v1 and v, are not in the same Z? orbit. We can assume that they both are in the vertex set
V), of the fundamental domain chosen for constructing A(z, A), since D(z, ) is independent
of that choice. Denote by A(z,A) and /Al(z, A) the discrete reductions at energy A of the
quantum graphs (I, A) and (I, A). Index the rows and columns of A(z, \) so that the first
two correspond to v; and vy; then augment it with a 0" column and a 0" row consisting of

a 1 in the leading entry and zeroes elsewhere. Call this matrix A(z, \).

The matrix Z(z, A) has the block form

S+ A|B
: (2.2.30)

¢ |D
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in which

1 0 0
Y=10 —es' st ) (2.2.31)
0 st —gst

A and B have all zeroes in the first row, and A and C have all zeroes in the first column.
The variable z does not appear in 3 because v; and vy are both in the chosen fundamental
domain. The matrix zfl(z, A) is obtained by replacing ¥ by a matrix 3, where ¥ is obtained
from RRR(X) (2.2.25) with oy = ay = 0 by switching the first two rows and the first two

columns (that is, switching the order of the vertices from (v, v, vs) to (v, vy, v2)), to obtain

1.1 -1 -1
2= syt —c157" 0 ; (2.2.32)
-1 / o—1

where the relation s = sycy + s)s9 is used in the upper left entry.

The 3 x 3 matrix K = A — BD~'C has all zeroes in its first row and first column. A

computation using the relation T' = T5T) yields the key relation
51(N)s2(N) det(X 4+ K) = s(\) det(2 + K), (2.2.33)

which holds for any matrix K whose first column and and first row vanish. Using this

together with
det A =det D det(X + k),  det A= det A = det Ddet(S + K) (2.2.34)

yields the statement of the theorem.
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If v, = gu; for some g € Z4, the process above remains the same, except that

111 0 . 1 -5 S9 + 2951
¥ = -
s

) 2.2.35
Y 3182 ) ( )

0 —c—8 +29+279 So 427951 —c189 — shsy

and K is a 2x2 matrix with its only nonzero entry being the lower right. In this case, one

obtains (2.2.33) with an extra minus sign on one side. O

2.2.4 The Fermi surface

As described above, the zero-set of the dispersion function D 4)(2, A) for (I', A) is the set
of all (2, \) pairs at which (I', A) admits a Floquet mode. This relation D 4y(2,A) = 0 in
(C*)4 x C is called the dispersion relation or the Bloch variety of the periodic operator A.

By fixing an energy A € C, one obtains the Floguet surface, or Floquet variety, of (T, A):
D) =Py = {2 € (C): D ay(z,\) = 0}. (2.2.36)

When considered as a set of wavevectors (ky,...,kq) € C (with z; = e'%), it is the Fermi
surface of (I'; A). We will just call ®, the “Fermi surface.” The spectrum of (I', A) consists
of all energies A such that the Fermi surface intersects the d-torus T¢ = {z € C¢ : |z| =

o= el = 1,

oray ={AEC: Qra NT #0}. (2.2.37)

Importantly, when I' is disconnected, with each connected component being a compact graph,
a fundamental domain can be chosen to be one component I'y, and thus fl(z, A) and D(z, \)
are independent of z. All of the matrices (2.2.21) have g =0 and reduce to the Dirichlet-

to-Neumann maps for the edges. In this case, the spectral matrix, which can be denoted
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by 121()\), is the spectral matrix of A confined to the finite graph I'y, and the roots of its

determinant D()\) are the eigenvalues of this finite quantum graph.

The Fermi surface is an algebraic set in (C*)?, and it is reducible at A\ whenever @, is the
union of two algebraic sets. This occurs whenever D(z, A) is factorable into two polynomials,
neither of which is a monomial. There is also the situation when a Laurent polynomial
Dy(z,\)™ divides D(z, A), with m > 1, particularly when D(z, \) = D;(z,\)". This makes

®, reducible on account of having a component of multiplicity greater than 1.

2.3 Reducible Fermi Surfaces

2.3.1 A calculus for joining two periodic graphs

In this section we will prove an essential lemma: it is the building block for the analysis of the
Fermi surfaces for multi-layer quantum graph operators of type 1. The lemma is similar to the
surgery principles for finite quantum graphs in [17], but for periodic quantum graphs. Those
surgery procedures describe how the spectrum of a new graph is related to the spectra of old
graphs under various modifications and joinings. When writing and manipulating formulas
dealing with joining multiple quantum graphs together, it is convenient to use the following

abbreviated notation for the dispersion function of a periodic quantum graph:

0] := Doy (2, \). (2.3.1)

This notation emphasizes the dependence on I'; it will be used only in the rest of section 2.3,
here A, z, and A\ will fall into the background and the ways in which the dispersion polynomial

depends on the structure of I' will be studied.
Definition 2.3.1. Let I' be a d-periodic graph, and let v be a vertex of I' of degree r. We
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define I'" to be the periodic graph obtained by replacing, for each g € Z?, the vertex g + v

by r terminal vertices incident to the r edges that are incident to g + v in I'.

Definition 2.3.2. Let (I, A) be a d-periodic quantum graph containing vertex v € V(I').
Denote by (I'; AY) the quantum graph obtained by replacing the vertex condition at each
vertex in the orbit {g +v : ¢ € Z¢} in I with the Dirichlet condition. Defining A? as an

operator on I'V is valid because of Remark 2.2.6.

Definition 2.1 (Single-vertex join I'y (vy v2)['y). Let I'y and Ty be d-periodic quantum graphs
with Robin parameter oy at v; € V(I'1) and ay at vo € V(I'y). The single-vertex join of
['y and Ty at the pair (vi,vs), denoted by T'1(viv9)Ts, is a quantum graph with vertex set
V(L) UV(T)/=, in which g+vi = g+ for all g € Z¢ and edge set E(T'1)UE(Ly). A Robin
vertex condition with parameter oy + g is imposed at the joined vertices g + vy = g + va,
and all other vertex conditions are inherited from I'y and U's. If the Robin parameter at the

joined vertex vy = vy is changed to «, the resulting graph is denoted by I'1(v1 v2)y a.

Lemma 2.3.3. Let 'y and Iy be d-periodic quantum graphs with v; € V(I'1) and vy € V(I').

