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GRAPH LAYOUT TECHNIQUES AND
MULTIDIMENSIONAL DATA ANALYSIS

JAN DE LEEUW GEORGEMICHAILIDIS
UNIVERSITY OF CALIFORNIA, THE UNIVERSITY OF MICHIGAN

LOS ANGELES

ABSTRACT. In this paperwe explore the relationshipbetweenmultivariatedataanalysis
and techniquesfor graphdrawing or graphlayout. Although both classesof techniques
werecreatedfor quitedifferentpurposes,wefind many commonprinciplesandimplemen-
tations. We startwith a discussionof the dataanalysistechniques,in particularmultiple
correspondenceanalysis,multidimensionalscaling,parallelcoordinateplotting, andseri-
ation.We thendiscussparallelsin thegraphlayoutliterature.

1. DATA AND GRAPHS

Theamountof dataandinformationcollectedandretainedby organizationsandbusi-
nessesis constantlyincreasing,due to advancesin datacollection, computerizationof
transactionsandbreakthroughsin storagetechnology. Typically, the applicationsinvolve
large-scaleinformationbanks,suchasdatawarehousesrangingin sizeinto terabytes,that
containinterrelateddatafrom a numberof sources(e.g. customerandproductdatabases).
In orderto extract useful informationfrom suchlarge datasets,it is necessaryto be able
to identifypatterns,trendsandrelationshipsin thedataandvisualizetheir globalstructure
to facilitatedecisionmaking.Graphtheoreticalconceptsarecapableof capturingcompli-
catedstructuresandrelationshipsin bothnumericalandcategoricaldata.In this paperwe
exploretherelationshipbetweenmultivariatedataanalysisandtechniquesfor graphdraw-
ing or graphlayout,andexaminehow couplingideasfrom thesetwo fieldscanleadto new
andimprovedmethodologyandtoolsfor mining largedatabasesandpresentationof large
datasets.

1.1. Multivariables and Coding. Thedatastructureweareinterestedin consistsof � ob-
servationson � categoricalvariables,wherevariable

�
has ��� categories(possiblevalues).

Usingcategoricalvariablescausesnoreallossof generality:so-calledcontinuousvariables
aremerelycategorical variableswith a large numberof numericalcategories. We use �
for thetotal numberof categoriesoverall variables( ���
	������ ��� ).
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2 DE LEEUW AND MICHAILIDIS

In somewhatmoreabstractterminology, which generalizesto (theoretical)situations
in which we have an infinite numberof objectsor variables,a variable is a function ���
definedonthesetof objects� andwith range��� ( ���������� ��� ). A continuousvariable,for
example,hasdomain������� �"!��$#$#$#�� �&% andrange���'�)( . A multivariable *+���,��� % �"-�.
is asetof variableswith thesamedomain� but with differentranges �/� .

In thefinite casethevariablesarecodedas � indicatormatricesor dummies0'� , where0'� is abinary �21 ��� matrixwith exactlyonenon-zeroelementin eachrow 3 (indicatingin
which category of variable

�
object 3 falls). The �41 � matrix 05�76809��:;#$#$#,:<0 � = , which

codesthemultivariable,is calledthe indicator supermatrix. Obviously therepresentation
of thedataby theindicatorsupermatriximpliesnolossof information,sinceall theoriginal
classificationsarestill present.

It mustbeemphasizedthat thecodingis unique,giventhedefinitionof themultivari-
able.But in definingthemultivariable,many choicesmustbemade.Suppose,for instance,
that the ranges��� arethe samefor all

�
, with � elements.Thenwe candefinea single

variable� on thenew domain�?>A@ with range� . Thisamountsto stackingtheindicator
matricesontopof eachother. Or, evenif therangesareall different,wecandefineasingle
variable� with domain� andrange�B�C>D#$#$#E>+� � , whichamountsto codingthe � vari-
ablesinteractively, so that eachprofile (cell) correspondsto a category of the interactive
variable.

In thesequelweassumeall thesecodingdecisionshavebeenmade,andconsequently
wedealwith asingleindicatorsupermatrix0 .

1.2. Graphs. Onecanrepresentall information in the databy a singlebipartitegraph�
with �BF � verticesand � � edges.We call suchanobjectthemultivariablegraph. Each
edgeconnectsanobjectandacategory. Thus,all the � verticesassociatedwith theobjects
have degree � , while the � verticesassociatedwith thecategorieshave varyingdegrees,
equalto thenumberof objectsin thecategory. In Figure1 themultivariablegraphof a toy
examplecorrespondingto a G 1IH contingency tablewith 7 objectsis shown. Theindicator
supermatrix0 is relatedin a very simpleway to theadjacencymatrix J of thegraph. In
fact, JK� L�M 00ON MCP(1.1)

1.3. Example. The samerepresentationof a multivariatedatastructureis also usedin
formal conceptanalysis(FCA) [22]. This is a dataanalysismethodwhich is quitepopular
in Germany. Multivariablesarecalleda many-valuedcontexts. In this paperwe shalluseQ

A bipartitegraphis a2-layeredgraph,whereedgesonly go from onelayerto theotherlayer.
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FIGURE 1. Themultivariablegraphof a toy example

anexampletakenfrom theformalconceptanalysisliterature[50]. Table1 below describes!�� sleepingbagsin termsof fivevariablesR .
Sleeping Bag Fabricate Temperature T Weight W bf Price Material
OneKilo Bag Wolfskin SUT C V"WYX g Z[W$V�\�] Liteloft
Sund Kodiak ^"T C Z`_a_;X g Z`^aV�\�] Hollow Fiber
KompaktBasic Ajungilak X;T C Z`ba_;X g b"W$V�\�] MTI Loft
FinmarkTour Finmark X;T C ZUS;c;X g ZUS;V�\�] Hollow Fiber
Interlight Lyx Caravan X;T C Z`V;XaX g ba^aV�\�] Thermolite
Kompakt Ajungilak ]d^"T C Z[W$V;X g baVaV�\�] MTI Loft
TouchtheCloud Wolfskin ]d^"T C Z`cac;X g baVaV�\�] Liteloft
Cat’sMeow TheNorthFace ]&S T C Z[W$c;X g ^a^aV�\�] Polarguard
Igloo Super Ajungilak ]&S T C b;XYe;X g bYS;V�\�] Terraloft
Donna Ajungilak ]&SUT C Z`_a_;X g ^"W$V�\�] MTI Loft
Tyin Ajungilak ]fZ`c"T C b�Z�XaX g ^aVaV�\�] Ultraloft
TravellersDream Yeti ^"T C VYS"X g ^YS;V�\�] Goose-downs
Yeti Light Yeti ^"T C _;XaX g ^"W$V�\�] Goose-downs
Climber Finmark ]d^"T C Z`eaV;X g ^abaV�\�] Duck-downs
Viking Warmpeace ]d^"T C Z`b;XaX g ^aeaV�\�] Goose-downs
Eiger Yeti ]d^"T C Z`c;XaX g WEZ`V�\�] Goose-downs
Climberlight Finmark ]&SUT C Z`^a_;X g ^"W$V�\�] Goose-downs
Cobra Ajungilak ]&SUT C Z[W$e;X g WaW$V�\�] Duck-downs
CobraComfort Ajungilak ]fZ�X T C Z`_ab;X g c"W$V�\�] Duck-downs
Foxfire TheNorthFace ]fZ�X;T C Z`^aV;X g eaeaV�\�] Goose-downs
Mont Blanc Yeti ]fZ`c"T C Z`_;XaX g c"W$V�\�] Goose-downs

