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$EVW U DF W � $ *HQ HU DOL]HG 0X OWLU HVROX WLRQ $ Q DO\ VLV �*05$ � DVVRFLDWHG Z LWK
D Z DY HOHW LV D VHT X HQ FH RI Q HVWHG VX E VS DFHV RI WK H IX Q FWLRQ VS DFH / ��5�� Z LWK
VS HFLp F S U RS HU WLHV� DQ G DU U DQ JHG LQ VX FK D Z D\ WK DW HDFK RI WK H VX E VS DFHV FRU �
U HVS RQ G V WR D VFDOH �P RY HU DOO WLP H�VK LIWV Q� 7 K HVH VX E VS DFHV FDQ E H H[ S U HVVHG
LQ WHU P V RI D JHQ HU DWLQ J�Z DQ G HU LQ J VX E VS DFH _ RI WK H G \ DG LF�VFDOLQ J RS HU DWRU
_ VS DQ Q HG E \ RU WK RQ RU P DO Z DY HOHW�IX Q FWLRQ V _ JHQ HU DWHG IU RP WK H Z DY HOHW�
,Q WK LV DU WLFOH Z H VK RZ WK DW D *05$ FDQ DOVR E H H[ S U HVVHG LQ WHU P V RI VX E �
VS DFHV IRU HDFK WLP H�VK LIW Q RY HU DOO VFDOHV �P� 7 K LV LV DFK LHY HG E \ P HDQ V RI
?HOHP HQ WDU \ � U HG X FLQ J VX E VS DFHV RI WK H G \ DG LF�VFDOLQ J RS HU DWRU � & RQ VHT X HQ WO\ �
7 LP H�6 K LIWV *05$ DVVRFLDWHG Z LWK Z DY HOHWV� DV Z HOO DV ?VX E �*05$ � DVVRFL�
DWHG Z LWK ?VX E �Z DY HOHWV� Z LOO WK HQ E H LQ WU RG X FHG �

�� ,QW U RGXF W LRQ

$Q RUWKRQRUPDO ZDYHOHW ��c�� RU VLPSO\ D ZDYHOHW� LV D XQLW YHFWRU RI WKH IXQFWLRQ
VSDFH / ��5� ZKLFK LV VXFK WKDW WKH ZDYHOHW�IXQFWLRQV I�P�Q�c�J�P�Q� � =

� � JHQHUDWHG
IURP ��c� E\ UHSHDWHG ?XQLW�WLPH�VKLIW� IROORZHG E\ UHSHDWHG ?G\DGLF�VFDOLQJ�� WKDW
LV�
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DQG IRUP D / ��5��EDVLV >��@� VHH DOVR >�� ��@ DQG WKH UHIHUHQFHV WKHUHLQ� +HUH 7 LV
WKH XQLWDU\ RSHUDWRU XQLW�WLPH�VKLIW�

7I  J� J�W�  I�Wb ��� W � 5������

ZKLOH ' LV WKH XQLWDU\ RSHUDWRU G\DGLF�VFDOLQJ�

'I  J� J�W�  
S
� I��W�� W � 5������

&RQVHTXHQWO\� �P�Q�c� FDQ EH UHJDUGHG DV ��c� IRU WLPH�VKLIW Q DQG IRU VFDOH �P� :H
QRWH WKDW WKHUH H[LVWV QR IXQFWLRQ 
�c� � / ��5� VXFK WKDW WKH IXQFWLRQV 
Q�P�c� � 
7Q'P
�c� VSDQ WKH VSDFH / ��5�� >�@�
0DWKHPDWLFDOO\ VSHDNLQJ� WKH XQLWDU\ RSHUDWRUV 7 DQG ' DUH EDVLFDOO\ WKH VDPH

LQ WKH VHQVH WKDW WKH\ DUH ERWK +LOEHUW VSDFH ELODWHUDO VKLIW RI FRXQWDEO\ LQpQLWH
PXOWLSOLFLW\ >�@� KHQFH WKH\ DUH XQLWDULO\ HTXLYDOHQW >��@� +RZHYHU� WKH\ GR QRW