Then the dispersion function for T'1(vy,vy)Ty is

M1 (v, v2)ls] = [T9] [I97] 4 [T7'] [T] (2.32)
and the dispersion function for T'y(vyve), Ty is

M1 (01 v2)a o] =[] [T5°] + [I7] [To] + (@ — on — ao) [IT] [I57]. (2.3.3)

Proof. Let A; and A, be the operators associated with the quantum graphs I'y and I's,
and let fll(z, A) and flg(z, A) be the spectral matrices of these operators. Let fl‘f(z, A) and
AY(z, E) be the spectral matrices of the operators associated with T'* and I'2. By ordering
the vertices of a fundamental domain of I'y such that v; is listed last, and ordering the

vertices of a fundamental domain of I's such that vy is listed first, one obtains the block
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decomposition

. AV ay ) ay ah
A = ) Ay = , (2.3.4)

* 0 A0

ay ay ay A,

in which a; and ay are column vectors and a and a9 are scalars.

The matrix A of the operator associated with T';(vq v9)Ty is

A[l) aq 0

A= a ad+d) a |- (2.3.5)

0 a9 Ag

Notice that the entry al + a3 incorporates the Robin parameter o + . The first statement

of the theorem can be derived by using properties of block matrix determinants.
det(A) = det(A;) det(AY) + det(AY) det(A,).

The matrix Floquet transform for I'y (v; vg), 'y is obtained by adding o — oy — g to the term

ad + a3 in (2.3.5), and the second statement of the theorem follows. O]

2.3.2 Separable periodic graphs

The class of multi-layer graphs that we call type 1 are built from layers that are separable.
Each layer has the property that, when a certain vertex is removed periodically, the graph

separates into a d-dimensional array of identical finite graphs, as illustrated in Fig.2.3.1.

Definition 2.3.4. A d-periodic graph I is separable at v € V(T) if I'? is the union of the Z4

translates of a finite graph, or, equivalently, if ['" has compact connected components.
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r v

Figure 2.3.2: 1-periodic examples of multi-layer graphs with reducible Fermi surface. Type 1
(left): Each layer is a separable periodic graph whose dispersion function is a polynomial in a fixed
Laurent polynomial ((z,\). The layers are connected at corresponding vertices of separation by
the periodic translates of a finite (blue) graph. Type 2 (right): Each layer has the same underlying
bipartite periodic graph with two vertices per period, and the potentials on corresponding (vertically
displaced) edges have the same Dirichlet spectrum. Vertically displaced green vertices are connected
by periodic translates of a finite (green) graph; and similarly for the red vertices.

2.3.3 Type 1: Multi-layer graphs with separable layers

This section develops a class of multi-layer graphs whose individual layers are separable and
whose Fermi surface is reducible. A 1-periodic illustration is in Fig. 2.3.2(left). An example

is AB-stacked graphene, which is discussed in Section 2.4.4.

Definition 2.3.5. A type-1 quantum graph is built from layers (black in Fig. 2.3.2(left))
and connector graph (blue in Fig. 2.3.2(left)). Let ((z,\) be a Laurent polynomial in z =
(z1,...,2q) with coefficients that are meromorphic in A\. The j-th layer (j =1,...,n) is a d-
periodic quantum graph (A;, A;), with a distinguished vertex v; and such that the dispersion
function of (A;, A;) and the dispersion function of (A;j , A;j) are each polynomial functions

of the same composite variable {(z, A) with coefficients that are meromorphic in \.
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The connector graph is a finite quantum graph (X, B), together with a list of distinct vertices
w; € V(X) (j=1,...,n). An n-layer quantum graph (I', A) is formed as follows: For each j
the vertex v; is merged, or identified, with w;. In like manner, for each g € Z%, the translated
vertices g + vq,...,g + v, are coupled by another copy of X, called g + ¥. The resulting

periodic graph I' is called a type-1 multi-layer graph.

The edge set of a type-1 graph consists of the edges of each layer A; and the edges of each
translate g + 3 of X. By denoting the identification of merged vertices by the equivalence

relation =, the vertex and edge sets of I are

V() = UV(Aj) u Jvig+o) | /= (2.3.6)

ET) = Os(Aj) U Jew+D). (2.3.7)

The Schrodinger operator A on I' has the same differential-operator expression as the opera-
tors A; and B on the elemental graphs A; and 3, and the Robin parameter of an equivalence
class of merged vertices (now a single vertex of I') is assigned the sum of the Robin parameters

of all the vertices that were merged.

When we form a type-1 graph we have in mind specifically the situation in which each layer
A, is separable at v;. This is because, in this case, A;j is a disjoint union of compact graphs,
and thus its dispersion function is a meromorphic function f;(\) and therefore a degree-0
polyomial in ((z,A). However when we form multilayer structures we can allow the layers
themselves to be type-1 graphs, in this case the dispersion function of a layer will be a more

general polynomial. This is applied to analyze ABC-stacked graphene in Section 2.4.

Observe that it is possible to allow several of the vertices w; to be equal. In this case,

one might as well merge all the layers that are attached to that vertex into a single layer
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according to the single-vertex join in Definition 2.1, applied several times. According to the
calculus of Lemma 2.3.3, the degree of the polynomial p; for this new layer is the maximum

of the degrees of the polynomials of the joined components.

Theorem 2.3. Let (I', A) be an n-layer d-periodic quantum graph of type 1. Its dispersion
function D(z,\) is a polynomial in ((z, \) with coefficients that are meromorphic functions

of A,
D(z,A) = P(C(z,A),\). (2.3.8)

Let p; (¢, ) be the dispersion function for the layer (A;, A;). The degree of P as a polynomial

m C is
deg P = Zdegpj. (2.3.9)
j=1

Proof. When the number of layers is zero, (I', A) is the union U,cz¢g + ¥ of disconnected
finite components with the operator B acting on each component. The dispersion function is
a meromorphic function of A\, independent of z, and is thus trivially a polynomial in ((z, \)
of degree 0, with coefficients that are meromorphic in \. We proceed by induction. Let the

theorem hold with n replaced by n—1, with n > 1.

Let (I', A) be the type-1 n-layer quantum graph supposed in the theorem, with layers (A;, A;)
separable at v; (1 < j < n) and connector graph (%, B) with distinct joining vertices {w;}7_;.
If any of the polynomials p; has degree 0, then A, is a disjoint union of Z? translates of a finite
graph, and this finite graph might as well be joined with the connector graph Y. Therefore,

we assume that each degp; > 1forall j:1<j <n.

