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ABSTRACT OF THE DISSERTATION

Increase in the Period of Waves Traveling over Large Distances:
With Applications to Tsunamis, Swell, and Seismic Surface W aves

An expression for the increase in wave period during long distance
propagation is derived from very general assumptions. To illustrate the gen-
eral nature of the solution, application is made to three different geophysical
phenomena: first to the tsunami from the Aleutian earthquake of 1st April,
1946; then to the long forerunners of the swell recorded at the wave station
in Pendeen, England ; finally to the seismic surface waves from the Montana
earthquake of 28 June, 1925 and a smaller Mexican shock in 1943. In the
case of the tsunami and the swell, observations and theory are in good agree-
ment. For the seismic surface waves the theory gives at least the right order
of magnitude. Application of the theory to the period increase of swell seems
furthermore to provide a simple, rational basis for locating and tracking
storms at sea by means of swell observations, and may therefore be of interest
in weather forecasting.

(This work represents results of research carried out for the Hydrographic Office,
the Office of Naval Research, and the Bureau of Ships of the Navy Department under
contract with the University of California.)
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INCREASE TN TIE rIRIOD OF WAVES TRAVELING OVER LARGE DISTANCES:
With Applications to

TSUNANIS, SWELL, AND SEISMIC SURFACE WAVES

®

An expression is derived from very general assumptions for the
increase in wave period during long distance propagations To illus-
trate the general nature of the solution, application is made %o
three different geophysical phenomenas first to the tsunami from
the Aleutian earthquake of 1lst April 19463 then to the long fore-
runners of the swell recorded at the wave station in Pendeen, Eng-
land; finally to the seismic surface waves from the Montang earth-
quake of 28 June 1925, and a smaller Mexican shock in 1943, In the
case of the tsunami and the swell, observations and theory are in
good agreement. For the seismic s?rface waves the theory gives at
least the right order of magnitude. Application of the theory to
the period increase of swell seems furthermore to provide a simple,
rational basis4for locating and tracking storms at sea by means of
swell observations, and may therefore be of interest in weather

foredasting,
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INCREASE IN THE FERIOD OF WAVES TRAVELING OVER LARGE DISTANCES:
With Applications to
TSUNAMIS, SWELL, AND SEISMIC SURFACE WAVES
Events that are merely desoribed and have no apparent relation
to others may as well be forgotten, and in fact usually are.

Sir Harold Jeffreys
Theory of Probability

Introduction

Changes in wave period have been noticed for many types of
wave propagation. Gutenberg (1929} has summarized some of the ob-
servations and gives as examples the propagation of swell, micro-
seisns, ordinary seismic waves, and sound waves from explosions.
Changes in wave period appear to be truly geophysical phenomena,
noticeable only when dealing with waves traveling for long times
over long distances.

The present paper attempts to expdaein these changes as the

consequence of wave dispersion, that is, as the result of the de-

peondence of wave velocity upon wave periode The only assumptions
that must be made are that (1) individual waves maintaein their
identity, and (2) at some given time the wave period changes with
distance., Under these conditions it is shown that dispersion must

lead to an increase in period of an individual wave. Although the

concepts of "dispersion" and "period increase" have been previously
connected by several authors, they seem not to have noted this ef-
feet upon individual waves, and for that reason have sought explana-

tion in intermal friction rather than dispersion (Richter, 1943).



The effect of dispersion on wave period is first considered
from a qualitative point of view., The rate of period increase is
then derived qu#ntitatively in very general terms from the assump-
tion that the wave crests mainbtain their identity. The solutions
are applied to three specific problems for which they ocan be
checked by observations,

The first application deals with tsunamis, a type of wave mo-
tion not ordinarily considered dispersive. However, a slight depend-
ence of the velocity upon period suffices to bring about measurable
changes in period over long distances, and the observed changes can
be brought into accord with theory. A method is suggested whereby
the nature and size of the original disturbance may be estimated from
the tidal record at any given station,.

The second application deals with the long, low waves whioh appear

to precede the visible swell from & storm. These forerunners of the

swell, which have been recorded at newly established wave stations
at Pendeen, England, and Woods Hole, Massachusetts, obey the general
dispersion law, The theory can also be applied to trace storms
across the ocean by means of these wave records. The computed path
of two actual storms is shown to be in good agreement with the ob-
servations on weather maps. The application towards a practical
system pf storm warning is briefly discussed.

The third application deals with seismic surface waves. Good

records from a large number of seismographic sbations makes it possible
to measure the period changes with somewhat greater precision than

for tsunamis and swell, but this advantage is more than offset by the
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lack of a dependable analytic expression for dispersion, The relation-
ship between velocity and period has to be found from observations,
and these give only a very approximate answer, Within the limitations

hius imposed, theory and observations of the period incregse of seismic
surface waves are conslstent.

The principles can also be applied to other types of wave motion,
indeed to any wave motion for which individual waves maintain their
identity, and for which the veloecity depends to any degreey; no mat-
ter how slight, upon wave period. Observed changes in period may offer
a powerful tool for compubing the dependence of wave velocity upon
period and thereby describing some of the characteristies of the trans-
mitting medium, The wide applicability derives [rom the general na-
ture of the basic equation, to whiech Rossby has applied the descrip-
tive term "wave equation of continuity".

Only the kinematies of wave motion will be considered, that is,
no attention will be paid to problems inwolving wave height. The re-
lationships bétween group velocity, phase velocity and energy propa=-
gation have been investigated in a fundamental paper by Rossby (1945)

to which we shall make frequent reference.

The Nature of the Feriod Increase
A number of attempts have been made to explain the increase in
wave period in terms of a shift in spectrum brought about by viscosity.
This point of view has been summarized by Richter (1943) Etalios mine] :
"Some extension of theory is required to account for the frequent
observation that the prevailing periods of all types of seismic waves

increase with distance, This ecannot wholly be due to the normal
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spreading of an impulsive disturbance with filtering out of the short-
er periods, .....Surface waves show dispersion, the theory showing

that velocity should vary with period; but this cannot account for the

increase with distance of the period of a clearly indentifiable wave

553223 seese The required effect will be given by some type of viscos~
ity, or internal friction,"

The reason why this approach has not lead to tangible results
lies perhaps in a misunderstanding regarding the true significance of
the period spectrum for an impulsively generated disturbance. The
shift of this spectrum has, in general, nothing to do with viscosity,
and furthermore does not relate to the changes of the recorded wave
period except through a series of very complex mathematical manipu=-
lations. The misunderstanding éan be avoided by referring directly
to the classical investigations by Cauchy and Poisson (Lamb, 1932)
on waves produced by a local surface disturbance in deep water.

