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ABSTRACT

Analytical models for virus transport in saturated, homogencous porous media are de-
veloped. The models account for three-dimensional dispersion in a uniform flow field,
and first—order inactivation of suspended and deposited viruses with different inactiva-
tion rate coefficients. Virus deposition onto solid particles is described by two different
processes: nonequilibrium adsorption which is applicable to viruses behaving as solutes;
and colloid filtration which is applicable to viruses behaving as colloids. The governing
virus transport equations are solved analytically by employing Laplace, Fourier, and
finite Fourier cosine transform techniques. Instantaneous and continuous/periodic virus
loadings from either a point or an elliptic source geometry are examined. Further-
more, porous media with either infinite, semi~infinite, or finite thickness are considered.
The effects of virus loading conditions, aquifer boundary conditions, and virus source
geometry on virus migration in subsurface porous formations are investigated.

A model for virus transport in one-dimensional, homogeneous, saturated porous
media is also developed, accounting for virus sorption and inactivation of liquid phase
and adsorbed viruses with different time dependent rate coefficients. The virus inac-
tivation process is represented by a pseudo first—order rate expression. The pseudo
first-order approximation is shown to simulate available experimental data from three
virus inactivation batch studies better than the frequently employed constant rate in-
activation model. Model simulations indicated that the pseudo first—order approxima-
tion, compared to the constant inactivation, leads to extended survival of viruses, and
consequently more distant migration. Results from a parameter sensitivity analysis
demonstrated that estimation of pseudo first~order inactivation rate coefficients from
field observations requires data collection near the source of virus contamination during

initial stages of virus transport.

Key WORDS: virus transport, analytical/numerical modeling, multidimensional sys-

tems, non—equilibrium adsorption, filtration, time dependent virus inactivation.

—ii —




TABLE OF CONTENTS

EVOT— -

Page
COVER PAGE . . . . . .« v o v v e v e e e e e e e e e e s e
ABSTRACT . . v v v v v e v v e e e e e e e e e e e e s s
TABLE OF CONTENTS .+« « v v v v v v e e e e e e e e e e s, i
LISTOF TABLES © .« « v v v v v v e v v e e e e e e e s s e e Y
LISTOFFIGURES . « .« + v v v v v i e e e e e e e e e e e e e e e e Y
NOTATION v .« .« v v v e e e e e e e e e e e e e e e e s e e i
INTRODUCTION

1
MODEL DEVELOPMENT . . -
Aquifer with Infinite Thickness . . . » v « v v s e e e e e B
Virus Source Configuration . O -
Point Source Geometry 8

Instantaneous Virus Loading from a Pomt Source T
Continuous/Periodic Virus Loading from a Point Source . . . . . . . 10
Aquifer with Semi-infinite Thickness . . . . . . . . . . .. . . ... . 11
Virus Source Configuration . . . O
Continuous/Periodic Virus Loadlng from a Pomt Source R
Continuous/Periodic Virus Loading from an Elliptic Source . . . . . . 12
Aquifer with Finite Thickness . . . . . . . . . . .. ... ... ... 14
Virus Source Configuration . . . O 1
Continuous/Periodic Virus Loadmg from a Pomt Source R
Continuous/Periodic Virus Loading from an Elliptic Source . . . . . . 15

Virus Attachment onto the Solid Matrix . O 1 i
Nonequilibrium Virus Adsorption (S MODEL) P
Virus Filtration (C MODEL) . . . . . . . . . . . . ... ... .. 17
MODEL SIMULATIONS AND DISCUSSION . . . . .« . . v v « v v v v « . . . 18
TIME DEPENDENT INACTIVATION RATE MODEL . . . . . . . . . . . . . . 27
Governing Equations . . . . . . . . . . . .o oo o ..o o027
Time Dependent Inactivation . . . . . . . . . . . . . . . . ... ... 27
Initial/Boundary Condtions . . . . . . . . . . . . . .. .. ... .. 30
Model Simulations . . . O |
Parameter Sensitivity Analyms O 1
SUMMARY . . . . v v v v v v it e e e e e e e e e e e e e 36
APPENDIX A . . . . . . . . . . . . . ..o, 38
APPENDIX B . . . . . . . . ..o 48
APPENDIXC . . . . . . . . . .. oo e e Bl
REFERENCES . . + + v v v v v e e e e e e e e e e e e e s e s BY

~ iii -



L1ST OF TABLES

Page
Table 1. Model Parameters for Model Simulations . . . . . . . . .. . . . . 18
Table 2. Estimated Virus Inactivation Parameters for Three Datasets . . . . 28



LIST OF FIGURES

Page

Figure 1: Schematic illustaration of point and elliptic sources of virus contamination
with coordinates £, £y, £,, in an aquifer with (a) infinite, (b) semi-infinite, and
(c) finite thickness. Note that the positive direction for the vertical coordinate is
inverted. . . . . . . . e e e e e e e e e e . 6

Figure 2: Concentration contours in the z, y plane obtained by the C model under
instantaneous loading of highly conservative viruses at {(a) t = 1.0 d, (b) £ = 3.0
d, and (¢) ¢t = 5.0 d (Here 2 = 100 ¢cm, k. = k, = 0 hr™%, and U = 4 cm/hr). 20

Figure 3: Concentration contours in the x, y plane obtained by the S model under
continuous virus loading conditions at (a) ¢t =0.14d, (b) t =0.2d, and (¢} t = 0.5
d, (Here z = 100 cru, k = 0.0001 hr™!, and U =4 em/hr). . . . . . . . .21

Figure 4: Concentration contours in the z, z plane obtained by the S model with
point source under semi-infinite vertical boundary condition at (a) t = 0.1 d, (b)
t=102d, and (¢) t = 0.5 d (Here £, =20 cm, £,, =0 cm, £,, =3 ¢cm, y =0
cem, k=0.0006 hr}, and U =8 cm/hr). . . . . . . ... 22

Figure 5: Concentration contours in the z, z plane obtained by the S model with point
source under finite vertical boundary condition at {(a) t = 0.1d, (b}t =0.2d, and
(c) t = 0.5 d (Here £, = 20 cm, £,, =0 cm, £,, = 3 cm, y = 0 cm, k = 0.0006
hel,and U =8 em/hr). . . . . . . . ... ... P

Figure 6: Concentration snapshots obtained by S model with point source under semi-
infinite and finite vertical boundary conditions along the cross sections (a) A and
A" (z = 24 cm), (b) B and B’ (z = 30 cm), and (c¢) C and C' {(x = 40 cm) shown
in Figures 4c and 5¢ (Here y = 0 cm, k = 0.0006 hr™!, and U = 8 cm/hr). . 25

Figure 7: Concentration contours in the z, 2z plane obtained by the S model with
elliptic source at t = 0.1 d under (a) semi-infinite and (b) finite vertical boundary
conditions (Here £, = 20 cm, 4,, =0 cm, {,, =0 cm, y =0 cm, a =b =5 cm,
k=10.0006hr~!, and U =8 cm/hr). . . . . .. . .. ... .. .. .26

Figure 8: Batch inactivation experimental data (circles) for (a) Poliovirus at 1 °C with
distilled water under anaerobic conditions adopted from Hurst et al. (1980},
(b) bacteriophage-A at ~ 15 °C with 10 mM NaCl electrolyte and pH 7 under
aerobic conditions adopted from Grant et al. (1993), and (c) bacteriophage-A**
at 60 °C with 10mM MgSOy4 under aerobic conditions adopted from Parkinson
and Huskey (1971), and simulated concentration history based on the pseudo
first—order inactivation model (solid curves) and constant rate inactivation model
(dashed lines). . . . . . . . . ... ... C e e . 29

Figure 9: Liquid phase virus concentration snapshots for pseudo first—order (solid

curves) or constant rate (dashed curves) inactivation at (a) ¢=0.05 d and (b)
t=10d. . . . ..o e 32

Figure 10: Variation of Z, as a function of (a) time and (b) space. . . . . . . 35



NOTATION

2R

1,42

=]

Qo QTS

Mg SO Hs&EOO
HhoNT e R @@

B -

S

f
fo:fl:f?;fa
F

}“—1
ch
Feo!

Go

Ky
K| }
‘eﬂ')o H 'g'yo 3 eZO

L

semi-axis of the elliptic source parallel to x-axis, L
defined in (33) and (34), respectively

defined in (5)

semi-axis of the elliptic source parallel to y—axis, L
defined in (6)

concentration of virus in suspension (liquid phase), M/L3
source concentration, M/L?

deposited (or filtered) virus concentration

(virus mass/solids mass), M/M

concentration of virus directly in contact with solids, M/L3
steady state virus concentration, M/L3

defined in {(A48), (A49), and (A50), respectively
longitudinal hydrodynamic dispersion coefficient, L2/t
lateral hydrodynamic dispersion coefficient, L2/t
vertical hydrodynamic dispersion coefficient, L%/t
error function, equal to (2/7/2) [F e~ dz.

defined in (A7)

defined in {C2)

defined in {(A22)

arbitrary functions

general functional form of virus source configuration, M /L3¢
Fourier inverse operator

finite Fourier cosine transform operator

finite Fourier cosine inverse operator

defined in (A30)

defined in {C12)}

virus source loading function, M/t

defined in (A39), (A40) and (A41), respectively
finite aquifer thickness, L

defined in {7)

modified Bessel function of first kind of order zero
modified Bessel function of first kind of first order
Bessel function of first kind of order zero

mass transfer rate constant, t1

clogging rate constant, t~?

declogging rate constant, t™1

partition or distribution coefficient, L3M ™}

modified Bessel function of second kind of order zero
z, y and z Cartesian coordinates, respectively, of the
virus point source, L

Laplace transform operator

— vl —




3

LIRS

1, Mg, M3
aNlaNZ

=
VIV 3
c

ot

=3 @@Q

Greek Letters

&

s
&, G, 63

ﬁaﬁlaﬁZ)ﬁ?»