Denote by (', A) the type-1 (n—1)-layer quantum graph built from the layers {(A;, Apyi-d
and the connector objects (X, B) and {w;}~]. Note that (Tn, A®n) is the type-1 (n—1)-layer

quantum graph built from the layers {(A;, 4;) ;:11 and the connector objects (X, B¥") and
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{w; };‘:_11 Denote by D(z,\) and D°(z, \) the dispersion functions of (I', A) and (=, Awn).
By the induction hypothesis, they are polynomials in {(z, ) with coefficients that are mero-

morphic in A, and both are of degree Z;L;ll degp;.

The graph (T, A) is the single-vertex join of (I', A) and A,,,

I' = D(wy,vn)An (2.3.10)
and the calculus of Lemma 2.3.3 yields

T] = [O)AL] + [T A (2.3.11)

Since A, is separable at v,,, [A’"] is independent of z, so the degree of the first term on the
right-hand side of (2.3.11), as a polynomial in ¢, is m = Z;L:_ll degp,. The degree of the

second term as a polynomial in ¢ is m + degp,. This completes the induction. O

Corollary 2.4. The Fermi surface of a type-1 n-layer d-periodic quantum graph is reducible
into m = Z;'L:1 deg p; components (with possible multiplicities). Each component is of the

form
C(z,A) = p(N). (2.3.12)
For each A, the m (not necessarily distinct) values of p(\) are the roots of P((, \).

Proof. The polynomial P(¢, A) in Theorem 2.3 factors into m = Z?Zl deg p; linear factors as

a function of ¢, and each factor corresponds to a component of the Fermi surface of (I'; A). O

A special case of Theorem 2.3 occurs when there is only one layer. The connector graph >

is then viewed as a periodic “decoration” of A;. The result is the following corollary. Much
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more is known about decorated periodic graphs, particularly with regard to opening spectral
gaps [76].

Corollary 2.5 (Decorated graphs). Let (I, A) be a d-periodic quantum graph that is separable
at vertex v, and let (X, B) be a finite decorator graph with distinguished vertex w € V(X).
Let £(\) denote the spectral function of (I'?, A¥), and let h(\) and h°(\) denote the spectral

functions of (X, B) and (X%, BY).

Denote by (I, A) the “decorated graph” obtained by the single-vertex join of (I', A) and

A = Uyez4g% at the vertices v and w. If the Fermi surface of (I', A) at energy A is given by

D(z,\) = 0, (2.3.13)

then the Fermi surface of (I', A) at \ is given by

D(z,\) = — A (2.3.14)

Proof. The theorem says that [I'] is a function of D(A, z) that is linear in D(z,\) (take
((2,\) = D(z,))), and we can find the coefficients by applying Lemma 2.3.3. [[] =
[C][A"] + [I][A], or

[T] = D(z, \)h°(A) + £(A)h(N). (2.3.15)

The Fermi surface of (', A) is [[] = 0, from which follows the result. O

2.3.4 Type 2: Multi-layer graphs with bipartite layers

This section generalizes the construction in [78, §6] from bi-layer to n-layer quantum graphs

and from single-edge coupling to coupling by general graphs, as illustrated on the right in
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Fig. 2.3.2.

Definition 2.3.6. A type-2 multilayer quantum graph is built from layers with the same
graph and two connector graphs, (X1, By) and (X9, By). Each layer is bipartite with exactly
one “red” and one “green” vertex in a fundamental domain. The operators associated to
each layer must have the same s()-function on corresponding edges, or, equivalently, parallel
potentials must have the same Dirichlet spectrum. The Robin parameters may be different
across layers. The connector graphs are both finite graphs with at least n-vertices. The
layers are stacked by periodically connecting them copies of the connector graphs. In each
fundamental domain the n red vertices are joined by a copy of ¥; and the n green vertices

are joined by a copy of ¥5. The Robin vertex parameters are added at each joining vertex.

An example is AA-stacked graphene, which is discussed in Section 2.4.3.

Theorem 2.6 (bipartite layers). Let (I', A) be a multi-layer type-2 periodic quantum graph
obtained by coupling n quantum graphs (A, Ax), k = 1,...,n. The dispersion function is a
polynomial, p, of degree n in a composite variable ((z,\) with coefficients that holomorphic
in X. Thus, for each energy X\, the Fermi surface of (I'; A) has (counting multiplicity) n

components. The components are of the form

C(z,A) = p(A), (2.3.16)

in which p(\) is a root of the polynomial p.

Proof. Given that the quantum graph (A, A), for a given layer, has underlying graph A which

is bipartite with one red and one green vertex per period, the spectral matrix is a 2x2 matrix

Az, \) = : (2.3.17)
w(z7HL ) by(N)
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in which b;(\) are meromorphic functions of A and w(z, A) is a Laurent polynomial in z with
coefficients that are meromorphic in A. Specifically, w(z, A) is a sum over some finite subset

Z C 74,

w(z ) = Y e (2.3.18)

in which sy()\) is the s-function for the potential g(x) on the edge connecting a green vertex
in a given fundamental domain with a red vertex in the domain shifted by ¢ € Z¢, and

l 151 ln

2t = 2"z and ¢, is the weight for that edge.

Since (I', A) is type-2 we have that w(z, \) are identical over all the layers, however the

functions b;(A) and be(A) may vary from layer to layer. The spectral matrix for (I', A) is

A(z,\) = +

- ) (2.3.19)
By () w(z, \)@Q

w(z", QT By(\)

in which @) is the m; x my matrix with the n x n identity matrix in its upper left, all other

entries being zero; by(\) (resp. bg(A)) is a square diagonal matrix of size n+mq (resp.
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n+ms),

bi(N)

: bT (A
bi(\) = diagbj(\) ® 0, = i ; (2.3.20)

j=1l..n 0

0

Bi(\) is the my x my spectral matrix of the coupling graph for the red vertices and the

Mgy X My matrix By()) is for the green vertices; and B;(\)=b,()\) + B;(\).
The dispersion function of (I', A) is

D(z,\) = det Az, A) = det (By())) det (BQ(A) —w(z, Nw(z"1 ) QTél()\)‘lQ>

= P(w(z, \w(z~",A),\), (2.3.21)

in which P(-, \) is a polynomial of degree n with coefficients that are meromorphic functions

of A\. For a single layer, this polynomial is just a linear function of the composite Floquet

variable ((z, ) := w(z, Nw(z71,\). O

Remark 2.3.7. An important simplification occurs when the connector graphs are linear
graphs. The n successive layers are connected by edges and the matrix () in expression

(2.3.21) becomes the nxn identity matrix I,,. The dispersion function simplifies to

D(z,\) = det (Bi(\)Bz(N) — C(2,\M)1), (2.3.22)
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and therefore the components of the Fermi surface are

C(z,A) = pi(N), j=1,....n, (2.3.23)

where p; are the eigenvalues of the matrix B;(\)By()\). As the connector graphs are linear
graphs, their spectral matrices B;(\) are tridiagonal, with DtN matrices for the connector

edges along the principal 2 x2 submatrices.