' DW H� 2FWRE HU �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � ��& ��� ��$ ���
. H\ Z RU GV� : DY HOHW� 7 LP H�6 K LIWV *HQ HU DOL]HG 0X OWLU HVROX WLRQ $ Q DO\ VLV� 6 X E �: DY HOHW� 6 X E �

*HQ HU DOL]HG 0X OWLU HVROX WLRQ $ Q DO\ VLV� '\ DG LF�6 FDOLQ J 5HG X FLQ J 6 X E VS DFHV�
6 X S S RU WHG LQ S DU W E \ % U D]LOLDQ 1 DWLRQ DO 5HVHDU FK & RX Q FLO �& 1 3 T ��

�
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FRPPXWH� 7KLV LV GXH WR WKH IDFW WKDW� IURP V\VWHP WKHRUHWLF YLHZSRLQW� 7 LV WLPH�
LQYDULDQW ZKLOH ' LV WLPH�YDU\LQJ� ,QGHHG� '7 � 7' EXW 'P7 �

�

 7'P IRU HDFK
P � = VR WKDW HDFK 7 �

�
LV XQLWDULO\ HTXLYDOHQW WR 7 YLD WKH XQLWDU\ 'P�

$ ZDYHOHW FDQ EH DVVRFLDWHG ZLWK D *HQHUDOL]HG 0XOWLUHVROXWLRQ $QDO\VLV�*05$�
>�@ ZKLFK LV GHpQHG DV IROORZV�

'HpQLWLRQ �� $ VHTXHQFH RI / ��5��VXEVSDFHV I9 PJP� = LV D *05$ VDWLVI\LQJ WKH
IROORZLQJ FRQGLWLRQV�

�R� 9 � �FDOOHG FRUH VXEVSDFH IRU ��c�� LV 7 �LQYDULDQW�
�L� 9 P ~ 9 P� �� P � =�
�LL�

7 �

P b�
9 P  I�J�

�LLL�
6 �

P b�
9 P  / ��5��

�LY� ' 9 P  9 P� �� P � =�

:H QRWH WKDW LI FRQGLWLRQ�R� LV UHSODFHG E\

�R
� 9 � LV VSDQQHG E\ DQ RUWKRQRUPDO VHW I�
b

�c�b Q
c

JQ� =�

WKHQ WKH VHTXHQFH I9 PJP� = LV FDOOHG D 0XOWLUHVROXWLRQ $QDO\VLV �05$� >��� ��� ��@�
ZKLOH ��c� LV FDOOHG VFDOLQJ IXQFWLRQ� 0RUHRYHU� WKH H[LVWHQFH RI ��c� LV DVVXPHG LQ
FRQGLWLRQ �R
�� 7KH ?P�QHVWHG� �EHFDXVH RI SURSHUW\ �L�� VXEVSDFHV 9 P DUH DSSUR[�
LPDWLRQ VXEVSDFHV� IRU VFDOH �P DQG RYHU DOO WLPH�VKLIWV Q� $OVR� IRU D 05$� E\
SURSHUWLHV �R
� DQG �LY�� WKH VFDOLQJ RUWKRQRUPDO IXQFWLRQV

j

'P�
b

�c�bQ
ck

Q� = VSDQ
WKH VXEVSDFHV 9 P� IRU HDFK P � =� 7KH *05$�VXEVSDFHV 9 P DUH FDOOHG ?GHWDLO�
DSSUR[LPDWLRQ� VXEVSDFHV� ZKLOH WKRVH RI D 05$ DUH ?VFDOLQJ�DSSUR[LPDWLRQ� VXE�
VSDFHV� 7KH FRUH VXEVSDFH 9 � LV DFWXDOO\ LQFRPLQJ VXEVSDFH LQ WKH /D[�3KLOOLSV
6FDWWHULQJ 7KHRU\ >�@� &RQGLWLRQV �R� DQG �R
� DSSO\ RQO\ WR ZDYHOHWV DQG DUH QRW
UHTXLUHG IRU DQ LQFRPLQJ VXEVSDFH�

5HGXFLQJ VXEVSDFHV SOD\ DQ LPSRUWDQW UROH LQ RSHUDWRU WKHRU\� +RZHYHU� IRU
ZDYHOHW DQG VLJQDO SURFHVVLQJ� UHGXFLQJ VXEVSDFHV KDYH QRW EHHQ WKDW XVHIXO� 7KLV�
SHUKDSV� LV GXH WR WKH IDFW WKDW DQ RSHUDWRU LV ?WUDSSHG� E\ LWV RZQ UHGXFLQJ
VXEVSDFHV� WKDW LV� LW FDQ QHYHU OHDYH WKH VXEVSDFHV� &RQVHTXHQWO\� VLJQDOV OLYLQJ LQ
UHGXFLQJ VXEVSDFHV RI DQ RSHUDWRU FDQQRW EH SURFHVVHG E\ WKH RSHUDWRU� +RZHYHU�
DV ZH VKDOO VHH LQ 6HFWLRQ �� WKHUH H[LVWV D VHTXHQFH RI G\DGLF�VFDOLQJ UHGXFLQJ
VXEVSDFHV VSDQQLQJ / ��5� DQG SOD\V D NH\ UROH LQ ZKDW IROORZV�
:H EHJLQ LQ 6HFWLRQ � E\ VKRZLQJ UHODWLRQVKLSV EHWZHHQ D VHTXHQFH RI RUWKRJRQDO

VXEVSDFHV _ VSDQQLQJ D +LOEHUW VSDFH +� DQG D +�GRXEOH�VXEVFULSWHG RUWKRQRUPDO
EDVLV� 7KHVH� LQ WKH FDVH RI ZDYHOHW�IXQFWLRQV I�P�Q�c�J�P�Q� � =

� � UHVXOW LQ UHSUH�

VHQWDWLRQV RI WKH VSDFH / ��5� LQ WHUPV RI RUWKRJRQDO VFDOH�VXEVSDFHV _ RYHU DOO
WLPH�VKLIWV� DV ZHOO DV RUWKRJRQDO WLPH�VKLIW�VXEVSDFHV _ RYHU DOO VFDOHV� 7KH IRU�
PHU WXUQ RXW WR EH ZDQGHULQJ VXEVSDFHV IRU WKH G\DGLF�VFDOLQJ RSHUDWRU� ZKLOH WKH
ODWWHU DUH LWV ?HOHPHQWDU\� UHGXFLQJ VXEVSDFHV� 7KHVH WKHQ DOORZ XV WR LQWURGXFH WKH
FRQFHSW RI 7LPH�6KLIWV *05$ RQ DOO RI / ��5�� DQG 6XE�*05$ RQ WKH HOHPHQWDU\
UHGXFLQJ VXEVSDFHV�

�� 0 DLQ 5HVXO W V

:H EHJLQ E\ VKRZLQJ UHODWLRQVKLSV EHWZHHQ D +LOEHUW VSDFH 2UWKRJRQDO 6XEVSDFHV�
%DVLV DQG D 'RXEOH�6XEVFULSWHG 2UWKRQRUPDO %DVLV RI WKH +LOEHUW VSDFH�

/HW + EH D VHSDUDEOH +LOEHUW VSDFH ZLWK LQQHU SURGXFW Kc � cL DQG QRUP N c N�
0RUHRYHU� + LV VSDQQHG E\ DQ 2UWKRJRQDO 6XEVSDFHV�%DVLV �26%� I%NJN � =� L�H��
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D VHTXHQFH RI FORVHG� SDLUZLVH RUWKRJRQDO� VXEVSDFHV� %N " %�
N ZKHQHYHU N � N��

7KHUHIRUH

+  VSDQ I%N� N � =J � 
B

N � =
%N  

0

N � =
%N������

1RWH� $V XVXDO� ZH DUH LGHQWLI\LQJ WKH FORVXUH RI WKH VSDQ RI FORVHG RUWKRJRQDO VXE�
VSDFHV RI D +LOEHUW VSDFH �L�H�� WKH WRSRORJLFDO VXP RI FORVHG RUWKRJRQDO VXEVSDFHV�
ZLWK WKHLU RUWKRJRQDO GLUHFW VXPV _ WKHVH DUH LQ IDFW XQLWDULO\ HTXLYDOHQW� $V D
FRQVHTXHQFH� DQ\ K � + DGPLWV WKH RUWKRJRQDO H[SDQVLRQ