"

-2
——
R

OIS

y 11, K2

S > D R
* &

Laplace inverse operator

integer summation index

total virus mass released into the porous formation, M
defined in (B2)

defined in (C14), (C15), and (C16), respectively
wave number

defined in (A32), (A33), and (A34), respectively
dummy integration variable

defined in (A52)

plaque—forming units, M

defined in (B235)

dummy integration variable

defined in (13)

defined in (B16)

radius of circular source, L

forward rate coefficient, t =1

reverse rate coefficient, M/L3t

Laplace transform variable with respect to time
defined in {A23)

defined in (C8)

sum of squared error.

time, t

arbitrary time, ¢

temporal period, t

average interstitial velocity, L/t

dummy integration variable

virus source geometry function, L.=3

spatial coordinates, L

sensitivity coeflicient for liquid phase concentration.
sensitivity coefficient for adsorbed concentration.

resistivity coefficient of liquid phase virus inactivation, t1.
resistivity coefficient of adsorbed virus inactivation, t 1.
arbitrary constants

arbitrary constants

Fourier transform variable with respect to spatial coordinate x
Dirac delta function

dummy integration variable

defined in (B19)

porosity (liquid volume/porous medium volume), L3/L3
defined in (C10)

defined in (37a), (35), and (36), respectively

inactivation rate coefficient of liquid phase viruses, t™?

initial inactivation rate coefficient of liquid phase viruses, t~*.
inactivation rate coefficient of deposited viruses, t=*

- vii -



t,_:‘>o*

Sl ST M

3

—

3

TI0E e

initial inactivation rate coefficient of adsorbed viruses, {2,

defined in (21a), (21b), (21c), (28a), (28b), (32), and (41), respectively

arbitrary argument
dummy integration variable

bulk density of the solid matrix (solids mass/aquifer volume), M/L?

dummy integration variable

Fourier or Laplace transform variable with respect to spatial
coordinate 2 in Appendix A or Appendix B & C, respectively
defined in (A25)

defined in (B9)

finite Fourier cosine transform variable with respect to spatial
coordinate z, defined in (42)

defined in (A19)

defined in (C7)

Fourier transform variable with respect to spatial coordinate y
spectrum of known coefficients, M/t

mean virus mass release rate, M/t

~ viii -



INTRODUCTION

Groundwater contamination by pathogens such as viruses and bacteria is a serious pub-
lic health concern. An increasing number of disease outbreaks associated with viral
contamination of groundwater has been observed in the recent years (Matthess et al.,
1988; Yahya et al., 1993; Gupta and Chaudhuri, 1995). It should be noted that even
very low numbers of viruses in groundwater may cause a serious health hazard (Bitton
and Gerba, 1984; Huber et al., 1994). Therefore, a complete understanding of the fate
and transport of viruses in subsurface formations is crucial. Typical sources of viral con-
tamination of groundwater are land disposal of sewage sludge and effluents, groundwater
recharge with reclaimed water, breakage or spillage of onsite sewage disposal units (e.g.,
septic tanks and cesspools), and land disposal of solid wastes (e.g., sanitary landfills).
Mathematical models of virus transport in porous formations can effectively be uti-
lized in determining the optimal location of wastewater or sludge disposal, in order to
minimize possible impact on groundwater quality of nearby drinking water wells (Yates
and QOuyang, 1992). However, there are only a few one-dimensional analytical {i.e.,
Vilker et al., 1978; Sim and Chrysikopoulos, 1995; Chrysikopoulos and Sime, 1996) and
numerical (i.e., Grosser, 1984; Haridas, 1984; Tim and Mostaghimi, 1991; Park et al.,
1992; Yates and Ouyang, 1992; Sim and Chrysikopoulos, 1996) models available in the
literature for the prediction of fate and transport of viruses in subsurface formations.
Fuarthermore, although several multidimensional analytical models for solute transport
are available in the literature (i.e., Hunt, 1978; Goltz and Roberts, 1986; van Dujin
and van der Zee, 1986; Batu, 1989, 1993; Batu and van Genuchten, 1990; Leij and
Dane, 1990; Leij et al, 1991, 1993; Bellin et al., 1993; Chrysikopoulos et al., 1994;
Chrysikopoulos, 1995; van Kooten, 1996), multidimensional analytical models describ-

ing virus fate and transport in subsurface porous media are nonexisting.
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Viruses are submicron particles containing nucleic acids, either RNA or DNA, in
a protein coat called capsid. Viruses may lose their infectivity due to disruption of
coat proteins and degradation of nucleic acid (Gerba, 1984). This process is known as
inactivation. In subsurface formations, inactivation is controlled mainly by the physic-
ochemical characteristics of viruses (e.g., size, chemical composition, protein coat pack-
aging) (Yamagishi and Ozeki, 1972), and external factors associated with geochemical
heterogeneities of the porous medium {e.g., formation properties, temperature varia-
tions) (Yates and Yates, 1988). Therefore, the relatively complex nature of subsurface
formations may lead to spatially as well as temporally variable virus inactivation.

Temporal variation of inactivation rate coefficients due to variabilities of virus char-
acteristics has been observed in several experimental studies. Parkinson and Huskey
(1971) and Pollard and Solosko (1971) noticed that bacteriophage-A and Ty popula-
tions consist of two subpopulations with different resistance to heat (biphasic inacti-
vation). They observed that the most sensitive viruses inactivate rapidly, while the
remaining more resistant viruses undergo slower inactivation. Similarly, Yamagishi and
Ozeki (1972) reported that the inactivation of bacteriophage-A exhibits two or more
distinct phases (multiphasic inactivation), corresponding to subpopulations undergoing
-sequentia,l inactivation with different inactivation rate coefficients. Grant et al. (1993)
also observed multiphasic sequential inactivation of bacteriophage-A during batch ex-
periments with and without the presence of sand.

Traditionally, models for virus transport through porous formations assume that
the inactivation rate coeflicients are constant (Yates and Ouyang, 1992; Chrysikopoulos
and Sim, 1996). It should be noted, however, that sequential inactivation of a virus
population requires two or more discrete first—order rate coefficients, each governing

a different inactivation phase (Crane and Moore, 1986). For mathematical simplicity,
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the multiphasic sequential inactivation can be approximated by a pseudo first—order
expression with a time dependent inactivation rate coeflicient.

The present study focuses on the development of analytical solutions to multidi-
mensional virus transport models. A variety of virus source configurations including
continuous as well as periodic virus loadings from either point or elliptic source geome-
tries are considered. Generalized analytical solutions applicable to viruses undergoing
nonequilibrium adsorption or filtration in aquifers of semi-infinite as well as finite thick-
ness are derived. Furthermore, the present work introduces a model for one—dimensional
virus trapsport in homogeneous, saturated porous media accounting for virus sorption
and inactivation with time dependent rate coefficients. The inactivation process is
represented by a pseudo first—order expression with time dependent rate coefficients
determined from available experimental data. Model simulations are compared to the
frequently considered case of constant inactivation rate coefficients. In addition, sen-
sitivity analysis is conducted to evaluate the response of the virus transport model to

inactivation rate fluctuations.



MODEL DEVELOPMENT

The transport of viruses in saturated, homogeneous porous media, accounting for three—
dimensional hydrodynamic dispersion in a uniform flow field, virus adsorption (or filtra-
tion), and first—order inactivation of liquid phase and deposited viruses with different

inactivation rate coefficients, is governed by the following partial differential equation
30(t,a:,y,z)+p AC*(t,z, vy, 2) 8C(t,z,y, 2) D 82C(tz,y,2)
7 -y

ot 6 ot ~ D dz2 dy?
82C(t,z,y, 2) 8C(t,x,vy, z) W P o
- D, 922 +U S +)\C(t,a:,y,z)+)\ 50 (t,:c,y,z)
= F(t,z,y,2), (1)

where C' is the liquid phase virus concentration; C* is the virus concentration deposited
onto the solid matrix; D,, Dy, and D, are the longitudinal, lateral, and vertical hydro-
dynamic dispersion coefficients, respectively; U is the average interstitial velocity: t is
time; z, ¥, and 2 are the spatial coordinates in the longitudinal, lateral, and vertical
directions, respectively; p is the bulk density of the solid matrix; 8 is the porosity of the
porous medium; A is the inactivation rate coefficient of liquid phase viruses; A* is the
inactivation rate coefficient of deposited viruses; and F is a general form of the virus
source configuration. The accumulation of deposited viruses onto the solid matrix is

described by the following generalized mass balance expression

386’*(t,$,y, z)
& ot

=nrC(t,z,y,2) —roC* (8, 2, y, 2) - )\*gC*(t,:z:,y, z), (2)

where 71 and r9 are the forward and the reverse rate coefficients.
Assuming that initially there are no deposited viruses present in the porous for-
mation, the expression describing C* is obtained by solving {2) subject to the initial

condition C*(0,z,y, 2z) = 0 to yield

i
C*(t,x,y,2) = %Q/C(T,:c,y,z) exp {— (%{’i + )\*)(t - fr)] dr, (3)
0
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where 7 is a dummy integration variable. In view of (2) and (3) the governing equation

(1) can be written as

0Ctwy2) o 0°Clhey,2) L P0%zy2) , 8Ctey,2)
ot N Oz* Y Oy? * 022

+ Uac(t’ m? y’ z)

i
S+ AC(E 3.y, 7) - BfC'(’r,:c,y, 2)e” M dr = F(, 2,9, 2), (4)
0

where the following substitutions have been employed

A=1r +)\, (5)
7‘17“29

B= , 6

; (6)

H = %ﬁu*. (7)

The derived integrodifferential equation (4) is solved analytically in the subsequent

sections for the cases of aquifers with infinite, semi—-infinite, and finite thickness.