For an initial displacement of the free surface, which at the
time + = O is assumed to te confined to the immddiate neighborhood
of the origin (x = 0), the disturbance of the sea surface at any time

t and dist&née_§ is given by the Fourier integral

0
8| 1 4T 2%x 2Tt
n(x,t) = = E;g cos oTa 2 cos —F. /4T,
o0

The symbol T, denotes the period of the underlying spectrum. By

meens of several ingenious approximations the foregoing integral

has been evaluated, and

-q(x;t) = (t/2) g/Tx%  cos (gt2/ax - T /4)



provided gtz is large compared to x. In regions where this formula
holds, changes in height and period from wave to wave are very grad-

ual, For a fixed value of x a wave crest passes at a time t,, if

——

g6,%/4x - T /4 = 2Tn

and the following crest at a time ty, if

gt2’/ax - T/4 = 2T (n+l) -

where n is any integer. Let Ty, the recorded wave period, be defined
as thq time interval between successive maxima (or minima) at a fixed
pointe It follows that

Tp = 65 = %y = 4Trx/g%'
where T is the mean of %) and ts.

This very brief review of the classical method should serve to
point out the difference between the period T, of‘the underlying
spectrum, and the period T, of the recorded waves, Accordingly we
shall speak of component periods and recorded periods. It is im=
portant to note that the underlying wave system is not in any simple
manner discernible in the recorded waves, and may indeed be regarded
as a mathematical abstraction.

It is not proper to speek of an increase in the compuonent periods,
since all periods between zero and infinity are_assumed to be present
at all times in the Fourier integral expression. IHowever, different
component periods are associated with variable amounts of émergy.

At first much of the energy is concentrated in the shorter component

periods, but a gradual shift takes place toward the longer component
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periods. This shift follows directly from the dynamics of the prob-
lem, and loes not involve, as is frequently supposed, the higher at-
tenvation of short component periods. Furthermore, a lkmowledge of
this energy shift, and of the selective attenuation if the latter is
important enough to be included, does not offer any direct evidence
concerning an increase in the recorded periods. But by dealing di-
rectly with the recorded wave periods dn increase in period can be ex-~
plained by the following elementary reasoning.

A group of n waves arrives at station A. The first crest
passes at a time t = 0, succeeding crests at diminishing intervals
Ty, Tp, ese Tpe This is typical of wave systems generated impul-
sively. Assume that the recorded period Ty at A decreases linearly
with time, according to the equation

Tp = Ty - mt .
The upper portion of figure 1 shows such a wave system for a con-
stant emplitude, The record is assumed to move from left to right,
so that t increases from right to left,

Assume furthermore that the propagation is dispersive; for this
simple illustration let the wave veloeity C be proportional to the
recorded periods

C = plp

The first wave nas the longest recorded period and the greatest

velocitys. It will travel over a small distance X between spations A

and B in a short time interval.

At = X0 = %/pTy
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The last wave, which arrives at A at the time t,, travels much slower,

i

and will take a time interval

Aty = X/Cp = X/p(Ty - mby)

to travel from A to B, In figure 1, T, = (L/Z)Tl, and therefore

+

Aty = 2At;. The duration of the record at B will exceed the dura-
tion at A by Aty -‘Altl. Since the number of waves ip the record
are the same, the average indrease in the recorded period equals
(Aty - Aty)/n.

The foregoing discussion would have been more nearly accurate if

C; in the expression for thi had not been computed from the period

Ty at station A, but the mean period of the ith wave between stations
A and B. But even without the precise differential formulation
which follows in the next section, the above cbnsidenations show
that the wave group "stretches". The result is not merely a shift

in spectrum from long to short periods; it is an actual increase of

the average recorded period of the waves in the group, and of all in-

dividual waves comprising the group.

The formulation of the problem depends therefore upon whether

one deals directly with the physical deformation of the transmitting

medium, such as we have done, or whether one considers a spectrum of

underlying, constant period, wave systems, as in the Cauchy and

Poisson analyses., In the first case one deals with the recorded pe-
riod, rebresenting the time interval between two successive maxima

(or minima) at a fixed point; in the second case one deals with com-

pénent periods which are found by generalizing a given portion of a

»



record into a Fourier integral, In the first case wave periods in-

crease, in the second case they remain constant,

For a complete solution, involving wave height as well as wave
period, one must follow the method of Cauchy and Poisson. The prob-
lem in its simplest two-dimensional form is not an easy one, and at-
tempts to extend the investigation to the case of a finite initial
disturbance (Burnside, 1888) or finite depth (Pidduck, 1912) have
met wifh great difficulties. By dealing directly with the recorded
deformations, without recourse to any underlying epectrum, certain
problems can be treated which are too complicated for a complete an-
alysis of the Cauchy-Poisson type.l The method perﬁits the computa-
tion of the period increase for individual waves. Good agreement be-
tween computed and observed values offers strong evidence that the
phenomenon is inherent in the kinematics of wave motion, and is not
related to the viscous properties of the transmitting mediume

The following section is devoted to a mathematical formulation
of these prinéiples. The recorded wave period will be referred %o

simply as period and denoted by T.

Derivation of Basic Equations

Changes in wave length

The weve length, L, of a wave traveling with (phase) velocity C

along the positive x-axis changes at the rate

dL _ L , L |
- T L

1“In any other problem of wave-motion in a dispersive medium we
can do little more than argue by analogy to the special problem of
waves in deep water sesse”e A. E. H. Love, 1911




This change can also be found from the rate at which the wave

"stretohes" due to the difference in velocity of two adjoining cresis:

L _ D¢
T 23T , (2)

Eliminating the total derivative between (1) and (2) gives the
following important relationship:

2L
Bt ¢

We shall be concerned in general with cases where the wave veloc-

2L, .
A% C

Q){Q)
wlo

L (3)

ity depends on wave length L and depth h only, or

¢ = c¢(L, h) ' (4)
where L = L(x, t), and the bottom profile along the path of travel
is given by h = h(x).

Substituting the identity

QC _ DRC L , Cdn (5)
PES 2L 3x 9n dx

into equation (3) gives

L 9C, L _ 3C dh
5% * -3 33 * [ &L (6)
If VL is defined by the -equation
2L L -
=t * %z L T 0O (7)

then to an observer traveling at velocity V; the wave length remains

s

constant. According to (6) and (7)
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28
C dh Dh
Vv, = ¢L 57T - L &7 31 (8)
BES

For the special case of constant depth, d@/dx = O, and the

partial derivetive can be replaced by a total derivative

dc '
] = s
v c-L & o

The V has been primed to denote the case of constant depth.