K  
;

N � =
EN������

ZKHUH

EN  3% � K DQG
;

N � =
NENN�  NKN�������

KHUH 3% � GHQRWHV WKH RUWKRJRQDO SURMHFWLRQ RQWR %N�

1RZ VXSSRVH WKDW HDFK RI WKH VXEVSDFHV %N LV� LQ WXUQ� VSDQQHG E\ DQ 2U�
WKRQRUPDO %DVLV �21%� I�N�OJO � = �L�H�� IRU HDFK N � = � K�N�O � �N�O

� L  rO�O
� IRU HYHU\

�O� O�� � =�� VR WKDW
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B
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&RQVHTXHQWO\� ����� FDQ EH IXUWKHU ZULWWHQ DV

K  
;

N � =

;

O� =
KK � �N�OL�N�O� K � +������

VLQFH HDFK EN FDQ EH H[SDQGHG LQ WHUPV RI WKH 21% RI %N DV

EN  
;

O � =
KK � �N�OL�N�O  3% � K������

(TXDWLRQ ����� LPSOLHV WKDW WKH GRXEOH�VXEVFULSWHG VHTXHQFH I�N�OJ�N�O� � =
� LV RU�

WKRQRUPDO�

K�N�O � �N
�
�O
� L  rN�N

� c rO�O � � �N� N��� �O� O�� � =�������

DQG FRQVWLWXWHV DQ 21% IRU +� 7KXV� JLYHQ DQ 26% I%NJN � = ZH KDYH WKH ?DVVRFL�
DWHG� 21% I�N�OJ�N�O� � =

� � )URP ZKLFK ZH FDQ DOVR GHpQH WKH FORVHG VXEVSDFHV

+O � 
B

N � =
�N�O� O � =������

,W LV HYLGHQW IURP ����� WKDW+O " +O
� ZKHQHYHU O � O�� 0RUHRYHU� VLQFH I�N�OJ�N�O� � =

�

LV DQ 21% IRU +� WKH VXEVSDFHV I+OJO � = DOVR IRUP DQ 26% IRU +� 7KHUHIRUH� LQ
DGGLWLRQ WR ������ ZH QRZ KDYH D VHFRQG RUWKRJRQDO GHFRPSRVLWLRQ IRU +

+  
B

O� =
+O  

0

O � =
+O������

7KH FRQYHUVH LV DOVR WUXH� L�H�� LI I�N�OJ�N�O� � =
� LV D +�GRXEOH�VXEVFULSWHG 21%� WKHQ

WKH VHTXHQFHV I%NJN � = DQG I+OJO � =� GHpQHG E\ ����� DQG ������ UHVSHFWLYHO\� DUH
DVVRFLDWHG 26% IRU +�
:H VXPPDUL]H WKH DERYH LQ WKH IROORZLQJ /HPPD�
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/HPPD �� /HW I%NJN � = EH DQ RUWKRJRQDO VXEVSDFHV�EDVLV IRU +� 6XSSRVH WKDW HDFK

%N LV VSDQQHG E\ DQ RUWKRQRUPDO EDVLV I�N�OJO� =�

%N � 
B

O � =
�N�O� N � =�

7KHQ WKH GRXEOH�VXEVFULSWHG RUWKRQRUPDO VHTXHQFH I�N�OJ�N�O� � =
� LV DQ 21% IRU +�

&RQVHTXHQWO\� WKH VXEVSDFHV

+O  
B

N � =
�N�O� O � =�

DUH SDLUZLVH RUWKRJRQDO DQG IRUP D VHFRQG 26% IRU +� &RQYHUVHO\� LI + DGPLWV

D GRXEOH�VXEVFULSWHG RUWKRQRUPDO EDVLV I�N�OJ�N�O�� =
� � WKHQ LW DOVR DGPLWV DQ 26%

I%NJN � =� DV ZHOO DV DQ 26% I+OJO� =�

:H KDYH IURP �����

3% � K  
;