Remark on decorated edges. For the sake of completeness, we mention that the edges
in any of the quantum graphs we consider may as well be “decorated edges”, as illustrated
in Fig.2.3.3 for a single-layer graphene structure. A decorated edge is a finite graph that
has two distinguished terminal vertices that act as the two vertices of the decorated edge.
Particularly, in a type-2 multi-layer graph, the single layers, even when decorated, can essen-
tially still be considered as being bipartite. Allowing decorations on an edge can be thought
of loosely as allowing a broader class of potentials on the edge. A decorated edge admits a
Dirichlet-to-Neumann map that straightforwardly generalizes that of an edge. When forming
the spectral matrix A(z, A), this DtN map is used, as described in section 2.2.2; and only
the two terminal endpoints of the decorated edge enter into the vertex set that indexes the

matrix.

Figure 2.3.3: Quantum-graph graphene model with decorated edges.
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2.4 Multilayer Graphene

We apply the theory developed in this work to quantum-graph models of multi-layer graphene
structures. By using the theorems for Type-1 and Type-2 quantum graphs, we can show
that very general stacking of graphene, where the layers are shifted or rotated, results in a
reducible Fermi surface. We also include some brief discussion on the conical singularities at
wavevectors (ki, ky) = £(27/3, —2m/3) for single-layer graphene and how stacking multiple

layers destroys them.

2.4.1 The single layer

A graph model of graphene is hexagonal and bipartite, having two vertices and three edges
of length 1 per fundamental domain. Since Graphene is bipartite, it is also separable at any

vertex (see, for example, [56]).

The most general quantum-graph model (A, A) for which the differential operator on the
edges is of the form —d?/dx? + q(z) features three potentials, one for each edge in a period,
and two Robin parameters «;, one for each vertex v; (i = 1,2) in a period. The potentials

will be denoted by ¢;(z) (i =0, 1,2) as in Fig.2.4.1 and the corresponding transfer matrices

oy = | (i=0,1,2). (2.4.1)

Let & and &, as illustrated in Fig. 2.4.1, be generators of the periodicity in the sense that
the action of (nq,ns) € 72 on I shifts the graph along the vector ni&; + n9és in the plane so

that it falls exactly into itself. The components of the vector (z1, z2), the Floquet multipliers,
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Figure 2.4.1: Single-layer graphene I' and its fundamental domain. The arrows on the edges
indicate the direction of the z-interval [0, 1] in the parameterization of the edges. The vectors &;
and &2 generate the periodic shifts.

are the eigenvalues of the shifts by & and & corresponding to a Floquet mode. The spectral

matrix (2.3.19) of this quantum graph at energy A is

bi(N) w(z, \)
Az, 29, A) = : (2.4.2)

o) _al) el
b1(>\) - 50()\) 31<)\) 82<)\) 1 (243)
s S0 B0
b2(>\) - 80(}\) 81()\) 82(}\) 2 (244)
1 21 Z9
w(z,\) = oY - SOy - 20 (2.4.5)

This is the function w(z, A) in (2.3.18). Notice that w(z, A) depends only on the potentials
¢i(x) through their Dirichlet spectrum since only the functions s;(A) appear in the definition

of w(z, A). The dispersion function for (I', A) is

D212, A) = det A(z1, 20, A) = bi(A)ba(A) — w(z, ANw(z"1, N). (2.4.6)

We will use the shorthand w(z, \)w(z7*,A) = ((z,A). This notation is chosen intention-
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ally, we will have that w(z, \)w(z~*, \) is the composite variable for a variety of multilayer
graphene structures. Notice that the dispersion functions of two different single-layer sheets
of graphene have the same ((z, \) exactly when corresponding edges are isospectral, because
knowing the Dirichlet spectrum of a potential is equivalent to knowing its s(\) function [71,

Ch. 2 Theorem 5].

All three edges in a period of a single layer are isospectral exactly when so(\) = s1(\) = s2(A),

and in this case ((z, \) separates as

C(z,)) = 50(N) 772G (21, 22), (2.4.7)
in which
G(Zl,ZQ) = <1+21+22)(1+Z;1+Z;1). (248)

The Fermi surface of a single layer at energy A is given by D(z1, 22, A) = 0, which reduces to

so(N)2bi(Mbs(N) = Glz1, 20). (2.4.9)

We will use the symbol A()) to refer to the left hand side of (2.4.9). Also we call A()) as

the “characteristic function” for this single-layer graphene model.

For (z1,22) = (€™, e™*2) on the torus T?,

é(kl,kQ) — G(ei/ﬂ’eikz) _ ’1+eik1 | ke
kZ - kl kl k2

COS — COS —
2 27

(2.4.10)

= 1+ 8cos

and this has range [0,9] as a function of real k; and ks, with its minima occuring at

+(27/3,—27/3) [56, Lemma 3.3]. Thus the bands of this graphene model are the real
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A-intervals over which A(A) lies in [0, 9].

Single-layer quantum-graph graphene sheets and tubes, with a common symmetric potential
go(x) on all edges, are treated in detail in [56]. In this case, by (\) = by(\) and the spectrum
of the sheet is identical to that of the periodic Hill operator with potential go(z) on a period.
In contrast to the Hill operator, the dispersion relation exhibits conical singularities, one for

each energy A where A(X)=0. Fig.2.4.3 shows a graph of A(\).