Bquation (9) represents the well-known equation for group ve-
locity at constant depth, and for this special case has been de-~
rived by Lamb (1932) in a somewhat similar manner, Rossby (1945)
derives equation (9) by egquating the rate of increase of wave crests
within a certain distance é}f_to the excess of waves entering at x
over those leaving at x + Ax. In analogy with the problem in hydro-
dynamics he uses the very descriptive term "wave continuity equation".
Rossby also generalizes equation (9) to include some of our results.

These derivations identify the physical meaning of the term
group velocity with the velocity of the locus of a point in whose
immediate vicinity the wave length remains constant. The same equa-
tion is usually derived from the interference pattern between two wave
systems of equal amplitude and slightly different wave length, but
that approach is unnecessarily restricteds The only ass;mption which
has been made here is that the waves are "conservative", i.e., that
individuasl crests maintain their identi;y.

Changes in wave period

Wave length, velocity and period are related by the identity

L = CT (10)
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which permits restating the fundamental law (3) in terms of T and C
rather than L and C:
oT . 2¢ 4 (o0 2T + ¢ 20 = 28 o 11
¢ ) T 2% ( DX o9x DE (11)
or
?§T' T 2C 29T _
I I T I
For the general case assume, as before
¢ = ¢(F,h) , h = h (x) (12)
Therefore
2¢C _ 2C 2r
2t 2T 2%
and equation (11) becomes
QT c 2T =
=% + 1+3,ac 5% o (13)
C 2T
To an observer traveling at a velocity
c
v =
T 14 T C (14)
. C DT
the wave period remains constant, It is remarkable that the bottom

slope does not enter explicitly into the expression for Vp as 1t did
for Vy, so that, in general, V.ﬁ 71VL. It is simpler to ;a.l with
wave period than wave length, because then the equations are the same
for the cases of constant and variable depth, or, by our previous

notation

vy o= VvV, = V] (15)




In all subsequent equations Vp will be denoted simply by V and re-

ferred to as the group velocity.

The wave period of any system of waves in which the crests re=-

tain their identity must satisfy the "equation of continuity" (13)

Writing this equation in the abbreviated form

2T , 4 2T

its solution can be put down at once:
T = T (t -/(lfv)dx) an
"It is not possible to solve for the period explicitly, at least
not in the general case, since T is contained in V and thus appears
on both sides of the equation. As far as the integration is concerned,
on the other hand, V can be considered a function of h, or of x only,
and

- DT 2T T -3 s
B - S WNE] * Bx ~ BE - SN T

Q)lQ)
ctHra

It can be seen that (17) 'satisfies the differemtial equation (16).

The limits of integration in equation (17) are, as yet, undetermined
because no provisions have been made to fix the coordinate system.

In most cases it is convenient To let t = O, x = 0, designate the
time and position of the initial wave gemneration., If it were possible
to measure a period T, at or very near the origin, then according to
the foregoing convention T, = T(0).

* Bouations (1€) and (17) define the "field" of wave period in the

xt plane, and will be called field equations. By applying the field

solution (17) to problems dealing with tsunanis and swell severe
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restrictions are imposed upon the dependence of period on distance x
and time t. It will be shown that these restrictions lead to results
in agreement with observations,
In many problems it is more convenient to express the relation-

ships in terms of individual waves., For each individual wave the

"travel-time" curve, x = x(t), is fixed, and the transformation from
the field equations to the individual wave equation requires a line
integral in the xt plane,

Bguations for individual waves

To derive changes in period for individual waves, equation (16)

can be combined with either of the equations

@ _ 2T, R 4 _ T
dt 2%t . Qx Y+ dx DX

+
Q)la)
3
alw

to give the following sets of relationships:

ar . _fe . 1) 2T . -y 2T
ar 1 _ 1) 2T _ ,_¥, @I
I F ¢ 38 - A9 3% (21 a,b)

The significance of the total and partial derivé.tives must be
kept in mind: the partial derivatives ref;er either to changes with
distance at a given instant, ) T/'ax; or changes with time at a given
location, O 7/D%. The variables x and t are independents

The total derivatives refer to changes of an individual wave
which has traveled a distance x in a time t since it has been gener-

ated, For individual waves x and t are not independent. Indeed they
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are related by the equations

¢ = ¢ (T x ac[x,’c (22)
(equ. 12) i (equ. 17)

which together with the definition of wave velocity

dx
C = ==
dt

(23)
make solutions of the type t = % (x) possible.
This distance-travel relationship for individual waveslcan in
turn be substituted into (17) to give solubions of the form
T = T (x) or T = T (%) (24)
Equations (20) and (21) give the differential expression,
equation (24) the integral expression, for the period of individual

waves. The meaning of these very general remarks can best be illus~-

trated with specific examples.

Application To Tsunamis

Theory
For low waves in water of depth h the veloclty is given by the
equations
0 = B gamn ZLR (258)
BT anr T e
or
. &7 2T h
c ST tanh T (25b)

Equations (25) were originally derived for an infinitely long wave
train of constant period, but it has been shown by Cauchy and Poisson
(Lamb,1932) that they apply also to a wave system of gradually varying
period.‘ It has been customary to state that in a very shallow water,
that is water where,

h £ 0.05 L (26)



15

equations (25) reduce to the well-known form

Cz=gh—=—c2’
0

according to which the velooity depends upon depth only, and the

(27)

propagation is therefore non-dispersive,

Condition (26) is certainly fulfilled by all known tsunamis and
accordingly equation (27) has been applied for computing travel times,
These attempts have been remarkably successful,

There are, however, certain secondary phenomena associated with
the propagation over long distances, such as a very gradual increase
in wave period, for which equation (27) is no longer a satisfactory
approximation. The first two terms in the expansion of a hyperbolie

tangent are

1 3
tanhX =X = '5'0( (28)

and to the same degree of approzimation equation (27) becomes

¢z = c2 (1-3za®) (29)
2Th 2Trh
where X = 1 = T (30)

For small values of X 2

2
i 2 1l 2 1 ‘l
1-px = 1o, ———g =1+ X (31)
1 __gCK‘
and
c. -C 2
o) 1

= = 32
o =X (32)

Percentage differences in the velocity of very long waves are there-
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Tore of the order of X2 ,

The rotation of the earth also introduces dispersion, and for
tsunamis of half hour period or longer this effect cannot be neglect-
eds DBut in the case of the short period tsunami of 1 April 1946, the
earth's rotation increases the total dispersion by less than one |
percent, |

