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propagation is derived from very general assumptions. T o  illustrate the gen- 
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of magnitude. Applicatiorl of the theory to the period increase of swell seems 

furthcrnlore to provide a simple, ratiolial basis for locating and tracking 

storms at  sea by lneans of swell observations, and may therefore be of interest 

in weather forecasting. 
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Tl~ess  s t u d i e s  werm c a r r i e d  o u t  w i t h  the suppor t  of t h e  IIydro- 

.r,rap!iic Office and t h e  7uraa.u o f  Shiits or .the l?a.vly 3epartmsnt, under 

c o n t r a c t  wi th  t h e  Univers i ty  of Ca l i fo rn i a .  

The ass i s - tance  af var ious  oti:er a p n o i e s  and .;7erssns h a s  bean 

ackmovrledgod at ap-proyjriato ?laces i n  tlie tux%. 

1 am e s p e c i a l l y  indebted  t o  Comanrler C, K. GIGXN, U.8. Coast; 

and Gscpdetlo. Survey, and Ws. R. CUmliUJl% and C. F'. I??CIITI?;LT sf the 

S e i s n o l o ~ i c a L  Laboratory, C a l i f o r n i a  I n s t i t u t e  o f  Teci.!nolor-;;r. Lt. 

110I33S;" S. ARTIUR, U.S.M. 2., has offerecl. a number of  suggss t ions ,  and 

Caytain C. J, ' UIEE, A.A. F, , has care fu l ly  read  t h o  manuscript  and 

c;~eckati t2lo mathematical equationis. I@. T, SAUR, Jr,, has llolpad 

w i t h  t h o  co~n;3utations. Altliou[;h t h i s  i s  the f i r s t  paper  on waves 

which 1 l~atre not w r i t t e n  j o i n t l y  w i t h  Dr .  H. U. WERGRW, t h e  i n -  

fluonce of h i s  tZ~ink5ng pervades t l i i s  invcs t i  gat ion,  
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Tv'i t h  App l i ca t ions  t o  

An expres s ion  i s  der ived  from w r y  genera l  assumptions f o r  t h e  

i n c r e a s e  i n  vJave per iod  dur ing  long d is tance  propaga.tion. To i l l u s -  

t r a t e  t h e  ,.;enem1 na tu re  o f  t h e  s o l u t i o n ,  a p p l i c a t i o n  i s  made t o  

t h r e e  d i f f e r e n t  geophysical  phenomena: f i r s t  "c ohhe tsunami Prom 

t h e  Aleu t i an  e a r t h m a k e  oi' 1st  A p r i l  1946; t hen  t o  t h e  long f o r e -  

runners  of  t h e  s7rroll recorded  a t  t h e  wave s t a t i o n  i n  Psndeen, Eng- 

land;  f i n a l l y  t o  t h o  sej.srni.c su r f ace  waves from t h e  Montana e a r t h -  

quake of  26 June 1925, ancl a s m l l e r  Uexican shock i n  1943, I n  t h e  

case  o f  the  tsunami and t h e  swell ,  okservat ions and tlieory a r e  i n  

good agreenent ,  For t z e  se i smic  su r f ace  waves the t l ieory g ives  a t  

l e a s t  tho  right orde r  of magnitude, Appl ica t ion  of  tho  theo ry  t o  

the  p e r i o d  i n c r e a ~ e  of s w e l l  esens furtherrnors t o  provide a simple, 

r a t i o n a l  b a s i s  f o r  l o c a t i n g  and  t r a c k i n g  storms a t  sea by means of 

swe l l  observa t ions ,  and may t h e r e f o r e  be of i n t e r e s t  i n  weather  

f o redas t ing ,  
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:;vents tkst arc-, merely desa r ibed  nr!d have no apparent r e l a t i o n  
t o  o t h e r s  nay as .i,"rell bs f o r g o t t e n ,  and i n  f a c t  usual ly a re .  

S i r  Ilaroltl. Jeff reys 
Theory of Psobabi li ty 

K n t roduc t i  on 

Changes i n  %rive yerioc! have beon not icod f o r  many typos of 

wave 7ropafl;ation. Gutenberg (1929) has s m % r i z e d  soxe of t h e  ob- 

s e r v a t i o n s  a.nd g ives  as exam:~lcs t h e  propagation of' swoll, n i c r o -  

s a i  sms, ord inary  soisri;ic wavesg sac! sound waves from explosions. 

Changes in vmvc period. appear  t o  Lo trldly geophysical phenomena, 

not icea 'kle  only ~viilcn rlealing wit11 waves t r a v e l i n g  f o r  long t imes  

over  long dis tances.  

The u re sen t  pager a t t empt s  t o  expihain these  changes a s  t h e  

consequence of ~dav8 d i spe r s ion ,  t i a t  i s ,  a s  t h e  r e s u l t  of t h e  de- 

pendence of vsave v e l o c i t y  upon wave period. The only a s s m p t i o s s  

t h a t  must be made a re  tliat (1) bndiviclual waves maintain t i r e i r  

i d e n t i t y ,  and (2 )  a-t sone g iven  t i n e  t h e  wave period changes ~ 5 t h  

dZstance, Under those cond i t i ons  i t  I s  chotm- t h a t  d i spers ion  must 

l ead  t o  an  i n c r e a s c  i n  perLod o f  a n  ind iv idua l  wave, Althoue;':~ the  - - 
a o n c c ~ t s  of " d ~ s ~ e r s i o n "  and npe r iod  increase" have been p rev ious ly  

connected by s e v e r a l  autlrors,  they  soem not  t o  have noted t h i s  ef- 

f e c t  ullon i n d i v i d u a l  wavos, 81211 f o r  t ? a t  reason have souglit explana- 

t i o n  i n  i n t e r n a l  f r i c f i i on  r a t h e r  e lan d ispers ion  (:?ichter, 1943). 



The e f f e c t  of' d i s p e r s i o n  on wave per iod  i s  f i r s t  considered 

f'ron a. q u a l i t a t i v e  po in t  of view. The r a t e  of  per iod inc rease  i s  

tElen llorivod q u a n t i t a t i v e l y  i n  very  gene ra l  t e r n s  from t h e  a s s m p -  

t i o n  t h a t  tlzo m v e  c r e s t s  naint8.i.n t h e i r  i d e n t i t y .  The s o l u t i o n s  

a r e  appl ied  t o  t h r e e  sp'ecif i c  problems f o r  which they can be 

checked by observat ions.  

The f i r s t  a p p l i c a t i o n  d e a l s  w i t h  tsunamis,  a type or" wave mo- 

ti an no t  o r d i n a r i l y  cons idsred  d i s p e r s i  vo. However, a s l i g h t  depend- 

ence o f  tile vslocit;. upon p e r i o d  s u f f i c e s  t o  b r ing  about measurable 

changes i n  pe r iod  over  long d i s t ances ,  and t h e  observed c h a n ~ e s  can 

bo 1;rought i n t o  atccortf. witkc theory.  A method i s  suggested whereby 

t h e  na tu re  and s i z e  of t h e  o r i g i n a l  d i s turbance  m y  be es t imated  from 

t h e  t i d a l  recrord a t  any given s t a t i o n .  

The second a p p l i c a t i o n  d e a l s  w i  kh t h e  long, low waves which appear  

t o  precotle tXa v i s i b l e  swe l l  f ' ron a  storm, These forerunners  of t h e  

svrrell which have been recordcct a t  newly e s t a b l i s h e d  wave s t a t i o n s  -* 
a t  Psndeen, England, and roods  Hole, Massachusetts,  obey t h e  gene ra l  

d i sps r s ion  law. The theory  can a l s o  be appl ied  t o  t r a c e  s t o m s  

ac ros s  t h e  ocean by rnaans of  t h e s e  wave recortis. Tho computed path 

o f  b o  a c t u a l  s t o m s  i s  shown t o  be i n  good agreement wi th  t h e  ob- 

s e r v a t i o n s  on weather  maps, The a p p l i c a t i o n  towards a p r a c t i c a l  

system o f  s torm warnins i s  b r i e f  Ly discussed,  

The t h i r d  a p p l i c a t i o n  d e a l s  w i th  seismic su r f ace  waves. Good 

records  from a l a r g e  number o f  soismographi. c  s t a t i o n s  m k e s  it p o s s i b l e  

t o  measure t h e  pe r iod  changes w i t h  somewhat g r e a t e r  p rec i s ion  than  

f o r  tsunamis and swell ,  b u t  t h i s  acivantage i s  more than o f f s e t  by t h e  
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Lack of  a g:oponc%%l,lc; a2niyf; ic  ex:,r'assion *'or ciis;-mr.s-irsn, The r e l a t i a n -  

behvaen veioci-by and parior-i 1a.s %o be fount1 Orom obsurvntiorss, 

anr! kliose give only  o very r~p;-~r.oximata ansver. l.8th"lin t h e  limitations 

t ' ,ua iru~osetl ,  t-:eory arid obse rva t ions  of  tile por iod  ineroqse  ol' se i smic  

~ 1 i r f a ~ 6 3  "~"U'WVCS a r e  consi s t e n t .  

Tho prj.ncip%os caa s l s o  be a p p l i e d  t o  o t h e r  typos o f  wave mo'tion, 

indosd  t o  any ?rfa.\-e inotiort ' o r  1xhici1 ind iv idua l  waves m a i ~ t a i n  t h a i r  

ibenl;i ty,  and f o r  w!v!licli t h e  v e l o c i t y  doponds t o  any dogree, no mat- 

t e r  s Z l ~ : ~ t ,  upox wave v~eriocl. Observed chnn,.;as i n  per iod  may o f f e r  

en, ?o~srsrful t o o l  :or conrinutin~; tiis dependence ol" wave v e l o c i t y  upon 

~ o r l o d  and the reby  desc r ib ing  soria of t h e  c : i a r ac to r i s t i c s  of t l ~ o  t r ans -  

m i t t i n r  r?edim. The wi2e a ? p l i c a l , l l i t y  der ives  L'rom t n o  gene ra l  n a -  

t u r e  o f  t31e b a s i c  eqination, t o  v~hricl.~ Rossby has a p p l i e d  the desorj.p- 

t i v c  t e rm "wave eqsn t ion  of oont inui ty" ,  

Only t f , e  l:inzr;latics of  wave motion w i l l  be considered, t h a t  i s ,  

no a t t t en t ioa  w i l l  be psitl t o  pi-otlems inrorol~icg wave lieigiit. TXe r e -  

1ations:aips between ,c,roup v e l o c i t y ,  phase v e l o c i t y  and energy propa- 

gation l:ave been inves t ip i . t e2  i n  a iaundam.ental pa-,or by Rossby (1945) 

.to wh ich  we s h a l l  mke Pscquenk rc fereuce .  

The l a t u r e  o f  t h e  L'erLod I n c r e a s e  

A number o f  att;sr,lpts !tave t e e n  made t o  e x p l a i n  t h e  i n c r e a s e  i n  

;&rave yerioi! i n  terms of a s h i f t  i n  spectrum b r o u ~ h t  about 5y v i scos i ty .  