Notice that A(A) is a non-negative function of real A that has a minimum value of 0
(Fig.2.4.3). The quadratic nature of the function at the minima is responsible for the
Dirac cones, as explained in [56]. There is a close connection between the dispersion func-
tions of discrete (tight-binding) models and quantum-graph models [56, Remark 3.2]. In the
discrete graph model of single-layer graphene with a common interaction strength between
atoms, the characteristic function reduces to A(\) = 9A\?, and thus there is a Dirac cone
at A =0. For multi-layer graphene in the discrete and quantum versions, A(A) becomes a
more complicated function of A\. Our analysis treats very general potentials on the three
edges of a fundamental domain, and this leads to a more general dispersion function that is
not separable into A-dependent and z-dependent terms because the edges do not in general

possess a common s(A) function (see (2.4.6) and (2.4.7)).

2.4.2 Shifting and rotating

We adopt terminology on shifted layers of graphene that is used in the literature. The
hexagonal graphene structure is invariant under translation by the sum &; + & of the two
elementary shift vectors, as illustrated in Fig.2.4.2. The shift by (& + &)/3 (dashed blue)
places vertex vy onto vertex v; and places vertex v; onto the center of the hexagon; this will
be called the B-shift. The shift by 2(& + &)/3 (or —(& + &)/3, dotted orange) places vy

onto vy and vy onto the center of the hexagon; this will be called the C-shift. The unshifted
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graph is called the A-shift.

By rotating the graphene structure by 7w about the center of an edge, the potentials reverse
direction. This is illustrated on the right of Fig.2.4.2, in which rotation is about the edge
labeled 0. Each labeled oriented edge corresponds to a potential ¢;(z), with the parameter z
increasing in the direction of the arrow. The labels 0, 1, 2 are preserved under rotation, but
their orientations are reversed. Equivalently, rotation effects the change ¢;(x) — ¢;(1 — x)
of the potentials. The rotation also switches the Robin conditions on the two vertices of a

period.

Denote a single layer by (A, A) and its 180° rotation by (A, A;). The potentials g;(z)
and ¢;(1 — x) have the same Dirichlet spectrum, which coincides with the roots of the
function s;(A). Therefore the function w(z,A) in (2.4.5) is the same for both quantum

graphs and their dispersion functions are polynomials in the same composite Floquet vari-

able ((z,\) = w(z, Nw(z71, \).

Figure 2.4.2: Left: A- B- and C-shifts of graphene are illustrated in solid black, dashed blue, and
dotted orange, as described in the text. Right: Rotating graphene by 180° reverses the orientation
of the potentials but preserves their Dirichlet spectra.

2.4.3 AA-stacking and rotation

In AA-stacked graphene, each layer is stacked directly over the previous and each pair of
vertically successive vertices is connected by an edge, as in Fig.2.4.4. As a type-2 n-layer
graph, the red vertices in a given period, together with the n—1 edges connecting them,

form the connector graph (X, By), and the green vertices and the edges connecting them
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Figure 2.4.3: Graph of the characteristic function A()) of single-layer graphene, showing the first
three spectral bands and the first three gaps. The bands are the A-intervals for which A(\) € [0, 9],
which is the range of the function G(k;, k2). The points where A(X) = 0 correspond to conical
singularities of the dispersion relation D(e*1, e?*2, \) = 0, which occur inside the bands, as discussed
in [56].

form (33, By). The hypotheses of Theorem 2.6 allow the potentials ¢(z) on any pair of
vertically aligned edges on two different layers to differ as long as the operators —d?/dz? +
¢e(x) possess the same Dirichlet spectrum. The theorem then guarantees that the Fermi

surface of the layered structure is reducible with n components.

A particular instance of AA-stacked graphene satisfying the hypotheses of the theorem is
constructed from copies of a given single layer and its rotations about the center of an
edge. Let a single layer (A, Ag) with arbitrary potentials on the three edges of a period
and arbitrary Robin parameters on the two vertices be given. Rotation of this graph by
180° about the center of an edge, as described in the previous section and illustrated in
Figs. 2.4.2,2.4.4 (right), results in a new layer of graphene (A, A,;) with the same underlying
graph A but with the potentials oriented in the opposite direction and the Robin parameters

at the two vertices switched.

Thus Theorem 2.6 applies to an n-layer stack, with each layer being either (A7 A) or (A, /ol,r),
in any order, stacked in the AA sense. The Fermi surface of this n-layer graphene has n
components. According to section 2.3.4, equation (2.3.22), the relation D(z, ) = 0 reduces

to n components

,ul()\) = G(Zl,Zg) 1= 1, oo, n, (2411)
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in which p; are the eigenvalues of the “characteristic matrix”

AN = so(N)2 Bi(\)Bs(N), (2.4.12)

2%

Ao

— ) NS
>
0

1 2

—

Figure 2.4.4: AA-stacked graphene in three layers and a fundamental domain thereof. If the
potentials on corresponding edges on different layers have the same Dirichlet spectrum, then the
Fermi surface for the multi-layer graph is reducible. This occurs, in particular, when a layer is
rotated by 7 about the center of an edge.

Examples. (Fig. 2.4.5 and 2.4.6) Let the layers be identical with identical potential go(z)
on all three edges of a period. We take go(x) to be symmetric about x = 1/2 so that the

DtN map for the edge is independent of the direction. We choose

qO<I> = —16 X[1/372/3] (I) (2413)

(Xy(x) is the characteristic function of the set ¥ C R) so that the DtN map is explicitly
computable and so that the spectrum of the single layer does have gaps (because go(z) is

not constant; see [56]).

On all of the connector edges, which are all of length 1, we take the potential g.(x) to be

either 0 or go(z) or

ge(r) = —10 X[1/2,1]($)7 (2.4.14)

which is not symmetric about the center. Fig. 2.4.5 and 2.4.6 show graphs of pu;(u) for
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bi-layer and tri-layer graphene. Each eigenvalue contributes a sequence of bands and gaps
to the spectrum of the multi-layer graph—the bands for the i*® sequence are the A-intervals
for which p;(A\) € [0,9]. When the Dirichlet spectral function s(A) on the connecting edges
is different from that of the layers, new thin bands are introduced. Conical singularities,
or Dirac cones, are characteristic features of single-layer graphene, and in special cases of
AA-stacking, they persist. The recent article [28] also observes by computation that a finite
number of AA-stacked graphene layers with the same symmetric potential on all edges within
each layer and with symmetric connecting potentials, always exhibits Dirac cones. These

Dirac cones can also be deduced from the full hexagonal symmetry group, as proved in [16].

