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,QWHUQDWLRQDO -RXUQDO RI 0DWKHPDWLFV DQG 0DWKHPDWLFDO 6FLHQFHV �� ������ ���^���

3 523 ( 5 &21 7 5$&7 , 21 6 $1 ' , 1 9$5, $1 7 68% 63 $&( 6

& �6� . XEU XVO \ DQG 1� /HYDQ

$EVW U DF W � /H W 7 EH D F R QWUD F WLR Q D QG OH W $ EH WKH VWUR QJ OLPLW R I I7 eQ 7 QJQy�� :H
SUR Y H WKH IR OOR Z LQJ WKH R UH P� ,I D K\SRQRUPDO FRQWUDFWLRQ 7 GRHV QRW KDYH D QRQWULYLDO

LQYDULDQW V X EV SDFH� WKHQ 7 LV HLWKHU D SURSHU FRQWUDFWLRQ RI FODV V & �� RU D QRQV WULFW

SURSHU FRQWUDFWLRQ RI FODV V & �� IRU ZKLFK $ LV D FRPSOHWHO\ QRQSURMHFWLYH QRQV WULFW

SURSHU FRQWUDFWLRQ� 0 RUHRYHU� LWV V HOI�FRPPX WDWRU >7 e�7 @ LV D V WULFW FRQWUDFWLRQ�

. H\Z RU GV� + \SRQRUPDO RSHUDWRUV � LQYDULDQW V X EV SDFHV � SURSHU FRQWUDFWLRQV �

$0 6 6XEMHF W & O DVVLI LF DW LRQ� ��$��� ��%���

�� ,QWURGXFWLRQ

/HW + EH DQ LQpQLWH�GLPHQVLRQDO FRPSOH[ +LOEHUW VSDFH� %\ DQ RSHUDWRU RQ + ZH PHDQ
D ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI + LQWR LWVHOI� 7KH QXOO RSHUDWRU DQG WKH LGHQWLW\ RQ
+ ZLOO EH GHQRWHG E\ 2 DQG ,� UHVSHFWLYHO\� ,I 7 LV DQ RSHUDWRU� WKHQ 7 e LV LWV DGMRLQW�
DQG N7 eN  N7N� 7KH QXOO VSDFH �NHUQHO� RI 7 � ZKLFK LV WKH VXEVSDFH RI +� ZLOO EH
GHQRWHG E\ 1 �7 �� $ FRQWUDFWLRQ LV DQ RSHUDWRU 7 VXFK WKDW N7N x � �L�H� N7[N x N[N IRU
HYHU\ [ LQ + RU� HTXLYDOHQWO\� 7 e7 x ,�� $ VWULFW FRQWUDFWLRQ LV DQ RSHUDWRU 7 VXFK WKDW
N7N � � �L�H� VXS� � [�N7[N N[N� � �� HTXLYDOHQWO\� 7

e7 � ,� ZKLFK PHDQV WKDW 7 e7 x q,
IRU VRPH q � ��� ���� $Q LVRPHWU\ LV D FRQWUDFWLRQ IRU ZKLFK N7[N  N[N IRU HYHU\ [ LQ +
�L�H� 7 e7  , VR WKDW N7N  ���

:H VXPPDUL]H EHORZ VRPH ZHOO�NQRZQ UHVXOWV RQ FRQWUDFWLRQV WKDW ZLOO EH DSSOLHG
WKURXJKRXW WKH SDSHU �VHH H�J� >��� S���@� >��@� >�@� >��@� >�@� >��@ DQG >�� &K��@�� ,I 7 LV
D FRQWUDFWLRQ� WKHQ 7 eQ7Q Vb� $� 7KDW LV� WKH VHTXHQFH I7 eQ7QJQy� RI RSHUDWRUV RQ
+ FRQYHUJHV VWURQJO\ WR DQ RSHUDWRU $ RQ +� ZKLFK PHDQV WKDW N�7 eQ7Qb$�[N � �
IRU HYHU\ [ LQ +� 0RUHRYHU� $ LV D QRQQHJDWLYH FRQWUDFWLRQ �L�H� 2 x $ x ,�� N$N  �
ZKHQHYHU $ � 2� 7 eQ$7Q  $ IRU HYHU\ LQWHJHU Qy� �VR WKDW 7 LV DQ LVRPHWU\ LI DQG
RQO\ LI $  ,�� N7Q[N � N$� �[N IRU HYHU\ [ LQ +� DQG WKH QXOO VSDFHV RI $ DQG , b$�
YL]� 1 �$�  I[ � +� $[  �J DQG 1 �, b$�  I[ � +� $[  [J� DUH JLYHQ E\