Aquifer with Infinite Thickness

The appropriate initial and boundary conditions for the case of an aquifer with in-
finite longitudinal, lateral, and vertical directions, as illustrated schematically in Figure

la, are as follows

C{0,z,y,2) = C*(0,2,y,2) =0, (8)
C(t, o0,y,2) =0, (9)
C(t,z,to0, z) == 0, (10)
C(t, xz,y,£o0) = 0. (11)
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Figure 1: Schematic illustaration of point and elliptic sources of virus contamination
with coordinates 45, £,,, £,, in an aquifer with (a) infinite, (b} semi~infinite, and
(c) finite thickness. Note that the positive direction for the vertical coordinate is
inverted.,



Equation (4) subject to conditions (8)—(11) is solved analytically by straightforward
but laborious procedures. Taking Laplace transforms with respect to time variable ¢
and Fourier transforms with respect to space variables z, y, and z of (4) and subse-
quently employing the transformed initial and boundary conditions, followed by inverse

transformations yields the desired analytical solution (see Appendix A)

/2 t oo oo
Otz y,2) = (167@1) D ) // /
0 o0 —0o —

8@(7133_(113}""1)’2:“13)
or

a:

8\8

ex { “’C_Q)}F(t—f,q,v,p)

X [HQ(T,$~q,y—U,Z—p)+ dp dv dg dr, (12)

where

20t o (B e ) - e ot - 0|
G
(mézqs)u ool (5 + B+ 52) <[4 i - ))

1 1/2 1 x2 2 2 U2
A Y

—re [ | = — 14
e (4ferzt3> Xp{ 4t(D +Dy+Dz) t(A+4Dm HH’ (4

P, 4, v, and ¢ are dummy integration variables, and I, and I; are the modified Bessel

functions of the first kind of zeroth and first order, respectively. It should be noted
that the Leibnitz rule {Greenberg, 1978, eq. 1.41, p. 18) as well as the Bessel function
relationships dl,[u]/dp = I;[1] (Abramowitz and Stegun, 1972, eq. 9.6.27, p. 376) and

I,[0] = 1 were employed in the derivation of {14).
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Virus Source Configuration

The virus source configuration is represented by the following general function
Ft,z,y,2) = GO)W(z,y,2), (15)

where G(t) is the virus mass release rate from the source; and W{z,y, 2) signifies the
inverse of the source volume from which the virus mass is introduced into a porous
medium. It should be noted, however, that G(#) characterizes the source loading type.
In the inifinite thickness aquifer case, instantaneous as well as continuous or temporally

periodic source loading functions are considered.

Point Source Geometry

The point source geometry can be applied to represent virus sources such as broken
sewer pipelines, leaking septic tanks, and groundwater recharge by injection wells, as

described mathematically by the following expression
1
W(z,y,2) = 56z ~ £, )6y = £y,)8(2 — £s,), (16)

where £;,, £,,, £., represent the z, y, z unbounded (—o0 < €5, %, ,£,, < 00} Cartesian
coordinates of the virus point source, respectively; and é is the Dirac delta function. It

should be noted that here G represents the virus mass release from point source.

Instantaneous Virus Loading from a Point Source Geometry

For the case of instantaneous virus loading the mass release rate function is de-

scribed by the following expression

G(t) = M6(t — to), (17)

-8 -



where M signifies the total virus mass released; and ¢, is the time of instantaneous virus

release. Combining (12) and (15)-{17) yields

M 1 ViU - 8,,)
C(t’m’y’z):F(16w2DmDy) exp[ 5D, }

by T £ 1d T £ y & 4
X !HQ(t~to,m—~€%,y-—€yo,z—£zo)~+~ 0~ to, x((;ty vo %~ ae) ,(18)
where the following property of Dirac delta function was employed
o
ffo(t)cﬁ(t— to) dt = Folto), oy S to < o, (19)

and f, is an arbitrary function. The desired analytical solution for the case of instan-
taneous virus loading conditions is obtained by substituting (13} and (14) into (18), to

yield

M - 1/2
Clhay,z) =5 / (647r 3D, D, D CS)
0

Ayt —to) Aot —to) As(Cz — 4y — gyosz £z,) d¢

M 1 1/2
Ty (64W3D$DyDz(t - to)S)

Al(t"to) AB(t'—'toam_gmoay_gyoiszzo)ﬁ (20)

where the following definitions were employed

Ay () = exp [ — HE], (21a)
As(t) = (é%)l/zfl [2(B¢(t - c))”z], (21b)
As(t,z,y,2) = exp!i;i - le (%z + g—z + —;%) - t<A+ 4[53: -~ H)] (21c)



Continuous or Periodic Virus Loading from a Point Source Geometry

For the case of a continuous or temporally periodic virus loading, the mass release

rate function can be represented by a generalized Fourier series (Hassani, 1991)

i2n7rt]

. (22)

Gt) =0+ iﬂnexp[

n=1
where {) represents the mean value of the virus mass release rate from the source; Q,, is
a spectrum of known coefficients; n is the wave number; and ¢, is the temporal period of
fluctuation. It should be noted that for the special case of an infinite period (£, - 00),
(22) reduces to a constant rate source loading (G = Q). In view of (19), combining (12)

with (15), (16) and (22) yields

1/2 &
1 Uz — £:.)] Gt —7)
Cltz,y,2) = (lﬁvrszDy) f e"‘p[ 5D, } 6
0]

x {HQ(’F,E sy — by 2 — L) + 0Q(r,z ~ e%’gT_ byer 2 ~ E%)} dr.  (23)

The desired analytical solution for continuous/periodic virus loading conditions is ob-

tained by substituting (13) and (14) into (23), to yield

o rr 1 260t~ 1)
(ta z, Y, Z) = 647{'3DEDyDz<3 7]
0 0

Al(T) A2(T) A3(Ca$ - E-‘Eo’y - gyoaz - £Zo) d¢ dr

£
”*“f( 1 )1/20(1:—7-)
J 64730, D, D, 73 0

AI(T) AB(Ta X — E:Eo P Eyu 1 2 ezo) dr. (24)
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Aquifer with Semi-infinite Thickness

The appropriate initial and boundary conditions for this aquifer, as illustrated
schematically in Figure 1b, are (8)—(10) and the following semi-infinite vertical bound-

ary conditions

6C(t5$,y50) — G, (25)
0z

oC(t,z,y,00) _
52 =, (28)

where the boundary condition (25) represents a zero dispersive flux boundary and (26)
preserves concentration continuity for a semi-infinite vertical aquifer thickness. The
vertical level z = 0 defines the location of the water table or a confining layer. Equation
(4) subject to conditions (8)-(10), (25), and (26) is solved analytically by straightfor-
ward but laborious procedures. It should be noted that z increases in the downward
direction. Taking Laplace transforms with respect to time variable ¢ and space variable
z, and Fourier transforms with respect to space variables z and y of (4) and subse-
quently employing the transformed initial and boundary conditions, followed by inverse
transformations yields the desired analytical solution for an aquifer with semi-infinite

thickness (see Appendix B)

C(t’m’y’z):(647r3D$DyDz> //
0 —oo -~

x { 12“2352”) As(¢z — g,y — v) [A4(C»Z+P)+A4(C’z_p)] &
0

8

fF(t—TaQ: U)p) Al(T)
0

8

As(r,z —q,y - v
+ s Ts/g y=v) [A4(T, z+p)+ Aalr, 2 — p)] }dpdvdqdr, (27)

where the following definitions were employed

Uz 1 [(z? ? U?
A4(t,x,y)me:<p[ m—(—+—) —t(./-l—’}'(+ )] (28a)
A —2 28b
5(t,z) = exp [4th]' (28b)
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Virus Source Configuration

In the semi-infinite thickness aquifer case, continuous/periodic virus loading from

point as well as two—dimensional source geometries are considered.

Continuous/Periodic Virus Loading from a Point Source Geometry

Substituting (15) and (16) into (27) yields the analytical solution for the case of a

point source geometry

t
1 V2 rqi—r)
C(t‘)x’yﬁz) =<64:7T3D;r,DyDz) fT AI(T)
0

3 { Bl MGn— ey = )[Rl )+ As(Gr2 = )] e
Q

Aslr,x — Loy y — £y, ‘
4( pe y—4y.) [A5(T,z+£’zo)+A5(T,zm€zo)}} dr. (29)

Continuous/Periodic Virus Loading from an Elliptic Source Geometry

The elliptic source geometry can be applied to represent virus sources such as
land disposed sewage sludge, groundwater recharge by basin, and sanitary landfills, as

described mathematically by the following expression

6(z — £;,) (z-£.)° | (=16.)
[+] ] Q < 1’
Wy=] 0 a e S (30)
0 otherwise,

where £, £, £,, are x, y, z Cartesian coordinates, respectively, of the center of the
elliptic source geometry, and a and b represent the semi-axes of the ellipse parallel to
2~ and y-axes, respectively.
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Substituting (15) and (30) into (27) leads to the analytical solution for the case of
an elliptic source geometry

az

1 1/2 G(t—1)
Clt,z,y, z) m(m) ] — As{7)

0 ay

y {f Azg(f) Ad(Cyz — g,0) [As(g,z+£z°) +A5((,z--€zo)] Ag(¢) d¢
0

Ag(m,2 -~ q,0
_§_4(T$ Q’)

[As(’!‘, z24L,,) + As(1, 2 — fzo)] AG(T)} dgdr, (31)

-
where
Ag(t) = erf [m(t, q, y)] —erf [fag(t, q, y)] , (32)
al = gﬂ:o - a’) (33)
ay = by, +a, (34)
- b2 (g — £,.)?] 1/2 1 1/2
it g y) =y — by, + [0 — 2Bl ( ) , (35)
{ Y ] a? ] 4Dyt
e Pla—,)217] 1\
Kot @) = Sy — &y, — |B° — —2—Fe , (36)
{ Yooy a? | 4D,

erf[ ] is the error function, and the following transformation and integral relationship

were employed
Y - v —dv

K= W, dr = W, (37&, b)
"2 , 1/
fexp{—n ldr = 5 {erf[m] — erf[mg]}. (38)