This p o i n t  o f  v iew has been slnnmarized by E c h t e r  (1943) k t a l i o s  ming ; 

"Sorne ex tens ion  of theor;; i s  r equ i r ed  t o  account  f o r  t h e  f r equen t  

obse rva t ion  t h a t  t h e  preva i l i ng  per iods  of all types  o f  s e i smic  wErves 

increase  w i t 5  d i s t ance ,  This car~no-i; ~ v : ~ o l l y  be due t o  t h e  normal 



s p r e a d i n ?  o f  an i nnu l s ive  d is turbanae  w i t h  f i l t e r i n g  out  of the sho r t -  

e r  pe r i  oils. , . . . ,Surface waves sklow d i spe r s ion ,  t k e  theory  showing 

t h a t  v e l o c i t y  should vary w i - t h  ~ e r i o d ;  b u t  t h i s  cannot aocount f o r  t he  

i n c r e a s e  wiS,ln d i s t a 1 . z ~ ~  of t h e  pe r iod  of' a c l e a r l y  i n d e n t i f i a b l e  wave 

group,  ..... The requi red  e f f e c t  w i l l  be given by some type o f  vliscos- 

i+y ,  o r  i n t e r n a l  f r i c t i on . "  

The reason ~vhy t h i s  a ~ p r o a c h  has n o t  lead  t o  t a n g i b l e  r e s u l t s  

l i e s  p e r k a ~ s  i n  8 misunderstanding regarding the  t r u o  s i g n i f i c a n c e  of  

t h o  ~ m r i o d  spec t r im f o r  an impuls ive ly  generated dis turbance.  The 

s h i f t  o f  t h i s  spectrum has, i n  genera l ,  nothing t o  do mj.th v5.scosity, 

and fur thermore does not  r e l a t e  50 t h e  changes of  t h e  recorcled wave 

p e r i o d  except  tkirough a  s e r i e s  o f  very cornplox na themat ica l  rnanipu- 

l a t i o a s .  Tlio misunderstanding can be amii3srd by r e f e r r i n g  d i r e c t l y  

t o  t h e  c l a s s i c a l  i n v e s t i g a t i o n s  by Cauchy and Poisson  (Lamb, 1932) 

on wavos p;roduced by a l o c a l  s u r f a c e  d i s tu rbance  i n  deep water.  

For an i n i t i a l  d.isplacement o f  t h e  f r e e  sur faoe ,  which a t  t h e  

t i m e  t 0 i s  assunod t o  be confined t o  t i le  i m d d i a k e  neighborhood 

o f  t h e  o r i g i n  (x 0) ,  t h e  d i s tu rbance  02 t h e  sea  s u r f a c e  a t  any time 

t and diskanco x i s  given by t h e  Four ie r  i n t e g r a l  - - 

The slmbol To denotes the p e r i o d  o f  t h e  underlying spectrum. By - 
means of s eve ra l  ingenious approximst ions t h e  foregoing  i n t e g r a l  

h a s  been evaluated,  and 

7 
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provideti g%2 i s  l a r g o  compare.1 t o  x, I n  regions wilere t h i s  formula - 
holds,  ohanges i n  he igh t  and p e r i o d  from wave t o  m v e  a r e  very  grad- 

ual. For a f'fxcd value o f  x a wave cn'ost passes  a t  a time tl, i f  - - 
gt12/4x - ~ / 4  = 2Dn 

and the fol lowing c r e s t  a t  a t i m e  t2, if' - 

where n  i s  any in teger .  Let T,, t h e  recorded  wave period,  be def ined  - - 
as -bho t ime i n t e r v a l  beheon succes s iva  mxim ( o r  aninim) a t  a  f i x e d  

poin t ,  I t  fol lows t h a t  

wirer0 F i s  t11s man of' tl and t2. 

This very  brief r o ~ i e v r  o f  t h e  c l a s s i c a l  method should s e r v e  t o  

p o i n t  ou t  t h e  d i f f e r ence  betweon t h e  period. To of the underlying - 
s i ~ e c t r m ,  and t h e  per iod  T, o f  the recorded  waves, d ~ ~ o r i i i n g l y  we - 
s h a l l  spaak of' component per iods  and recorded pe r iods ,  It i s  i m -  

por tan t  t o  note  tl1a.t t h e  underlying wave system i s  n o t  i n  any simple 

m a n o r  d iscer r l ib le  i n  tilo recordod waves, and rmy indeed bs rogarilsd 

1% is not  proper  t o  speak of an i n c r e a s e  i n  t h e  conkpaneat periods,# 

s ince  a l l  p e r i o d s  between zero and i n f i n i t y  a r e  asstuned t o  be prosent  

a t  a l l  t imes i n  t h e  Fourier i n t e g r a l  expression. IZowevar, d i f f e r e n t  

component per iods ars associated w i t h  variable m o w - t s  o f  &nergy, 

A t  fj.rst; muoh of -the energy i s  conesntratecl 'Jn t h o  s h o r t e r  componen.t 

per iods,  bu t  a gradual s h i f t  takes  p l ace  toward t h e  longer  component 



6 

poriods,  This s h i f t  ~'ollowss d i r e c t l y  from tho dynanics of' t h e  px-03- 

I s m ,  ant3 not involve,  as i s  TrequsnCLy supposc3rlS the hi$?ler at-  

tenuat :  on of ~ I ~ o r t  oomponent 1:sri ods. hrt;klamore, a howled$a of 

-th.is enorsy  s h i f t ,  and. of  ths s e l e c t i v e  a t t e n u a t i o n  i f  t ho  l a t k o r  i s  

I1;:portant onough t o  be  inckudotl, does not  o f f e r  any d i r e c t  evidence 

conaarraing :%m i n c r e a s e  i n  t h e  recorded  periods. nut by dea l ing  d i -  

r ec , t l y  wi th  t 5 e  recorded wave pe r iods  &n inc rease  i n  period can bs ex- 

p h i  nod by t h e  folloxt.r;kr;g elementary reasoning. 

A group o f  n waves a r r i v e s  &-I; stri t iorl  A. The f i r s t  o r e s t  - - 
passes  at a time 1; = 0 ,  swcoeed.-ing c r u s t s  a t  diminislrring i n t e r v a l s  

Tls T29 m e "  T,Q This  i s  t y p i c a l  o f  wave systems generated impul- 

shivelye Assume t'nak .tho recorded per iod  Tr a t  A decrreases l i n e a r l y  - - 
wi th  time, according t o  t h e  equa t ion  

Tlie upper po r t ion  of: f i g u r e  P shows such a wave system .for a con- 

s t a n t  amplitude. Tlze reoorci i s  assumed t o  move Prom l e f t  t o  ri  ght,  

s o  "ha-1; t inoroases  from r i g h t  t o  l e f t ,  - 
Assume fur thennore  t h a t  the propagation i s  dispers ive ;  f o r  ,khj.s 

sinlple i l l u s t r a t i o n  l c t  t h e  wave v o l o c i t y  - C be propor t iona l  t o  the  

recorded period: 

C pTr 

The first wave ilas "the longes t  recordoil per iod and t h e  g r e a t e s t  

v e l o o i t y ,  It w i l l  t r a v e l  over  a small dis tance  - ?i between s$at ions A - 
and E i n  a s h o r t  t i n e  i n t e r v a l .  - 



. - 

-. SCHEMATIC PRESENTATION OF AN INCREASE IN WAVE PERCW) STATIOWS A AN0 I) 

Fig, 1--Excess i n  ve loc i ty  of longer waves over ve loc i ty  of 
shor te r  waves causes s t re tch ing  of e n t i r e  wave group. 



The l a s t  wave, which a r r i v e s  a t  A at  t h e  time tn, t r a v e l s  much slower, - - 
and w i l l  t a k e  a t ime i n t e r v a l  

rU 

t o  t r a v e l  from A t o  B. I n  f i g u r e  1, T, = ( 1 / 2 ) ~ ~ ,  and the re fo re  - 
at, 2 a t 1 ,  The dura t ion  o f  t h e  reoord a t  B w i l l  exoeed t h e  dura- - 
t i o n  a i  A by Atn - Atl. S ince  t h e  number of  waves i,a t h e  record  - 
a r e  t h e  s m e ,  t h e  average i n e r e a s e  i n  t h e  recorded period equals  

( A t ,  - At l ) /n .  

The lo rezo ing  d iscuss ion  would have been more nea r ly  a c c u r a t e  i f  

Ci i n  t h e  express ion  f o r  Ati had n o t  been computed from t h e  per iod  - - 
T i  a t  s t a t i o n  A, b u t  t h e  mean pe r iod  of t h e  i t h  wave between s t a t i o n s  - - - 
A and B. But even wi thout  the  p r e c i s e  d i f f e r e n t i a l  formula t ion  - - 
which fo l lows  i n  t h e  next sec t ion ,  t h e  above cons idera t ions  shorn 

t h a t  t h e  wave group "s t re tches" .  The r e s u l t  is n o t  merely a s h i f t  

i n  spectrum from long t o  s h o r t  per iods ;  it i s  a n  a c t u a l  i n c r e a s e  of  

t h e  average recorded period o f  t h e  waves i n  t h e  group, and of a11 i n -  

d i v i d u a l  waves c o n ~ r i s i n r r  t h e  nrouo. 

The formula t ion  of t h e  problem depends t h e r e f o r e  upon whether 

one d e a l s  d i r e c t l y  ~ 5 t h  .the phys i ca l  deformation of the t r a n s m i t t i n g  

medium, such a s  we have done, o r  whether  one aons iders  a speatrum of 

underlying,  constan% - period,  wave systems, t h e  Cauchy and 

Poisson ana lyses ,  I n  t h e  f i r s t  case  one dea ls  w i t h  the  recorded  pe- -- 
r i o d ,  r ep re sen t ing  the  time i n t e r v a l  between two success ive  maxima 

( o r  minima) a t  a f i x e d  point ;  i n  t h e  second case one dea ls  w i th  - com- 

pgnent per iods  which a r e  found by gene ra l i z ing  a g iven  p o r t i o n  of a - . 



record i n t o  a 7our ier  inke,l;ral, IE the  f i r s t  case ?mve periods i n -  

crease,  ir: t k e  second sace they remain aonstunt,  

F o r  a complete so lu t ion ,  involv ing  wave he ight  as woll as m v s  --- 
pcrio3,  one ms"cfaPlo.kv the method of Caucfiy and Poisson, The prob- 

lem i n  ibs siixp.7lest t?To-dimens5.0n01 f o n i  f s  no t  an easy  one, and at- 

t e r ~ p t s  t o  sxtnnd khe inveskigaa-tion t o  the case of' a f i n i t e  i r~ i t i a l  

d i  sSurb.ance (~urans ids ,  1888) o r  f i n i t e  depth (pi dd~zck, 1912) have 

r:et w i t h  g r e a t  d i f f i c u l t i e s .  $y deal ing  d i r e c t l y  w i th  t h e  recorded 

cleforr;a.2;inns, tafi tisou% reoourse; t o  any underlying e p s c t r m ,  c e r t a i n  

problems can be tr@ei;ad which a r e  doo comylioated f o r  a complete an- 

aLysi8 or" t h e  Cauchy-Poi sson tgrp)oeL The metizod permi ts tine coaputa- 

t i o n  of the period inc rease  f o r  i n d i v i d u a l  waves, Good agreement be- 

haoen compubed and observed values offers  s t rong  e~ide-;zoe t h a t  the 

pkmnonenon i s  i n h e r a n t  i n  the  1cino;rrstics o f  wave motion, and i s  n o t  

rolcnted t o  Yne v iscous  p r o p e r t i e s  of  t h e  t r a n s ~ & t t i n g  medium, 

The f o l l o v ~ i n g  sec"con i.s cievoted "c o mathematical formulat ion 

of .YRCSE: principles. The recorded wave per iod  w i l l  be r e f e r r e d  t o  

s i n p l y  as period and denote6 by - T, 

rPsriva.ti on o f  Basic  EquaSions 

C1isages i n  \wave l e n ~ t h  

The wcve length ,  - L, of ri wave t r a v e l i n g  vdth  (phase) v e l o c i t y  - C 
a l o n g  the  p o s i t i v e  x-axis changes a t  t h e  r a t e  

4 8  In any o t h e r  problem of wavcmotion i n  a d i spe r s ive  medium w e  
can clo l i t t l e  more than argue by analogy to t he  s p e c i a l  problem of 
waves i n  deep water ... *.", A. 3. EI. Love, 1911 
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This chiange can a l s o  be found from the sake at which %!re wave 

" s t r e tohesn  due t o  tiic d i f f e r e n c e  i n  ve loc i ty  o f  k o  adjo in ing  crest6s: 

G l i ~ r a t i n g  the t o t a l  de r iva t ive  b e t w ~ s n  (I) and (2) gi-oas the - 
f o l l o ~ n n g  Important r e l a t ionsh ip :  

shal l  be oonceraed i n  gonsra l  with cases  where t h o  wave veboo- 

i%y depends on wave l eng th  - L and depth  - h only, or 

C! = ~ ( 5 ,  h j  (41 

where L " ~ ( x ,  t), and t h e  bottom p r o f i l e  along t h e  pa%h of t r ~ v e l .  