1 �$�  
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1 �, b$�  
j

[ � +� N7Q[N  N[N IRU HYHU\ Qy�
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[ � +� N$[N  N[N
k
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5HFDOO WKDW 7 LV D FRQWUDFWLRQ LI DQG RQO\ LI 7 e LV� 7KXV 7Q7 eQ Vb� $e� ZKHUH 2 x $e x ,�
N$eN  � ZKHQHYHU $e � 2� 7Q$e7

eQ  $e IRU HYHU\ Qy� �VR WKDW 7 LV D FRLVRPHWU\ _
L�H� 7 e LV DQ LVRPHWU\ _ LI DQG RQO\ LI $e ,�� N7 eQ[N � N$� �

e [N IRU HYHU\ [ LQ +� DQG

1 �$e�  
j

[ � +� 7 eQ[ � �
k

�

1 �, b$e�  
j

[ � +� N7 eQ[N  N[N IRU HYHU\ Qy�
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[ � +� N$e[N  N[N
k
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$Q RSHUDWRU 7 RQ + LV XQLIRUPO\ VWDEOH LI WKH SRZHU VHTXHQFH I7QJQy� FRQYHUJHV
XQLIRUPO\ WR WKH QXOO RSHUDWRU �L�H� N7QN � ��� ,W LV VWURQJO\ VWDEOH LI I7QJQy� FRQYHUJHV
VWURQJO\ WR WKH QXOO RSHUDWRU �L�H� N7Q[N � � IRU HYHU\ [ LQ +�� DQG ZHDNO\ VWDEOH LI
I7QJQy� FRQYHUJHV ZHDNO\ WR WKH QXOO RSHUDWRU �L�H� K7

Q[ � \L � � IRU HYHU\ [� \ � + RU�
HTXLYDOHQWO\� K7Q[ �[L � � IRU HYHU\ [ � +�� ,W LV FOHDU WKDW XQLIRUP VWDELOLW\ LPSOLHV
VWURQJ VWDELOLW\� ZKLFK LPSOLHV ZHDN VWDELOLW\� 7KH FRQYHUVHV IDLO �D XQLODWHUDO VKLIW LV
D ZHDNO\ VWDEOH LVRPHWU\ DQG LWV DGMRLQW LV D VWURQJO\ VWDEOH FRLVRPHWU\� EXW KROG IRU
FRPSDFW RSHUDWRUV� 7 LV XQLIRUPO\ VWDEOH LI DQG RQO\ LI 7 e LV XQLIRUPO\ VWDEOH� DQG
7 LV ZHDNO\ VWDEOH LI DQG RQO\ LI 7 e LV ZHDNO\ VWDEOH� +RZHYHU� VWURQJ FRQYHUJHQFH LV
QRW SUHVHUYHG XQGHU WKH DGMRLQW RSHUDWLRQ VR WKDW VWURQJ VWDELOLW\ IRU 7 GRHV QRW LPSO\
VWURQJ VWDELOLW\ IRU 7 e �DQG YLFH�YHUVD�� ,I 7 LV D VWURQJO\ VWDEOH FRQWUDFWLRQ �L�H� LI
1 �$�  +� ZKLFK PHDQV WKDW $  2�� WKHQ LW LV XVXDO WR VD\ WKDW 7 LV D & �c�FRQWUDFWLRQ�
,I 7 e LV D VWURQJO\ VWDEOH FRQWUDFWLRQ �L�H� LI 1 �$e�  +� ZKLFK PHDQV WKDW $e  2��
WKHQ 7 LV D & c��FRQWUDFWLRQ� 2Q WKH RWKHU H[WUHPH� LI D FRQWUDFWLRQ 7 LV VXFK WKDW
7Q[� � IRU HYHU\ QRQ]HUR YHFWRU [ LQ + �L�H� LI 1 �$�  I�J�� WKHQ LW LV VDLG WR EH D
& �c�FRQWUDFWLRQ� 'XDOO\� LI D FRQWUDFWLRQ 7 LV VXFK WKDW 7 eQ[� � IRU HYHU\ QRQ]HUR YHFWRU
[ LQ + �L�H� LI 1 �$e�  I�J�� WKHQ LW LV D & c��FRQWUDFWLRQ� 7KHVH DUH WKH 1DJ\�)RLD|V FODVVHV
RI FRQWUDFWLRQV �VHH >��� S���@�� $OO FRPELQDWLRQV DUH SRVVLEOH OHDGLQJ WR FODVVHV & ��� & ���
& �� DQG & ��� ,Q SDUWLFXODU� 7 DQG 7 e DUH ERWK VWURQJO\ VWDEOH FRQWUDFWLRQV LI DQG RQO\ LI
7 LV RI FODVV & ��� *HQHUDOO\�

7 � & �� �� $  $e  2�

7 � & �� �� $  2 DQG 1 �$e�  I�J�

7 � & �� �� 1 �$�  I�J DQG $e  2�

7 � & �� �� 1 �$�  1 �$e�  I�J�

,I 7 LV D VWULFW FRQWUDFWLRQ� WKHQ LW LV XQLIRUPO\ VWDEOH� DQG KHQFH RI FODVV & ��� 7KXV D
FRQWUDFWLRQ QRW LQ & �� LV QHFHVVDULO\ QRQVWULFW �L�H� LI 7  � & ��� WKHQ N7N  ��� ,Q SDUWLFXODU�
FRQWUDFWLRQV LQ & �c RU LQ & c� DUH QRQVWULFW�

�� 3URSHU &RQWUDFWLRQV

$Q RSHUDWRU 7 LV D SURSHU FRQWUDFWLRQ LI N7[N � N[N IRU HYHU\ QRQ]HUR [ LQ + RU�
HTXLYDOHQWO\� LI 7 e7 � ,� 7KH WHUPV ?VWULFW� DQG ?SURSHU� FRQWUDFWLRQV DUH VRPHWLPHV
LQWHUFKDQJHG LQ FXUUHQW OLWHUDWXUH� :H DGRSW WKH WHUPLQRORJ\ RI >�� S���@ IRU VWULFW



�

FRQWUDFWLRQ� 2EYLRXVO\� HYHU\ VWULFW FRQWUDFWLRQ LV D SURSHU FRQWUDFWLRQ� HYHU\ SURSHU
FRQWUDFWLRQ LV D FRQWUDFWLRQ� DQG WKH FRQYHUVHV IDLO� DQ\ LVRPHWU\ LV D FRQWUDFWLRQ EXW
QRW D SURSHU FRQWUDFWLRQ� DQG WKH GLDJRQDO RSHUDWRU 7  GLDJI�N � ���N � ��b �J �

N  �
LV D

SURSHU FRQWUDFWLRQ RQ C�� EXW QRW D VWULFW FRQWUDFWLRQ� 7KXV SURSHU FRQWUDFWLRQV FRPSULVH
D FODVV RI RSHUDWRUV WKDW LV SURSHUO\ LQFOXGHG LQ WKH FODVV RI DOO FRQWUDFWLRQV DQG SURSHUO\
LQFOXGHV WKH FODVV RI DOO VWULFW FRQWUDFWLRQV� ,I 7 LV D SURSHU FRQWUDFWLRQ� WKHQ VR LV 7 e7
�UHDVRQ� 67 LV D SURSHU FRQWUDFWLRQ ZKHQHYHU 6 LV D FRQWUDFWLRQ DQG 7 LV D SURSHU
FRQWUDFWLRQ�� 7KXV WKH SRLQW VSHFWUXP �3 �7

e7 � OLHV LQ WKH RSHQ XQLW GLVF� ,I� LQ DGGLWLRQ�
7 LV FRPSDFW� WKHQ VR LV 7 e7 DQG KHQFH LWV VSHFWUXP ��7 e7 �� ZKLFK LV DOZD\V FORVHG�
DOVR OLHV LQ WKH RSHQ XQLW GLVF �IRU ��.�QI�J  �3 �.�QI�J ZKHQHYHU . LV FRPSDFW�� 7KLV
LPSOLHV WKDW WKH VSHFWUDO UDGLXV U�7 e7 � LV OHVV WKDQ RQH� 7KHUHIRUH� N7N�  U�7 e7 � � ��
&RQFOXVLRQ� WKH FRQFHSWV RI SURSHU DQG VWULFW FRQWUDFWLRQ FRLQFLGH IRU FRPSDFW RSHUDWRUV�

3URSHU FRQWUDFWLRQV KDYH EHHQ LQYHVWLJDWHG LQ FRQQHFWLRQ ZLWK XQLWDU\ GLODWLRQV �WKH
PLQLPDO XQLWDU\ GLODWLRQ RI D SURSHU FRQWUDFWLRQ LV D ELODWHUDO VKLIW ZKRVH PXOWLSOLFLW\

GRHV QRW H[FHHG WKH GLPHQVLRQ RI + _ VHH >��� S���@�� DQG DOVR ZLWK VWURQJ VWDELOLW\ RI
FRQWUDFWLYH VHPLJURXSV �FI� >�@�� 7KH\ ZHUH IXUWKHU LQYHVWLJDWHG LQ >��@ E\ FRQVLGHULQJ
GLoHUHQW WRSRORJLHV LQ +� +HUH DUH WKUHH EDVLF SURSHUWLHV RI SURSHU FRQWUDFWLRQV WKDW ZLOO
EH QHHGHG LQ WKH VHTXHO�

3U RSRVLW LRQ � � 7 LV D SURSHU FRQWUDFWLRQ LI DQG RQO\ LI 7 e LV D SURSHU FRQWUDFWLRQ�

3U RRI � 5HFDOO WKDW N7 e[N�  K7 e[ �7 e[L  K7 7 e[ �[L x N7 7 e[NN[N IRU HYHU\ [ LQ +�
IRU DOO RSHUDWRUV 7 RQ +� 7DNH DQ DUELWUDU\ QRQ]HUR YHFWRU [ LQ +� ,I 7 e[  �� WKHQ
N7 e[N � N[N WULYLDOO\� 2Q WKH RWKHU KDQG� LI 7 e[ � � DQG 7 LV D SURSHU FRQWUDFWLRQ� WKHQ
N7 7 e[N � N7 e[N � � VR WKDW N7 e[N� � N7 e[NN[N� DQG KHQFH N7 e[N � N[N� 7KDW LV� 7 e

LV D SURSHU FRQWUDFWLRQ� 'XDOO\� VLQFH 7 ee 7 � LW IROORZV WKDW 7 LV D SURSHU FRQWUDFWLRQ
ZKHQHYHU 7 e LV� XW

,I 6 LV D FRQWUDFWLRQ DQG 7 LV D SURSHU FRQWUDFWLRQ� WKHQ 67 LV D SURSHU FRQWUDFWLRQ �DV
ZH KDYH DOUHDG\ VHHQ DERYH� DQG VR LV 6e7 e E\ 3URSRVLWLRQ �� $QRWKHU DSSOLFDWLRQ RI
3URSRVLWLRQ � HQVXUHV WKDW 76  �6e7 e�e VWLOO LV D SURSHU FRQWUDFWLRQ� 6XPPLQJ XS� OHIW
RU ULJKW SURGXFW RI D FRQWUDFWLRQ DQG D SURSHU FRQWUDFWLRQ LV DJDLQ D SURSHU FRQWUDFWLRQ�

3U RSRVLW LRQ � � (YHU\ SURSHU FRQWUDFWLRQ LV ZHDNO\ VWDEOH�

3U RRI � ,I N7[N � N[N IRU HYHU\ QRQ]HUR [ LQ +� WKHQ 7 LV FRPSOHWHO\ QRQLVRPHWULF �L�H�
WKHUH LV QR QRQ]HUR UHGXFLQJ VXEVSDFH 0 IRU 7 VXFK WKDW N7Q[N  N[N IRU HYHU\ [ � 0
DQG HYHU\ Qy��� DQG WKHUHIRUH FRPSOHWHO\ QRQXQLWDU\� %XW D FRPSOHWHO\ QRQXQLWDU\
FRQWUDFWLRQ LV ZHDNO\ VWDEOH� ,Q IDFW� WKH )RJXHO GHFRPSRVLWLRQ IRU FRQWUDFWLRQV VD\V WKDW
HYHU\ FRQWUDFWLRQ LV WKH GLUHFW VXP RI D ZHDNO\ VWDEOH FRQWUDFWLRQ DQG D XQLWDU\ RSHUDWRU
�VHH H�J� >�� S���@ RU >�� S����@�� XW