K1
As noted by Chrysikopoulos (1995), solving for an elliptic source geometry is advanta-
geous because the appropriate solution for a circular source can easily be obtained by

setting a = b = r in (32)—(36), where r is the radius of the circular source.
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Aquifer with Finite Thickness

The desired analytical solution for the case of an aquifer with finite thickness, as
illustrated schematically in Figure lc, is obtained by solving (4) subject to conditions
(8)-(10), (25), and the following finite vertical, lower boundary condition,

oC(t,z,y, H)

Ep =0, (39)

where H is the aquifer thickness. The boundary condition (39) implies that the aquifer
is confined by an impermeable layer at depth 2z = H. Taking Laplace transform with
respect to time variable t, Fourier transforms with respect to space variables z and y,
and finite Fourier cosine transform with respect to space variable z of equation (4), and
subsequently employing the transformed initial and boundary conditions, followed by

inverse transformations yields (see Appendix C)

Cltz,y,z) = (16#2D 5 )Uzjf ]oAl(’r)
0 —ooc—oo

x{JAﬁﬂAugx—my—v»m(aﬁu—nmvﬁxﬁa—ﬁ%%¢m0dC

+ Aa(r, —Tq’y ) Ay (’r, ﬁ’(t —7,4,7,0), F(t - 7,q,7, ¢m)) } dvdgdr, (40)
where
Uﬁm=ﬁ+“2hm)wpﬂmWM) (41)
mimw

m is the integer summation index, F(t,x,y,¥m) represents the finite Fourier cosine
transform of F(t,z,y,z) with respect to space variable z with corresponding finite

Fourier cosine transform variable .., and fi and f, are arbitrary functions.
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Virus Source Configuration

In the finite thickness aquifer case, continuous/periodic virus loading from point as

well as two—~dimensional source geometries are considered.

Continuous/Periodic Virus Loading from a Point Source Geometry

The desired analytical solution for the case of point source geometry is obtained
by substituting the corresponding expression for F(t,z,y,%m) into (40). Substituting
(16) into (15) and subsequently taking the finite Fourier cosine transform with respect

to space variable z of the resulting expression yields

H
Bt vt = [ G000 — )80 - 8,050 - €2) o) d
0
= g—gl&(:v — £, )6(y — £y, ) cos(¢ms, ), (43)

where the latter formulation in (43) is a consequence of employing (19). In view of (43)

and (19) the general solution (40) reduces to the following form

1 12 ] Gt — 1)
0

y {0/ Azc(*r) MGy — oy y — £y,) Av(C,l,cos(v,bmfzc,)) dg

_§_ A4(T,.’C—— e‘:oay'— g‘yo)

Ay ('r, 1, co8 (¥mk2,) ) } dr. (44)

Continuous/Periodic Virus Loading from an Elliptic Source Geometry

In view of (30) the finite Fourier cosine transform of (15) with respect to z is given

by

G(t) (:D 4, )2 (y Ey )2
v 2 -+ 2 <1
Flt,z,y,0m) = 8 cos(¥mtz.) a? b? -7 (45)
0 otherwise.
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Substituting (45) into (40), the desired analytical solution for the case of elliptic source

)1/2//G(t—T A1 )

’ {/ 2 Mieo - 0,0 260 Ar{6, L cos b)) &6

geometry is as follows

Clt,xz,y,2) = (

+ Aa(T, 2;/—2— 2.0 As(T) A7 ('r, 1, co8 (Ymlz,) ) } dg dr. (46)

T

Virus Attachment onto the Solid Matrix

Nonequilibrium Virus Adsorption (S MODEL)

Assuming that the adsorption process consists of virus diffusion to the outer layer
of a solid particle by nonequilibrium mass transfer and virus immobilization onto the
solid particle while in equilibrium with the liquid phase virus concentration in the outer
layer, the expression for accumulation of adsorbed viruses (2) can be replaced by (Sim
and Chrysikopoulos, 1996)

pOC*(t,z,y,2)
6 ot

- k[C(t 2,4,2) = Cy(t,,,2) | — )\*pC’*(t 2,y,2),  (47)

where k is the mass transfer rate constant; and Cj is the liquid phase concentration of
virus in direct contact with solids. Furthermore, it is assumed that the following linear

equilibrium relationship is valid
C*(t,z,y,2) = KaCy(t, 2, v, 2), (48)

where K is the partition or distribution coefficient. In view of (2), (47), and (48) the
following substitutions

T = k, (49)
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k

2

can be employed into (20), (24), (29), (31), (44), or (46) to yield the corresponding S
model solutions for each combination of virus source loading and geometry for different

aquifer types.

Virus Filtration (C MODEL)

Assuming that the colloid filtration theory is applicable to virus attachment onto
the solid matrix of a subsurface formation, the accumulation of filtered viruses can be
written as

p8C*(t,z,y, 2)
7 ot

= kClt,z,y,2) - k5O (12,9, 2) - N EC (ta,p 2, (5))

where C* is now the virus concentration retained in the porous medium by the filtration
process; k. is the clogging rate constant; and &, is the declogging rate constant. In view

of (2) and (51) the following substitutions

1 = ke, (52)
ry = —}‘i;—”, (53)

can be employed into (20), (24), (29}, (31), (44), or (46) to yield the corresponding C
model solutions for each combination of virus source loading and geometry for different

aquifer types.
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MODEL SIMULATIONS AND DISCUSSION

Model simulations under nonequilibrium virus adsorption (S model) as well as virus
filtration (C model) conditions are performed for a variety of virus source configura-
tions. The integrals present in the analytical solutions are evaluated numerically by
the integration routines Q1DA and QDAG, which utilize globally adaptive quadrature
algorithms (IMSL, 1991; Kahaner, 1989). The infinite series part of the solution for
the case of an aquifer with finite thickness (41) is evaluated by considering up to 1000
terms (m=1000}. The groundwater table and the bottom of the finite thickness aquifer
are assumed to be located at z =0 ¢cm and z = H = 6 cm, respectively. For simplicity,
the values for M and 2 are set to unity. Unless otherwise specified, the fixed parameter
values used in the simulations are those listed in Table 1. Furthermore, the concentra-
tions generated under continuous virus loading conditions are normalized by the steady

state concentration evaluated at t = 100 d (Cs) as suggested by Hunt (1978).

Table 1. Model Parameters for Simulations

Parameter Value Reference
D, 15 cm? /hr Sim and Chrysikopoulos {1995)
D, =D, 1.13 cm? /hr Goltz and Roberts (1986)
Ky 20 ml/g Vilker (1981)
A=A 0d
0 1.5 g/cm? Yates and Ouyang (1992)
0.25 Park et al. (1992)
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Two—dimensional snapshots of virus concentration simulated by the C model under
instantaneous point source conditions for an aquifer with infinite thickness (egs. 20, 52,
53) at three successive times are illustrated in Figure 2. The viruses are assumed to be
highly conservative (k. = k, = A = A* >~ 0). As the center of mass moves downstream
from the source, enhanced but symmetric spreading is observed in both longitudinal
and lateral directions.

The general behavior of the S model is similar to the C model. For example, Figure 3
illustrates two-dimensional snapshots of virus concentrations on the z, y plane, at three
successive times as predicted by the S model under continuous but constant (G = Q)
point source conditions for an aquifer with infinite thickness (eqs. 24, 49, 50). For the
case examined here, the virus loading is continuous as opposed to instantaneous loading
considered in Figures 2. It should be noted that the elongation of the virus plume in
Figure 3 along the longitudinal direction is caused by the assumption D; > D,,.

Figure 4 illustrates two—dimensional snapshots of virus concentration at three suc-
cessive times simulated by S model for an aquifer with semi-infinite thickness (egs. 29,
49, 50). A point source is assumed to be located inside the aquifer at £;, = 20 cm,
¢y, =0 cm, £, =3 cm. It is observed that as the virus plume spreads with increasing
time, viruses accumulate at the groundwater table (2 = 0 ¢cm), whereas no accumulation
of viruses occurs anywhere else below the water table because the aquifer extends to
infinity without boundary (eq. 26). Consequently, the observed virus plume is asym-
metric with respect to the flow direction along the plume centerline. In contrast, Figure
5 illustrates symmetric virus plumes at three successive times, as predicted by S model
for an aquifer with finite thickness and point source geometry (egs. 44, 49, 50). This is
due to the presence of a fixed impermeable lower boundary (eq. 39) in addition to the

upper groundwater table boundary. Virus accumulation progressively increases not
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Figure 2: Concentration contours in the z, y plane obtained by the C model under
instantaneous loading of highly conservative viruses at (a) ¢t = 1.0 d, (b) t = 3.0

d, and (c) t = 5.0 d (Here z = 100 cm, k. = k, = 0 hr™!, and U = 4 cm/hr).
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Figure 3: Concentration contours in the z, y plane obtained by the S model under
continuous virus loading conditions at (a) t =0.1d, (b) t = 0.2 d, and (c) t = 0.5
d, (Here z = 100 c¢m, k£ = 0.0001 hr~%, and U = 4 cm/hr).
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Figure 4: Concentration contours in the z, z plane obtained by the S model with
point source under semi-infinite vertical boundary condition at (a) ¢ = 0.1 d, (b)
t=02d, and (c) t =05 d (Here £;, =20 cm, £,, = 0 cm, £,, =3 cm, y = 0
cm, k= 0.0006 hr~!, and U = 8 cm/hr).
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Figure 5: Concentration contours in the z, z plane obtained by the S model with point

source under finite vertical boundary condition at (a) ¢ = 0.1 4, (b) t = 0.2 d, and
(c) t = 0.5 d (Here £, = 20 cm, £y, =0 cm, £, =3 cm, y =0 cm, k = 0.0006
hr~! and U = 8 em/hr).
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only at the groundwater table (z = 0 cm) but also at the fixed impermeable boundary
(z = H = 6 cm). Comparing Figures 4 and 5, it is clear that the vertical migration
of viruses is hindered by the two fixed boundaries. Furthermore, the presence of these
boundaries contributes to the enhancement of virus transport downstream from the
source in the direction of groundwater flow.