TABLE 1. Many-valuedContext: SleepingBags

From the many-valuedcontexts FCA derives formal contexts, which aredefinedby
binaryvariablesderived from themany-valuedcontexts. From themany-valuedsleepingg

If onewantedto, onecouldconsiderthebag’snameasasixth variable.
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bagcontext [50] derivesa context by usinga terminology for logical scaling. The termi-
nology is in Table2 below h . This resultsin Table3, which actuallydisplaysthe indicator

cheap ij kmlon"prq[sftIbac;X$u
not expensive ij kmlon"prq[sfvIbac;XxwytzWYXaX$u
expensive ij kmlon"prq[sfvzWYXaX$u
down fibers ij km{}|$~�s[n"pr|����I���"�a�`s�]����U�d�����'�$� q[�����$�U�d���Uu
syntheticfibers ij km{}|$~�s[n"pr|�����I���"�a�`s�]����U�d�����'�$� q[�����$�U�d���Uu
good ij k�kmX��z�}tBSau�w�k���t�Z�X;XaX$u�u��k�k�]dS��z��t�X$u�w/k���t�Z[WYXaXYu�u��k�k�]oZ`c��z��t}]dSau�w�k���t}ZUS"X;X$u��k��}t�]oZ`cYu�w/k���tIb"XaXaX$u�u
acceptable ij k�kmX��z�}tBSau�w�k�Z�XaXaX��B��t�Z[WYXaXYu�u��k�k�]dS��z��t�X$u�w/k�Z[WYXaX�����t�Z`S"XaX$u�u��k�k�]oZ`c��z��t}]dSau�w�k�ZUS"XaX��B��tIb;X;XaX$u��k��}t�]oZ`cYu�w/krb"XaXaX��B��u
bad ij k�kmX��z�}tBSau�w�k�Z[WYXaX��B��u�u��k�k�]dS��z��t�X$u�w/k�ZUS"XaX�����u�u��k�k�]oZ`c��z��t}]dSau�w�krb;XaXaX��B��u

TABLE 2. Exampleof a Terminology

supermatrixfor thisexample.Thereareindicatormatrices0 � for Price,Fiber, andQuality.
Fromhereon,FCA goesits own (abstractalgebraic)way. We aremerelyinterestedin the
(critical) stepto derive formal contexts from many-valuedcontexts. In FCA this is called
scaling, andvariousformsof scaling(conceptualscaling,logical scaling)arediscussedin
theliterature.

1.4. Graph Layout.

1.4.1. Picturesof Graphs. We canmake a drawing or layout of the multivariablegraph,
by placingtheverticesat �BF � locationsin theplane,or, moregenerally, in (o¡ . We then
connecteachobjectwith thecategoriesit is in. Thus � linesareleaving from eachobject-
point,andthenumberof linesarriving atacategory-pointis equalto thenumberof objects
in thecategory.

The mapof the ��F � pointsandthe � � lines is calledthe graph plot. It is often
usefulto think of thegraphplot astheoverlayof � plots,onefor eachvariable,whichare
calledstar plots. In thestarplot for variable

�
thereare �}F ��� points,and � lines,each

line connectinganobjectwith thecategory it is in for variable
�
. Thestarplot consistsof¢

Predigeruseda terminologywhich defined“good” in sucha way that it implied “acceptable”.Because
we preferto usemutuallyexclusive categorieswe have redefined“acceptable”as“Prediger’s acceptablebut
not Prediger’s good”.
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Sleeping Bag Price Fiber Quality
OneKilo Bag 1 0 0 0 1 1 0 0
Sund 1 0 0 0 1 0 0 1
KompaktBasic 1 0 0 0 1 1 0 0
FinmarkTour 1 0 0 0 1 0 0 1
InterlightLyx 1 0 0 0 1 0 0 1
Kompakt 0 1 0 0 1 0 1 0
TouchtheCloud 0 1 0 0 1 0 1 0
Cat’s Meow 0 1 0 0 1 1 0 0
Igloo Super 0 1 0 0 1 0 0 1
Donna 0 1 0 0 1 0 1 0
Tyin 0 1 0 0 1 0 1 0
TravellersDream 0 1 0 1 0 1 0 0
Yeti Light 0 1 0 1 0 1 0 0
Climber 0 1 0 1 0 0 1 0
Viking 0 1 0 1 0 1 0 0
Eiger 0 0 1 1 0 0 1 0
Climberlight 0 1 0 1 0 1 0 0
Cobra 0 0 1 1 0 1 0 0
CobraComfort 0 1 0 1 0 0 1 0
Foxfire 0 0 1 1 0 1 0 0
Mont Blanc 0 0 1 1 0 1 0 0

TABLE 3. DerivedContext: SleepingBags

��� disjoint stars,onefor eachcategory, wherethestarconsistsof the linesconnectingthe
category-pointwith theobject-pointsof theobjectsin thatcategory.

Again, thegraphplot doesnot leadto any lossof information.All therelationshipsin
theoriginaldataarestill presentin theplot. Nevertheless,it maybedifficult to reconstruct
thedatafrom the drawing, becausethe graphplot hasmany overlappinglinesandsome-
timeslookslike onelargeblackblob. It helpsto look at theindividual starplots,but even
thesecaneasilygettoocrowdedandmessywhen � is large.Thus,wecannow usethefact
thatourmapof theobjectsandcategoriesinto theplanewascompletelyarbitrary. Suppose
we choosea mapthatmakesthegraphplot look asclearor cleanor niceaspossible.This
is typically donewith a graphlayout algorithm,andof coursethereare many of these,
becausethewords“clean” and“clear” and“nice” canbedefinedin many differentways.
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1.4.2. Overview of the Literature. Sincethis paperis primarily written for statisticians,
andnot for computerscientists,we provide a brief overview of the literaturein computer
scienceandcomputationalgeometryaboutmethodsandcriteria to draw graphs.A good
overview of moderngraphdrawing is givenin thechaptersby [23] and[55]. Thereis alsoa
veryextensiveannotatedbibliography [16] andacomprehensivebookhasjustappeared[3].
Since1992 therealsohasbeena yearly conferenceon graphdrawing. Therearemany
softwarepackagesavailableto draw graphs.See

http://www.cs.brown.edu/people/rt/gd.html

for referencesbothto thesymposiaandthesoftwarepackages.We singleout oneof these
packagesasan example,becauseit is so easilyavailable. The Java DevelopmentKit of
SunMicrosystemscomeswith a GraphLayoutappletdemo. If you have a Java enabled
browser, go to

http://www.javasoft.com/applets/jdk

andgo to thedemosectionfrom there.

It mustbeemphasizedfrom thestartthatin many casesthegraphdrawing algorithms
discussedin thecomputationalgeometryliteraturearenot intendedasdataanalysistech-
niques. They have a different “aesthetic”purpose. If we limit ourselves to straight-line
drawings£ thentheaestheticcriteriathatarementionedin [3, page14-16]are¤ displaysymmetry,¤ avoid edgecrossings,¤ keepedgelengthsuniform,¤ distributeverticesuniformly,¤ minimizeaspectratio,

and¤ minimizearea,¤ minimizetotal edgelength,¤ minimizemaximumedgelength.