Differentiating (25b) gives

tanheX = sechx
i (33)

Q)!Q)
Al
8

1+ COZ sech
— c
c
which can, in view of (29) and the expansion

2
sechX = 1 = 22'-0( sech?o( = 1 -o(2 (34)

be reduced to the following form:

3
22 . =
Substituting into equation (14) gives
Vo= Gl - 30 (36)
or, in terms of percentage differences

A A P (57

A comparison with (32) leads to the interesting result
C =V = 2 (Cy ~C) (38)

so that for any given wave period the group velocity is smaller than
the wave velocity by twice the amount that the wave velocity is
smaller than the velocity of infinitely long waves,

Substituting (38) into (20) and (21) gives the following
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relationships for the changes in period of individual waves,

ar . _1.2%2 @1 _ 1. 2., T :
T 5% Z% T 54X % 33 (39a,b)
ar _ 1.2 13T _ 1.2 2T
dx 7X Co "0t X DX (40a,b)
The gemeral integral (17) can now be written in the form
1
T “T<‘b"to“§§' I) (41)

where

1 -1/2 22

If the bottom profile along the path of travel is approximated by n
short straight line segments, from Xoshy b0 x3,h3;5 from xq,h; to
Xosho5 eeeee, from xpyoy,hyq o x,hy, then in the interval (i-1)
to i

h. _ h.

s

h=h = ————— -x -
% o (x = % - 1) . (43)

and equations (42) can be integrated along each line segment:
n

+ =

. .
° Y_— Vo +h; (x5 = =)

-"“

L 41T2 ¢ ng by + By an
S Croru (“)

B}“r tabulating corresponding values of hy ,x the integrals can be

evaluated fairly rapidly.

The travel time t, of an ihfinitely long wave can be computed

—



18

according to

t, ==f (1/¢c,) ax (45)
By setting At =t - t, equation (41) can be written in the more
convenient form

T o= T (At - 1/12) (46)

If t?e first arrival of the tsunami is clearly indicated on the re-
cord, and if the initial wave period exceeds 10 minutes, At may,
with sufficient approximation, be taken as the time interval after
the first recorded arrival of the tsunami at a given station.

One particular form of the solution (48), and one that satisfies

dimensional considerations, is

T o= é. (At - 1/12) (47)

where a is an arbitrary constant. Equation (47) represents a cubic

equation in T

(At) T2 I
3 e + z = 0 (48)
with one or three distinet real roots, depending upon whether the

discriminant
2

2 ;
T
-27 7 (49)

4TI At
a a

D =
is positive or negative.
The simplest possible solution is found by setting & = 0 in

(47) :
T = AT (50*
It is worth noting that even this simple solution exhibits

some of the desired physical characteristicse. For the earliest ar-
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rival of the waves At approaches zero, and E_app¥oaches infinitye.
For negative values of féf, that is, for times preceding the arrival
of the first wave, the solution for T is properly imaginary.

Whether equations (47) or (50) are valid can be decided by plot-
ting the relationship (46) from observational data. If the relation-
ship is linear, equation (47) may be used, and if the line further-
more coincides with the T axis, equation (50) may be used,

Observatbtions

Pigure 2A shows the general refraction pattern‘of the tsunamis
formed ﬁy the submarine earthquake of April 1, 1946, The dashed
curves give the positions of the crests at stated time intervals,
and the solid lines, which are nor@al to the crests, give the paths
of travel towards various stations. There are two alterneate roufes
into Honolulu and La Jolla., The graph, which was prepéred by the
Department of Engineering, University of California, (1946), probably
represents the first attempt of applying the principles of ?efraction
diagrams (Hydrographic Office, 1945) to a study of tsunamis, Fig. 2A
also gives the approximate paths of two other tsunamis recorded at
Honolulu about twenty-five years agoe.

Figure 2B shows the depth profiles along various paths of
travels; from these, t, and I have been evaluated according to (43)

and (44), and summarized in table 1 together with other pertinent

date..
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\Fig. 2--Paths of tsunamis for three major submarine earthquakes,
Pigure 2B shows vertical profiles along the paths of travel of the

1 Appil 1946

tsunami,



Table 1

Data for Tsunamis

20

Date Time Epicentor Station x t, I
: naute me he m | min.S
1 Apr. 46| 12D28,9%| Unimac Is.| Honolulu, East 1976 | 4 34 | 725
54°N Hololulu; West 2025 | 4 34 789
164°W Honolulu, Mean 2000 757
. San Luis”Obispo 2188 | 5 36 789
La Jolla; Bast 2410 6 11 849
La Jolla, West 2441 | 6 11 888
La Jolla, MNean 2425 859
Matarani 6389 | 16 26 2220
Valparaiso 7080 | 18 07 2471
13 Apr.23 05h17m FKamchatka | Honolulu 2756 | 7 23 1101
Honolulu 56 °N
time 162°E
10 Nov.22| 00%03™ | Chile Honolulu 5992 |14 57 | 2079
Honolulu
tine

Commander Green, USCGS, has kindly put at our disposal the tidal

records which formed the basis of his recent discussion (Green, 1946).

The five best records have been selected, and the changes of period

with time at the fiwe corresponding stations have been found in the

following manner.

Consecutive crests and troughs were numbered (fig. 3A), and

.

plotted against A%, the time interval after the initial arrival of

the tsunami (fig. 3B). The period was then determined from the

slope of the curves in figure 3B, and plotted in 3C. In addition

to this method, groups of particularly well defined crests and

troughs were selected from the tidal record, the period measured

directly, and then plotted in figure 3C.



METHOD FOR MEASURING PERIODS
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Figure 4A gives t@e relationship of period with time at the
five selected stations, The relatively short periods of the April
lst tsunami, interference Letween waves traveling over different
paths and the superposition of seiches greatly reduce the accuracy
with which periods can be measured., Certain portions of the records
at San Luis Obispo and Le Jolla had to be omitted because of severe
seiche formation, At Honolulu a three-minute seiche is predominant
after the first hour, and the measured periods from ﬁhe nearby Waima
River water stage recorder have been taken into account in drawing
the curves It would be desirable to apply more refined methods of
period analysis, but these are made difficult Ey the slow recording
speed (1 hourfliincﬂ) and the resulting extreme vertical exaggeration
of the record.