~ E E  ~$BSM by h h(x) c 

Subst i  twt ing  the identi@y 

i n t o  equation (8) gives 

If VL i s  defined by %tire equat ion 

then .to a n  observer  t r n v o l i n g  a"t v e l o c i t y  BL - t h e  wave I---.-,- l eng th  remains 

oonstant,  According t o  (6) and ( 7 )  



For t he  spec ia l  case of conebank depth, &/dx = 5, and the  

p a r t i a l  de r fmt ivo  oan be replaoed by a t o t a l  de r iva t ive  

Tho "V has been primed t o  denote t he  case of constant depth, - 
Equation (9) represents the  well-knom equation f o r  group ve- 

loci-by a t  oonstant dapth, and f o r  t h i s  special  oass has been de- 

r ived by Lamb (1932) i n  a sommh.at s imi la r  manner* Eossby (1945) 

derives equation (9) by equating t h e  r a t e  of inorsase  of wave c r e s t s  

within R cer ta in  distance A x  t o  t he  excoss oP waves entering a t  x - 
over those leaving a t  x + A %  I n  andozy  with %ha problem i n  hydro- 

dynani cs ha uses the  very ties c r i p t i ve  t a m  " w ~ v e  cont inui ty  equa,t;ioan , 

Rossby a l so  gensral izss  equation (9)  t o  inolude soma of  our r e su l t s ,  

T'nese derivat;ions i&oa-tify t h e  pk~ysieal meaning of the  term 

groun v e l o ~ i t y  with t h s  ve loc i ty  of %he loous of a point  i n  whose 

immediate vic iniky t h e  wave length r e m i n s  constant. The same equa- 

t i o n  i s  usually dorivod from the  in terference pa t t e rn  between two wave 

systems of equal &%plitudle ~ l n d  slLghtly d i f fe ren t  wavo Length, but  

t h a t  a?proaeh i s  unneoessarily r e s t r i  ctcd, The only assumption whi oh 

has bead m d e  bers  i s  t h a t  t h e  waves are nconservatl.cre", i ,e,,  t h a t  

individual  c res t s  maintain t h e i r  ident i fy .  

Changes i n  wave pe r iod  
p- 

Y'dave length,  ve loc i ty  and period are r e l a t ed  by t he  idendifzy 

L = C T  (lo) 
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wiii@iil pena i t s  r e s t a t i n g  the  funchmontal law (3) i n  terns of  - T and - C 

rather than L and C : - - 

For t h e  general oase assme, as before  

and equation (11) becorms 

To an observer  t r a v e l i n g  a t  a ve loc i ty  

t h e  wave per iod  semins constant ,  I t  is remarkable t h a t  t h e  bottom 

s l o p s  does not e n t a r  expl ic i t ly  i n t o  t h e  expression f o r  VT as it d id  - 
f o r  VLs so tiiat, i n  general, Vl, f 'VLe It i s  simpler t o  deal wi.t:n - 
wave period thanwave  length, because then, t h e  eqw-tioras are the same 

f o r  t h o  cases of cons tant  and variable d e ~ t h ,  or,  by our previous 

nota t ion  

o;, = VT = V i  



Xn ~1.11 subsequent sqr~a.tions ?iT w i l l  bo i ienoted simply by ii" - and r e -  

f a y * e d  t o  ~s t:le g r o u p  v e l o c i t y ,  

T$rave. 3 e r i o d  of an~r ~ j ~ s t o m  of va-VBS i n  whLch t h e  c r e s t s  r e -  

t3.j.n i3iei.r - 3 dcn t i ty  ;.lust s a t i s f y  tb.6 "@quation a f  continuityq"(13) ---------" - -- - -~-- 
. i r i t i n r ,  t h i s  aquation i n  +Ire ub5revi.z hef.1 forx:i 

B%s aokui;ion can be c i i i t  cjovn~ at csrlcc. : 

It i s  not possi'rsle t o  so lve  f o r  tX.e ;3eriod exyl.ici"tly, a t  I s a s t  

2 ~ ~ 1 %  t h e  ~ s n e r a l  cas?, s ince  T i s  containec! i n  V and "e~us appears - - 
an bo th  s i d o s  of t h e  equat ion,  i4s far as t h s  i n t e g r a t i o n  i s  coneerrzed, 

0x1 %i?e okrler liand, U can bo considered a fuaction of' h, or  o f  x only, - - - 

1-t; car1 las soep.1 Lrza t  (l'i'g ' s a t i s f i e s  the d i f f e r e n t i a l  equation (16). 

Tke Hiclits 9f integration i n  oq~~a .J ; ion  (1") a rc ,  as p tS  undetermined 

bccczrxse no provis ions  have been m d e  t o  fix t h e  coordinate cys?;ern. 

in nost cases it is convenient t o  let t = 0 ,  x = 0, desi,ymte .the 

.l;j.ne acd p o s i t i o n  o f  t h c  ini"i ia1 'wave generation. If it were ::ossible 

Yquations (I?) and (17) define "i;o "fieldn of vave pe r iod  i.n t h e  

x t  p lane ,  and o r i l l  be  c o l l c d  fie12 equations. By applyir;, t h e  fie16 

solution (17) t o  problems l ea l ing  %*it11 t suna~a i s  axid swell  severs  



r e s t r i  ckions a r e  in]-ased upon t h e  depundunce o f  por lod  on d i s t a n c e  x - 
and t i n e  to  I t  w i l l  be shown tl1u-1; t hose  r e s t r i c t i o n s  lood t o  r e s u l t s  - 
i n  agreemen,t w i t h  observa t ions .  

I n  m n y  -problems it i s  no re  convenient  .to e q r e s s  %?:a r e l a t i o n -  

~ h i y s  i n  terms of i nd iv idua l  waves. For ouch i n d i v i d u a l  wave t h e  

" t r a v e l - . t i n ~ ' h u r v o ,  x = ~ ( t )  , i s  f i x e d ,  anc! the  t r a n s f  o r m t i o n  from 

t h e  f i e l d  equat ions t o  t h e  i n d i v i d u a l  wave equat ion r equ i r e s  a l i n e  

i n t e g r a l  i n  t h e  x t  plane. 

Equati  on8 f o r  i n d i v i d u a l  waves 

To de r ive  changes i n  p e r i o d  f o r  i n d i v i d u a l  waves, equat ion  (16) 

oan be  combined wi th  e i t h e r  o f  t h e  equat ions  

dl' a~ a~ d~ - T  - 2 ~  1 
Z - - I '  - zs ZF at '-3x C ,  dx -3 + ; a - i ~ ~  

t o  g ive  t h e  fol lowing s e t s  o f  r e l a t i o n s h i p s :  

The s ign i f i cance  o f  t h e  t o t a l  and  p a r t i a l  d e r i v a t i v e s  must be 

kept; i n  mind: tl-ie lpar t inl  d e r i v ~ t i p e s  refer e i t h e r  t o  cllanges wit21 

d i s t ance  a t  a given i n s t a n t ,  a T/>x; o r  changes w i t h  t ime a t  a given 

l o c a t i o n ,  a l'/at. The v a r i a b l e s  - x and - % a r e  independent. 

The t o t a l  derivatives r e f e r  t o  changes of a n  ind iv idua l  wave - 
which has t r eve lod  a d is tance  x i n  EL t ime t s i n c e  it has been geser -  - - 
ated. For i nd iv idua l  waves x and t a r e  no t  independent,  Indeed they  - - - 



are r a l a t e d  by %he 

6 = @  T , x  i (equ, 17)  

whloh t o g e t l . ~ s r  w i t h  t h e  ?sf  i n i t i o n  of? wave v e l o c i t y  

mks s o l u t i o ~ s  sf t h e  tyye .t; = G (x) poss ib le ,  

This  di atrtnce-travel r@Latt ansh ip  f o r  i nd iv idua l  mves oan i n  

%urn, bs s u b s t i t u t e d  iao.ts (17) t o  give3 so lu t ions  of t91e form 

T * T (x) or T = 5! ( t )  (24) 

Equation@ (20) arid (21) c i v e  t h o  d i P f e r a n t i a l  expression, 

equat ion,  (24) t h e  i n t e g r a l  eq re s r s ion ,  f o r  t he  per iod  of Ind i~ idua .1  

-meu The meaning o f  t h e s e  very general remrlcs can bes t  'be illus- 

trated with s p e o i f i c   ample^, 

For low waves i n  water  o f  depth h t h e  v e l o c i t y  i s  given by t h e  - 

Eqwati.ons (25) were original3.y der ived  f o r  a n  i . n f i n i t e l y  long wave 

train 02 cons tan t  per iod ,  but; it i~as been shown by Cauchy and Poisson 

(hmb,1932) t h a t  t h e y  apply  a l s o  t o  a wave system o f  gradually varying 

p e r i o d ,  I t  "tas been customary t o  s t a t e  t h a t  i n  n very shallow water ,  

% h a t  i s  water  ~Plers, 

h 4 0.05 Lt (26) 



sylxations (25) seduce t o  t h o  w a l l - h o r n  Porn 

a o c o ~ d i n g  . to wkiieh t h e  ~ e l o o i k y  depends upon depth only,  and t h e  

propalqation is t h e r e f o r e  non-dispers ive ,  

Condi t ion  (26) is cer4xxial.y f u l f i l l e d  by all. h o r n  tsunamis and 

accordingly s q u a t i o n  (27) h a s  been a p p l i e d  for aomputing t r a v e l  times. 

These at temp. ts  have been r e m a r h b l y  success fu l .  