In order to clearly demonstrate the different effects of the semi-infinite and finite
vertical aquifer domains on virus transport, concentration profiles are predicted along
the vertical cross sections 4, B and C (shown in Figure 4c), and A’, B’ and C’ (shown in
Figure 5¢) and they are presented together in Figure 6. At z = 24 cm {cross sections A
and A’, see Figure 6a), the difference in concentration levels simulated for the two differ-
ent sets of boundary conditions examined here is insignificant since the plume spreading
in vertical direction is relatively small and thus the majority of viruses are still concen-
trated near the plume centerline. However, with increasing distance from the source
(see Figures 6b and 6c), due to increased spreading of the virus plume, the model for
the aquifer with finite vertical thickness predicts a considerable accumulation of viruses
both at the upper (z = 0 cm) and lower (z == 6 cm) boundaries, whereas for the case
of a semi-infinite aquifer, viruses continue to spread vertically downward. Therefore,
the difference between the two model simulations becomes more pronounced. These
results suggest that the presence of a shallow impermeable boundary may significantly
influence virus concentrations.

The effect of the lower impermeable boundary condition is alsoc demonstrated for the
case of an elliptic source geometry. Two-dimensional snapshots of virus concentrations
at ¢ = 0.1 d are predicted by S model with an elliptic source geometry for an aquifer with
semi—infinite thickness (egs. 31, 49, 50, Figure 7a) as well as for an aquifer with finite
thickness (eqs. 46, 49, 50, Figure 7b). Similarly to the case of point source geometry,

the presence of a shallow impermeable aquitard significantly constricts the
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Figure 6: Concentration snapshots obtained by S model with point source under semi-
infinite and finite vertical boundary conditions along the cross sections (a) A and
A’ (z = 24 cm), (b) B and B’ {x = 30 cm), and {c) C and C’ (z = 40 cm) shown
in Figures 4¢ and 5¢ (Here y = 0 cm, k = 0.0006 hr~%, and U = 8 cm/hr).
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Figure 7: Concentration contours in the z, z plane obtained by the S model with
elliptic source at ¢t = 0.1 d under (a} semi-infinite and (b) finite vertical boundary
conditions (Here £;, =20 cm, 4,, =0 cm, £,, =0 cm,y=0cm, a =b=>5 cm,
k = 0.0006 hr=!, and U = 8 ecm/hr).

vertical spreading of viruses, which consequently leads to an enhanced virus migration

in the direction of groundwater flow.
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TIME DEPENDENT INACTIVATION RATE MODEL

Governing Equations

The transient virus transport through one-dimensional, homogeneous, saturated
porous media, accounting for virus adsorption and inactivation, is governed by the

following partial differential equation (Sim and Chrysikopoulos, 1995)

aC(t, ) +;_J(90*(t,:1:) _ Dazc‘(t,:c) _Uf?C‘(t,as) N

ot 8 Ot Hx? Oz

ABC(t, z) — /\*(t)gc* (t,z), (54)

where the accumulation of adsorbed viruses is represented by (47)-(50).

Time Dependent Inactivation

In the present work, inactivation rate coefficients are considered to be time depen-
dent, and consequently the inactivation of viruses in the liquid phase and solid phase

are described by the following modified first-order rate expressions

dO(t)

— = =MHC(®), (55)
dC™(t) _ iy
7= A0 ), (56)

respectively, where the time dependent inactivation rate coefficients of viruses in the

respective phases are described by
Alt) = Aoe™ @, (57)
A*(t) = Ae @Y, (58)

where A, and A} are the initial inactivation rate coefficients of viruses in the respective

phases; and o and o* are the resistivity coefficients of viruses in the respective phases.
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The magnitude of « is proportional to the resistivity of the dominant subpopulation,
because the overall inactivation is controlled by the dominant subpopulation. The in-
activation rate coefficients of viruses in the liquid phase are assumed to be twice as
large as the coefficients of adsorbed viruses (A} = A,/2) (Reddy et al., 1981; Yates and
Ouyang, 1992). Furthermore, the resistivity coeflicient of adsorbed viruses is considered
to be equal to the resistivity coefficient of viruses in the liquid phase (o* = @). Substi-
tuting (57) into (55) and solving the resulting expression subject to the initial condition
C(0) = C;, where C; is the initial liquid phase virus concentration, yields

1n[%?J = %?-(e-at - 1). (59)

The parameters A, and « can be obtained by fitting the preceding equation to existing

experimental data.

Table 2. Estimated Virus Inactivation Parameters for Three Data Sets

Poliovirus (1°C) Bacteriophage-A (= 15° C) Bacteriophage-A1™ (60° C)
Parameter (Hurst et al., 1980) (Gra,nt et al., 1093) (Pa.rkinson and Huskey, 1971)

Time Dependent Inactivation

Ao (d71) 0.25 2.66 226.02
a{d™1) 0.42 2.41 24.65
sse 0.68 0.27 1.67

Constant Inactivation
(@b 0.018 0.17 32.28
sse 2.45 0.40 26.71
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Figure 8: Batch inactivation experimental data (circles) for (a) Poliovirus at 1 °C
with distilled water under anaerobic conditions adopted from Hurst et al. (1980),
(b) bacteriophage-A at ~ 15 °C with 10 mM NaCl electrolyte and pH 7 under
aerobic conditions adopted from Grant et al. (1993), and (c) bacteriophage-A++
at 60 °C with 10mM MgSO, under aerobic conditions adopted from Parkinson
and Huskey (1971), and simulated concentration history based on the pseudo
first-order inactivation model (solid curves) and constant rate inactivation model
(dashed lines).
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Figure 8 presents virus inactivation experimental data fitted by both (8) and the
constant inactivation rate model (A(f) = A). The estimated parameters for both inacti-
vation rate models considered together with the corresponding residual sums of squared
error (sse) are listed in Table 2. Clearly, the pseudo first—order inactivation rate model
simulates the experimental data much better than the constant inactivation rate model,
which fails to match the data at early and late times (see Figure 8). The slope of a
tangent to a solid curve represents the inactivation rate coefficient at the particular

time.

Initial/Boundary Conditions

The appropriate initial and boundary conditions for a semi-infinite, one-dimension-
al porous formation in the presence of a continuous source of viruses are (Sim and

Chrysikopoulos, 1995):

C(0,z) = C"(0,z) =0, (60)
aC(t,0)
—DW—%UC’(LO):UC‘O, (61)
OC(t,00)
— =0, (62)

where Cs is the source concentration. The condition (60) establishes that there is no
initial liquid phase and adsorbed virus concentrations within the porous medium. The
constant flux boundary condition (61) implies virus concentration discontinuity at the
inlet. The downstream boundary condition (62) preserves concentration continuity for
a semi-infinite system. The governing virus transport equation {54) in conjunction
with the relationships (53), (54), (57), and (58) is solved numerically subject to ini-
tial/boundary conditions (60)-(62). The numerical solution is obtained by using the

IMSL one-dimensional partial differential equation (PDE) solver MOLCH (IMSL, 1991).
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Model Simulations

The effect of temporally variable inactivation on liquid phase virus concentration
in saturated porous media is investigated by conducting model simulations. The fixed
parameter values used for virus transport simulations are: D = 32.04 cm?/hr and U =
5.04 cm/hr (Bales et al., 1991); K3 = 2.08 x 1072 ml/mg (Vilker, 1981); k = 1.2 hr?
(Vilker and Burge, 1980); p = 1.5 g/cm? (Yates and Ouyang, 1992); and § = 0.25 (Park
et al., 1992). The pseudo first—order inactivation rate parameters are estimated from
the experimental data collected by Grant et al. (1993) (see Figure 8b).

At early time, the simulated concentration profile for the case of pseudo first—
order inactivation is lower than the one for the case of constant inactivation rate (see
Figure 9a), whereas at late time the concentration levels are reversed (see Figure 9b).
The temporally variable inactivation allows rapid inactivation of the most sensitive
subpopulations at early time, and extended survival of the most resistive subpopulations
at late time. Therefore, viruses may remain infective in porous media for an extended

period of time and thus travel farther downstream from the source.

Parameter Sensitivity Analysis

In order to investigate the response of the virus transport model to perturbations of
the pseudo first—order inactivation parameters v and Ao, a formal parameter sensitivity
analysis is conducted. A parameter sensitivity coefficient that represents the degree of
spatial and temporal change in the dependent variable (i.e., concentration) due to the
fluctuation of a particular model parameter, was obtained by differentiating the depen-
dent variable with respect to the parameter of interest (Koda et al., 1979; Knopman

and Voss, 1987).
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Figure 9: Liquid phase virus concentration snapshots for pseudo first-order (solid

curves) or constant rate (dashed curves) inactivation at (a) t=0.05 d and (b)
t=10 d.
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The sensitivity coefficients with respect to the resistivity coefficient for liquid phase
and adsorbed virus concentrations are given by

Zalt,z) = 2502 Zx(t,5) =

AC*(t, )

b
S (632, D)

respectively. Differentiating the governing equations (1)-(3) with respect to « yields

8Z,(t,x) poZLt,z) 8*Z,, 8Z, v P s
z = - — - L t
08 BEZ ) _ pEte Uz 4 A0[10(9) - Za(t,2)| - N (05 Zi0:)
(64)
pOZyt,z) ZE#2) ] yay P o
A Ta k| Za(t, ) %, A (t)QZa(t,a:). (65)
Similarly, the corresponding initial and boundary conditions are obtained from (60)~(62)
as follows
Zo(0,x)y = Z2(0,2) = 0, (66)
z
_p8%0 1y oy =0, (67)
oz
0Zy(t,00)
B = 0. (68)

The sensitivity coefficients Z, and Z2 are evaluated by solving (64) and (65) subject to
(66)—(68) together with the governing equations (54) and (47)-(50) subject to conditions
(60)-(62). A numerical solution is obtained by the IMSL one-dimensional PDE solver
MOLCH (IMSL, 1991).