Comparison between theory and observations

.. The observed field of wave period is in qualitative agreement

with the theoretical considerations. The period increases with_dis-
tance of travel, but decreases with time at every given station,

For a quanbtitative check, corresponding ¥alues of T, AEE
(fig. 4A) and I (table 1) were substituted in the general field solu-
tion (46) and plotted in figure 4B,

In accordance with the theory all observations pertaining to
the April 1lst tsunami, from Hawaii to Chile, obey the same general
relationship, while ob§ervatiqns of the two other tsunamis follow &
different relationships. Thus thé indeterminateness of the function
in the gene;&l solution (46) depends upon the nature of the original

disturbance, Preliminary considerations indicate that long periods
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in fige. 4E indicate a large horizontal extent of the initial dis-
turbance. Perhaps the size and shape of the initial disturbance
could be estimated by assﬁming certain forms of the initial deform-
ation, or initial impulse, for which an analysis of the Cauchy-
Poisson type‘can be carried through, and then constructing a net-
work of lines on fig. 4B oorrespohding to various types and sizes of
the initial boundary conditions. A comparison of this network with
observed relationships, sauch as the ones in fig. 4B, may yield inform-
ation regarding the nature aﬁd size of the original disturbance.

A feature whieh is obscured by the logarithmic scale of the ab-
cissa is that the leading wave, empecially the portion of the wave
preceeding‘the first crest, is associated with small values of
At - I/Tz,‘and large values of T. Therefore a (47) must be small
and the approximate solution (50) is applicable, so that the periods
of the very first waves, the "forerunners™, are approximately propor-
tional %o j:i and inversely proportional to J[E .

From any one complete record it is possible to compute the
periods at any of the other stations. Assuming the Matarani record
to define the relationship for the April lst tsunami, the periods
for all other stations have been computed for various values of f}f,
and plotted against the observed periods (fig. 5)e The observed
wave periods in the North Pacific tend to be somewhat shorter, those
at Valparaiso longer than the computed periods., The same conclusion
follows directly from equation (40a), which gives an average increase

in the period of the first wave of 1.3 minutes in 5000 miles. Green

(1946) has measured the time interval between the first crest and
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'first trough and on that basis estimates the period increase of the
first wave to amount to 2.0 minubes in 5000 miles. The observational
data are too inaccurate to determine whether this discrepancy is sig-
nificant, and whether it therefore indicates a more rapid increase in

period than the increase due to dispersion.

Application ‘o Bwell
Theory
For low waves in deep water, the veloocity depends upon wave

length alone, or period alons,

L T
c = V& = (51)

and the following formulae are therefore much simpler than in the
case of btsunamis., Equations (8) and (14) lead at once to the well-
¥nown relationshins

C «
VT = VL =V = = (52)

Equations (20) and (21) give

9.'.‘1.: = —/aT = C:@.EE.’ g‘.?.. = —.]:._?_?. = IE—T..
at DF 2 2x dx C ¢t 22x (53)
Equation (17) reduces to
T = T(-0F ) (54)

where T = 4T /g (dimensions tz/L). The integral (54) has been given

by Rossby (1945).

21, .. the amount of increase in period is difficult to determine
from the present records. For instance the table shown on page 7 of
my AGU paper indicates an increase of around 2 minutes. But by dropping
the shortest period station from the California group, and the longest
period station from the Peru-Chile group, the mean value of increase
in period would be 1 1/3 minutes from California to South America."
(C. K. Green, July 18, 1946, personal communication to the author.)
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The special case corresponding to (47) gives

T o= ”ﬁ;’ (1 % (58)

where

u = 7 1-4wax/t? ;
if furthermore a = 0 (equ. 50)

T =T % (56)

wh;ch is a sglution of the Cauchy-Poisson wave problem (Lamb, 1932,
pp..384-398).

It will be shown that the special solution (56) is in good agree=~
ment with observations of the "forerunmers" of swell from a distant
storms This is assumed to justify the use of the simple solution
for all further derivations, though he agreement might also have “
been expectéd from the énalogy with the forerunnérs of the tsunami,

The following discussion deals thersfore exclusive%y to the
forerunners, and is not applicable to the visible swell. Some of the
following derivations could have been given for the general case, but
the not inconsiderable difficulties involved in dealing with a moving
source are greatly simplified by working with the special solution.

To derive the equations for individual waves, T can be elimi-

nated between (51) and (56)

SR A

&

Integrating gives

" 2
— = — 57
D (87)
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™ t x

S N S (58)
27 - _Ox _ _T
5t T T T % (59)

The subscript "D" may refer to any fixed point on the wave's
journeye but will here be taken to denote conditions at the wave
station, If Tj, and (DT/Dt), are determined from the wave record,

then the distance and time of travel can be computed from (59):
2 .
_ Tp e - p
G o G v X PR T N AT

(60a,b)

Weves from a moving storm

Application of these equations to the study of swell is diffi-
cult, because one must deal with a moving source of finite size

which contimiously emits new waves. It will be assumed that the

problem can be treated as“one involving an infinite number of instan-
taneous soureces, eaéh independeptly emitting a wave field according
to the assumptions made earlier. Let X and £ retain their former
meanings, designating the total distance and time, respectively, that
any wave has traveled, The fixed coordinated system will be denoted
by X and #, X representing distance from the wave origin to the
wave station, and t the time on some standard seale, for example GCT.

The movement of the storm center is represented by the equation

X, = ¢ (T) | (1)

Let éﬁ&ﬁbe the distance of a point of wave origin from the storm

center, so that

X =X, +6x (62)
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Tfaves arriving at the wave station at any time‘ _I__ were generated
at a time T - t when the storm center was located at
Xe = ¢ (T-%) | (63)
To determine the period at the wave station at a time T , set

x =X = $(T-%) =8X

and substitute into (586)

O (T-t) =8X
a t

T = (64)

At any time T a spectrum of wave periods must be present at

the wave station, due to two factors:

() Waves arrive simultaneously from different sectors of the
storm (different values of SX),

(b) Waves arrive simultaneously, slthough they were generated
at different times (different values of % ).

The total width of the period "band" is given by

2T DT )
AT = zTem F ot owE @ (69)

where F is the effective length of the storm fetch at a time
(T - %), and Q is the time interval during which waves perceptible
at the station were generated, Partial differentiation of (64)

leads to the expressions

’

ey P e SFa = -% @-va (862,b)
where

R (67)

is the rate of storm movement towards the wave station at the time

(T -t), and V = X/t the group velocity.
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Equations (66) may also be interpreted to give the width in

the period Land due to the instantaneous actions of a finite storm

(66a), and due to a moving point-source (66b), respectively. The

longest periods in the band are those of the earliest perceptible
waves from the furthest sector of the storm; the shortest periods are
due to the waves generated latest near the leading edge of the storm.