There are, howevur, se r ta in  secondary pl~snomena a s s o c i a t e d  with 

the propaga%ion o v e r  l o n g  d i s t a n c e s ,  such as a very gradua l  fslcrcjase 

i n  wave p e r i o d ,  Tor which e q u a t i o n  (27) is no longer  a s a t i s f a c t o r y  

approximation* Tho f i r s t  .hnro terms i n  -tho expansion o f  a h y p e r b o l i c  

tanpmt are 

ancl t o  the  same dogrea of  approximat ion equation (27) boeornes 

and  

Percen tage  diffesonces i n  the v e l o c i t y  o f  ve ry  long waves are t h o r e -  
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2c.r~ o f  t*:c nr6er of CX 2 - 
The r o t a l i o n  02 t ne  esr-bh also introduoss disz~ersion,  and for 

~ ; s : ' T ? ~ J Y ~ s  of half :!our ?sr'ad o r  longor this affect ca~not be neglec t -  

ad, 1Zub i r z  "tile case a? tnc  s5or-b period tsunami. of 1 A n s i l  1946, the 

acrt:~as rotation incrcascs tile kodal  d i spers ion  by l e s s  than one 

:)ereent, 

:?if Seron t i a t ing  (2bb) g i v e s  

a:: g tan~lo( =O(SBGII~~ -", = 2.. 

dT 2 - r  (2 o 
2 -  

I c 7  s e  ch2& 

~ ~ i l i o h  can, in view o f  (29) and the expansion 

Substituting into equat ion  (14) g ives  

o r ,  i n  terrns of jreroenlttlge d i f f e r ences  

A conparison -with ( 3 2 )  leads t o  tne in te resk ing  r e s u l t  

C - V S  2 (So - C)  (38) 

s o  t h a t  f o r  any glven  wave 3 c r i o d  the  grouj; veloci-by i s  s m l l e r  than  

t t ! ~  wave veloci . ty  by +iioa t h e  m:ount 'c&a.t the wave s e l o c i  t y  i s  

smller than t h e  velocity of  i n f i n i t e l y  long  rmves, 

Substitutins (36) i n t o  (20) and (21) gives the  folloTaing 



ro1ni;ionshi:ls f o r  tho changes i n  period of' individual  waves. 

Tha general i n t e g r a l  (17) oan now be wri t t en  i n  the P o r n  

If the bottom p r o f i l e  along the path or" t r a v e l  i s  approximated by n  - 
shof-t n t r a i g h t  l f n e  segments, from xo,ho t o  xlrhl; from xl,hL t o  . , 

x2#h23 . . . . . , from %-l,hnml. to %,hn, then in t h e  in te rva l  (i -1) 

and equations (42) can So in teg ra ted  along each l i n e  segnmnt: 

EQr t a b u l a t i n g  corresponding values of  hi,xi the  in teg ra l s  can be 

evaluat  sd f a i r l y  rapidly. 

Ths t r a v e l  - t i m e  to of an i n f i n i t e l y  long wsve can bo computed - 



3y se- t t ing 4 t a t - to equat ion  (41) oan be wrrit"ton i n  t h e  more 

conveni c n t  f'om 

T - T ( A t  - I / T ~ )  ($6) 

If t h o  f i r s t  a r r i v a l  of t h e  tsunami i s  c l e a r l y  i n d i c a t e d  on t h e  re- 

cord, anti i f  t h e  i n i t l a l  wave p e r j o d  exosetls 10 g inu te s ,  A t may, - + 

with  s u f f i  o ion t  app rox imt ion ,  be  t aken  as the t ime i n t e r v a l  a f t e r  

t h e  f i rs t  rccorded arrival o f  t he  tsunamj. a t  a given stakion, 

Ono p a r t i o u l a r  f o m ~  of %he solution (45), and ona t h a t  s a t i s f i e s  

h inens i  ona l  consi d e r a t i  om, i s  

whore a. f s an a r b i t r a r y  constarlC* Equation (47) represents  a cubio - 
equat ion  I n  - T 

wlth one o r  t h r e e  clistf n c t  real roo t s ,  depending upon whether t h e  

i s  p o s i t i v e  o r  negative. 

The s imp les t  poss ib le  s o l u t i o n  i s  found by setting a 0 in 

It  i s  worth no t ing  t h a t  even this s i n p l s  s o l u t i o n  exlzi-bits 

some o f  t h e  d e s i r e d  physical  c h a r a c t e r i s t i c s ,  Y'or t he  e a r l i e s t  ar- 



For mognti.vo val.ues of '  at, .t1;3% IS,  f o r  t imes preceding t!le a r r i v a l  - 
QL' the  S'i rsi; -vrave, t he  s o l u t i o n  Ibor - T i s  proy,srly ima,l;ic?arj, 

Yristl.ner equat ions  ( $ 7 )  o r  (50) a r e  v a l i d  can 'kt0 docidsd by p lo t -  

t i n g  t11c rsls-biioslni p (46) from ohsen ra t iona l  data. If t h e  r e l a t i o n -  

sla.jp i s  l i n e a r ,  s ~ p ~ a t i o n  (47) my  be used, and if t h e  l i n e  fur"cTtior- 

morc coirrciclt?~ t~ f i t h  t h e  T axis, equaktoon (50) my  be used. - 

Figure  2A shorvs %!is gene ra l  refraction p a t t e r n  o f  t h e  t s u n a d ~ s  

Porned by t 3 e  subnnrine ear-Ehquai;e o f  A p r i l  1, 1946, The daskled 

curves g ive  t h e  p o s i t i o n s  of  tho c r e s t s  a"ctatesd ;tine intervals, 

and t h e  s o l i d  lines, vrYlicll are normal t o  t h e  ores.ts, g ive  %kc pa%hs 

of t m v o l  tovmrds va r ious  s t a t i o n s .  There a r e  a l t o m a t o  routos  

i n t o  ITonolulu and La J o l l a .  Tile gra~h, tvhich was prepared by t h e  

Departnent o f  Engi~ies r ing ,  Un ive r s i t y  of Cal i fo rn i a ,  (1948) , p r o l ~ a l ~ l y  

r ep re sen t s  t h e  f i r s t  a.tte:i:pt of" ,a:>plying t h e  p r inc ip l e s  of' r e f r a c t i o n  

d i a g ~ a ; ~ ~ s  (TZ-ydrogra;i'iic Off ice,  1945) t o  a sOucly of' tsunamis. Rg, 2A 

a l s o  g ives  t h e  approxLxite paths o f  two o t h e r  t s m a 1 ~ 6 s  recorded a t  

1-Ionolulu about tvrenky-five y e a r s  ago, 

Figure 2B sI?ows t h e  depth p r o f i l e s  a long  various paths  of 

t r a v e l s ;  from these ,  to and. I have been evaluated according t o  (43) - - 
and (44), and s m x s i z o d  j.n t a b l e  1 togetl-ier with o%i?er pe r t i nen t  



\ K g .  2--?aths of tsunnnis f o r  t ; r r o e  m j a r  submarine earthqua:es. 
Fi-gure 25 s;lors v e r t i c a l  :3rofilcs slony ti\e pat;~s ~f t r ave l  of tlle 
1 A p b i l  1945 tsunami, 



Comnbfasr ::roan, %@3S, kiae lcindly pui; aat o u r  d iaposa l  tk?e tida1 

The f ive 1,es-l; ~-.?oorcis have been aelscted,  and " c ~ e  oPiang@s of , ~ a r i o d  

v ~ % h  Ci:iao at, M-te f i u ~  o ~ r r o s ~ ~ o n c i j - n g  stn-i;ir~ns have baen f o ~ t n d  in t h e  

J"crLloxsring ,r, -~~rn~38r.  

Consecutive cres,ts and .b~ougI is  wero  nu:~borad ( f i g .  a), and 

.riLotted n~la ins t ;  A t ,  4;irne i r~ torvrxl  afhr tho initirnl arrival. of - Y 

.(;'la tsima;nj. (f j.z. 33). Thc ~?a. r iod  arms 1;Ezsn de tanz inod  from the 

s l o i ~ ~  of %:lo ~umocl %an r"i;;ure 3Lt* ar,d ;~lot.b~d il.1 3C. 111 EL:L&~;~OXI  

t o  tl.~i s met'lad, zroTdT?s of  p8rJci o u l a r l y  xirlirsll defined cresks and 

dlrscbly,  and then p lo l . tod  ,in i ' i~un .0  3C,  



METHOD FOR MEASURING PERIODS 

At' TIME OF ARRIV4L AFTER FIRST NOTlCE4BLE EFFECT OF TSUN4Ml 

$ig, 3-+ice Text. 
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Figure  &Qi?res tho  relrntionslrip of per iod  ~ " i i b h  -tine a t  t h e  

l i v e  s e l e c t e d  s%a2;lons, The rel . : r t ively s h o r t  per iods of t h e  Apr i l  

1st t s u m ~ ,  i n t e r f e r e n c e  3etwejen waves t r a v e l i n g  over different 

pa ths  and t he  supe rpos i t i on  of' s s i c h e s  g r e a t l y  reduce the  nocuracy 

"with ld~hiCli per iods cdn be measured. Ce r t a in  por t ions  o f  tire records 

a t  San Lufs Obispo ansd La ,Toll& had t o  be omittetd because of severo 

s e i  che f o m t i o n .  k t  B o n ~ l u l a  a t'firee-minute mi c l " ~  i a predominant 

~ f t e r  t h a  firs"b hour ,  and. t h e  neasured  periods from the nearby Vaim 

Iiiver water  @+bags recorder  have been takon i n t o  accov.nt i n  drawing 

the  curve, Jt would be d e s i r a b l e  t o  apply  more r e f ined  methods of 

pe r iod  annlaraTzs, !jut t h e s e  a r e  mde d i f f i c u l t  by t h e  slow recording 

s??eed ( 1  h o u ~ l :  inah)  and t h e  resu l t i .ng  extreme v e r t i c a l  exaggerat ion 

of the record, 

Gon~parison be - l~een  theory  and obscrva t iox~s  - 
The observad f i e l d  o f  mvle pe r iod  i s  i n  qualitative agreement 

w i th  tho  theo reb i  os3 consi derakions. The period increases  wit11 d i s -  

t ance  oi' t r a v e l ,  bu t  decreases  w i t h  t ime at  every given s t a t i o n *  

POT a q u a n t i t a t i v a  check, corrasponding h l u e s  OF T, - At 

( f i g .  4A) and I ( t a b l e  1 )  were s u b s t i t u t e d  i n  t h o  general  f i a l d  solu-  

t i o n  (46) and p l o t t e d  i n  f i g u r e  4B. 

I n  aocordance w18h tirc t heo ry  a l l  o b s e ~ " ~ ~ a t i o n s  ya r t a in ing  t o  

t?t.le A p r i l  1 s t  hsunami, from Sawaii t o  Chilo, obey .the same general  

r e l a t i o n s h i p ,  whi le  obsar;!ations o f  t h e  two o the r  tsunamis follow a 

d i f  fercnt; r e l a t i onsh ip .  Thus %he i s rde teminateness  o f  %he func t ion  

in t h e  gene ra l  s o l u t i o n  (46) depends upon the na ture  of  t;he o r i g i n a l  

dis turbance,  P r e l i d n a r y  considera-tions i n d i c a t e  that Long periods 



~ i i .  4b--Feriod a y a i n s t  t i r ~ e  o f  Apr i l  1 t s u ~ a n i  a t  nx r ious  
s t a t i o n s .  