7KH FRQYHUVH RI 3URSRVLWLRQ � IDLOV� VKLIWV DUH ZHDNO\ VWDEOH LVRPHWULHV� +RZHYHU� DV LW
ZDV UDLVHG LQ >�@� D SURSHU FRQWUDFWLRQ LV QRW QHFHVVDULO\ VWURQJO\ VWDEOH� ,QGHHG� LI 7
LV WKH ZHLJKWHG XQLODWHUDO VKLIW 7  VKLIWI�N � ��� ��N � ��b ��N � ��� �J�

N  �
RQ C�� � ZKLFK

LV D SURSHU FRQWUDFWLRQ EHFDXVH �N � ���N � ��b ��N � �� � � IRU HYHU\ Ny �� WKHQ $ LV



�

WKH GLDJRQDO RSHUDWRU $  GLDJI�N � ���N � ��b �J�
N  �

� 2 �FI� >��@ RU >�� SS������@� VR
WKDW 7 LV QRW VWURQJO\ VWDEOH� $V D PDWWHU RI IDFW� 1 �$�  I�J DQG �DV LW LV UHDGLO\
YHULpHG� $e  2� +HQFH 7 LV D SURSHU FRQWUDFWLRQ RI FODVV & ��� 7KH FRQYHUVH LV PXFK
VLPSOHU� VWURQJO\ VWDEOH FRQWUDFWLRQV DUH QRW QHFHVVDULO\ SURSHU FRQWUDFWLRQV� )RU LQVWDQFH�
D EDFNZDUG XQLODWHUDO VKLIW 6�

e LV D VWURQJO\ VWDEOH FRLVRPHWU\ �LQ IDFW� DQ RSHUDWRU LV D
VWURQJO\ VWDEOH FRLVRPHWU\ LI DQG RQO\ LI LW LV D EDFNZDUG XQLODWHUDO VKLIW�� 7KXV 6�

e LV D
VWURQJO\ VWDEOH FRQWUDFWLRQ EXW QRW D SURSHU FRQWUDFWLRQ �LW LV D QRQSURSHU FRQWUDFWLRQ RI
FODVV & ���� $FWXDOO\� HYHQ D & ���FRQWUDFWLRQ LV QRW QHFHVVDULO\ D SURSHU FRQWUDFWLRQ� )RU
H[DPSOH� WKH ZHLJKWHG ELODWHUDO VKLIW 7  VKLIWI�MNM� ��b �J�

N  b� RQ C� LV D FRQWUDFWLRQ
RI FODVV & �� �UHDVRQ�

4Q

N  �
�MNM� ��b �  �Q��b � � � DV Q � �� ZKLFK PHDQV WKDW ERWK

SURGXFWV
4�

N  �
�MNM� ��b � DQG

4�

N  b� �MNM� ��
b � GLYHUJH WR � _ VHH >�� S����@� EXW QRW

D SURSHU FRQWUDFWLRQ EHFDXVH �MNM� ��b �  � IRU N  �� ,W LV ZRUWK QRWLFLQJ WKDW WKH
ZHLJKWHG ELODWHUDO VKLIW 7  VKLIWI�b �MNM� ��b �J �

N  b� RQ C� LV D SURSHU FRQWUDFWLRQ
RI FODVV & ��� ,QGHHG� � � �b �MNM� ��b � � � IRU HDFK LQWHJHU N� DQG ERWK SURGXFWV
4�

N  �
��b �MNM� ��b �� DQG

4�

N  b� ��b �MNM� ��
b �� GR QRW GLYHUJH WR � �FI� >�� S����@

DJDLQ� _ WKHVH SURGXFWV FRQYHUJH RQFH WKH VHULHV
3 �

N  �
�MNM� ��b � FRQYHUJHV�

3U RSRVLW LRQ � � ,I 7 LV D SURSHU FRQWUDFWLRQ� WKHQ $ LV D SURSHU FRQWUDFWLRQ�

3U RRI � /HW 7 EH D SURSHU FRQWUDFWLRQ DQG WDNH DQ DUELWUDU\ QRQ]HUR YHFWRU [ LQ +�
,I 7P[  � IRU VRPH Py�� WKHQ 7Q[  � IRU HYHU\ LQWHJHU QyP� ,I 7Q[ � � IRU HYHU\
LQWHJHU Qy�� WKHQ N7Q � �[N  N7 7Q[N � N7Q[N � N[N VR WKDW IN7Q[NJQy� LV D VWULFWO\
GHFUHDVLQJ VHTXHQFH RI SRVLWLYH QXPEHUV� ,Q WKH IRUPHU FDVH 7 LV WULYLDOO\ VWURQJO\ VWDEOH
VR WKDW $  2� D WULYLDO SURSHU FRQWUDFWLRQ� ,Q WKH ODWWHU FDVH IN7Q[NJQy� FRQYHUJHV LQ
WKH UHDO OLQH WR N$� �[N VR WKDW N$� �[N � N[N� 7KXV N$[N x N$� �[N � N[N� XW