The shift in periods of the band as a whole will be interpreted

with the aid of an actual example, It will be shown that the shift
is related to the position and speed of the storm and can there-
fore provide clues regarding changes in the meteorological situatione.
The width and appearance of the band should provide some information
about the size and character of the storm itself,

Observations

Unfortunately no simulbaneous weve records from two or more
well separated stations are available to test the theory. The proposed
wave-recording stations at La Jolla, Qalifornia, and San Nicolas
Island, 120_miles WA from La Jolla can be expected to give valuable
information. Observation shows that the increase in swell veriod for
an individual wave may be of the order of 2 seconds a day (Sverdrup
and Munk, in nress). According to (53), for an average period of 10

seconds,
-%%% = - 2 seconds/day = - 2.3 x 107 sec/sec
DT = 0.94 x 1078 see/rfoot = 6 x 1075 sec/n.mile
DX

The corresponding period difference over 120 miles is about 0.7

secondss Both ’éT/’Ot and ’aT/’Dx can therelore be measured with
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existing instruments. Comparison of the observation with the fore-
going considerations would show whether the assumptions made in this
report are avwplicable to swell, and especially whether lhe significant
waves, that is, the highest waves present and the ones that deter-
mine the character of the surf, maintain their identity.

Some confirmation of the applicability of the theory to a long
swell can be found in records from e single wave station at Pendeen,
England.3 The waves were measured by means of a differentia} pressure
recorder on the ocean bhottom at an average depth of 114 feet, The
records were then analyzed for reriod by a frequency analyzer, special-
ly designed for that purpose at the Admiralty Research Laboratory.

Figure 6‘shows a set of peyiod analyses of twenty-minute records
taken at intervals of two hours, The abscissa simply give wave per=-
iods in seconds, but the ordinates are more difficult to interpret, de-
pending both upon the frequency of occurrence of a certain period and
upon the corresponding wave height.

The band of gradually diminishing periods in fige. 6 is the re-
sult of an intense cyclone which formed off the coast of Cuba, 3000
miles from Pendeen, on March 10, 1945, and traveled in a general NE
direction, vassing west of the British Isles, The positions of the
forward and rear edges of the storm are given in figure TA. These
were determined from 6-hourly weather maps, following the rules for

measuring fetches for wave forecasting (Hydrographic Office, 1944},

Pour representative weather maps are included in fige 7.4

:EThe Oceanographic Research Group, Admiralty Research Laboratory,
Teddington, Fngland, have kindly placed at our dlsposal unpublished re=-
cords of swell at rendeen, near Lands IEnd,

4The weather maps were drawn and analyzed at the U.S5, Navy
Weather Central, Washington, D.C.
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The first indications of the stbrm on the wave record are some
"low-frequency noises" at 1400 GCT, lMarch 14th. At that time visual
observations at Pendeen voted only the presence of 10 to 12 second
waves from local windse The long "forerumners" of %he swell were
too low to be visible. The upper and lower limits of the period band
have been read off the record and drawn on fig. 7B to emphasize the
similarity between the recorded wave periods and the observed storm
paths., A relationship betwsen the width of the period band and the
fetch is also apparent. The implications of equations (64)~(66) are
therefore borne out by the observations. It will be shown, however,
that the similarity of the cﬁrves in fige 7 may be misleading, and
that gr?at care must be exercised in the interpretation of the wave
records,

Comparison between theory and observations

We shall first deal with the lower boundary of the period band.
The initial waves Irom the storm of llarch 10-13 regched Pendeen
around 1600, llarch l4th, with a minimum period of 19 seconds. Let

this time and period be designated byTZo and TT , and let JCO and
: o

R
e =y

’Co - to refer to the distance from Pendeen and the time of wave

origine Then the period recorded at the time T'g equals:

——

&EXxo !
T»co = '-_E'S'- (68)

Assume that the "instantaneous™ disturbance which gave rise to
the waves described in (68) was the only existing source of the
waves present; then slower waves with shorter periods would follow

the faster longer waves, so that the period at the wave station would
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decrease with time aceording to the equation

T, = SX° ‘ (69)

where (T - t) = (T, - t,) is the time of the disturbance, Therefore
as long as the lower limit of the band is defined by the waves from

a single instantaneocus disturbance,

T T

Let another imstantaneous disturbance at a time T - t+ A T
and distance Xt = X - AXgenerate a system of waves which arrives
at Fendeen simultaneously with the first system, thus having traveled
a2 time interval t' = t - AT. The period of the waves from the second

disturbance at the time T equals
ag(x -ax)

It ® T -azt
and
o x T
v v (3 - 8)

As ‘the time and distance between the two disturbances is de--
creased without limits, equation (71) approaches the differential

equation (66b) for a moving point source., According to (51), (52)

and (56)
T .
‘—%—- = TV = -5:.— s (72)
and
AX . T |
2% T | (73)

can be considered the average velocity of the storm movement between
any two points, Therefore T' is higher than, equal to, or lower than

T according to whether V is larger than, equal to, or smaller than E.
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For T = 19 seconds, V = 29 knots, while T during the first day of
storm was about 17 knots. Since the forerunners of the swell travel
at considerable speed, the initial decrease of the lower limit of the
band results from the characteristics of a single wave system from the
earliest perceptible disturbance and is therefore similar to the de-
crease of the tsunami period at a fixed station, The time and posi-
tiog of'the origin of this wave system can be plotted as a point in
fige 8A, where 1t should fall within the observed storm track. The
point will be called the "focus" of a certain portion of the wave- .
band boundary.,

The circles in fig. 8 give the lower I%mits of the period band,
as they were measured on the Pendeen records. The position of the
focus is computed in the following menner:

1. At the time T = March 14, 1800, fig. 8 shows T = 18,2
seconds, T/@T = - 0.18 sec/hour.

2. Eguations (70) and (60) give X = 2800 n.miles, t = 102 hours.
3. March 14, 1800 minus 102 hours is March 10, 1200, The posi-
tion of the focus is shown by the large circle marked "a? in

fig. TA, and falls well within the observed storm track.

4, Setting X, = 2800, and T = March 10, 1200 + t in equ. 69
plot mtfor various values of t in fig. 8.