40 40

AA /N A N\
BN

20 40 60 80 100 20 40 60 80 100
a. b.

0 100

Figure 2.4.5: For double-layer AA-stacked graphene, the two eigenvalues p;(\) (i = 1,2) of the
characteristic matrix A()) give two sets of spectral bands and gaps. The bands are the A-intervals
for which p;(\) € [0,9]. a. The connecting edges have the same potential as those of the lay-
ers (2.4.13). b. The potentials (2.4.14) of the two connecting edges are equal to each other but
different from that of the layers (2.4.13). This creates additional thin bands (within each of the
sets of spectral bands), which have conical singularities of their own. c. The potentials of the
two connecting edges are different from each other (¢(z) = 0 and 2.4.13). This destroys conical
singularities and introduces additional thin gaps in their place. Additionally, new thin bands are
introduced just below the vertical asymptotes. d. The potentials of the two connecting edges are
different from each other (¢(z) = 0 and 2.4.14).
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Figure 2.4.6: The three eigenvalues p;(A) (i = 1,2,3) of the characteristic matrix A(\) for triple-
layer AAA-stacked graphene, giving three sets of spectral bands and gaps. The bands are the
A-intervals for which p;(X) € [0,9]. a. The connecting edges have the same potential as those of
the layers. b. The connecting edges have potential (2.4.13) at vertex v; and potential (2.4.14)
at vertex vg; this creates additional thin gaps and destroys Dirac cones (the minima are slightly
below 0).

2.4.4 AB-stacking

In AB-stacked graphene, also called Bernal stacking, the layers are in the A-shift or the
B-shift and are coupled by a single edge per period. We allow any number of layers with
the A- and B-shifts arranged in arbitrary order (such as ABABA, ABBA, etc.). Fig.2.4.7

illustrates three layers with alternating shifts.

In each layer, we allow both (A, A) and (A, A,r) or any potentials ¢;(x) (i = 1,2, 3) as long as,
for each 7, the Dirichlet spectra are invariant across layers. As noted above, this guarantees
that the function ((z, A) is independent of the layer since it depends only on the Dirichlet
spectral functions s;(A), which are equivalent to the Dirichlet spectra of the potentials ¢;(x).
Note that isospectrality (which is explicitly required for type 2) arises for graphene in type-1
stacking. Thus the dispersion function of each layer is of the form (2.4.6) with different
b;(\) but the same ((z, A). In any period of this layered structure, n vertices, one per layer,
are aligned along a vertical line, and these are connected by edges. These vertices serve
as vertices of separation of the individual layers. Thus Theorem 2.3 on type-1 multi-layer

graphs applies.
Computations of AB-stacking in [27], with a common symmetric potential on all edges of
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each layer, show that three layers result in a Dirac cone (linear point), whereas two layers
result in two bands touching quadratically (parabolic point). This raises the question as to
whether the parity of the number of layers determines whether the touching point is linear

or parabolic and whether symmetry arguments can be used to illuminate this question.
<'/>—ﬁK .—1<
~ o
/\?' <

Figure 2.4.7: AB-stacked graphene in three layers (ABA) and a fundamental domain thereof.

Jﬂ TAVARNZ

a.

Figure 2.4.8: For double-layer AB-stacked graphene, these are graphs of s(\)?u;(\) (i = 1,2),
where p;(\) are the two roots of P({(z, ), A), as in Theorem 2.6. Each root gives a set of spectral
bands and gaps. The bands are the A-intervals for which p;(A) € [0,9]. a. The connecting edge
has the same potential as those of the layers. b. A close view near A = 20 shows that the graphs
of p;(\) cross the horizontal axis, and thus Dirac cones are not present.

2.4.5 ABC-stacking

In ABC-stacked graphene, all three shifts are stacked, as illustrated in Fig. 2.4.9. The number
of components of the Fermi surface of the ABC-stacked structure is equal to the number of
layers. We leave the details of how to use Theorems 2.3 and 2.6 to prove this to the reader.

The arguments are similar to those described for the more general mixed stacking below.
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Figure 2.4.9: ABC-stacked graphene in four layers and a fundamental domain thereof.

2.4.6 Mixed stacking

Several graphene sheets can be stacked with arbitrary shifts (A,B,C) to obtain a mixed-
stacking multi-layer sheet of graphene with reducible Fermi surface, as long as all the in-
dividual layers have dispersion function that is a polynomial in the same composite Flo-
quet variable ((z, ). As discussed above, this occurs when all vertically aligned edges are
Dirichlet-isospectral. Fig.2.4.10 depicts five layers stacked with mixed shifts. The dispersion
function is a polynomial in {(z, A) whose degree is the number of single sheets of graphene in
the stack. The proof of this uses iterated application of the theorems on type-1 and type-2

multi-layer constructions from section 2.3.

Let ¥; and 3y be n-layer and m-layer AA-stacked graphene quantum graphs (type2). Let
the individual layers of both have dispersion functions that are polynomials in a common
¢(z,A). Let u; and w, be corresponding (vertically aligned) vertices in the first and n-th

layers of ¥, and let v; and v,, be corresponding vertices in the first and m-th layers of Y.

Observe that X} has dispersion function that is also a function of the same ((z, A). This
is because a single graphene layer is separable at any vertex, and thus X{" can be viewed
as a type-2 (n—1)-layer graph with connectors that consist of the edges between the n—1
layers plus decorations. The same is true of 35°. Therefore 3; and ¥ can be coupled by an
edge between u,, and vy according to a two-layer type-1 construction, resulting in a quantum

graph I" with dispersion function that is a polynomial in ((z, \).
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This construction could just as well be carried out using >5™ in place of 3, resulting in
[ whose dispersion function is a polynomial in ((z,A). Now yet another AA-stacked
multi-layer graphene construction X3 with the same ((z, \) can be attached to I', and so on.
These arguments need to modified somewhat if any of the AA-stacked sections >; consists

of only one layer, as in ABC-stacked graphene.

-‘—W —e v — \

JRE—

e

Figure 2.4.10: Five layers of graphene in mixed stacking with a fundamental domain.