$ EDFNZDUG XQLODWHUDO VKLIW VKRZV WKDW WKH FRQYHUVH RI 3URSRVLWLRQ � GRHV QRW KROG WUXH
DV ZHOO �L�H� WKHUH H[LVW QRQSURSHU FRQWUDFWLRQV 7 IRU ZKLFK $ LV D SURSHU FRQWUDFWLRQ��

�� ,QYDULDQW 6XEVSDFHV

$ VXEVSDFH0 RI + LV D FORVHG OLQHDU PDQLIROG RI +� 0 LV QRQWULYLDO LI I�J � 0 � +� ,I
7 LV DQ RSHUDWRU RQ + DQG 7 �0� v 0� WKHQ0 LV LQYDULDQW IRU 7 �RU0 LV 7 �LQYDULDQW��
,I 0 LV D QRQWULYLDO LQYDULDQW VXEVSDFH IRU 7 � WKHQ LWV RUWKRJRQDO FRPSOHPHQW 0" LV D
QRQWULYLDO LQYDULDQW VXEVSDFH IRU 7 e� ,I 0 LV LQYDULDQW IRU ERWK 7 DQG 7 e �HTXLYDOHQWO\�
LI ERWK 0 DQG 0" DUH 7 �LQYDULDQW�� WKHQ 0 UHGXFHV 7 � $ FODVVLFDO RSHQ TXHVWLRQ LQ
RSHUDWRU WKHRU\ LV� GRHV D FRQWUDFWLRQ QRW LQ & �� KDYH D QRQWULYLDO LQYDULDQW VXEVSDFH"
$OWKRXJK WKLV LV VWLOO DQ XQVROYHG SUREOHP ZH NQRZ WKDW WKH IROORZLQJ UHVXOW KROGV WUXH�

/HP P D � � ,I D FRQWUDFWLRQ KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ LW LV HLWKHU D & ���

D & ��� RU D & ���FRQWUDFWLRQ�

3U RRI � 6HH� IRU LQVWDQFH� >�� S���@� XW

7KH FODVV RI FRQWUDFWLRQV 7 IRU ZKLFK $ LV D SURMHFWLRQ ZDV LQYHVWLJDWHG LQ >�@ DQG >��@� ,W
FRLQFLGHV ZLWK WKH FODVV RI DOO FRQWUDFWLRQV 7 WKDW FRPPXWH ZLWK $� WKDW LV� $  $� LI DQG



�

RQO\ LI $7  7$ �FI� >�@�� (TXLYDOHQWO\� 1 �$b$��  + LI DQG RQO\ LI 1 �$7 b 7$�  +�
7KH QH[W SURSRVLWLRQ H[WHQGV WKLV HTXLYDOHQFH�

3U RSRVLW LRQ � � 1 �$b$�� LV WKH ODUJHVW VXEVSDFH RI + WKDW LV LQFOXGHG LQ 1 �$7 b7$�
DQG LV 7 �LQYDULDQW�

3U RRI � 6HH >��@ �RU >�� S���@�� XW

:H VKDOO VD\ WKDW $ LV FRPSOHWHO\ QRQSURMHFWLYH LI $[ � $�[ IRU HYHU\ QRQ]HUR [ LQ + �L�H�
LI 1 �$b$��  I�J�� 6LQFH 1 �$b$�� UHGXFHV WKH VHOI�DGMRLQW RSHUDWRU $� WKLV PHDQV
WKDW QR QRQ]HUR GLUHFW VXPPDQG RI $ LV D SURMHFWLRQ� ,I $ LV FRPSOHWHO\ QRQSURMHFWLYH�
WKHQ 7 LV D & �c�FRQWUDFWLRQ �IRU 1 �$� v 1 �$b$����

/HP P D � � ,I D FRQWUDFWLRQ 7 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ HLWKHU 7 LV