Thelastgroupof threecriteriais special,becausethey are“meaningfulonly if thedrawing
conventionadoptedpreventsdrawings from beingarbitrarily scaleddown” [3, page14].¥

andconsequentlyignorepolylinedrawings,orthogonaldrawingsandbendededges
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Not all of thesecriteria seemrelevant for dataanalysis.Someof themwereinspiredby
circuit boarddesign,in which minimizing crossingsis obviously relevant. But in data
analysiswe do not only wantaestheticallypleasingdrawings,we alsowantdrawingsthat
show usimportantandinvariantaspectsof thedata.

1.4.3. Classesof Algorithms. Basically, thereare two classesof graphlayout or graph
drawing algorithms.Oneclassis basedon logical or binarycriteriain which propertiesof
thegraph,suchasedgecrossings,arecountedandoptimized.A problemwith thesealgo-
rithmsis thatmany of thecriteria leadto NP-hardproblems,i.e. they arecomputationally
infeasibleevenfor fairly smallproblems.Theotherclassis moreinterestingfrom thedata
analysispoint of view. It thinks of the graphasa setof pegs connectedby mechanical
and/orelectricforces.Theverticesattractandrepeleachother. Thetotal forcesonthesys-
temcanbesummarizedin a lossfunction,andthat lossfunctioncanbeminimized. This
approachwasintroducedby [17], althoughthereareearlierversionsof similar algorithms
in circuit boarddesign.We shalldiscussthesespringalgorithmsin moredetailbelow.

2. MULTIDIMENSIONAL DATA ANALYSIS

2.1. Multiple Correspondence Analysis. Multiple CorrespondenceAnalysis, or MCA,
canbeintroducedin many differentways[4, 24, 25]. Usually, it is motivatedin graphical
language.Complicatedmultivariatedataaremademoreaccessibleby displayingthemain
regularitiesof thedatain scatterplots.Our discussionof MCA emphasizesthe two types
of plots we discussedearlier, the graphplot and the starplots. This emphasiswasfirst
used,briefly, in the review articlesby deLeeuwet al. [14], HoffmananddeLeeuw[32],
Michailidis andde Leeuw[47]. We think that it nicely capturesthe essentialgeometric
characteristicsof thetechnique.

2.1.1. LossFunction. The basicideais that if we draw the � � edges,thenthe resulting
graphplot will generallybemoreinformative andmoreaestheticallypleasingif theedges
areshort. In otherwords,if objectsarecloseto thecategoriesthey fall in, andcategories
arecloseto theobjectsfalling in them.Thuswewantto makeagraphplot that“minimizes
theamountof ink”, i.e. thetotal lengthof all edges.

Actually, for computationalreasons,we will minimizethetotal squared lengthof the
edges.To formalizethis “minimum squaredink” criterionin a convenientway, we usethe
indicatormatrices0 � . If the �¦1¨§ matrix © hasthelocationsof theobjectverticesin ( ¡ ,
and ª�� hasthelocationof the ��� category verticesof variable

�
, thenthesquaredlengthof

the � edgesfor variable
�

is « �¬6©?�`ª�� = �¯®&®&°�6©²±³0 �;ª�� = �(2.1)
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where ®&®&°�6 = is shortfor thesumof squares.Thequantity(2.1) measurestheamountof
ink in thestarplot of variablej.

Thesquarededgelengthoverall variablesis« 6©?�`ª = � �´ ���� ®&®&°�6©²±³0 �"ª�� = �(2.2)

andthis is thefunctionwe wantto minimize.Thebookby Gifi [24] is mainly aboutmany
differentversionsof this minimizationproblem,wherethedifferencesarea consequence
of variousrestrictionsimposedon thequantificationsª�� .

Minimizing (2.2) without any restrictionson thevertex locationsis not possible.Or,
moreprecisely, it is tooeasy. Wejustcollapseall verticesinto asinglepoint,andweuseno
ink atall. Rememberthequotationin Section1.4.2aboutgraphlayouttechniquesthatonly
make senseif thedrawing cannotbearbitrarily scaleddown. It meansthat in orderto get
a nontrivial solution,we have to imposesomeform of normalization. In MCA we require
thatthecolumnsof © addup to zero,andareorthonormal, i.e. satisfy �B© N ©µ�D¶�· .
2.1.2. Equations.Oneof thereasonswhy squarededgelengthsaresoappealingis thatthe
MCA problemwe aretrying to solve is basicallyaneigenvalueproblem.We discussthis
in somedetail,again following [24].

First we definesomeusefulmatrices.Definethe ��� 1 �¬¸ matrix ¹o�8¸��º0 N� 0 ¸ . Matrix¹o�8¸ is the crosstable or contingencytable of variables
�

and » . Thus ¼O����¹o��� , where¼O� is thediagonalmatrix with theunivariatemarginalsof variable
�

on thediagonal.The� 1 � supermatrix¹ is known in thecorrespondenceanalysisliteratureastheBurt Matrix,
after[9]. Write ¹Oª½���}¼¨ª¿¾ for thegeneralizedeigenvalueproblemassociatedwith the
Burt matrix.

We alsodefine À��Á�Â0 � ¼�Ã �� 0 N� ; then, À�� is the between-category projector, which
transformseachvector in (�Ä into a vector in (�Ä with category means.Moreover Å �B�¶z±KÀ�� transformseachvector into a within-category vectorof deviationsfrom category
means. Write ÀCÆ for the averageof the À�� ’s ( ÀÇÆÈ� �� 	������ ÀÉ� ), and write Ê for the
diagonalmatrix containingtheeigenvaluesof ÀCÆ .
Theorem 2.1. Suppose6�Ë©¦�dËª =

solvestheMCAproblem.ThenÀCÆ�Ë©�� Ë©?ÊÌ�(2.3a) ¹+Ëªº����¼�Ëª¿ÊÌ#(2.3b)Í
Alternatively, wecouldnormalizeÎ , i.e. requirethat �,ÏÑÐ�ÎÒ��X and Î�ÏÓÐ'ÎÒ�BÔ . Here � is avectorwith

all elementsequalto ÕÖZ , and Ð is the ×�ØO× diagonalmatrix with marginal frequenciesof all Ù variables
onthediagonal.It is shown in [24] thatthetwo differentnormalizationsleadto essentiallythesamesolution.
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Proof. Define

« 6©?� ¤ = as the minimum of

« 6Ú©��`ª =
over all ª . Clearly the minimum is

attainedfor Ëª��'�K¼BÃ �� 0 N� ©?�(2.4)

i.e. by locatingacategoryquantificationin thecentroidsof theobjectsin thatcategory. We
seethat « 6Ú©�� ¤ = ���½Û$Ü'© N 6Ý¶/±AÀÇÆ = ©?#(2.5)

Clearly we minimize

« 6©?� ¤ = over ��© N © �Þ¶ by choosing Ë© equalto the eigenvectors
correspondingwith the § largesteigenvaluesof ÀCÆ . Thus ÀCÆ�Ë© � Ë©�Ê for MCA. Also,
from (2.4), we see 0+Ëªß�²��ÀCÆ�Ë© �²�ÂË©�Ê andthus ¹+Ëªß�²��0ONCË©?Êà�²��¼�Ëª�Ê . This
proves(2.3b).