On March 15, at 0000, the lower band changes its slope abruptly.
The wave svstem from the original disturbance no longer constitutes
the lower boundary of the period band. The new focus can be located
by the same methods as before, and one obtains X = 1100 n.miles, on
March 13, at 0600, It is remarkable that the storm during the inter-
val from liarch 10, 1200 to Farch 13, 0600 does not contribute any-

thing to the lower boundary of the period band. The final portion of
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the record can be fitted by a single curve from focus Cat X = 960
nautical miles, March 13, 1400,

The distance between the first two foel is 1700 n.miles, the
time interval 66 hours, and U equals therefore 25.8 knots or 43 feet
per second, According to (72) and (73) the two associated curves in
fig. 8 should intersect at T =g U = 16.8 seconds. Actuslly the
intersection takes place at T = 17.2 seconds, 0

The foregoing considerations lead to the following rules for the

interpretation of the lower boundary of the period band:

1. During any time interval of continuously decreasing slope the
boundary is debtermined by the wave system from a single focus.
The focus can be located by measuring T and.iaT/ﬁbt at any
point within the interval, and applying equations (60) and (70).

2., A discontinuous increase in slope indicates an abrupt change
from one focus to another. The intersection T = O U gives
the mean velocity U between the two foci.

3. A gradual increase in slope can be formed only by an envelope
to a family of curves from adjoining foci. This situation can
arise only in the case of a decelerating storm movement, ac-
cording to the equation U = T/b‘, where T is the recorded
period along the envelovpe.

These rukes constitute a possible means of tracking storms., It

will be noticed, however, that focus A in fig. 7A is located 500
miles behind the storm front, the other two foci about 200 miles be-
hind the front. This discrepancy must be expected since waves gener-
ated at the front itself could not gather sufficient energy to be
perceptible at the wave station; furthermore the distance between

the point of wave origin and the storm front must be larger for the

first disturbance, which is almost three thoudand miles from

Fendeen,
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The upper boundary of the period band depends upon the distri-
bution of energy among waves of various period and upon the sensitiv-
ity of the recording instrument. If a storm emits a complete spec~
trum of waves, as may indeed be the case, then waves whose periods
are 5 minutes or longer would travel as shallow water waves similar
to Usunamis from an earthquake, and would counstitute the upper limit
of the period band. But even if these very long period waves should
be of height similar to recorded waves they would not eecord because
of the unfavoreble response characteristics of the instrument.

Since the upper limit of the period band is.well defined, we
have applied the same methods as to the lower boundary. EBetween
1400 and 1800 on March 15 two upper boundaries can be recognized on
the record, both of which are marked. The time and position of foei
D and E have been computed and plotted on fig, 7A. Focus D lies
somewhat behind the far boundary of the storm track, focus E sqme-
what short of it.

Fige 9 illustrates the application of the method to a more
complicated meteorological situation, where it appears possible to
recognize and place two simultaneous storms from the wave record.
The good agreement between theory and observations bears out the
validity of the special solution (56) and of the relation (58) sac-
cordiing to which the period of an individual forerumner is propor=
tional to the travel time and to the square-root of the travel dis-
tance.

Although it is too early for any definite predictions, the

theory for the increase in wave period seems to provide a rational
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Fig. 9--Shaded bands show paths of two storms across the Atlantic.
Points give position of wave origin computed from wave records at
Pendeen,
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basis for the interpretation of wave records as an ald to weather
forecasting. The forerunners of the swell are especially suitable for
a "seaborne storm warning" because they arrive much sooner than the
ordinary swell, because they give a simple record since their group
velocity exceeds the velécity o' storm travel, and because the special
solution (56) is most likely to be applicable. For these reasons it
would be advisable to work with periods evén higher than those re-
corded at Pendeen, If the recording unit should be placed into deeper
water where it is out of reach from the ordinary swell, then it‘could
be designed to record the low forerunner with great sensitivity. The
proposed wave recording station at the Seripps Institution 1s design-

ed to meet some of these requirements.

Application to Seismic Waves
Theory

The velocity of seismic surface waves, that is, of Love and
Rayleigh waves, depends greatly upon the structural unit over which
the wawes are transmitted. Thus the avefage velocity of Love waves
through the basin of the Pacific Ocean is roughly 15% higher than
across continental America.

Within each structural unit the velocity depends also on the
wave period for the following reason: the transmitting medium con-
sists usually of horizontal layers with different elastic constants.
Short waves are transmitted through a thin upper layer and travel
with its characteristic velocity; long waves spread their energy
into lower layers and travel at a velocity approximately equal %o

a weighted mean wvelocity of the disturbed layers.
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Unfortunately it is not possible, as it was for the tsunami
and swell, to write a simple ana%ytical expression for the relation=-
ship between period and velocity. Even for the simplest case of two
uniform layers the expression is complicated, and for assumptions
conforming more closely'to actual conditions @he theory becomes too
cumbersome to be useful here (Meissnef, 1926) .
| It is easier to work directly with empirical relationships
such as those compiled by Gubenberg and Richter (1936) from a large
number of observations. These empirical relationships are between

group velocity and period, but a knowledge of the wave velocity is

also required for the application of our theofy. If the elastic

éonstants are functions of depth only, and do not vary along the

M

path, then the group velocity is defined by

—s
¢ daT

| Multiplying numerator and denominator by C dT, and setting
L = CT (10)
one obtains dL/L? = AT/VT? . Integrating between the limits T and
@ gives
o0

1. ar
L vT?
s

and finally, going back to (10):
: )

ar
yT2

T

Qf-

The rate of period increase of an individual wave
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= - (%‘ - ’é‘) (‘%‘% _ (212)

can now be computed from equation (74), the empirical relationship
V = V(T), and the measured decrease of period with time at a given
station.

General observations

Macelwarmre (1923), who also made the problem of period increase
the subject of his doctor's dissertation, obtained an average value
of dT/dx = led x 1078 sec/om for the California earthquake of 31
Januvary, 1922, This figure represents the increase in period of
waves oceurring two and four minutes after the first arrival of sur-
face waves, and this increase must b? somewhat larger thap the corres-
ponding increase of individual waves. Gutenberg (1939) p. 387, sug-
gests an equation of the form .

72 = 1 = (75)
for the period increase of an individual wave, and gives a value of
a 1010 cm?/sec for seismic surface waves., For various values of

T, and corresponding values of V (fig. 1, Gutenberg and Richter, 1936)

equation 75 gives

Table 2
T v dT/dx
sec | km/sec -sec/om
10 3445 1.2 x 1078
15 3.45 0.8 x 1078
20 3.5 0.6 x 1078
25 3.6 0.4 x 10-8

The cauda of the surface waves inoreases in period at the rabe of

dT/dx = 1.4 x 1078 sec/em (fig. 5, Gutonberg and Richter, 1936).
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Dyerly (1926} has made a careful study of the Montana earthquake of
28 June 1925, and his'data indiocates dT/ax to lie between 1.4 x 108
and 1.8 x 107° sec/om.