Pi:. 42--?lot o f  gene ra l  sa1ul;ion (equ. 17) f o r  t h r e e  
CE f f erent  oart;:lquai:es. 
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i n  ti:. 42 ir~sjli ca1;(3 u l a r g e  ; lorizon-i;al  exi;c.ir,t o f  t h e  iaj . t ial  dis- ---- 

' iurbanca. %krEiaprs t h a  s i z e  ar~cl s k a p s  o f  th@ i n i t i a l  c l j s turbance 

c o u l d  e s t i m t e d  by assuming eertaixk f o m s  orYt;i@ i n i t i a l  deform- 

a t i o n ,  o r  i n i t i a l  fn rmlse ,  f o r  '~,~1\io:n a n  a n a l y s i s  o f  ths Caucl~y- 

f jo isson t y p e  can Ee c a r r i e d  th rough ,  and t h e n  c o n s t r u c t i n g  a ne&- 

work of' l i n e s  on fl[;. dIB o o r r o s p ~ n d i n g  t o  .varioun t y p e s  and s i z e s  o f  

t h e  5 s r i t i a l  boundas!r contl i t iarra.  A cornparison o f  t h i s  n e h o r k  w i t h  

ohservf>d r s l a t i o n s t i i p ,  auok ps tile ones  i n  Fig, 4E* y i e l d  inform- 

a.t;ion r e g a r d i n g  the n a t u r o  and s i z e  o f  the ormigirka.l d i s tu rbance .  

A fa:&"turo w11i ch .j.s obscured b!; "the logmri t i rn i  c  s c a l a  o f  t h e  ab- 

c l s s a  i s  t h a t  t h o  1earl:ing wave9 emerpecially +he p a r t i o n  o f  t l te wave 

proceed in^ t h e  f i r s t  c r o ~ t ,  i s  a s s o c i a t e c l  wi tiL s m 1 l  v a l u e s  of 

A% - I / T ~ ~  and lar::e v a l u e s  o f  - T. Th.ercfore a (47) must hs s m a l l  - 
and t ho  approximato so l t a t ion  (50) i s  a p p l i c a b l e ,  so  t h a t  the p e r i o d s  

of %I16 ver, f i r s t  vsavos, t i i e  " f o r o r u n n e r s n ,  are ag.)proximzltel:r p r o p o r n  

t i o n a l  t o  TI and inverscl:: p r o p o r t i o n a l  t o  6 . - - 
From an;; one o o ~ p l c t e  r e c o r d  it i s  p o s s i ~ l c  t o  oornpute tine 

p e r i o d s  a t  an-,- o f  t ~e o t l . ~ a r  s t a k i o n s .  A S S ~ E ~  *tT18 k t a m n i  rooord 

t o  define tEtc r o l s t i o n s i l i p  f o r  t h e  A p r i l  1st  t s u n a r k ,  t h e  p e r i o d s  

f o r  a l l  o - the r  c tu- t ions  '.nTTs been computed f o r  v a r i o u s  v a l u a s  o f  at, - 
and p l o t t e d  a g a i n s t  t h e  oi ;sorvod p e r i o d s  ( f i g ,  5). The observed  

wave ?oriot:s i n  t h e  Korttl P a c i f i c  t end  t o  bo somavtiat s h o r t e r ,  t i lose  

a t  V a l p a r a i s o  l o n g e r  tlzan the computed ~ e r i o d s ,  The s a n e  c o n c l u s i o n  

f ollouis d i r e c t l y  from e q u a t i o n  (Ma), ~ ~ k i c h  g i v e s  an avura,r;e i n e r a w e  

i n  t h e  p e r i o d  o f  t h e  f i r s t  wave of 1.3 minutes i n  5000 a i l e s .  Green 

(1946) h a s  msasurcd I tho t i lce i n - t s r~a l  between t h e  f i r s t  c r e s t  and 



OBSERVED TSUNAMI PERIODS 

r'ig. 5--Conputed waTe p e r i o d s  a r e  based upon 
e q u a t i o ~  1 7  and t h e  observed  p e r i o d s  a t  

I b t a r a n i  , Peru. 



f i r s t  t rough and on kha t  b a s i s  e s t ima te s  t h a  ~ e r i o d  i n c r e a s e  of  the 

f i r8 . t  wave t o  amount t o  2.0 minutes in.5000 miles.  The o b s e r v a t i o m l  

data a r e  t o o  i m c a u r n t e  ko determine whet!~er  t i l l s  disarcpancy i s  s i g -  

n i f i c a n t ,  ant1 whether it tl.lomfore i n d i o a t o s  ee more rapid i n c r e a s e  i n  

per iod  than  -the i a o r e a s c  due t o  d ispars f  on. 
2 

For low waves i n  deep water ,  t h e  v e l o o i t y  depends upon wave 

l eng th  a l ans ,  o r  pe r iod  d o n s ,  

and t h e  fol lowing fom,u lae  a r c  t h e r e f o r e  muoh siraplar than  i n  t h e  

cane of tsumm;is, Equations (8) and (14) l e a d  at on08 t o  t h e  well- 

Equations (20) and (21) g ive  

Equation (17) reduces t o  

whareO. = 4 ~ / .  (dimensions t2/~). The i n t e g r a l  (54) has been g iven  

by Bossby (1945). 

-- - 

2n.. t h e  amount of i nc rease  i n  po r iod  i s  d i f f i c u l t  t o  determine 
from t h e  p r e s e n t  records.  For ins . tance t h e  t a b l e  shown on page 7 o f  
my AGU paper i n d i c a t e s  an i a c r e a s e  o f  around 2 minutes. Bui; by dropping 
t h e  s h o r t e s t  per iod  s t a t i o n  from t h e  C a l i f o r n i a  group, and the longes t  
per iod  s t a t i o n  from t h o  Peru-Chile group, the  mean value of i n c r e a s e  
i n  poriod would be 1 1/3 minutes from C a l i f o r n i a  t o  South .America.'' 
(C. IT, Green, July 18, 1946, personal  czomnunication t o  tize uut'rlor,) 



The s p e c i a l  case corresnondine; t o  (47) givus 

wilich i s  R. s o l u t i o n  of' t h e  Cauchy-l'oisson wave problen (Lamb, 1932, 

pp. 384-398). 

It  w i l l  be shown t h a t  tilo 8pecia.l s o l u t i o n  (56) i s  i n  good agree-  

ment wit11 observnt ions  o f  t h e  " forurunnersn  of swel l  from a  d i s t a n t  

s t o m .  This i s  assumed t o  j u s t i f y  t h e  use of t h o  simple s o l u t i o n  

f o r  a l l  f1art:~er de r iva t ions ,  tlraugh t.ke agreement might a l s o  have 

been expected from %he analogy w i t h  t h e  forerunners  of  t h e  tsunami, 

Tlie follow-ilng d i s  cuss ioa  dea l s  t h e r e f o r e  oxc lus ivoly  t o  t h e  

fororunners ,  and i s  no t  a p p l i c a b l e  t o  tL1c v i s i b l e  swell .  Some of' t h o  

f o l l o ~ ~ i r x e ,  de r iva t ions  could have been given f o r  tile genera l  case,  b u t  

t h e  n o t  i ncoas ide rab le  d i f f i c u l  t . les involved i n  dea l ing  wi th  a moving 

source a r e  g r s a t l y  s i m p l i f i e d  by working w i t h  t h e  s p e c i a l  solution, 

To de r ive  t h e  equat ions  f o r  i n d i v i d u a l  waves, T can be olimi- - 
m t o d  hatvreen (51) and (56) 

I n t e g r a t i n g  g ives  



The au53scrip.L; nD" may- r o f e ~  t o  any f i x e d  p o i n t  on t h e  waweqs 

journey! bui; w i l l  he re  'us taken t o  delaote coszdi t i oas  a t  t h e  wave 

s t a t i o n .  I f  TD and (a ~ / a  t ) D  a r e  datermined from t 5 e  WELVB record, 

t h e n  t:?e d i s t ance  and t ime of t r a v e l  can bs cror:~puS;ed f r o m  (59): 

IVavos f r o m  moving s t o m  - 
.Ap:~licat-ion oi' t l teso aquat3 o ~ s  t o  She s tudy  0.E saveill is dj.i'fi- 

e 

c u l t ,  Z)ecau.se one must (leal virith a rxoving source of f i n i t e  size 

W ~ i o h  c o n t i m o u s ~ y  e ~ i t s  now waves. If; w i l l  be a s s m a d  t h a t  t he  - 
problem calz be t r e a t e d  as one invo lv ing  an inf - in i te  number of i n s t an -  

taneous sources ,  oncE~ independent ly e m i t t i n g  a wave f i e l d  according 

t o  t h o  assml?tions made e a r l i e r .  Let  x and it r e t a i n  t h e i r  former - - 
meanings, des-ignatirrg t h e  - t o t a l  d i s t a n c e  and t i n o ,  r e s ~ e o t i v e l y ,  t ha% 

arry wave laas traveleci, The f i x e d  coordina.ted system w i l l  be  denoted 

by x and &, K represent ing  distarico from t h e  wave o r i g i n  t o  t h e  - - 
wave s ta t ion , ,  and t *the t 5 m e  on saxe ~" tandwrd saa le ,  f o r  example ECT, - 

The movermnt of t h e  s t n m  c e n t e r  i s  represented  by tile equation 

X, $ c-cj (61) 

Let 6 X b s  t h e  d i s t ance  of: a p o i s t  of wave o r i g i n  from t h e  stomp - 
c e n t e r ,  so t h a t  



'."3aves a r r i v i n g  a t  t h e  wave s t a t i o n  a t  any  t i m e  warn genoratud - 
s a t  a t ime  "C - t w?1.:"1~~1 the s I ; o ~ I ~  c a n t e r  was l o a n t o d  a t  

x, = cp ( .c-t) (63 1 
To dekormino t h o  por iod  a% t h e  zriava s t a . t i o n  a t  a t ime  "T se.b J 

- X  = $ ( r - t )  - 6 x  

and s u b s t i t u t a  i n t o  (55) 

At anv time < a E P C O ~ ~ U ~  o f  w"8.0-0 p e r i o d s  inu8.h be presen2; a t  - 
t h e  waue s t a t i o n ,  duo t o  two f a c t o r s :  

(a) Vfa~es a r r i v e  s i  m.ultaneously from d i  f f e r e n k  s e  c t o  rs  oi' t h e  
s t o r m  (different v a l u e s  o f  b X ) .  

(b) Bu'avos a r r i v e  s i ~ m l t a n e o u s l y ,  al t 'nou$a t h e y  were gonera ted  
a t  d i f f e r e n t  t i ~ z o s  ( d i f f e r a n t  v a l u e s  o f  t ). 

.- 

The t o , t n l  ty . id t !~  o f  t h o  p e r i o d  'band" i s  g iven  by 

.cv!.iero P i s  t h e  e f f e c t i v e  l e n g t h  o f  t? ie  s t o r m  f e t c k ~  a t  a t ime  - 
( - t ) ,  and  Q i s  t h e  tflrrae i n t e r v a l  d u r i n g  tv!lich waves p e r c e p t i b l e  - 
a t  t i le  s t a . t i o n  wero goneraterl.  P a r t i a l  d i f f e r e n t i a t i o n  o f  (64) 

l e a d s  t o  t h e  oxy)rossions 

i s  tIze rats o f  s t o r m  rnovemont towards  tlzo wave s t a t i o n  a t  %lie t k m  

( - t )  and  V = X/-t  t h e  group saelooiky. 