Thereare several aspectsof the proof which deserve someadditionalattention. Equa-
tion (2.4)is calledthecentroid principle. Thecentroidprincipleshowsclearlyhow thestar
plots get their namein MCA. Category verticesarein the centroidof the verticesof the
objectsin the category, andif we have a clearseparationof the ��� categories,we see ���
starsin (o¡ . Thisalsoshowsthatin MCA thecategoryverticesarein theconvex hull of the
objectvertices,they form a morecompactcloud.

Thereisonelastimportantconstructin MCA weliketomention.Thematrix Ëª�N� ¼ � Ëª � �Ë© N À�� Ë© is known asthediscriminationmatrix. It is equalto thebetween-category disper-
sionmatrixof variable

�
, i.e. to thesizeof thestarsfor thatvariable.Theaveragediscrim-

ination matrix is equalto Ê , the diagonalmatrix of eigenvalues. Since ÀÇÆ is the average
of � orthogonalprojectors,we have Ê�á�¶ . This canalsobeseenfrom thefact thateach
elementof Ê is theaverage,overall variables,of theratioof thebetween-categoryvariance
andthetotal variance.

2.1.3. Algorithm. Thebasicalgorithmfor MCA is alternatingleastsquares, alsoknown
in this context asreciprocalaveraging. An iterationconsistsof two stepsª¨âäã`å� �K¼ Ã �� 0 N� © âäã`å �(2.6a) © âäã`æ � å � �� �´ ���� 0'�;ª âäã`å� �(2.6b)

i.e. we alternatebetweenthe first and secondcentroid principle. After someof these
iterationswe reorthonormalize© . This algorithmis identicalto Bauer-Rutishausersimul-
taneousiteration[53], thenaturalgeneralizationof thepower methodto computesomeof
thedominanteigenvaluesof a symmetricmatrixwith thecorrespondingeigenvectors.
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2.1.4. Example.If we apply (two-dimensional)MCA to the sleepingbagdata,we find
the solutionsshown in the graphplot andthe threestarplots below. Notice that objects
with similarprofilesaremappedto identicalpointson thegraphplot, a propertyfollowing
from thesecondcentroidprinciple. Several thingsareimmediatelyclear. Therearegood,
expensive sleepingbagsfilled with down fibersandcheap,badquality sleepingbagsfilled
with syntheticfibers. Therearealsosomeintermediatesleepingbagsin termsof quality
andpricefilled eitherwith down or syntheticfibers.Finally, therearesomeexpensiveones
of acceptablequality andsomecheaponesof goodquality. However, thereareno bad
expensivesleepingbags.

In thiscase,wecouldhaveseenthismuchfasterby lookingdirectlyatthedata,without
using a computerat all. But the sleepingbag exampleis far from typical. In real-life
MCA examplesweoftendealwith thousandsof objectsandhundredsof variables(seefor
example[24, Chapter13], [47], [45]).
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2.2. Multidimensional Scaling. Multidimensionalscaling(MDS) is aclassof techniques
in which givendistancesor distance-like numbersareapproximatedby distancesin low-
dimensionalEuclideanspace.Thus,givendistance-likenumbersç"èé� (i.e. ( ç;è<�ëê M �Çç;èÑèC� M

),
oftencalleddissimilarities, between� objects,we wantto find � points ì�è in ( ¡ suchthat
their Euclideandistanceíî6Ýì�è8�Uì�� = , which we alsowrite as í è<�,6Ú© =

, is approximatelyequal
to ç;èé� . MDS asa rigoroustechniqueis dueto [38, 39]. Theoryandalgorithmsof MDS are
mostcompletelydescribedin [7].

2.2.1. Lossfunction. We shall restrictour attentionto usinga leastsquareslossfunction,
i.e. we wantto createourpicturein sucha way that« 6Ú© = � Ä´ èï�� Ä´ �����ð èé�,6�ç;èé��±³í,èé�E6© =`= R(2.7)

is minimized over © . The ð èé� are weights,which can be chosento reflect variability,
measurementerror, or missingdata.

In [41] thelossfunctionhasweightsç Ã Rèé� . Thelossfunctionis interpretedastheamount
of physicalwork thatmustbedoneon elasticspringsto stretchor compressthemfrom an
initial length ç;èé� to afinal length í èé� . Sammon[51] suggestsð è<� �Dç Ã �è<� for acloselyrelated
problem.Connectionswith thespringalgorithmsfor graphlayoutarealreadyobvious,and
will beexaminedin considerabledetailbelow.

2.2.2. Algorithm. Using theunit vectorsñYè of order � , we candefinethematricesJ�èé�ò�6�ñYè&±)ñ"� = 6ÝñYèd±)ñ"� = N , i.e. J'è<� haselementF � at positions 63U��3 = and 6 � � � = , ±9� at 6Ú3"� � = and6 � ��3 = and
M

everywhereelse.Moreover, for agivenrealsymmetricmatrix ¹ , wedefinethe
Laplacianof ¹ as ó 6Ý¹ = � Ä´ èï�� Ä´ ����Cô è<�aJ'èé��#(2.8)

Alternatively

ó 68¹ = �öõ
±+¹ , where õ is thediagonalmatrix with row-sumsof ¹ . Now
set ÷ 6© = � ó 6Ýø ù¼}6Ú© = = �(2.9a) ú � ó 6Ýø = �(2.9b)

wherein (2.9a)we take theLaplacianof thematrixwith elementsð è<�Yç"èé�$û,í,èé�E6© =
. Thenthe

algorithmthatupdates© by © âäã`æ � å � ú æ ÷ 6Ú© âäã`å = © âäã`å �(2.10)

with

ú æ theMoore-Penroseinverseof

ú
, is shown to beglobally convergentin [11] and

linearly convergentin [12].
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In orderto computethe initial estimateof © Guttman[28] suggestedto computethe
dominanteigenvectorsandeigenvaluesof

ó 6 ù R = . Thismaximizesü 6© = � Ä´ èï�� Ä´ ���� ç Rè<� í Rèé� 6© =
(2.11)

underthenormalizationcondition©?NÓ©µ�D¶ . Thisiseasytosee,sinceí�Rèé� 6© = �)Û$Ü¬©?NäJ'è<�"© ,
andthus

ü 6© = ��Û$Ü¬© N ó 6 ù R = ©?#
2.2.3. MDSandMCA. Thereis a fairly straightforwardconnectionbetweenmultidimen-
sionalscalingandMCA, outlinedfor examplein [30]. Supposewe definethe lossfunc-
tion (2.7)only for theoff-diagonalsubmatrix0 of theadjacency matrix J . Thus,theloss
function

« 6Ú© =
becomes « 6© = � Ä´ èý��Kþ´ ã �� ð è ã 6�ç;è ã ±4í è ã 6© =`= R �(2.12)

with ç;è ã �Þÿ � if 3 is in correspondencewith ���M
otherwise�(2.13a)

and

ð è ã �7ÿ � if 3 is in correspondencewith ���M
otherwise#(2.13b)

With thesedefinitions,obviously

« 6Ú© =
is againthesumof squaresof thedistancesbetween

the objectsandthe categoriesthey arein, i.e. our “minimum squaredink” criterion. We
needsomekind of normalizationto find anontrivial solution,andusing ©?NÓ©��K¶ produces
MCA.

Thereis anotherway to introduceMCA usingMDS ideas,which wasfirst discussed
by [13]. Sincethatpapertheapproachhasbeenextendedconsiderablyby Meulman[42,
43] andit hasbeenimplementedin thecomputerprogramPIONEER[26].