The sensitivity coefficients with respect to the initial inactivation rate coefficient
for liquid phase and adsorbed virus concentrations are given by

_ 8C(t, )

oC* (¢,
Z,\O(t,il?) — A\ 3 '_““(""'"'3':")'

e

Z5 (tx) = (69a, b)

respectively. The desired partial differential equations are obtained in a fashion similar

to the case of resistivity coefficient

075, (t,w)  pOZ3,(b2) _ 82y, 02,
ot 6 ot = da? oz

— A8, (. 7) = N (D524, (1), (70)

— e *C(t, z)
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023 _(t,z) Z35 (¢, z)

_ _ TRV
S = k| Za(2) = A (0Lzy (t,2). (71)

L
) 8

The sensitivity coeflicients Z), and Z3_ are evaluated by solving numerically (70) and
{71) subject to conditions (66)-(68) with substitution of Z, and Z; by Z, and Z§_,
in conjunction with the governing equations (54) and (47)—(50) subject to conditions
(60)-(62).

Figure 10a shows that at different locations within the one-dimensional porous
medium, Z, approaches a zero value with increasing time, because the system reaches
a steady state, where C(t,z) is insensitive to variations in . The impact of o on
liquid phase virus concentration is most significant near the source. However, it should
be noted that although the peak value of Z, decreases with increasing distance from
the source, the time interval over which « influences the liquid phase concentration
increases with increasing distance from the source. The spatial variation of Z, at
different simulation times is illustrated in Figure 10b. It is observed that the peak value
of Z, progressively decreases with increasing time, because the system approaches a
steady state. Therefore, liquid phase virus concentrations are highly sensitive to «
near the source and during early stages of virus transport. The temporal and spatial
variations of the sensitivity coefficient Z,_ exhibit similar trends to the ones observed

for Z, in Figure 10.
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Figure 10: Variation of Z,, as a function of (a) time and (b) space.
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SUMMARY

Analytical models for virus transport in saturated, homogeneous porous media were de-
veloped, accounting for three-dimensional hydrodynamic dispersion in a uniform flow
field, first-order inactivation of liquid phase and deposited viruses with different in-
activation rate coefficients, and virus attachment onto the solid matrix of the porous
formation by either nonequilibrium adsorption (S model) or modified colloid filtration
(C model). The governing transport equations were solved analytically by employing
Laplace, Fourier, and finite Fourier cosine transform techniques. Aquifers with either
infinite, semi-infinite or finite thickness are considered. The derived analytical solu-
tions are general enough to accommodate a variety of source loadings and virus source
geometries. The simulations presented in this study are based on an instantaneous or
continuous source loading from either point source or elliptic source geometry. It was
shown that virus transport in subsurface porous media is significantly influenced by
the aquifer boundary conditions. For an aquifer confined by a shallow impermeable
aquitard, virus migration in the vertical direction is restricted whereas virus transport
in the direction of groundwater flow is enhanced, compared to the case of a relatively
thick aquifer. The present work focused on developing virus transport models useful
for a variety of practical applications. Therefore, the analytical models developed here
are particularly useful for preliminary estimation of virus migration, characterization
of virus contamination sources, examination of possible aquifer boundary conditions,
validation of numerical solutions, and determination of virus transport parameters from
laboratory or well defined field experiments.

A model for one-dimensional virus transport in saturated, homogeneous porous
media is developed, accounting for inactivation of liquid phase and adsorbed viruses

with different time dependent inactivation rate coefficients which are represented by
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functional relationships determined from experimental data. The significant impact of
temporally variable inactivation rate coefficients on virus transport was demonstrated
by model simulations., It was concluded from a formal parameter sensitivity analysis
that virus transport data collected in the vicinity of the source of contamination at
early time are most reliable for estimation of inactivation rate coefficients. The model
is particularly useful for improving our understanding of virus inactivation processes
in conjunction with studying virus transport through packed columns under controlled
laboratory conditions. The applicability of this model to field investigations is lim-
ited to relatively homogeneous subsurface formations. The methodology of this work
can provide a starting point for generalization to multidimensional virus transport in

heterogeneous porous or fractured media.
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APPENDIX A:

Derivation of the Analytical Solution for an Aquifer with
Infinite Thickness

The desired analytical solution is obtained by solving the problem described by the
following integrodifferential equation and initial/boundary conditions

aC(t,z,y, 2) D &?C(t,z,y, 2) D &2C(t, z,y, 2)

D azc(ta T, Y, Z)
ot Oz 4 dy? *

Hz2

8C(¢t,z,y, 2)

+U oz

¢
+ AC(t,z,y,2) — B/C(T,:c, v, Z)B_H(t_T)dT = F(t,z,y, z){Al)
0

C{0,z,y,2) =0, (A2)
C(t, oo, y, z) = 0, (A3)
C(t, z,to0, 2) = 0, (A4)
C(t,z,y, £oo) = 0. (AB)

Taking Laplace transform with respect to time variable ¢ and Fourier transforms with
respect to space variables z, y, and z of equation (A1) and subsequently employing
transformed initial condition (A2) yields

=
-

F(S) PY’ w! qb)

8 y Wy = )
(51w d) = 5p T+ B

(A6)

where

B
42 2
E—wDy+¢Dz+A+5me 57 (AT)

and the following properties were employed for the Laplace and Fourier transformations
(Roberts and Kaufman, 1966; Kreyszig, 1993)

é(s,m,y,z) = fC(ﬁ,:B,? ,z)e ot dt, (A8)
D
C(S:'Y:y: Z) - (27].)1/2 / C(S%wayiz)eWi’YIdms (AQ)



= 1 i = i
Cls,v,w,2) = CORE fC(s,“f,y,Z)e Ydy, (A10)
2 1 T = .
Cs,7,w,¢) = CRE /C(S,’r,w,»’«')ff”"”“bzdz, (A11)

hade o}

where the tilde signifies Laplace transform and s is the Laplace domain variable; the
hat, overbar, and overdot signify Fourier transforms with respect to space variables x,
y, and z with corresponding Fourier domain variables v, w, and ¢, respectively; and
i=(=1)2,

The Fourier inverse transformation of (A6) with respect to vy is

3 R _1 1
- F
C(s,m,w, qb) (2,”_)1/2'7: { (Sa%w:@} * F {,Yng + ’L"'YU-{— E}
_Ferwd) [ 1 7’ e
o (em)i? @m)7? ) Dy +iU+E

— O

dry

= o7} o0

F(s,z,w,d) f COS YT / isinyx
Sl LA . dy+ Y dy |, (A12)

where F~1! is the Fourier inverse operator; the asterisk represents convolution with
respect to space variable z; and the following definitions of the Fourier inverse transform

were employed
o0

FHAM) = (2,”1)1/2 /ﬁ(’w)emd’r, (A13)

P {Rmfo} = 2EELE L [ he-on@ e s

where f; and f, are arbitrary functions of z; and £ is a dummy integration variable.
It should be noted, however, that the latter expression in (A12) is a consequence of
emmploying Euler's formula

e1® = cos vz + i sin yz. {A15)

In view of (Al4) and the following integral identities (Gradshteyn and Ryzhik, 1980,
eq. 3.724.1 & 2, p. 407)

oo

i 2y /2 oy 1/2
f,y—zf%%ﬁfg’z"d’}f:ww(az_%) sin(%%)exp[_:B(az_%_) ]’
(A186)
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oo

—1/2 2 1/2
/ %dvzw(azm%> Ccos (ﬁa:)exp[ (ag—%) ] . {(A17)

— o0

the expression (A12} is simplified as

5’(3,m,w,¢) = —W * {‘Ii{cos(;gx) ~—isin(;%3;>] }

_Flszwe) {upexp[ U‘“]} (A18)

2rD,

and the latter expression in (A18) is obtained by using the following complex trigono-
metric functions (Kreyszig, 1993, p.737)

where

B U2 ~1/2
Y —w(D 4D2> exp

Uz 1 Uz | T Ux
—— — A20
COS(QD:,) 2{6}(?_2]33;“ +exp- N }, ( a)
WUz i " Uz [ Ux’
i . —~ exp|— . A2
sm(sz) 2{exp_2Dxd expw 2Dm_} {A20Db)

In view of (A13), (A14), and (A19), the expression (A18) is written as

5(8,&",%45) = f ?(S,q,w,cb) fls,z—q,w, ) dg, (A21)
where
1 1z U D\ 2
fls,z,w,¢) = (4D$Dy(w2+8)> exp [2;}@@ {—m ((w + S) D_) },
(A22)
_ 1 (gp B U
=5 (qs e 4Dm)' (A23)

In view of (A13), (A14), and (A22), the Fourier inverse transformation of (A21)
with respect to w is given by

- /2 F _ . °
O(S,ﬂ?,’l ,Qf)) = (mﬁz—lmy-) / €xXp [%gﬁfl} {F(S:Q)ya(]ﬁ) * / (I)e%wydw} dq

— 00 — o0
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oo

_ (1 " f Uz~ q)
~ \T6n2D, D, P 2D,

— o0

X {f‘(s,q,y, @) * {/ ¢ cos{wy)dw + /i@sin(wy)dw} }a’q, (A24)

where

b= (;"ﬁ“i“g) v exp [~(m —q) ((uﬂ + 8) %) 1/2] , (A25)

and the latter expression in (A24) is a consequence of employing (15). It should be
noted that & as well as cos(wy) are even functions of w, whereas sin{wy) is an odd
function of w. Therefore, the trigonometric integrals are evaluated as follows

i i (z - q)*Dy \"?
/ D cos(wy) dw = 2/@ cos(wy} dw = 2K, [51/2 (y2 + ——T)—E) , (A26)
—00 0 N
/ i@ sin(wy) dw = 0, (A27)

where K, is the modified Bessel function of the second kind of zeroth order; and the
following integral identity was utilized in (A26) (Gradshteyn and Ryzhik, 1980, eq.
3.961.2, p. 498)

f —(wgf(:f’))l/z exp |- (w? +0?)"/ | =K. o+ 647 (A28)