Equa t ions  ( 6 6 )  my also 'be i n t e r i ~ r a t e d  t o  glvo t:le width. i n  

klic y e r i o d  l ant7 ~ 3 1 . ~  to  t:-o i nsi;anl;aneov.s a c t i o n s  o f  a ii n i t e  s t o m  
LI____ 

(G6a), axtl lue t o  a mavinti: ?-mint-source ( G G ~ )  , r c s p e c t i v o l y .  The 
, , , 

1 o n ~ o r ; t  :rsri ods 5x1 %tc. bard nro  t;rose o P %l?e e a r l i e s t  posoe:;tiLle 

~ms.os  from -tl-~c :fmrl;:iest c e c t o r  of t::e s t o m ;  t h e  s h o r t o s t  p s r i o d s  are 

duo to tJ:c wavcs g e n o n t ~ ~ c ?  lntoat n c n r  t!,c lo%clin~ edge o f  %>lo stom. 

I s  rslra.ted t o  t i le p o s i t i o n  and  speed o f  the s t o r m  ar?d can .t;l.~ero- 

f o r e  provi rla cluos mgarili ng chcrl;~es i n  t!zo mateorolo::i o a l  s i t u s t i o n ,  

Tile ~5 d'tt-L and a:.spaarance o f  t'rlc3 Land srrovlrl. p r a v i d e  somo ' i n f o m s t i o n  

about  t h o  s i z e  and c l ~ u r a c t a r  o f  t h e  s t o r m  i t s o l f .  

Observations 

Un.Sort~~nately no s i n u l t a n e o u s  tva?re recortls f r o n  .bra o r  more 

w e l l  sepxm"cod s t a t i o n s  are  available t o  test tile theor;)r, The ?rroposed 

wave-recording s t a t i o n s  at La S o l l a ,  C a l i f o r n i a ,  and San Hi o a l a s  

I s l a n d ,  120 mikes .$&T1:Y from La Jolla cal: be expected t o  p,j.ve valuable 

i n f o n t i o n .  O'usarn-tj on sl?o"xs t h a t  t h o  i n c r o a s e  i n  svrell rml-ioi;. f o r  

an iridi.vidual m v o  nay be ol' t h e  o r d e r  o? 2  seconds a day ( ~ v s r d r u g  

and Slunlc, -j n .7r~ss) .  bcco r~iinj! t o  (53) , f o r  a n  a v o s a g e  >;or lo3 of' 10 

The cor responding  pe r iod  dii'ft:reacc o v o r  120  miles 5.s a b o u t  0,'7 

secondis. Goth 3~/?3t and : B T / ~  x cun tkerci 'ore be r r ~ a s u r e i i  with 



ex5 sti.vl.: insbru~xonts.  Com?arison of  tile obse rva t ion  wit11 t h e  l o r e -  

going considern tiolls would show 4*thcthcr t h c  a s smpk ions  made i n ,  t l z i s  

ro:mr"t a r e  a -pl: i  cable t o  swel l ,  and es , : s c i a l ly  fvIEcthcr %lie s i g c i f i c a n t  

wavos, that i s ,  t h o  n ighes t  waves :;resent an1 t!;c ones that  ,e tc r -  

rr,ino %l:e c1:aractor of t h e  sur f ,  main ta in  t h e i r  Iden t i t y .  

Some e o n ? i m t i l o n  oi' the a:.plica'Dili't;r of the theo ry  t o  a long 

swell can be found i n  records Proni a s i n g l o  wave s t a t i o n  n t  Pendeen, 

3ngland.' The waves were r~masursd. by m.enls of  a d i f f e r e n t i a l  p r e s s u r e  

recor~.lor on tho  ocean hobtom a t  an average depth  of 114 f'aet, The 

roeorc' .~ xBrere t l lsn analyze2 f o r  - e r i o d  by a frequency ana lyzer ,  s p e c i a l -  

l y  dssisned f o r  t h a t  Purpose at t : ~ e  Acl?r~iralty hiescaroh L a i l o r a t o ~ j .  

.V'il;uro 6 shows a set; of s o r i o d  anztlysos of t.iraenty-xinute records  

talrcn a t  i n t o r ~ m l s  of tmo hours. Tho a b s c i s s a  simply g ive  wave per -  

i ods  Lr: seconds, 11u.f; %;lo or i inakos  are more d i f f i c u l ' t  t o  i n t e r p r e t ,  de- 

pondkng hot11 uymn t h e  fraqusncy of occurrence of a c e r t a i n  per iod  and 

upon tlie correspondin5 wave ;.?eight, 

Tlie baiid of gradually tliminishing rteriocls 2.n f ig .  6 i s  t h e  r e -  

s u l t  o f  a n  i n t e n s e  cyclone 12rk~ich Formed o f f  t h e  coast  of' Cuba, 3000 

miles :son Pendeor,, on 1krc17 lo1 1945, and  *ravelad i n  a genera l  XI3 

d i r c c t i ~ n ,  passing vrost oC t h e  Er :~ t i sh  I s l e s .  The p o s i t i o n s  02 "i;ize 

fomari and rear edges of '  t : l e  storm a r e  g iven  i n  f i g u r e  7h. These 

were de t emincd  f r o n  6-hourly vfsather maps, followlnyi; t h e  r u l e s  f o r  

aensur,i.ns fetc:les f o r  wave f o r e c a s t i n g  (:ly L r o g r a $ ~ i c  Ofi'ico, 1944). 

Four royresenta . t ivc weather  maps a r e  i ~ c l u d s d  in Pig. 7,4 

3 ~ e  0oeano::rayl.i. c Eesearc?l Grouu, A d x i  r a l b y  Xesonrch Labora'cn~j, 
Teddi.~~<r,ton, Yn;;lantT, l?avc'kindly p laced  at o u r  . i i sposa l  unpublis1:si re- 
cords o f  smell :zt s'endeon, near  Lanth End, 

l he waat ior  maps   re;*^: dnvm and ana lyzad  a t  t'ie li.8 . Plavy 
liieather Contral ,  Tlrashin~;to;z, D.C. 





The firs t L~zc1icatior.s of b310 storm on -2;ttc vmw record. a r e  some 

itlom-:l'roquoncy noisest'  ab 1400 CCT, tkro?! 14th. A't "&xu% t9tn.s v i s u a l  

obssrva t ionc  a% k'a~~denrz co ted  only ti10 2rcseneo of' 10 t o  12 second 

waves Prom l o o a l  vfir~ds. The long " fora  runnors" o f  2;12~3 swel l  were 

too  low to  be v i s i b l e ,  TExa u p p r  and lov;ier I lni  t s  of tIre per iod band 

have been read  off  t h e  r e c o r d  and irrawn on Pig. 73 to ompl~asize t h e  

s ix i l a l - i%y  between t h e  rooar~lod  wave perf ods and the  obsemotl storm 

paths, A relatior?shi,p bofxuem the wid.tb o f  t h o  period band and tho  

f otch, i s  8180 apparent. The in;pl ic~. i ; ions of aqinat!.ons f 64) - ( 6 6 )  a r e  

t ho re fo re  borno out  by 5110 observations.  It w i l l  be ~ h o w n ,  howev~r,  

thak t h o  s i m i l a r i t y  of  t i le cuwos in f i g .  7 muaF be rnisloading, and 

t h a t  lijreat care :nusmt; be  oxeraisec-l jn t h e  i n t e r p r e t a t i o n  o r  t h e  wave 

Contmri son betmsn.  theory and a l s e r v a t i o n s  
L-- 

\"do s h a l l  f i r s t  dea l  ur i tbl  t h o  lower baunrlar;c,r o f  tila per iod band. 

t i l s  time and 2ar iod  be clcsisnated irryT and TZ , and I c t  X and - 0 - 0 

T, - to r o f e r  t o  t i l e  l is  t-lrzcc from ioadcorl ard t1.c time nP m e  

dssw~ne that .t;ile "i nst;antineous" d i  s turbanco uilri ch ga7i.e r i s e  t o  

t h e  waves doscribe23 i n  (68) was tha only  e x i s t i n g  source of t he  

waves present ;  ~ ; > Q M  s l o w e r  vvavos ~ 5 t h  s h o r t e r  porio(ls would r"o1low 

tlze fas-her  l o n g e ~  waves, so %!?tat the pe r iod  a t  the  wave s t a t i o n  would 
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STORY PATH MCORDED WAVE PERIODS 

ACROSS THE ATLANTIC AT PENDEEN 

Fig, ?--Stom p a t h  a c r o s s  A t l a n t i c  i s  s i m i l a r  i n  appenrancd t o  recorded  
wave p e r i . 0 2 ~  n t  Pendeen, P o i n t s  A--E i n  Pigure  7A are l o c a t i o n s  o f  
rave o r i g i n  computed f rom wave records ,  s u ~ g e s t i n g  p o s s i b i l i t y  o f  u s i n s  
vmve observations T o r  trac:.ring storms. 



v;:lel-$ ( - t )  (T - to) i s  the t i n o  o:" %?le diskur?.Jai~cs, ,  Yhe.r@foro 

as loqt; 9.3 i;;;e l o ~ i ~ r  l i . ;n i .b  or' "i;ils band ;.s r:c$ino-~ bJ. khe ?"ft%vCS i ' I - 0 ~  

a ~ d  dista?ncc: Y 1 = - A r " g e n s r a t c  a ~; .~s i ;cr :  o f  3w.ves tv'-j c3 a r r i v e s  

nt i snclccri st l-ultnn@ousl:r trri t r t!ic Ti r.sSt s t  s ten, t,;us i~avi:.c.; %r%vclec:  

L? t i x e  Irtur-r:3l t q  = ,L - AT . The p e r i o d  o f  tlis waves from t i l e  ssconri 

di  s turlxtnce a t  t:1c L2r.e e q u a l s  - 
'; " T(X  -4X) - 

t - az 
and 

As the tirx a ~ t i  diskance Ise%zwecn the two d i s t u r b a n c e s  is de- 

creased vr-i t h o u t  lind ts e q u a t i o n  (71) approaches  t l i o  d i f f e r e n t i a l  

oqua t ion  ( 6 % )  f o r  rt n o v i n ~  ?u i? . s t  sotwce. rlcoorr'ing Lo (51) ,  (52) 

and (56) 

can be consi .dered the average v c l o c i t ; -  o f  the s t o r m  movemen'i; beb.veen 

any -two ~ n j n t s .  Therefore Tf i s  l f ~ g l t s r  tkan, o q u a l  t o ,  o r  lower *Plan - 
T accorciir;g t o  -r*i11ether V is larger than, eqrial t o ,  o r  smllar than e+ - - - 
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For T = 1 9  seconds, V = 29 kx:ots, whi le  during t h o  f i r s t  day of 

s to lm 1va.s about  1 7  knots. S ince  t h e  forerunners  of  t h e  s ~ ~ o l l  t r a v e l  

a.t aons idorable  speed, t h e  i n i t i a l  $oarcase o f  tilo lower lidt of t h e  

harid r e s u l t s  f r o n  t h e  c l i a r acbe r f s t i c s  of a s i n g l e  wave system from t h e  

e a r l i e s t  pe rcep t ib l e  d is turbance  and i s  t i lo refore  s i m i l a r  t o  t h e  de- 

c rease  a ?  the tst;nami per iod  a t  a f i x e d  s t a t i o n ,  The time and posi- 

t i o n  of  t ? :~  o r i g i n  o f  t h i s  wave s : rc tem can be p l o t t e d  a s  a poin t  i n  

fig. 8A, wilere i t  should f a l l  wit11j.n t h e  observod storm track.  The 

p o i n t  w i l l  be callocl the ''focust' o f  a c e r t a i n  po r t ion  of t h e  ~ m v e -  - 

The c i r c f o s  ir. f i g .  8 givo t h e  lower li.mits of t h e  period band, 

as they were r:easurod. on t h e  Pendeen reeord. The :losit ion of t h e  

focus  i s  conquted i n  the f o l l o v ~ i n g  manner: 

1. A t  t h e  t ime z = T?arcls 14, 1800, fig, 8 shows T = lB,2 
s ~ c o n d s ,  a T / Q ~  =? - 0,18 sec/hour. 

2. Equations ( 7 0 )  a n d  ( 6 0 )  g ive  X = 2800 n,miles,  t = 1 0 2  hours. 

3. T~larch 14, 1800 nslnus 102 hours i s  Elarch 10, 1200, The pos i -  
t i o n  o f  t h e  focus i.s shorn  by t h e  l a r g e  c i r c l e  marked ''a2 i n  
f i ~ .  ?A, and f a l l s  w e l l  w i t h i n  t h o  observed s t o r n  track. 