Thebasicideahereis to scaletheobjectsusingsomeform of MDS.Supposewedefine
a distance-like measureç;èé� betweeneachpair of objects.We now wantto maptheobjects
into points ì�è in (o¡ suchthatthedistanceíî6Ýì�è8�Uì ã = approximatesç;è<� .

We havenot specifiedyet whichdistanceswe intendto use,andhow wewill measure
approximation.In MCA we usechi-square or Benzécridistances.They aredefinedon the
rows of 0 . Write �Eè for the column-vectorcontainingrow 3 of 0 and ñYè for the 3�� � unit
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vector. Then

(2.14) ç Rèé� � �� 6��EèÉ±���� = N ¼ Ã � 6��Eè�±���� = ��� 6ÝñYè�±4ñ"� = N 0/¼BÃ � 0 N 6�ñYè�±³ñ"� = � 6ÝñYè�±³ñ"� = N ÀÇÆ,6�ñYè�±4ñ"� = �6ÝñYèÉ±³ñ"� = N ©�ÊÖ© N 6�ñYè�±³ñ"� = � 6	�$èÉ±
�"� = N 6	�YèÉ±
�"� = �
where ÀCÆ is the averagebetween-category projectorof MCA, andwhere �7�5©�Ê �	� R . If
we only usethefirst § dimensions,i.e. thefirst § columnsof � , thenwe underestimatethe
chi-squaredistance,i.e. we approximateç¬Rèé� from below. This definesMCA. We canalso
proceedthe otherway aroundanddefineBenzécridistancesbetweencolumnsof 0 , and
again comeupwith theMCA solutionfor ª .

But insteadof approximatingsquareddistancesfrom below, we canalsouse(2.7) on
the Benzécridistances,or on any otherdistancefunction definedon the objectsor cate-
gories.Wewill loosethedualitybetweenrowsandcolumnswehave in MCA, but wemay
find moreinterestingsolutions.Thesolutionsfor thesleepingbagexampleusing(2.7)and
Benzécridistanceson theobjectsandthecategoriesof thevariables,aregiven in Figures
6 and7, respectively. If we comparethemwith thecorrespondenceanalysissolution,we
seethatthe“horseshoe”or parabolicshapein Figure2 is no longerthere.Pointsarespread
moreuniformly in theplane.However, this alsoresultsin too many edgecrossingsfor the
solutionbasedondistancesbetweencategories.

2.3. Parallel Coordinate Plots. (PCP)Thereis anothersimpleway to plot multivariate
quantitative data.This is theparallel coordinateplot discussedby Inselburg andDimsdale
[33], Wegman[57]. In theseplots,wedraw � parallelstraightlines,onefor eachvariable.
Theobjectsarethenplottedon eachof the lines,andpointscorrespondingwith thesame
objectsareconnectedby brokenline segments(andperhapscoloredwith differentcolors).

2.3.1. PCP and MCA. TherearesomeinterestingconnectionsbetweenPCPandMCA.
Supposewe have the freedomto put the categoriesof the variablesin arbitrarylocations
on the � parallel vertical lines, except that the categoriesof variable

�
mustbe on line�

. Eachobjectnow definesa broken line through � category points. Suppose�Yèé� is the
inducedquantificationof object 3 on variable

�
, which is thesamenumberasthecategory

quantificationof thecategory of variable
�

thatobject 3 is in. Wecanpartitionthevariance
in theinducedquantifications,asin Table4. This measuresin how far theobject-linesde-
viatefrom thehorizontallines,by computingthevariancearoundthebest-fittinghorizontal
line. Thebestfitting horizontalline is, of course,theobjectscoreof MCA, i.e. ì�è���$è�� .
Minimizing theratioof thewithin-objectvariance��N�6Ý¼
± �� ¹ = � to thetotalvariance��Ný¼��
amountsto computingthefirst dimensionof anMCA. Observethatthisis thesameasmax-
imizing the between-objectvariance �� ��Nï¹�� for a given total variance,i.e. we alsowant
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FIGURE 6. MDS solution using Benzécridistancesbetweenobjects(the
category pointsarecomputedasthecentroidsof theobjectpoints)
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FIGURE 7. MDS solutionusingBenzécridistancesbetweencategoriesof
thevariables(theobjectpointsarecomputedasthecentroidsof thecategory
points)
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Source Sumof Squares Matrix Expression
Within Objects,BetweenVariables ������ Q ���� � Q k�� � � ]�� ��� u g � ÏmkmÐ ] Q�  u �BetweenObjects Ù � ��!� Q k�� ��� ]"� �	� u g Q� � Ï  �TotalVariance ����!� Q �#�� � Q k�� � � ]"� �	� u g � ÏÑÐ �

TABLE 4. PartitioningQuantificationVariance

thehorizontallines to beasfar apartaspossible.This is discussedin moredetail in [24,
Chapter3]. We illustratetheabovewith oursleepingbagexample.
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FIGURE 8. Parallel coordinateplot. The numberson the edgesindicate
how many objectssharethatparticularedge.

Thebasicclassificationof thebagsis againobviousfrom this representation.Observe
wehaveonecrossing,basicallybecausesomesleepingbagsfilled with syntheticfibersare
good,while somefilled with down areonly acceptable.

2.4. Seriation. Seriation, alsoknown asordination, is of importancein archaeology[1],
DNA sequencing[5], hypertext ordering[6], ecology[19], andsparsematrixordering[2].

Thekey conceptsin this areaaretheRobinsonandthePetriematrices.TheRobinson
matrix, known in psychometricsasa simplex, is a symmetricmatrix õ suchthat $$è<�9á%$$è ãif
�'& � & 3 and $$èé�?ê($$è ã if 3 &5�)& � . If rows andcolumnsof a symmetricmatrix

canbepermutedsuchthat it becomesRobinson,we call it pre-Robinson. A Petrie matrix
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is a binarymatrix for which in eachrow theonesform a consecutive sequence.If we can
permutethe rows of the binary matrix so that it becomesPetrie,we call it pre-Petrie. If
both rows andcolumnscanbemadeto have the “consecutive ones”property, we saythe
matrix is two-wayPetrie.

A closelyrelatedmatrix is theGuttmanmatrix, in whichthepatternof one’s is triangu-
lar. In bothaPetriematrixandaGuttmanmatrix, thepatternis basicallyone-dimensional.
If artifactsarefoundin a particulartime interval, or plantsarefoundin a particulararidity
interval, or if politiciansvote for a propositionin a particularleft-right interval, thenwe
dealwith a parallelogramstructure.I sucha case,we have comparisondata in thesense
of [10] or non-cumulativeitemsin thesenseof [49]. If subjectsrespondto testitems,then
they will give thecorrectresponseto all itemsthatareeasyenough.Thesearedominance
data, or cumulativeitems, andthey give riseto a triangularpattern.

In psychometricsthetechniquesto recover thetriangularor parallelogrampatternare
known asGuttmanscalingor parallelogramanalysis( [10, 20]).

2.4.1. Seriation,MCA, and MDS. In many seriationexamples,MCA is usedto find the
orderingof therows andcolumnsof thematrix. It is shown by [31] that if a matrix canbe
permutedto becometwo-wayPetrie,thencorrespondenceanalysiswill find theorder. It is
shown by [27] thatMCA producesthecorrectorderfor aGuttmanmatrix. Othersituations
in whichMCA givesthe“correct” orderarediscussedby [52].