2.5 Defects and Embedded eigenvalues

In this section, we show how the reducibility of the Fermi surface can be exploited to build a
defective quantum graph with an embedded eigenvalue. We will show the explicit construc-
tion for AA stacked graphene, but it would not be difficult to adapt outlined strategy to
build an eigenvalue embedding defect for other quantum graph with reducible Fermi surface.
The local defect of the periodic quantum graph operator will admit a bound (L?) state at an
energy within the continuous spectrum, and this state will have unbounded support. Such
an energy is an embedded eigenvalue of the operator. The condition of unbounded support
distinguishes these eigenvalues from the energies of the flat bands, which are peculiar to
graph operators, both discrete and quantum. See more discussion of this interesting issue

in [58].
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A result in [58] gives guidance on how to construct embedded eigenvalues when one does
have reducibility. The key is in the inverse Floquet transform, where the dispersion func-
tion D(z,\) = Di(z,\)Dy(z,\) appears in the denominator. This process of construction
proceeds in stages and we will show explicitly how the embedding defect is constructed for

AA-stacked Graphene.

1. The first step is to choose an energy A such that exactly one of the factors, say D;(z, \)

but not Dy(z, \), vanishes at some z values on the torus T? C C2.

2. Then we will study an auxiliary forcing problem on the combinatorial graph: A(\)u
¢. The ¢ is of the form D;(z, A)¢ for some non-zero vector of constants ¢. When we
use the inverse Floquet transform to solve for u, the factor D;(z, A) is canceled in the

denominator, so v will be a function with the desired properties.

3. Finally we will to modify the potentials on a finite number of edges so that the same
u which solves 2(A)u = ¢ will also solve the eigenvalue problem with the modified

operator, i.e. Ay(A)u = \u.

Consider a single layer of graphene, let the potentials on all of the edges be ¢.(z) = 0, and

let the Robin parameters be identically 0. The spectral matrix for the single layer is

. 1 | =3c(A)  w(z)
A(z,\) = —— , (2.5.1)

s(A
2 w(z™)  —=3c(N)

in which s(\) = sinv A and ¢(\) = cosVA and w(z) = 1 + z; + 25. The spectral matrix

(2.3.19) for AA-stacked graphene I'y4 becomes

~
)

hoyy _ L[S e & (252)
s() L SVA(zA) = eV s
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in which I is the 2x 2 identity matrix. The dispersion function D(z, A) is the determinant

of this matrix, and since we will choose a A that is not a root of s(\), we work with

D(z,)) = det (s(\)A(2,\)) = Di(2,\)Dy(z, \)

= (16¢(A)* = 8c(A) + 1 = ((2)) (16¢(A)* + 8c(A) + 1 — ((2)), (2.5.3)

in which ((z) = w(z)w(z7!). The dispersion relations for the two components of the Fermi

surface, as displayed in (2.4.11), are
C(21,20) = pe(N) = 16¢(A)* £ 8c(\) + 1. (2.5.4)

These two components contribute different sets of bands, say o+ (A), to the spectrum of the
AA-stacked graphene model; o_ corresponds to the factor l~71(z, A), and oy to the factor
Dy(z,)\). As described in Section 2.4.3, since the range of (e, e™2) is the interval [0, 9],
the bands are the inverse images of this interval by the functions p4(\), whose graphs are

shown in Fig. 2.5.1. Precisely, 04 (A) = {\: 16¢(\)? £ 8¢(\) + 1 € [0,9]}.

15

10 ¢

0 1
012345678910

Figure 2.5.1: Two sets of spectral bands for AA stacked, bi-layer graphene. They come from the
two components of the Fermi surface, and are the inverse images of the interval [0, 9] under the two
graphed dispersion functions. The vertical line shows that the energy A =1 lies within a band of
the relation (€1, e*2) = 1 ()\) but in a gap of the relation ¢(e1, e?*2) = i, (N).

Notice that A=1, for example, lies in o_(A)\o,(A). This shows that step of our procedure
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can be satisfied with A = 1, although it is not hard to find other values that would work.
Next we need to construct the combinatorial forcing that cancels the desired factor in the
inverse Floquet transform. Consider the discrete-graph reduction (sec.2.2.2) of the full

quantum-graph operator on 44,
AN u = ¢, (2.5.5)

where ¢ is a forcing function defined on the vertices of I'44 that is nonzero at only finitely
many vertices. Its Floquet transform (ﬁ(z) is therefore a Laurent polynomial in z= (21, z2),
and its coefficients can be considered to be vectors in C* since a fundamental domain W of
44 contains four vertices. The solution u is the response (also defined on the vertices of
[44) to the forcing function ¢ at energy A. We obtain 4(z) algebraically,

Adj(A(z, 1)) o(=)

i(z) = Az 2R = SEE R,

(2.5.6)

here, Adj(A(z, \)) is the adjunct of A(z, \). Now we fixing A=1, and we choose the forcing

function in the Fourier domain as:

~

¢(z) = Di(2,1)¢ := (16¢(1)* = 8¢(1) + 1 — ((21,22))[1,0,0,0]" . (2.5.7)

Any choice of ¢ # 0 would suffice but we choose [1,0,0,0]" because it will simplify many
calculations. Since ¢(z) is a Laurent polynomial in z = (21, z), the forcing function ¢ on
['44 has compact support. We can see exactly what kind of vertex forcing it is by multiplying

out the function ((z1, 22), we have that

B(2) = (16¢(1)? = 8c(1) + 1+ (14 21 + 22)(1 + 27 L + 2, 1))[1,0,0, 0]

= (16¢(1)? = 8c(1) + 4+ 21 + 20 + 27 + 25+ +2125 1+ 271 29)[1,0,0,0]F (2.5.8)
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We see that ¢ is a vertex forcing at seven vertices, the same vertex in each of seven adjacent
fundamental domains. Say v; is the first vertex in the ordering that is determined when
we compute the spectral matrix — because of the many symmetries of this version of AA
stacked graphene (all potentials and vertex conditions are 0), it does not matter which vertex

is chosen to be v;. We can read from the Floquet transform the exact values of ¢:

¢(v1) = 16¢(1)* — 8¢(1) + 4
¢((0,1) +v1) = ¢((1,0) + v1) = ¢((0,=1) + v1) = ¢((—1,0) + v1) =1
S((—1,1) +v1) = o((L, —1) +v1) = 1

For simplicity say that ¢(v) is supported only on the red vertices in the top layer, and only

in seven adjacent fundamental domains. Now we continue from (2.5.6) and we obtain

~

Adj(A(z,1)) ¢
16¢(1)2 4+ 8¢(1) + 1 —¢(2)

a(z) = (2.5.9)

The response u has a value at each of the four vertices in each shift of W by any element
of g € Z%, and so u can be considered to be a function of ¢ € Z¢ with values in C*. It is

obtained by the inverse Floquet transform,

1 P
u(g) = e /Wz u(z)dz, (2.5.10)

in which T? = {z € C?: |z;|=|2| =1} is the two-dimensional torus in C2.