4. S o t t i n g X ,  3: 2500, arch < = Elarch 10, 1200 + t i n  equ. 69 
p l o t  ' ~ f o s  varl.ous V E L ~ U O S  o f  t i n  f i g ,  8. 

On 3!hrch 15, at 0000, t h e  lower band changes its slope abruptl:r, 

The wave system Prom t n e  o r i c i  n a l  d i s tu rbance  no longer  c o n s t i t u t e s  

t h e  lowcr Boundary of  t h e  pried Land. The new focus can be loca t ed  

by t h e  sane ;nethods as 'oafore, and one  o b t a i n s  - X = 1100 n,miles, on 

? h r c h  13, a t  0600, I t  i s  rqmrlcable  that Yize s t o m  during t h e  i n t e r -  

val f r o a  :Tarch l G ,  1200 t o  I.+arch 23, 9600 docs no t  con t r ibu te  any- 

thing t o  tlzo lower bounchri  of t h e  po r iod  band, The f i n a l  po r t ion  o f  



Fir;, 8--?Totho? ? o r  1 o c a ~ ; : i n ~  p o i n t s  A--3 i n  fiqu.re T i .  (see text)  
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t hs  r e c o r d  can be fiJl ; ted by s s i x l ~ l o  curve  f rom focus C at X = 960 

t h e  interval 66 izn~ars, an6 eq~xals  t h c r c f o r e  25.8 Erfiots: o r  45 feet 

p e r  seco:zc?, A.ocorci.in~ ..&o (72) arid (73) t t la k~ro  nssocia%oci ou.rv@s in 

fit. 8 s h o u l d  i n t e r s s c b  a-t T = (7 = 16.8 seconrls, b2eZ;u~blly tlro 

i n t e r s e c t i o n  t a k o s  ? l a c s  a t  T 17.2  s@oorlds, 'a. 

in tesyre t rz t ion  of '  ti:@ lowor bouncktr~r o f  the  pe r iod  brzncl: 

2, During any t i m e  i n t e r v a l  o f  continzlously : I e o r e a s i n ~  slope t ho  
ho~mclar:! :i s de.tem!ined by tlia w a w e  s-fskcm f rom o. s i n g l e  foeus,  
Tlzo f o c u s  c ~ n  b e  l o c a t e d  by meas~~r l r s ,~ :  T anti 3  at a t  any 
p o i n t  w i t h i n  t l lo  interval, ant1 applying equrct io~is  (6Q)  and ( 7 0 ) .  

2, h rl5. scon t inuous  I n c r e a s e  .I n s l o p 0  i n d i c a t e s  8x1 sbruphe'rlangs 
from one f o c u s  t o  a n o t h e r ,  The i n t s r s e o t i o n  T (7'iT g i v e s  
the n:em ~ a l o o i  t y  bbe.L;ween t h e  k o  foo i .  

3, A gradual i r icrense  in s l a y  onn be foni~ecl o n l y  by a n  enve lope  
t o  la f a i ~ ~ i l y  o f  c u m s s  Prom a d j o i n i n g  foci.. This  s i t u a t i o n  can 
a r i s e  o n l y  i n  t h o  c a s e  o f  a deoelerat-inis, s t o m  movomont, a c -  
cort l ing t o  .tEle e q u a t i o n  B = T/T where T i s  t h e  lrocorlled - 
p e r i o d  a l o n g  t h e  envelo7-le. 

These r u & e s  c o n s t i t u t e  a p o s s i b l e  means o f  traoking s -kox~~s ,  1% 

W i l l  be n o t i c e d ,  however, ti~rnt f o c ~ l s  A i n  fj.5. 7A i s  l o c ~ t e d  500 

m i l e s  5ehintP -tI-io s to rm front;, t!?ic ot11er t1vo foci. a b o u t  200 m i l e s  be-  

hirad t h e  f r o n t .  This discr 'eyancy :nust l ~ e  exy,ec;t;cd s i n c e  waves Zener- 

a t o d  a t  t h e  fr0n.b ibsu l . ?  coulcf n o t  =;ather s ~ r f f i c l e n t  e n e r g  t o  be 

p e r c o p t i b l a  a t  t h e  vrave si;a'l,ion; f u r t h e m o r e  the d i s t a n c e  't;ot;lweon 

t h e  p o i n t  01 wnvc o r l ~ i s a  dnrl t h e  s torm f r o n t  must be l a r g e r  f o r  "the 

f i rs t  di s t u r b a n c e ,  which i s  alrnost  t h r o e  t h o u b n d  m i l e s  from 

Pourdeen, 



'hc, upper bomadar;f of p e r i o d  band depends upon t h e  d i s t r i -  

bu t ion  of onorgy among waves of va r ious  pe r iod  and upon the  scns i - t i v -  

i t y  of  t h e  reaording instrument.  If a D ~ Q P ~  emits a coanpleta spa@- 

trm of  m v a s ,  a s  nw indaed bo t h e  case,  t hen  v ~ v s s  whose y e r i o d ~ ;  

a r o  5 minutes o r  longer  would % r a v e l  a s  sha l low water  waves s i ~ ~ x i l a r  

t o  t sunan~ i s  Prom a n  eartklqmke, and wouEd consk i tu t e  tho  upper limit 

of  t'ns per iod  band. Put e m n  i f  those  vary long p e r i o d  waws  should 

be o f  i?eigh.l; s i n i l a r  t o  recorded wWctucs they  would not keaord beaause 

of  tho  unfavorable response c h a r a c t e r i s t i c s  of' the  inatrurnent. 

Since the upper lErnit o f  t h o  perf  od hand i s  w e l l  dofinscl, we 

hava app l i ed  tilo same ?;:sthods a s  t o  t h e  l o ~ ~ o r  boundary, ~ e t w e e n  

1400 and 1800 on Idarch 16  two upper boundaries  can be recognizlsd on  - 
t h e  record,  both o f  c'i~E1ick a r e  marked. The tint3 and p o s i t i o n  of' f o o i  

D and E have been computed and p l o t t e d  on f i g ,  7A. Focus D l i e s  

sonewhat behind t h e  fa r  boundary of' t h e  s torm kraek, focus  Ed name- 

what s h o r t  oi' it. 

Fig. 9 I l lus t ra -kes  t h e  a p p l i c a t i o n  a f  t h e  method t;o a more 

complicated meteorological $9 tua.t ion, where it appears  poss ib l e  -b;o 

recognize and placo two simultaneous stol-ns from tllo wave record. 

The good agreement between -tl?eoqr and observa t ions  bears out; t h e  

v a l i d i t y  of' t h e  symcial s o l u t i o a  (56) and o f  t h o  r e l a t i o n  (58) ac- 

co r i ing  t o  which t h e  period of an i n d i v i d u a l  fo re runne r  i s  propor- . 
t i o n a l  t o  t h e  t r a v e l  t ime an6 t o  tire square-root  of' t h e  t r a v e l  dis- 

tance. 

Although it i s  t o o  e a r l y  f o r  any def*ini%e preciictf ons, t h e  

theory  f o r  the  inc rease  in wave ~ e ~ * l o d  seems t o  provide a  r a t i o n a l  
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Fig. 9--Shaded bands show pa ths  of &TO storms across t h e  A t l an t i c .  
Po in t s  g ive  p o s i t i o n  of  wave o r i g i n  coxputed from wave records a t  

Pendeen. 



b a s s  1 o I- f i e  i x ?  teryreta . t ion o ~ '  -rm-vo records a s  ax a i d  t o  weather 

f ~ r e o n s ' c i ~ ~  Cze farsx-unners o f  t h e  swel l  a r e  e spec i a l lg  sri  ttablc f u r  

a 'tsexborne s t o m  b v a r r , l  ng" because they  a r r l v o  ~nuch sooner than t h e  

ordinary swel l ,  because t:?tqr s ive  a s i r iple  record s i .me t h e i r  y o u p  

v e l o c i t y  exceeds the w s l o c l  ty oi' s to~-zn~ traii-01, and because t he  s p e c i a l  

so1ui; 'ron (tic> i s  nos t  l i -ce ly  to bi. a:>;;licable, Po:. -t.'iesu reasons i t  

woul~d  7ro arlv5sabEe t o  vfor- mi k:2 e r i o d s  avcn I~igS",ll.ei" tlzoso re -  

cortiec! at 2-enieen, If t 're r e c o r ~ i n z  u n i t  should be lllacod i n t o  dcepor 

water  vd-~csra it i s  o u t  of reach f r o x  tlie ~ r d i n a r : , ~  s~;aoll, then  it could 

be ciesiymd 'bo record t k c  lovr P a r s r u n ~ e r  wi t l l  g r e a t  sensiti-rrity. The 

pro7wsc, wave reco rriin,; s t a t i o n  a t  the S c r i ~ ~ p s  I n s t i t u  ll 03 j s design- 

e d  t o  meat sox:,@ o f  t hese  rc:lui-rex:ierats. 

Appl ica t ion  t o  Seismic 7"djves 

Theory 

Tho ve loc j  ty 02 seisrqic su r f ace  b'Ttt-il@S, t11a.i; Ls, o f  Love and 

p&:jlei gl-1 'cvavos, dspentls : ' reatly up011 tile s t r u c t u r a l  u n i t  over  vrhf ch 

t h e  waxrss are transrnit-tcd. Thus t h e  average velocl t j r  of Love iam.ves 

-t!~rouzh t h e  b a s i n  of t h e  P a c i f i c  Ocean i s  roughly 15;; higher  than 

a c r o s s  c o a t i n e n t a l  America. 

'~Rtklin each si;rv.cJcural cnl-b kkis vo loc i ty  depends a l s o  on t h e  

wave ,;sri a d  f o r  t h e  f o l l o w i ~ g  season: t h e  t r ansmi t t i n& medium con- 

s i s t s  u sua l ly  of ho r i zon ta l  l a y e r s  w i th  d i f f e r e n t  e l a s t i c  constants.  