Kendall[36] appliednonmetricmultidimensionalscalingto theproductmomentma-
trix 0/0ëN , which is pre-Robinsonif G is pre-Petrie.He developedthe popularHORSHU
method,that produceda two dimensionalplot of the seriation,which often looked like a
horseshoe(i.e. a quadraticcurve in the plane). See[30] for additionaldiscussionof the
RobinsonandPetrieforms of a matrix in the MCA andMDS contexts, andsee[44] for
somearchaeologicalexamplesin whichMCA is used.

2.4.2. Spectral Methodsof Seriation. Recentreviews of seriation,from a moderncompu-
tationalpoint of view, canbefound in [2] and[6]. Both papersrely on a spectralmethod
of seriation,which is closelyrelatedto someof the techniqueswe have discussedabove.
They startwith a binarydatamatrix, which they interpretastheadjacency matrix 0 of a
bipartitegraph.They thenembedthematrix in asymmetricmatrix J , using(1.1).

Definenow theFiedler valueof a doubly-centeredpositive-semidefinitematrix asthe
smallestnonzeroeigenvalue. The correspondingeigenvectoris calledthe Fiedler vector.
SeriationcomputestheFiedlervectorof theLaplacian

ó 6ÝJ =
, andusestherankorderof the

elementsof theFiedlervectorto reorderrows andcolumns.ComputingtheFiedlervector
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meanssolvingtheeigenvalueproblem0*�¨�º6Ú�Þ± ü = ìÇ�(2.15a) 0 N ìB�º6Ý¼ö± ü ¶ = �É�(2.15b)

which is of courseverycloseto theequations0��z�)� ü ìC�(2.16a) 0 N ìB� ü ¼��É�(2.16b)

thatdefineMCA. As in MCA, it is shown next that if thereis a permutationtransforming
thematrix to Robinsonform, thentheFiedlerorderingproducesthatpermutation[2].

Theorem 2.2. If a matrix J is Robinson,thenit hasa monotoneFiedlervector.

Proof. Webegin by definingtwo usefulmatrices,

ú � a 6 � ±�� = 1�� matrixgivenbyú �Ö� +,,- ±9� � M #$#$# MM ±9� � #$#$# M#$#$# #�#$# #$#$# #$#$# #�#$#M M #$#$# ±9� �
.�//0(2.17)

and

ú R a � 1 6 � ±)� = matrixgivenbyú R �
+,,,,-
M M M #$#$# M� M M #$#$# M#$#$# #�#$# #$#$# #$#$# #�#$#� � #$#$# � M� � #$#$# � �

.�////0(2.18)

Notethatfor any columnvector ì weget

ú �[ìB� 6Ýì R ±�ì��;��#$#$#��"ì Ä ±Iì Ä Ã � = N , andthat

ú � ú R �¶ Ä Ã � and

ú R ú ���¯¶ Ä ±21�ñ$N � , where1 is a vectorcomprisedof onesand ñ,��� 6`� � M �$#$#�#$� M = N .
Considernow any eigenvector ì of

ó 6�J =
, except the onecorrespondingto the

ü ��� M
eigenvalue.We thenhave

(2.19)

ó 6�J = ìB� ü ì43 ú � ó 6ÝJ = ìB� ü ú �[ì53 ú � ó 6ÝJ = 6�¶ Ä ±21Éñ N � = ìB� ü ú � ì3 ú � ó 6�J = 6 ú R ú � = ìI� ü ú ��ì43 ú¿ú �6�z� ü ìC�
where

ú � ú � ó 6�J = ú R and �B� ú �[ì87� M
. Hence,

ü
is aneigenvaluefor both

ó 6ÝJ =
and

ú
,

for eigenvectorsof

ó 6�J =
otherthan 1 (correspondingto

ü �Ö� M
). Somealgebrashowsthatú 63U� � = � Ä´ã  � æ � 6�J96Ú3"�"� = ±4J96Ú3 F � �"� =`= � if 3 &¦� �(2.20a) ú 63U� � = � �´ ã �� 6�±�J�63U�"� = F J�63 F � �"� =`= � if 3:9 � �(2.20b)
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which implies that since J is assumedto be a Robinsonmatrix

ú 63U� � = á M
for all off-

diagonalelements.

Define ;ú �=< ¶ Ä Ã � ± ú
for some<yê?>5@BA èÝ� ü è8� ú 6Ú3"��3 = % . Then, ;ú 63U� � = ê M

for all 3"� � ,
haseigenvaluesgivenby ;ü è&�C</± ü è andsharesthesamesetof eigenvectorswith

ú
. But

by thePerron-Frobeniustheorem,thereexistsa nonnegative eigenvector � corresponding
to thelargesteigenvaluefor ;ú andto thesmallestnonzeroeigenvaluefor

ú
. But �B� ú �[ì

andthereforeì is theFiedlervectorof

ó 6ÝJ =
. Moreover, since �³ê M

it implies that ì is
nondecreasingandtheresultfollows.

Theorem 2.3. If a matrix J is pre-Robinsonwith a simpleFiedler valueand a Fiedler
vectorwithout ties, then the permutationD inducedby sorting the valuesin the Fiedler
vectorin increasingordermakes J a Robinsonmatrix. Thesameholdstrue if theelements
of theFiedler vectoraresortedin decreasingorder.

Proof. Dueto theassumptionsmade,theFiedlervector ì is uniqueupto multiplicationby
a constant.NoticethatpermutingJ merelychangestheorderof theentriesin ì . Suppose
thatapermutedversionof J is Robinson.By Theorem2.2it hasamonotoneFiedlervectorì , which is uniquesincetheFiedlervalueis simple.Moreover, since ì hasno tied values,
thepermutationmustcorrespondto eitheranincreasingor adecreasingorderof thevalues
of ì .

In thepresenceof tied valuesin theFiedlervector, oneneedsto examineall possible
permutationsinduced(for moredetailssee[2]).

2.4.3. Example.The orderingof the sleepingbagsandcategoriescomputedby MCA is
givenin Table5 below. Weseein theparallelogramstructureof thetablethesameordering
of sleepingbagsandcategoriesthatwe have alreadyseenin otheranalyses.Observe that
wedon’t quitehavetheconsecutiveonesproperty. Majordeviationsarethe“OneKilo Bag”
andthe“KompaktBasic”,whicharecheapandfilled with syntheticfiber, but still classified
asgood. Similarly, althoughthe“Eiger” is expensive andfilled with down, it is not good,
only acceptable.If weusethetwo eigenvectorscorrespondingto thetwo smallestnonzero
eigenvaluesof

ó 6�J =
(i.e. the Fiedlervalueandthe secondsmallestnonzeroeigenvalue),

we find thesolutionshown in Figure9. Theresultinggraphplot hasa lot of similaritiesto
theonecorrespondingto theMCA solution(seeFigure2), sinceboth techniquesrecover
the parallelogramstructurein the sleepingbagdata. However, the absenceof a centroid
principlefor thesolutionbasedontheFiedlervectorsresultsin placingmostvertices(both
objectsandcategories)on theperipheryof thegraph.
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Foxfire 1 1 1 0 0 0 0 0
Mont Blanc 1 1 1 0 0 0 0 0
Cobra 1 1 1 0 0 0 0 0
Eiger 1 1 0 1 0 0 0 0
Viking 0 1 1 0 1 0 0 0
ClimberLight 0 1 1 0 1 0 0 0
Traveler’sDream 0 1 1 0 1 0 0 0
Yeti Light 0 1 1 0 1 0 0 0
Climber 0 1 0 1 1 0 0 0
CobraComfort 0 1 0 1 1 0 0 0
Cat’sMeow 0 0 1 0 1 1 0 0
Tyin 0 0 0 1 1 1 0 0
Donna 0 0 0 1 1 1 0 0
TouchtheCloud 0 0 0 1 1 1 0 0
Kompakt 0 0 0 1 1 1 0 0
OneKilo Bag 0 0 1 0 0 1 1 0
KompaktBasic 0 0 1 0 0 1 1 0
Igloo Super 0 0 0 0 1 1 0 1
Sund 0 0 0 0 0 1 1 1
FinmarkTour 0 0 0 0 0 1 1 1
InterlightLyx 0 0 0 0 0 1 1 1