In view of (A26), (A27) and application of the convolution theorem, (A24) reduces to

Es, 21 ¢) = [ / Fls,q,0,6) g5,z — 4,y — v, ¢) dov da, (A29)
— 0 00
where
1 1/2 Uz ) 22D, \ /2
_ /2242 2y . A30
9(s,2,y,¢) (47[-21)3:1)1,) exp[QDJKo ) (y + Da:) (A30)
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In view of (A13), (Al4), (A23) and (A30), the Fourier inverse transformation of
(A29) with respect to ¢ is given by

=~ 1 v T Uz —
C(s,z,y,2) = (—-—~——16W4D 5 ) f /exp{ (2]_) Q)}
xlly x

o0

+ f K, [N(s,m gy — v,q‘b)]isin(qﬁz) d¢] } dv dg, (A31)
where the following substitutions were employed
) 1/2
N(S,ﬂ:,y, ¢) = [¢> +N1(S)} NQ(‘IE:?J): (A32)
1 B U?
N1(3)~B:<A+S—S+H+4Dx), (A33)
2 2 1/2
_(yD, =D,
Matey) = (Ye+ S22 ) (A34)

and the latter expression in (A31) is a consequence of employing (A15). It should be

noted that A and cos(¢z) are even functions of ¢, whereas sin(¢z) is an odd function
of ¢. Therefore,

]O K, [N(s,m, Y, gb)] cos{¢z) do = 2 70K° [N(s, z, Y, gb)] cos(pz) de¢
o 0

9 1/2
- () e[ =) "], @)
f iKs [N(s,:z:,y, ¢>)] sin(pz) dep = 0, (A36)
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where the following integral identity was employed in (A35) {Gradshteyn and Ryzhik,
1980, eq. 6.677.5, p. 736)

2

f Ko |a (¢ + 6%)'"*] cos(¢2) do = -é— (L—) v exp =B (o? +2%) %] (A37)
0

a? + 22

In view of (A35), (A36), and application of the convolution theorem, (A31) reduces to

o0 o0 o0

C(s,z,y, 2 / / fﬁsq,vp) h(s,z —q,y —v,2~p) dp dv dg, (A38)
— 00 — 0D~

where
h(s,z,y,2) = hi(s,2,y,2) ha(z,y, 2), (A39)
1/2
hi(s,x,y,2) = exp [—Nll/z (Ngz o+ 22) 1 , (A40)
1 oy
z
ho(z,y, 2) = . A4l
24 2) Lawwxpng +22) exp{sz} (A1)

Furthermore, for mathematical convenience, let

Hhq + shy
s+H s+H

hy = (A42)

The inverse Laplace transform of (A38) with respect to s can be found by employing
the following relationship

Eml
s+H

where £71 is the Laplace inverse operator; _]}; (s) is the Laplace transform of the arbitrary
function fo(t); and d is an arbitrary constant. Equation (A43) was obtained from the
inverse Laplace transform pair reported by Lapidus and Amundson (1952) modified
by direct application of the Bessel function relationship I,[n] = Jo[in}, where J, is
the Bessel function of the first kind of zeroth order, and 7 is an arbitrary argument
{Abramowitz and Stegun, 1972, eq. 9.6.3, p. 375). In view of (A33), (A34), and (A40),

fo(s) is assumed to be of the following form

(s g o e oo s e

Fols) = exp [~di(s + d2)?] (Ad4)
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where d; and dsy are arbitrary constants. Furthermore, the inverse Laplace transform
of fo(s) is {Roberts and Kaufman, 1966)

d1 2
TE exp | —= — dot|. (A45)

Folt) = E‘i{ exp [—d1(3+ dz)m] } = Ay it

Equation {A44) can also be used to express h; as

~ d
hi = fo (3“’:"7“{*;“_;_“,7_(“)— exp

d 1/2
_W{s2+s(zﬂ+dz)+7‘i(7’f+dg)—d} ] .

(A46)
Substitution of {A33) into (A40) vields

2 2 N\ 1/2 2 2 1/2

(A4T)
The unknown constants d, di, and dp are obtained by simple comparison of (A46) and
(A47T)

d=B, (A48)
2 2y 1/2
dy = (N 2D+ z ) , (A49)
U2
dy = At o= =M. (A50)

In view of (A43), (A45), and (A48)-(A50), the following inverse Laplace transform is
derived

—1 hl _
where
/ 1/27 [ NZ + 2° 1/2
Plteyne) = [ 1[2500 - )7} (125 )
0
2 L2 2
X exp {—AED"'“CZ —¢ (A + 4% - HN dc. (A52)

Furthermore, the following Laplace transform property (Kreysizig, 1993, eq. 6.2, p.
317)
E{G’P(t,m,y,ﬂ

ot } = sﬁ(s,a:,y,z) - P(Os Ty, Z): (A53)
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where £ is the Laplace transform operator, together with P(0, z,y, z) = 0 suggests that

A -
ﬁ_l{msil’)'-f} = E”l{sp(s,m,y,z)} == ——————————ap(t’;t’y’ z) (A54)

In view of (A42), (A51) and (AB4), the inverse Laplace transformation of {A38) is given

by
t oo oo oo
C(t,m,y,Z)://f/F(tm‘r,q,v,p)hz(m—q,y—v,z—p)
0 —o0 —00 —00

dP(Tsx—Qame:zw
dr

X lHP(wwq,ywv,pr p)] dp dv dg dr, (A55)

where the following inverse Laplace transform relationship was employed

t

cHRERO} = )+ £20) = [ A=A o (A56)

6

Backsubstituting (A34), (A41) and (A52) into (A55) yields the desired generalized an-
alytical solution (12)-(14).
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APPENDIX B:

Derivation of the Analytical Solution for an Aquifer with

Semi—Infinite Thickness

The analytical solution for the case of semi-infinite thickness is obtained by solving (4}
subject to (8)-(10), (25), and (26). Taking Laplace transforms with respect to time
variable { and space variable z and Fourier transforms with respect to space variables
z and y of equation (4) and subsequently employing (8) and transformed boundary
condition (25) yields

b

2 gbg(s,'y,w,()) ' F(S,’Y,W,Qé)
o _ _ , Bl
(57, 8) = TG — M)~ Dalg £ M@ — M) By
where
) , , B 1/2
M:D;/Z (3—&-7 Dy +ivU+wDy -I—A—“"_“;"ﬁ) ) (B2)

(A8)-(A10), and the following property was employed for the Laplace transformation
(Roberts and Kaufman, 1966)

58’)’,&)@ /5’ (s,7,w,2)e"?*dz, (B3)
0

where the overdot signifies Laplace transform with respect to space variable z and ¢ is
the corresponding the Laplace domain variable.
The Laplace inverse transformation of (B1) with respect to ¢ is

e—Mz + eMz)

5(3,7,w,z) :5(8,’}’:%0) ( 5

1 z}»:; e~ M(z=p) _ cM(z—p) . o
+D_z/ (S”Y:w)p)( 2M ) D, ( )

where (A56) and the following Laplace inversion identities were utilized (Roberts and
Kaufman, 1966)

1 o oe” ﬁe‘ﬁz

£ {(¢+a)(¢+ﬁ)} oyl e (B5)
1 1 __ewaz_e—,@z

£ {(¢+a)(¢+ﬁ)}” Fa (B6)
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Applying boundary condition (26) in (B4) and taking the limit 2 — oo 5‘(3 ~,w, 0)
is evaluated to be
Q0O
/ (s,7,w,p)e” " dp. (B7)
0

’mw

5‘(3 v, w,0)

Substituting (B7) into (B4) yields
OOZ
{ fﬁ‘ s %w,p)[@l(s,%w,z+p) + @1(s,v,w p-Z)] dp

C(s,v,w,2) = 5D
fﬁ(‘s YW p) [(I) (817&“-)32 ""'p) - @1(3,%%10“ Z):| dp} (BS)
0
where
o < (B9)
1(3) YW, Z) - M
Furthermore, for mathematical convenience, let
LS (B10)

P = )
1 s+H s+H

The inverse Laplace transformation of ®;(s,~y,w, z) with respect to s can be found by

employing (A43), where in view of (B9), ﬁ,(s) is assumed to be of the following form
- 1/2
exp [ CE1(8 + Ctg) ] (Bll)

Jols) = as(s + ap)l/?