O � =
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6LPLODUO\�

3+ � K  
;

N � =
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ZKHUH 3+ � LV WKH SURMHFWLRQ RQWR +O� ,W WKHQ IROORZV WKDW

3+ � 3% � I  
;

O
�
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DQG
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N
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7KHUHIRUH�

3% � 3+ �  3+ � 3% �  3� ����� � �N� O� � =��������

7KLV LV DOVR HYLGHQW IURP WKH IDFW WKDW

%N ?+O  I�N�OJ�������

DQG WKH RUWKRJRQDO FRPSOHPHQWV RI I�N�OJ LQ %N DQG LQ +O DUH RUWKRJRQDO�

:H QRZ ?FRQQHFW� WKH DERYH ZLWK *HQHUDOL]HG 0XOWLUHVROXWLRQ $QDO\VLV DVVRFL�
DWHG ZLWK D ZDYHOHW ��c��
)LUVW� FRQVLGHU WKH IXQFWLRQ VSDFH / ��5� ZLWK WKH GRXEOH�VXEVFULSWHG RUWKRQRU�

PDO EDVLV _ FRQVLVWHG RI WKH ZDYHOHW�IXQFWLRQV I�P�Q�c�J�P�Q� � =
� JHQHUDWHG IURP

��c�� 7KHQ� E\ /HPPD �� / ��5� DGPLWV WKH RUWKRJRQDO GHFRPSRVLWLRQ

/ ��5�  
0

P� =
: P�������

ZKHUH ZH KDYH UHQDPHG %N RI ����� DV : P VR WKDW

: P � 
B

Q� =
�P�Q�c�� P � =�������

DV ZHOO DV WKH RUWKRJRQDO GHFRPSRVLWLRQ

/ ��5�  
0

Q� =
+Q�������
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ZKHUH +Q LV� DV EHIRUH�

+Q � 
B

P� =
�P�Q�c�� Q � =�������

7KH FROOHFWLRQ RI VXEVSDFHV I: PJP� = DQG I+QJQ� =� EHVLGHV EHLQJ 26% IRU / ��5��
DOVR KDYH VSHFLDO SURSHUWLHV GXH WR SDUWLFXODU FKDUDFWHULVWLF RI WKH ZDYHOHW�IXQFWLRQV
I�P�Q�c�J�P�Q�� =

� � )LUVW�

: P  
B

Q� =
'P7Q��c�� P � =�������

7KHQ� VLQFH ' LV XQLWDU\� ZH KDYH >�@�

: P  'P
B

Q� =
7Q��c�  'P: �� P � =�������

ZKHUH

: �  
B

Q� =
7Q��c��������

7KHUHIRUH� VLQFH : P " : P
� ZKHQHYHU P � P��

'P: � " 'P
�

: � ZKHQHYHU P � P��������

7KLV PHDQV WKDW WKH VXEVSDFH : � LV D ZDQGHULQJ VXEVSDFH IRU ' >�@� 0RUHRYHU�
VLQFH I: PJP� = VSDQV / ��5�� : � LV DOVR D '�ZDQGHULQJ�JHQHUDWLQJ VXEVSDFH >�@�
1RWH WKDW : P LV LWVHOI '�ZDQGHULQJ� &RQVHTXHQWO\� ������ LV D ZDQGHULQJ VXEVSDFHV
GHFRPSRVLWLRQ RI / ��5�� DQG ZH ZULWH

/ ��5�  
0

P� =
'P: �  

0

P� =
'P

B

Q� =
�
b

�c�b Q
c

�������

7KLV VKRZV WKDW ' LV D ELODWHUDO VKLIW RI LQpQLWH PXOWLSOLFLW\ _ VLQFH : � LV LQpQLWH
GLPHQVLRQDO >�@� 0RUH LV WUXH� 2QFH : � LV '�ZDQGHULQJ� WKH ZDYHOHW ��c� LV LWVHOI D
'�ZDQGHULQJ YHFWRU� VLQFH LW IROORZV IURP ������ WKDW