TABLE 5. MCA Seriationof SleepingBags
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FIGURE 9. Graphplot of thesleepingbagdatausingFiedlervectors.
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3. LAYOUT METHODS

3.1. Introduction. In this sectionwe discussthe two typesof layout algorithmsalready
mentionedin Section1.4.3. The first classminimizesthe numberof edgecrossingsin a
straight-linelayout. It is especiallyinterestingfor graphswith layers,wheretheonly edges
arebetweenlayers. The secondclassarethe springor force-directedalgorithms,which
useaphysicalanalogyto portraythegraphasamechanicaland/orelectricsystemin which
forcespull andpushtheedges.

3.2. Minimum Straightline Crossing Algorithms. Supposewe have a bipartitegraph.
We agreeto put the two layersof the graphat equalintervals on two parallel lines. We
thenfind the permutationsof the objectsin eachlayer thatminimizesthe numberof line
crossings.Thereis alsoa one-sidedversionof the algorithm, in which the order in one
layeris fixed. In [18] it is shown thateventheone-sidedproblemis NP-hard,soheuristics
areneededto solveevenmoderatelysizedproblems.Amongtheheuristicsdiscussedmost
frequentlyarethebarycenterandmedianheuristics.In ourcontext, wecouldfix theobjects
on oneof the lines,andthencomputethe category positionsasthe meansor mediansof
theobjectsin thecategory.

More interestingresultson straightlinecrossingminimization are provided in [34].
The authorsimplementan exact algorithmfor the one-sidedcasethat turnsout to work
reasonablywell evenfor problemswith upto E M vertices.For thetwo-sidedproblemtheit-
eratedbarycentermethod,which is basicallywhatwecall reciprocalaveraging,turnedout
to bethebestheuristic.In fact,it evenoutperformsthemethodwhich iteratively alternates
theexactoptimalone-sidedsolutions.

Let usfirst translatethis into thegraph-plotwe dealwith. Theobjectsarelocatedon
onelayer, while thecategoriesof all variableson a secondlayer. But it is moreinteresting
to look at the � F � -layeredgraph,which hasa layer for eachvariable,andanadditional
onefor theobjects.Take two variables,for instance,andlocatetheobjectsin themiddle
of the threeparallel lines. Variableoneis on the right of the object-line,variabletwo is
on theleft. If thegraph-plotdoesnot have any crossings,thenthecategoriesof a variable
correspondwith disjoint intervalsof objects.Clearly � variablescanbeaccommodatedin
a three-dimensionalgraphplot, in which the � linesareon a cylinder with theobjectson
theaxes.Findingorderingswithout crossingsis thesameasparallelogramanalysis.

3.2.1. OrderingVariablesin PCP. Oneobviousproblemin parallelcoordinateplotting is
how to orderthe variables,i.e. how to orderthe parallelvertical lines in the plane. This
could be doneby minimizing the line crossingsin the � -layeredgraph. It could alsobe
doneby minimizing theamountof ink, aswedo in MCA.
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Of coursetheMCA solutionis completelyindependentof theorderof thevariables.
Theamountof ink, i.e. thesumof squaresof the lengthsof the � 6Ú�²±
� = line segments,
doesdependon theorder. Exceptfor endeffects,minimizing total squaredlengthmeans
maximizing ü 6�� = � � Ã �´ ���� � N� ¹ �GF � æ � � � æ � #(3.1)

over all � suchthat � N ¼��2� � , andthis is a functionof theorderof thevariables.Finding
the optimal order is, again, a form of seriation. It is relatedto the traveling salesman
problemandthe existenceof Hamiltoniancycles in graphs. If homogeneityis large, i.e.
if we canscalethe variablessuchthat the broken lines in the parallelcoordinateplot are
almosthorizontal,thenchangingtheorderof thevariableswill makevery little difference.

3.3. Force-directed or Spring Algorithms.

3.3.1. General Idea. In [3, Chapter10] ageneralapproachto force-directedgraphdrawing
methodsis outlined,thatunifiesmany previousisolatedandratherill-definedmethods.The
forceonvertex

�
is madeupoutof moreelementaryforcesthataredefinedfor eachpairof

vertices.Thereis a mechanicalor springforcepulling at all pairs 63U� � = thatareconnected,
andthereis an electricalforce pushingat all pairs,alsothe onesthat arenot connected.
Thustheforceonvertex 3 is H 63 = � Ä´ ����JI èé�LK�èé��± Ä´����6F �NM�è �Eèé�¬�(3.2a)

where J �½� I èé� % is theadjacency matrix of thegraph.It is assumed,in addition,that the
springsfollow Hooke’s law, andthe electricalforce follows an inversesquarelaw. This
meansthat K$èé�'� ð èé�E6�í èé�E6Ú© = ±4ç;èé� = ì�èÉ±³ì �í èé�E6Ú© = �(3.2b) �¬èé�'�O1 èé� �í Rè<� 6© = ì�è�±4ì��í èé�E6© = �(3.2c)

where ç"èé� is thezero-energy lengthof thespringconnecting3 and
�
, ð èé� is thestiffnessof

thespring,and 1îè<� is thestrengthof theelectricalrepulsion.

Thechoiceof theforcesis ad-hoc.In [17] and[54] logarithmicspringsareused,i.e.K$èé� � ð èé�QPSRUT#V í èé�E6Ú© =ç"èé� W ì�èÉ±³ì �í,èé�E6© = #(3.3)

In [21], theattractive forcesareproportionalto thesquareof thedistance,while therepul-
sive forceis theinverseof thedistance.SugiyamaandMisue[54] introducea third force,



GRAPH LAYOUT 23

by addinga magneticfield thatworksglobally on all springs,andthatcanbeparallel,ra-
dial, or concentric.This field will tendto influencethe global form of the drawing. It is
clear that springalgorithmsarebasedon a simpleandattractive idea,but implementing
themrequiresanumberof ratherarbitrarychoices.We concentrateon thesimplerones.

3.3.2. LossFunction. Implementingthespringalgorithmof (3.2)meansminimizing« 6© = � Ä´ èý�� Ä´ ����JI è<� ð è<�,6�í èé�E6Ú© = ±4ç;èé� = R F Ä´ èý�� Ä´����XF �NM�è 1 èé� �í è<�E6© = #(3.4)

This is obviously closeto theMDS problemof minimizing (2.7). Thedifferenceis that in
thespringalgorithmweaddapenaltyfor pointsbeingtoo closetogether.