Since A=1 is not in 03(A), the denominator does not vanish on the two-dimensional torus
T? = {z € C?: |z1| = 29| =1} in C2. Therefore 4(z) is analytic on T?, and it follows that
u € L2(V(T44)) (u is in fact exponentially decaying). As long as the denominator Dy(z, 1) is
not cancelled identically by any of the four components of the vector in the numerator, u(z)

will not be a Laurent polynomial in z. This means that u has unbounded support, that is,
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it is nonzero on infinitely many vertices. We compute the values at the four vertices of each

shift of W explicitly (since ¢ = [1,0,0, 0]%):

~os(1) g —64c(1)’ +4e(1)((2)
“ul9) = 5oz /ﬁzz T6e(1)2 + 8c(1) + 1 - ¢(5) (2.5.11)

s(1) [ (142 + 2)(16¢(1)2 — 1 —¢(2))
u2(9) = (27)2 /T 16¢(1)2 + 8¢(1) + 1 — ((2) dz (2.5.12)
~s(1) s 1—=((2) = 16¢(1)?
us(g) = 2r)? /T?z T60(1? 1 8c(D) —l—l—C(Z)dZ (2.5.13)
s(1) g 8c(1)(1 4 21 + 22)
ual9) = 5oz /TQ 62 + Sa(l) 1 1= () (2.5.14)

and confirm that the denominator is not simultaneously a factor of all four of the numerators.
This so far suffices for conclude step 2 of the procedure that was outlined in the beginning
of the section. For the final step, we need to demonstrate how we can use the combinatorial
forcing to build the desired embedding potential. The following lemma is essential for this

step.

Lemma 2.5.1. Given real numbers o, 3, v, and A\ with af # 0, there exists a real-valued

potential q(x) on [0, 1] for which c(\)=a, s(A\)=0, and s'(A\)=".

Proof. Let c¢(x; A) be the solution to —u” + ¢(z)u = Au such that ¢(0; A\)=1 and ¢/(0; \) =0;
and let s(x; \) be the solution such that s(0;\) =0 and §/(0; A\) = 1. Then, by definition,
c(A)=c(L;A), s(A\)=s(1;\), and s'(A\)=5'(1; \), with the prime referring to d/dx. The ODE

implies

q(z) = A = . (2.5.15)

We prescribe additionally that ¢(z; A) is an analytic function of = such that

1. ¢(1;A) =aand d(1;\) = 0‘7/;1,
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2. ¢(x; A) has finitely many roots in (0, 1), and at each root the first derivative is nonzero

and the second derivative is zero,

3. fol c(z; N)2dx = g

Let us show that the potential g(z) obtained from this function ¢(z; ) is well defined and

has the three desired properties.

Because of the second property, ¢’(x; \)/c(z; A) is analytic at each zero of ¢(z; A). By con-
struction ¢(1; \) = a. From the Wronskian identity c(z; A)s'(x; \) — s(z; ) (x; A) = 1, one

obtains

s(z ) = e(z: \) /0 ' mdx, (2.5.16)

which, together with properties (1) and (3), yields s(1; A\)=/. The Wronskian identity also

gives

as' — (O‘Vﬁ_ 1) g=1, (2.5.17)

from which we obtain §'(1; \) = 7. O

We now show how the solution u to 2A(1)i= ¢ can be used to create an L? eigenstate of a
local perturbation of the quantum graph A. Our embedding potential will be supported on
seven edges, these edges are all vertical edges which connect two red vertices, and they are in
domains (0,0), (1,0), (0,1), (0,—1), (=1,0), (1,—1) and (—1,1). Call these edges ey, ...e7
and say that their terminal vertices are (vy, wy) ... (v7, wy) we know that ¢(vy),...d(v7) #0
and that ¢(wy),...¢(w;) = 0. We will construct a perturbation of A by adding potentials

Vi(z) the each of the seven edges, e;. This is equivalent to choosing V' so that

A(Du=¢ <<= Ay(Hu=0. (2.5.18)
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To do this, we must look at how the matrices (1) and 2 (1) are constructed. They are
indexed by V(I'a4). The 2 x 2 submatrix of (1) corresponding to the vertices {v, w} of
one of the edges ej,...e; has a contribution from the DtN map (2.2.21) with g = 0 and
Se; (1) = s(1) (similarly for ¢ and §’); and the corresponding 2 x 2 submatrix of 2(y/(1) has a
similar contribution, but with s, (1) =sy;(1) (similarly for ¢ and s") coming from the spectral
functions for the operator —d?/dz? + V(z). The edges e; have no vertices in common, so

2(1) and Ay (1) are identical aside from these 7 sub matrices.

Given that A(X\)u = ¢, the task is to find V(z) such that Ay (AN)u=A(N)u — ¢. ¢ vanishes
except at the vertices v;, and this equation holds automatically elsewhere. Thus for each ¢

we must solve:

1 |—ew(1) 1 u(v;) u'(vs) — d(vs) u'(vi) — o(vi)
svi(1) 1 —sy (D) | [u(wi) u'(w;) — p(w;) ' (w;)

We know that u'(v;), v/ (w;) can be written in terms of u(v;), u(w;) by using the DtN map
for an unperturbed edge. We will also invoke Lemma 2.5.1 and choose each V; such that
sy (1) = s(1) for each edge i. From this we have that

1 en(D) +e(l) 0 u(ve) | (w) (2.5.20)

1
s(1) 0 _SIVi(l) + (1) u(w;) 0

This system of equations is satisfied by choosing sy, (1) = s'(1) and ¢y, = ¢(1) — % If

it happens that u(v;) = 0 when v; is any of the vertices in question then alternate choices of
sy, ¢y and s}, are possible since (2.5.19) is an equation in two variables and three unknowns.
Alternatively (2.5.11) can be checked with a computer for all seven choices for g. We know

that u(v;) and u(w;) cannot both be zero since we chose A outside of the Dirichlet spectrum.
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