'PI��c�J " 'P
�

I��c�J ZKHQHYHU P � P��������

7KH GHFRPSRVLWLRQ ������� ZLWK : � GHpQHG E\ ������� HVWDEOLVKHV FRQQHFWLRQV EH�
WZHHQ ZDQGHULQJ VXEVSDFHV� ZDQGHULQJ YHFWRUV� DQG ZDYHOHWV� 7KHVH KDYH EHHQ
REVHUYHG E\ RWKHUV� EHJLQQLQJ ZLWK >�@� DQG H[WHQVLYHO\ VWXGLHG PRUH UHFHQWO\ LQ
>�� �@� 6HH DOVR >�@�

:H QRZ WXUQ WR WKH GHFRPSRVLWLRQ ������ ZLWK +Q JLYHQ E\ ������� ,W LV SODLQ
WKDW +Q DUH '�UHGXFLQJ� 7KHUHIRUH� ������ FDQ EH UHZULWWHQ LQ WHUPV RI WKH SDUW
'Q RI ' RQ +Q� WKDW LV� 'Q � 'M+ 	 � DV

/ ��5�  
0

Q� =
+Q  

0

Q� =

B

P� =
'P

Q

j

�
b

�c�b Q
ck

�������

ZKHUH WKH XQLWDU\ RSHUDWRU 'Q LV D VLPSOH ELODWHUDO VKLIW ZLWK JHQHUDWLQJ ZDQGHULQJ
VXEVSDFH

j

�
b

�c�b Q
ck

�

%\ FRQVWUXFWLRQ� HDFK : P LV GHpQHG IRU p[HG VFDOH �
P DQG RYHU DOO WLPH�VKLIWV Q�

7KH DFWLRQ RI' RQ / ��5� _ DFFRUGLQJ WR ������ _ LV WR SURFHVV RYHU DOO WLPH�VKLIWV Q
DQG VXFFHVVLYHO\ IURP HDFK VFDOH �P WR WKH QH[W VFDOH ��P� ��� ': P���  : P� �����
IRU DQ\ P � =� +HQFH WKH DFWLRQ RI '� LQ WKLV FDVH� FDQ EH FKDUDFWHUL]HG DV ?V F DOH V
V H U LH V SU RF H V V LQJ �� ,W LV HYLGHQW IURP ������ WKDW� VLQFH HDFK +Q LV D '�UHGXFLQJ
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VXEVSDFH� WKH DFWLRQ RI ' RQ +Q LV VLPSO\ WKDW RI WKH VLPSOH VKLIW 'Q _ DFWLQJ DW
HDFK WLPH�VKLIW Q DQG RYHU DOO VFDOHV �P� 7KH DFWLRQ RI ' RYHU DOO RI / ��5� FDQ QRZ
EH FKDUDFWHUL]HG DV?WLPH �V KLIWV SDU DOOH O SU RF H V V LQJ ��

:H VXPPDUL]H WKH DERYH DV IROORZV�

7KHRUHP �� *LYHQ D ZDYHOHW ��c� � / ��5�� WKHQ DQ\ I�c� � / ��5� FDQ EH UHSUH�

VHQWHG E\ LWV SURMHFWLRQV RQ 26% _ VSDQQHG E\ ZDYHOHW�IXQFWLRQV �P�Q�c� _ HLWKHU

ZLWK UHVSHFW WR VFDOHV RU ZLWK UHVSHFW WR WLPH�VKLIWV�

:H UHIHU WR >�@ IRU DQ DOWHUQDWH DSSURDFK WR 7KHRUHP ��

/HW ��c� EH D ZDYHOHW� ,W LV D VLPSOH PDWWHU WR FKHFN WKDW DQ DVVRFLDWHG *05$
LV JLYHQ E\

9 P  
Pb�
0

P
�
 b�

: P
� � P � =�������

0RUHRYHU�

9 P� �  9 P j : P� P � =�������

:H QRZ SURYH WKH IROORZLQJ UHVXOW�

/HPPD �� /HW I9 PJP� = EH WKH *05$
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