Along the samelines as before,we can show that the algorithm that updates© as
follows © âäã`æ � å � ú æ � ÷ 6Ú© âäã`å = F8Y 6© âäã`å = % © âäã`å �(3.5a)

where Y 6Ú© = � ó 6 Z¼ h 6© = = �(3.5b)

and Z û ¼¨h�6© =
is thematrixwith elements1îèé�$û,í hèé� 6© =

, is globally convergent.

3.3.3. TheBarycentricMethod. Oneof theearliestgraphdrawing methodsis thebarycen-
tric methodof Tutte[56]. It is thespecialcaseof (3.2)in which ç;è<� � M

, ð èé� � � , andthere
arenoelectricalforces.Thusthelossfunctionis simplygivenby« 6© = � Ä´ èï�� Ä´ ���� I èé�Yí Rèé� 6Ú© = #(3.6)

This is thesamelossfunctionastheoneusedin MCA, andit leadsto a familiar problem.
Theminimizingsolutionis ©µ� M

. Unlikein MCA wedonotnormalizethisproblemaway
by requiring © N © � ¶ , but we partition the vertex set into a setof (at leastthree)fixed
verticesandfreevertices.We thenminimizeover the freevertices.In a one-dimensional
MCA context this approachwasalreadydiscussedin [29].

Not surprisingly, thealgorithmthatsolvesthis problemis to setthe locationof a free
vertex equalto the centroidof its neighbors,andto cycle over free vertices. In the case
of thegraphwith adjacency matrixgivenby (1.1) this is preciselythereciprocalaveraging
algorithmof MCA (without normalization,andwithout updatingthe fixed vertices). We
referto [3, Section10.2]for adiscussiononhow well thebarycentricmethoddrawstypical
graphs. From the dataanalysispoint of view, we merely have to comparenormalizing
by fixing a numberof pointswith normalizingby requiringorthonormality. Theobvious
questionin this context is “Which Points?” to fix.
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For our example,we give two different solutions. In the first one we fix the three
categoriesof variable“Price” at the cornersof an equilateraltriangle,and we fit in the
remainingpoints. In thesecondsolutionwe fix the threecategoriesof variable“Quality”
in thesameway. In bothplotswe insertthecategory quantificationsby usingthecentroid
principle,andwedraw thegraphplot. ThesegraphplotsarelesssatisfactorythantheMCA
graphplot 2. Fixedpointsareat theoutskirtsof theplot, theotherpointsareclumpedon
theinsidenearthecentroidof theplot. This becomesobviousif we rewrite thestationary
equationsfor thebarycentricmethod,with anumberof category pointsfixed,as©µ� �� � 09�[ªC� F 0 R ª R % �(3.7a) ª R �K¼ Ã �R 0 N R ©��(3.7b)

whereªC�;�"0¿�;�"¼z� correspondto thefixedverticesand ª R �"0 R �"¼ R to thefreevertices.If we
solve theseequationswe find©µ� �� 6Ý¶�± �� 0 R ¼ Ã �R 0 N R = Ã � 0 � ª � �(3.8a) ª R � ��Þ±)� ¼BÃ �R 0 N R 0 � ª � #(3.8b)

This shows that objectsand free categorieswill be inside the convex hull of the fixed
categories,andclumpedin themiddleespeciallyin case� is large.

As anexperiment,wealsoimplementedaversionof thebarycentricmethodusingthe
penaltytermsin (3.2),sothat ç;è<��� M

and ð èé�\[½� and 1îèé�\[ö# M � . This doesnot look good
at all, soit seemsthepenaltiesaremuchtoo harsh.More research,perhapsalsowith other
penaltyfunctions,is obviouslyneededhere.

3.3.4. More on SpringsandMDS. A two-dimensionalgraphlayoutalgorithmthat is ba-
sically MDS wasproposedby KamadaandKawai [35]. Essentiallythe samealgorithm
wasproposedearlierin [37]. A (straightforward)threedimensionalextensionis discussed
by KumarandFowler [40]. It is arguedin [8] that three-dimensionalpicturesof graphs,
suchasthe onesbasedon MDS, often aremore“nice” thantwo-dimensionalones. The
main ideain this classof graphlayoutalgorithmsis to approximatepathlengthdistances
in a graphby Euclideandistances. We assumea connectedgraphwith � vertices,in
which thereis a pathbetweenany two vertices. The loss function is (2.7), where ç;èé� is
thepathlengthdistancebetweennodes3 and

�
, and ð èé� is someknown weight. Kamada

andKawai [35] suggestusing ð è<� proportionalto ç Ã Rèé� . KruskalandSeery[37] seemto useð èé��[ � . They alsoassigna largenumberfor thedistanceof a pair of verticesthatarenot
connected.

Now of courseour bipartitemultivariablegraphis not connected.In fact, the graph
theoreticaldistancesare either zero (for the self-distances),or one (for objectsand the
categoriesthey are in), or two (for objectswhich sharea category, or categorieswhich
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FIGURE 12. BarycentricSolutionwith EadesPenalties

sharean object) or infinity (for the rest). It may not be useful to apply MDS to these
distancesdirectly. In fact,KruskalandSeerysuggestusingnon-metricmultidimensional
scaling, in whichweminimize« 6©?� ù = � 	 Äèï�� 	 Ä���� 6Ýç"èé��±4í èé�E6© =�= R	 Äèï�� 	 Ä���� í Rè<� 6© = �(3.9)

over all drawings © andover all ù �½�,ç"èé� % thataremonotonicwith thegraphtheoretical
distances.

On the otherhand,we canuseMDS on the off-diagonaldistancesonly, aswe have
done in MCA, the barycentricmethod,and the spring algorithm with inverse-distance
penaltyterms.

4. CONCLUDING REMARKS

In thispaperwehaveconsideredseveralpopularmultivariatedataanalysistechniques
suchasMCA, MDS,parallelcoordinateplotting,seriation,andgraphlayoutmethods,such
asforcedirectedandminimumstraightlinecrossingalgorithms,andexploredtherelation-
shipbetweenthetwo classes.Therepresentationof amultivariate(categorical)datasetasa
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bipartitegraphandthedesireto makethepatternsin thedatamoreaccessibleby displaying
themin a picture,provide thecommonlinks betweenthesetwo setsof techniques.More-
over, it is shown thatsomeof thepopulargraphdrawing algorithmsarecloselyrelatedto
MDS. Someof thesetechniques,suchasMCA andspectralmethodsof seriation,areeasy
andinexpensive to apply to largedatasets(both in termsof objectsandvariables),while
theremainingonesaremuchmorecomputationallydemandingsincethey rely on iterative
algorithms,thusrenderingtheminefficient for mining andanalyzinglarge databanks.It
is interestingto examinehow thesetechniquesperformwhenappliedto morecomplicated
datastructuresthantheoneexaminedhere.A first stepin thatdirectionis takenin [46, 48],
whereMCA is extendedto handlehierarchicaldata(e.g.studentsclusteredwithin schools)
that canbe representedby direct sumsof bipartitegraphs.However, relationaldatabases
give rise to morecomplicatedgraphstructuressuchasmultipartitegraphsandnew tools
areneededfor their efficient visual representation.Finally, further researchis requiredto
shedlight to the following third questions:first, what is the appropriatedimensionality
thatprovidesa “satisfactory” drawing of a graph,second,whatarethemost“useful” and
“informative” distancesto beapproximatedby MDS typemethodsandthird how penalty
methodscanleadto improveddrawings. A generaldataanalyticframework is introduced
in [15] thataddressesthelattertwo questions.
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