+

where a1, o, and ag are arbitrary constants. Furthermore, the inverse Laplace trans-

form of fo( ) is (Roberts and Kaufman, 1966, eq. 3.2.16, p. 246)
(B12)

_y | exp [~ (s + ap)t/?) 1 —a?
f ( ) { O',3(8,4“0[2)1/2 a3(7rt)1/2 exp A7 8%
In view of (B9)-(B12), and by following the procedures outlined in Appendix A

. BO)-
the inverse Laplace transform of (B8) with respect to s is given by

6 b] ¥ ¥
H?D (1,7, w, 2 +p) + Pur 78:) 2+ p)

oo

t
= 1 =
t
Clt,y,w, z) Q-Dz/fF — 7,7, w, p)
0 0

+H73]_(7',’Y,W,p_ Z) +

(B13)

apl(T),Yavw!p — ’z):l dp d’?',
T
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where

ﬁl(t,'y,w,z) = e““m/Io [2([3((?5 - 0)1/2] (%)1/2

22

4D, ¢

e |[~ghr - (D, +A- ) QO & (B19

ﬁﬁl(tbf:,w,Z) ze,__m/{(;?_gz)l/zh [Q(Bg(t_q));/z] -—HIQ{Q(BC(t—C))l/z}}
0

1/2 2
<(2) e | g - (D + 4= )] Q)

—rr D= M2 22 2
+e — exp M4Dt_(w Dy—I—A—H>t A, t), (B15)

Qv t) = exp l—Dxt (72 + %%v)] : (B16)

The inverse Fourier transformation of (B13) with respect to v is

1/2 it oo oo
w 1 =
C(t,m,w,Z) - (87{'D2) /‘\//F(t"_lr!q,wﬁp)
§ G —-co O

6731(‘7',13 —g,W, 2 +p)
ar

HP1(T, @ — q,w, 2+ p) +

aﬁl(Tsm' —g,w,p— Z)

+ HPi{r,2 — q,w,p— 2) + o

] dp dq dr,(B17)

where the definitions of the Fourier inverse transform (A13) and (Al14)were employed.
In order to obtain the inverse Fourier transformation of (B14) with respect to v,
only the term Q(v, ) defined in (B16) requires inversion, and is obtained as follows

F Oyt —---~1-—oo 2, WU e gy o [ v t
e ) - (27[_)1/2 CXp “—D.’L't Y _§_-b:f}/ € Y= szt 77(33, )5

(B18)

1 U2t 22 Uz
] == —_— —_— —_—— B19
n{x,t) eXp[ Dﬁ( R )} (B19)

where
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and the latter expression in (B18) is a consequence of employing (A15) and the following
integral identities (Gradshteyn and Ryzhik, 1980, eq. 3.923.1 & 2, p. 485)

]oexp [— (ﬁnz + 2)627)] cos(2f837) d

1/2
_ (%) exp {ﬁlﬂ%ﬁ—’fﬁlﬁ%] cos l.... 2[31[%2/93] . (B20)

7 exp [ - (ﬁﬂ? + 2627)] sin(283;7) d

1/2
- (%) exp |iﬁlﬁ§ﬁ—%ﬁ1ﬁ§} sin {_ 2)615%2631 ’ (B21)

where 1, 8, and fs are arbitrary constants. Therefore, in view of (B18), the inverse
Fourier transformation of (B14) is

/ 1/2
s = [ Lfatecie- 0] (5:02)
0

22

4D, ¢

X exp [_ - (w2py + A- H)Cw n(z,¢) dC. (B22)

The inverse Fourier transformation of (B17) with respect to w is

i t oo oo

t
C(Iy, 47T-Dz///
0 —o0 -0

X {HP}(T,CEWQ‘,@]—U,Z-FP)-F

F t_Taq'BU)p)

a/Pl(T::E"MQa{U“U}Z"*'p)
or

a'PI(T:x*(J:y—Uap“z)
ar

+HPU(r 2z - gy —v,p~2) + dpdvdgdr. (B23)

In view of the following inverse Fourier transform relationship (Kreryszig, 1993, eq.

9, p. 621)
1/2 )
F“l{exp [— szyC}} = (zplyc) exp {—Z%——E} , (B24)
y
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the inverse Fourier transformation of (322) is

f 1/2
Pty s) = e [ L8 - 0)") (o)
0

2 2

X exp ["uzyzg - 4qu - (A—H)C} n(z, ¢) dC. (B25)

Furthermore, in order to complete the description of (B23), the derivative of Py (¢, z, y, 2)
with respect to ¢ is obtained as follows

t

Bpl(téi,y,z) _ e_m[{(zg%)uzh [2(5’(@"0)1/2] ~HIO[2(BQ(:£—C))1/2]}
0

D, 1/2 22 yz
% (47erDyg3) eXp [“ 1D, 4D, (“4 - H) C] n(z, () d¢

—Ht D, 12 22 y2
e (4@ D t3) exp {_417 t D (A‘H)t} (@1, (B26)
x4y z y

Substituting (B19) into (B25) and (B26) and subsequently substituting the resulting
expressions into (B23) yields the desired generalized analytical solution (27) and (28).
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APPENDIX C:

Derivation of the Analytical Solution for an Aquifer with
Finite Thickness

The analytical solution for the case of an aquifer with finite thickness is obtained by
solving (4) subject to (8)—(10), (25}, and (39). Taking Laplace transform with respect
to time variable ¢, Fourier transforms with respect to space variables z and y, and
finite Fourier cosine transform with respect to space variable z of (4) and subsequently
employing transformed initial condition (8) yields

ﬁ'(s,’y,w, Tr/)m)

Clomw¥n) = Gp T+ &

(C1)

where

B
&=w?D D, - C2
w?Dy + 5D, + A+ s 7 (C2)
the Laplace and Fourler transformation properties (A8)-(A10), and the following finite
Fourier cosine transformation and operational property were employed (Churchill, 1958,
p. 294)

- H;
5(8 Y5 Wy Ym) = /5 8,7, W, 2) cos(Prm 2)dz, (C3)
G
ff@{dﬁgz)} v fa(Wh) - df3( Ly + (=™ dfz(z ), (m=0,1,2...) (C4)

where the double over—dot signifies finite Fourier cosine transform with respect to space
variable z with corresponding finite Fourier cosine transform variable v, = mn/H; Fi.
is the finite Fourier cosine transform operator; and f3 is an arbitrary function.

The Fourier inverse transformation of (C1) with respect to « is

'I_’E(Sl m} w? 1/}1’?1)

6(31$>wad)m) = o D)
X
o0 o0 L.
« / ‘;?YSJQ? — dy+ / zfjf;:” —dv|, (C5)
e ’)’2+D—+—’5- oo ’YZ+D +'5"
o o T e

where the definitions of the Fourier inverse transform (A13) and (Al4) and Euler’s
formula (A15) were employed.
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In view of the integral identities (A16) and (Al17), (C2), and application of the
convolution theorem, (C8) is simplified as

5(533:’("):?70771) - f ﬁ(S:q,wa’(.bm) \Pl(S,.’L' - st:'l.bm) an (06)
where
1 1/2 Uz , D, 1/2
Uy (s,2,w, Pm) = <4D$Dy(w2+$1)) exp {2DJGXP ~:r:<(w + 81) 5;—) :
(CT)
1 B U?

In view of (A13), (A14), and (C7), the inverse Fourier transformation of (C6) with
respect to w is given by

b 1 1/2 7 Ulx -
C(s,2,y,9m) = (m) ] exp [““%f)“”g')"]
zdly x

— o0

X {1%(3, G Yy Pm) * f O cos(wy)dw + f 10 sin(wy) } } dq,(C9)

where

0= (Ei—&) v exp li—(a: —q) ((wz + Sy) %) 1/2} , (C10)

and Euler’s formula (A15) was employed for the derivation of {C9). It should be noted
that © as well as cos(wy) are even functions of w, whereas sin{wy) is an odd function
of w. Therefore, the trigonometric integrals are evaluated by employing the similar
procedures as shown by {A26)-(A28).

In view of (A26), (A27), and application of the convolution theorem, (C9) reduces
to

8

.C(S z y:wm = f / 3 y 4, U, '@bm) go( _Q;y“‘va'ﬂbm) duv dg, (Cll)

where

1 1/2 Uz D 1/2
9o(8:2, Y, thm) = (m> exp{zD } Si/? (yz-i—mzb-i—) . (C12)
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In view of (C8) and (C12), the inverse Laplace transformation of (C11) with respect
to s is given by

o0

Clt, @, y,1bm) = (471, 55 Dy)m ]0 fexp[U(w_q]

F(taQ: v, "J)m) * 'C—_I{I{O [Ml(S,CE -4,y Ua/‘/)’m)] }} d?) dQS (613)

where

B 1/2
My = M, (S—m-f-Ms) , (C14)

2 a2z i/e
Mgz[(xDQ) +(yDU) J , (C15)

x y
U2

VAD. + 15 (C16)

For mathematical convenience, let

HE[My]  sKo[My] _

Ko[Mi] = s+H s+H

(C17)

The inverse Laplace transformation of X, [Ml(s, T —q,y - v,wm)] with respect to s

can be found by employing (A43), where, in view of (C14), J};(s) is assumed to be of
the following form

fols) = Ko {61 (s + ﬁz) ”1 : (C18)

The inverse Laplace transform of ﬁ,(s) is given by (Roberts and Kaufman, 1966, eq. 3,
p. 169 & eq. 13.2.1, p. 304)

folt) = £71 {Ko l:ﬁz (s +ﬂz) 1/2” = %ex [ it ﬁgt] (C19)

In view of (C14)—(C19), and by following the procedures outlined in Appendix A,
the inverse Laplace transformation of (C13) with respect to s is as follows

. 1/2 FrR U(g; "~ q) .
O(tu iC,y,’l,bm) M_(IG’R'ZD D ) / / / €xXp [T} 6_HTF(t - T,G,U;?Pm)
0 ~oco—co
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s o)
P l_'?ilﬁ ((:El;x Dy %}

tenfoston s )
X exp{ ;r ((mz_)xQ)g + (y B;) )}} dvdgdr.  (C20)

The inverse Fourier cosine transformation of (C20) with respect to ¢, is given by

i oo oo
1 12 U($ — Q) —HT
Clt2y,2) = (m) /] GXP[TD;—]B
0 —co —o0
[(_ B\ 1/2 1 ((z~q°  (y—v)°
g {O/(C(T = c)) n2(8ctr =) e [_E ( D. ' D, )]
U2 -1 1] 5 2
X €eXp W'C A+ '4—:-5— - H “;rfc F(t_7'1Q:{U1wm)exp [—¢szC] dq

ool (S5 ) oo oo (45

x fle {F(t -4 'Uad)m) eXp [_TybrgnDZT] }} dv dq dT, (621)

where ;" is the inverse finite Fourier cosine operator defined as

Fe? {fs(%bm)} = f?}gro) +%

NE

Fs(¥m) cos (P 2), 0<z<H. (C22)

m=1

In view of (C22}, (C21) is simplified to the form of the generalized analytical solution

(40)—(42).
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