Shor t  ?mves a r e  t r ansmi t t ed  through a t h i n  upper l a y e r  and ' travel 

witti i t s  c h a r a c t e r i s t i c  velocity;  Long wavos soreaci their energy 

in-to lower l a y e r s  a ~ c i  t r a v e l  at a v e l o c i t y  av~pro-ximatcly equal t o  

a w e k ~ h t e d  moan v s l o c i t g  02 tile dlstur'0+3cl la:rers. 
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Unfchr.kun:%teLy 3t 5.s n o t  p ~ s s j b l e ,  :xs i"l;vas f o r  %;lo ts~ilx.\,a~'"L 

anrl s ~ v c l l ,  t o  w r i t 3  8. s.i~:nple a n a l y t i c a l  o x j : r c s s i o n  f o r  %,:a r o l : ~  5. on- 

sl i ip  l3ebcerr - ,@riod and uslocit;rr.  Even ";lo $iv:  '103'b c 6 i 6 ~  ci' 

anifomz la;.crs t i e - :  o x? ro se iu r~  i.6 oon~lj.catod, asur i ' o r  ans'i;rcll~Cio,lss 

conl"or?nillg I.!oro closely t o  a c t u a l  conditions biic t , leoy;f  b::~ul,:t3~ k00 

etapn'L,ersoxne l o  t:e 1!se.i131 o r e  ( I ~ o i  s sncr ,  b22C;), 

1 t :is o a s i o r  to wo r:. d i r e c t l y  \ i i  1;11 cmpirli cal robr~t iui~sl i i ; \8  

5 ~ ~ 2 3  as t i ~ 0 ~ 8  compiloil Cul;ertbcrg and % ~i;.t;ox* (1936) z'rsmn u I.tW:c 

number of O S S B T T T R ~ ~ ~ E S .  These eriQil-ieal r e l a t ionsh i  ~s arc 'u~%~uocn 

group ~ s e l o c i t ~ r  and ~ e r i o c i ,  b u t  a kno~v1e:le;fs o f  t h o  w a v e  v.slaci.t::l 5 s  

also ~ o c i u i r e d  f o r  the a+;pl icat ion or" ourb t;l.~oory. If tiio c1asl;ic 

con~tants are func-l;iona o f  dec-i;:~ only, and 20 not  vary a l ~ i i g  t lzcr  

p a t h ,  t hen  t h e  group v e l o c i t y  i s  def ined  by 

( la)  

one o b t a i n s  ~ L / L ~  = ~T~JT' . Tntegrat inz lio-btfacn the limits - T and 
03 zivos - 

og 

b - 5 
d:" 

L u)"j. 
VT" 

and f i n a l l y ,  going back t o  (10) : 
n 00 

Tho rate of' p e r i o d  increase of an iazd.ividual umve 



ram now bo coriiputed from equat ion ('74) , t h e  empiri c a l  r e l a t i  onship 

V = V(T)  , and tlio nensurad iteorease o f  per iod  with time a t  a given 

s t a t f  on, 

General observa t ions  -- 
L k c e l m e  (19231, who a l s o  mad@ the  problem of per iod inc rease  

t h e  sub j o c t  of  h i s  doc to r ' s  d i s s e r t a t i o n ,  obtained an averace value 

o f  d~/dx = 1.4 x sec/orn f o r  t h e  Ca l i fo rn i a  earthquake of 31 

January, 1922. This f i g u r e  r s p r e s e n t s  the. i nc rease  i n  period of' 

waves occurr ing  b-vo find f o u r  minutes a f t e r  t h e  f i r s t  a r r i v a l  o f  sur -  

face  waves, and t h i s  i nc rease  must be somewhat l a r s e r  .than tho  cor res -  

poncktng inc reaso  of i n d i v i d u a l  waves. Gutenberg (1939) p. 367, sug- 

g e s t s  a n  equat ion of t h e  form 

f o r  the  pe r iod  inc rease  o f  a n  indiv-idual  wave, and gives a value of  

a v 10'' cm2/~ec f o r  seismic s u r f a c e  waves. For var ious  values of 

T, and correspondir~g vsllufls o f  V (fig, 1, Gutenberg and Richter,  1936) - - 
equat ion 75 gives  

Table 2 

The cauda of  the  surfaco tvavas increases i n  ~ o r i o d  a t  t h e  r a t e  of 

dT/dx = 1.4 x 10'8 sec/cm ( f ig .  5, Gutcnborg and BoXtc r ,  1936).  



CyerI.;: (1926) has  nildo a cnrcfwl  s t u d y  of t h e  IlrC)ntam o n r t l ~ q u a k e  of 

20 liwao l.925, and h i s  data ixldioa.l;os d~.'/dx t o  l i e  l;ok;.xe?en 1.4 x 10-8 

A l I  t-llese e s  bim ~ C S  doal 1#.4.%11 l o a g  d-j s t a n c e  ? ~ r o p a c a t i o n  f rom 

~ m j o r  e ; I i ~ c : ~ a ,  and thoy  c o r s i s t e n t l y  loail -I;o all Inqroase  o f  .t;l~e o r d e r  

o f  1 saoond r:or EQOQ km. To c o q u r e  khis  value a d . t k ~  t h o o ~ ~  the c l e a r -  

osf rocords  f rom ~bfilneri can s t a t i o n s S  hnoa beon s a l e a t s d  from f iysr ly  's  

r e p o r t  on the 1J"ontana oarfhquake ($yeJrl$ ~ $ 2 6 ) ~  and t h o  avorago re- 

l akkonsh ip  bet~voen r ,o r iod  and t imo ?lotted i n  fj.g. 1QD. Tlze r o l a t i o n -  

s h i p  Id = ~('1') i s  a(:a:in ta!-sr, From Piga  I, Outen.berg avid Jtichtsr (1936),  

ancl t>m wave v s l o c i t y  i s  found by n u ~ r i c e n l  i n - t e g r a t i o n  of  (74) : 

Table 3 

Tilo comptrkod ant: obssrvorl  p s r i o d  i n c r o a s o s  are %herofore  o f  t'ne sama . 

o r d e r  of magnitude, 

Th,s 1!liexican ear thquake .  22 Yeb, 1943 

F i g u r e  108 sboms r e c o r d s  o f  t k ~ i s  s3.lock a t  t h e  m r i o u s  s t a t i o n s  

rnaintaine d by tho  Pasadena Sei  s ~ a o l o g i  c n l  ~ a b o r a t o r ~ G ,  Tracing i n -  

d i v i d u a l  waves from s ta -&on t o  s t a t i o n  by making use of t h e  Zz~om 
--- - - 

5 
?asadens,  IAck, Ber:csley, a n d  S t ,  Louis, 

D r .  X c h t e r  of t h e  S s i s n o l o ~ i c a l  Lalioratory,  Pasadena, has  
gone t o  cons i t l e rab le  trouble i n  sellec.ting a s e t  o f  r c c o r J s  saxttable 
f o r  t h i s  d i s c u s s i o n ,  
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d i s t ances  and  wave v e l o c i t i e s  Inns beosl a t tempted bu t  tlic i d e n t i 2 i -  

ca t ion ,  vriiic21 :IS d i f f i c u l t ,  e s p s o i a l l y  i'or tho  f u r t h e s t  s t a t i o n ,  i s  

not  e s s e n t i a l  t o  t he  fo l lou~ ing  a n a l y s i s .  

Figure 10B shows the  r e l a t i o n s h i p  bativreen h!er.iod and time a t  t h e  

f o u r  s t a t i o n s .  F i ~ u r e  10C i s  a p l o t  of t h e  bas i c  so lu t ion  (17) pro- 

vided t'rzat -tho kmnsmission c ! ~ a m c t e r i s t i c s  a r e  uniform i n  the  x-di- 

roc t lon ,  so t h a t  

tvhcm t i s  tlnia (GCT) , V i s  tho croup v e l o c i t y ,  and x i s  t21e excess - - - 
of tlls t r a v e l  ciistancs over  the  d i s t ance  t o  La Jo l la .  The theory  i s  

conf i  mned by tile f a c t  tha.t; observations f o r  .the four  s taLions obey a 

s i n g l e  r e l a t i onsh ip .  The procsaure i s  analogous t o  tile one followed 

e a r l i e r  i n  t h e  n m l y s i s  o f  t h e  A p r i l  1 s t  tsunami. 'Ilho s i m i l a r i t y  be- 

tween tho  curves i n  f i g u r e s  4 B  and  l0C i s  s t r i k i n g  and suggests t he  

p o s s i b i l i t y  t h a t  the n ~ t u r e  of  t h e  g e n e m l  s o l u t i o n  (76) my servo 

a s  a means of  as t imat ing  the  h o r i z o n t a l  e x t e n t  of t h e  i n i t i a l  seismic 

ConcZusi ons 

The theo ry  f o r  t h e  inc rease  i n  wave per iod  leads  t o  two expres- 

s i o n s  ~vhich a r o  especially suLtable  ;or compzzrison wit11 observations,  

Tile d i f fc remkinl  form 

givos t h e  p e r i o d  i nc rease  wi.t;:1 d i s t a n c e  of an  ind iv idua l  vrave of 

group v e l o c i t y  V, wave v e l o c i t y  C, and r a t e  of  per iod  decrease at; a - .  - 
f i x e d  po in t  %T/?L. I ? ~ - t ~ ~ r e a n  tvio s t a t i o n s  seyamted  by 9. f i n i t e  



Fig. 10- -10~-  shows records o f  U e x i  can shock a t  f our southern Cal i for -  
nia s t a t ions .  10C and 109  show ne r iod  aga ins t  time f o r  t h c  Xontana. 
and I2exican earthquakes, respect ively.  10C gives t h e  genera l  solu- 
t i o n  (76) f o r  t h e  2dox5.can earthquake. I 



Tho i n t e g r a t e d  Eomn f o r  

tlxa vcLiva f i o l d  requires that fkoni a s i n ~ l s  di.aturbance a l l  Tva.oes at 

r,q- kine t- and d i s t a n c e  x xrlrast obey t h e  sans functZona1 salatfclr~ship - - 

t h i s  r ~ ~ m r t ,  F I Q Y U ~ V O Y ,  each a-.nlicu-kion poses i t s  o m  p a r t i n u l a r  

;?roblo~m, F a r  t ho  .I;summi the  varirt'hion i n  depth a l o n g  -bias path of 

travel.  xnus'l; bo takan i n t o  wccoun-b. In -t;t~e case or" kilo Pororuxlners 

sousca ~ ~ x s t  be cosnsi doroil, Far  t h e  s o i  smni. c su r face  ?vav@s %lie di. s p ~ r -  

s i o n  rel,a,tionshig mus"Li,. o -taken f ram empiri  o a l  ev5 doncs. 

"!?at i n  s p i t 0  o f  t h e  f a o t  tj.1a.t we ilarrs d e a l t  1v3tr~ dj.Pfurorr-t 

geuphysi a a l  -;ai.u!mornen& tha  increaoa  i.n ?oriod seentsr t o  f o l l o w  the 

$a1718 phys i ca l  law. The n;akus@ o f  ~ I I B  func t iona l  r e l a t i o n s h i p  in 

(1'7) i~ s4;riIcfngly sir&lar f o r  tihe tsunw.i.ai and %he seismic ourfaas  

tvavea. Tn all ,  i~ is ta l rcos  t h e  per5.oc-l i no raase  i c  slow erxcept f o r  the 

l ead ins  waves, vri~oso per iods a r o  n;i .proximtely propor.l;ioml t o  t h o i r  

.brra-vel time arrd t o  t h c  squaro-root; oi" %lie: r travel d i s t ance ,  From 

the a ~ r ; 3 s r i a n c ~  gained i t  seerns l i k o l y  t h a t  o'tnar phenomena dealin: 

w i th  long-tli stance vmvo ~ : r o p a g a t i  on can be 'urougE1.t i n t o  tile same 

the0  reti csbl f'rar~mvork. 
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