All these estimates deal with long distance propagation from
ma jor shocks, and they consistently lead to an increase of the order
of 1 second per 1000 lm. To compare this value with theory the olear-
est records from American st&tionss have been selected from Byerly's
report on the lMontana earthquake (Byerly 1926), and the average re-
lationship between period and time plotted in fig. 10D. The relation-‘

ship V = V(T) is egain taken from fig. 1, Gutenberg and Richter (1936),

and the wave velocity is found by numerical integration of (74):

Table 3
T v ¢ -1/t dT/dx
seconds km/sec lkn/sec sec/sec sec/cn
(equ.74) (£ig.10B)
10 3.568 3.76 .058 0.9 x 10~8
12 3.52 3,80 .110 2.3 x 10~8
14 3450 3.85 .18 4,8 x 1078

The computed and observed period increases are therefore of the same
order of magnitude.

The lMexican earthquake, 22 Feb. 1943

Figure 10A shows records of this shock at the various stations
maintained by the Pasadena Seismological Laboratorya. Tracing in-

dividual waves from station to station by waking use of the known

5‘Pasadena, Lick, Berkeley, and St. Louis.

6 Dr. Richter of the Seismological Laboratory, Pasadena, has
gone to considerable trouble in selecting a set of records suitable
for this discussion.
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distan?es and wave velocities has been attempted but the identifi-
cation, which is difficult, especially for the furthest station, is
not essential tc the following analysis.

Figure 10B shows the relationship between period and time at the
four stations. Figure 10C is a plot of the basic solution (17) pro-
vided that the transmission charascteristics are uniform in the x-di-
rection, so that

Tﬂlﬂt-é) (76)

where t is time (acmy, V is the group velooity, and xis the excess
of the travel distance over the distance to La Jolla, The theory is
confirmed by the fact that observations for the four stations obey a
single relationship. The procedure is analogous to the one followed
earlier in the analysis of the April lst tsunami. The similarity be-
tween the curves in figures 4B and 10C is striking and suggests the
possibility that the nature of the gemeral solution (76) may serve
as a meaﬁs of estimating the horizontal extent of the initial seismic

disturbance,

Conclusions
The theory for the increase in wave period leads to two expres-
sions which are especially suitable {or comparison with observations.

The differential form

g (3-3) (%)

gives the period increase with distance of an individual wave of

group velocity V, wave velocity C, and rate of period decrease at a

fixed point 75Tf?3t. Between two stations separated by a finite
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Fige 10=--10A shows records of Mexican shock at four southern Califor-
nia stations. 10B and 10D show period against time for the Montana
and Mexican earthquakes, respectively. 10C gives the general solu-
tion (78) for the Mexican earthquake. '
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distance average values have to be used. The integrated form for
the wave field requires that from a single disturbance all waves at

sny time T and distance x must obey the same functional relationship

T=T(’c- %’-,‘-) 7)

Both forms have been applied successfully to the examples in
this re?ort. However, each arplication poses its own particular
problem. For the tsunami the var@&tion in depth along the path of
travel must be taken into account. In the case of the forerunners
of the swell, complexitieg agssociated with a moving continuous
source must be considered. For the seismic surface waves the disper-
sion relationship must te taken from empirical evidencs.

Yet in spite of the fact that we have dealt with different
geophysical phenomene the increase in period seems to follow the
same physical law, The nature of the functional relationship in
(17) is strikingly similar for the tsunami and the seismic surface
waves, In all instances the period increase is slow except for the
leading waves, whose periods are approximately proportional'to their
travel time and to the square-root of their travel distance. From
the experience gained it seems likely that other phenomena dealing
with long-distance wave propagation can be brought into the same

theoretical framework.



REFERENCES

Burnside, C. F., On deep-water waves resulting from a limited origi-
nal disturbance, London Math., Soc., Proc., Ser. 1, V. 20,
P. 22"58, 18860

Byerly, Ferry, The llontana eafthquake of June 28, 1925, G.M.C.T.,
Seismologiocal Soce Amer., Bull., v. 16, p. 209-265, 1926.

California, University, Department of Ingineering, The seismié sea
wave of April 1, 1946, Tech. Rept., 1IE-116-212 (in press).

Green, C. K., Seismic sea waves of April 1, 1948, as recorded on
tide gauges, Amer. Geophys. Union, Trans., (in press).

Gutenberg, Beno, Uber Fortpflanzung voha elastischen Welleh in viskosen
lledien, Fhysikalische Zeitschrift, v. 30, p. 230-231, 1929.

Gutenberg, Deno, ed., Internal constitution of the earth, v. 7 of
Phyvsics of the Earth, New York, McGraw-Hill, 1939.

Gutenbersg, Beno, and C. F., Richter, On seismic waves (third paper),
Beltraye zur CGeophysik, ve 47, pe 73—131. 1936,

Lamb, Horace; Hydrodynamics, (See P. 584-594), Cambridge Univ. Press,
6th ed., p. 738, 1982. |

Macelwane, James Be., A study of the relation between the periods of
elastic waves and the distance traveled by them, based upon the
seismographic records of the California earthquake, January 31,
1922, Seismological Soc. Amer., v. 13, p. 13-69, 1923,

Meissner, Brnst, Elastische Oberflachen-querwellen, S8econd Internat.
Congress"for Applied llechanies, Zurlch 1926, Proc., pe. 3-11,
1927, Zurich & Lelpzig.

Pidduck, F. B. The wave-problem of Cauchy and Poisson for finite
depth and slightly compressible fluid, Royal Soc. London, Froc.
Ser. A, Ve 88, pe. 396-405, 1912. .

Richter, C. F,, Mathematical questions in seismology, Amer. Math.
Soc., Bull., Ve 49, pe 477-493, 1943.

Rossby, C. 3., On the propagation of frequencies and energy in cer-
tain types of oceanic and atmospheric waves, Jour. of leteor-
ology, Ve 2, po 187-204, 1945.

Sverdrup, H. U. and W, H, Munk, Wind, sea, and swell: Theory of re-
lations for forecasting, U.S. derowraphlc Office, Tech. Rept.
in Qceanography, No. le



41

U. S. Oydrographic 0fficé; Breakers and surf: Principles in forecast-
ing, M.0. 234, 52 p., 4 pls., 1945.

U. S. Hydrographic Office, Wind, waves and swéll: Principles in fore-
casting, H.O, Misc,, 11,275, 6lp., 8 pls, 1944,