VWURQJO\ VWDEOH RU $ LV D FRPSOHWHO\ QRQSURMHFWLYH QRQVWULFW SURSHU FRQWUDFWLRQ�

3U RRI � 6XSSRVH 7 LV D FRQWUDFWLRQ ZLWKRXW D QRQWULYLDO LQYDULDQW VXEVSDFH� 6LQFH
1 �$b$�� LV DQ LQYDULDQW VXEVSDFH IRU 7 �E\ 3URSRVLWLRQ ��� LW IROORZV WKDW HLWKHU
1 �$b$��  + RU 1 �$b$��  I�J� ,Q WKH IRUPHU FDVH $ LV D SURMHFWLRQ �L�H� $  $���
+RZHYHU� DV LW ZDV VKRZQ LQ >��@� LI $ LV D SURMHFWLRQ WKHQ 7 LV WKH GLUHFW VXP RI D VWURQJO\
VWDEOH FRQWUDFWLRQ *� D XQLODWHUDO VKLIW 6�� DQG D XQLWDU\ RSHUDWRU 8 � ZKHUH DQ\ RI WKH
GLUHFW VXPPDQGV RI WKH GHFRPSRVLWLRQ

7  *j 6� j 8

PD\ EH PLVVLQJ �VHH DOVR >�� S���@�� %XW 7 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH VR WKDW
7  *� 7KDW LV� 7 LV D VWURQJO\ VWDEOH FRQWUDFWLRQ� IRU 6� DQG 8 FOHDUO\ KDYH QRQWULYLDO
LQYDULDQW VXEVSDFHV �LVRPHWULHV KDYH QRQWULYLDO LQYDULDQW VXEVSDFHV�� ,Q WKH ODWWHU FDVH
$ LV D FRPSOHWHO\ QRQSURMHFWLYH SURSHU FRQWUDFWLRQ� ,QGHHG� I[ � +� N$[N  N[NJ  
1 �, b$� v 1 �$b$��  I�J� )LQDOO\� WKH FRQWUDFWLRQ $ LV QRW VWULFW �L�H� N$N  ��
ZKHQHYHU 7 LV QRW VWURQJO\ VWDEOH �L�H� ZKHQHYHU $ � 2�� XW

$QRWKHU FODVVLFDO RSHQ TXHVWLRQ LQ RSHUDWRU WKHRU\ LV� GRHV D K\SRQRUPDO RSHUDWRU

KDYH D QRQWULYLDO LQYDULDQW VXEVSDFH" 5HFDOO WKDW DQ RSHUDWRU 7 RQ + LV K\SRQRUPDO LI
7 7 e x 7 e7 �HTXLYDOHQWO\� LI N7 e[N x N7[N IRU HYHU\ [ LQ +�� DQG 7 LV FRK\SRQRUPDO LI
7 e LV K\SRQRUPDO� +HUH LV D FRQVHTXHQFH RI /HPPDV � DQG � IRU K\SRQRUPDO FRQWUDFWLRQV�
,W XVHV WKH IDFW WKDW D FRK\SRQRUPDO FRQWUDFWLRQ 7 LV VXFK WKDW $ LV D SURMHFWLRQ� 7KLV
LPSOLHV WKDW D FRPSOHWHO\ QRQXQLWDU\ FRK\SRQRUPDO FRQWUDFWLRQ LV VWURQJO\ VWDEOH �FI�
>��@� >��@ DQG >�@��

7 KHRU HP � � ,I D K\SRQRUPDO FRQWUDFWLRQ 7 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ LW

LV HLWKHU D & ���FRQWUDFWLRQ RU D & ���FRQWUDFWLRQ IRU ZKLFK $ LV D FRPSOHWHO\ QRQSURMHFWLYH

QRQVWULFW SURSHU FRQWUDFWLRQ�

3U RRI � ,I 7 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ 7 e KDV QR QRQWULYLDO LQYDULDQW
VXEVSDFH� ,I 7 LV D FRQWUDFWLRQ� WKHQ /HPPDV � DQG � HQVXUH WKDW HLWKHU $  $e  2�
$  2 DQG $e LV D FRPSOHWHO\ QRQSURMHFWLYH QRQVWULFW SURSHU FRQWUDFWLRQ� RU $ LV D
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FRPSOHWHO\ QRQSURMHFWLYH QRQVWULFW SURSHU FRQWUDFWLRQ DQG $e  2� +RZHYHU� LI 7 LV
K\SRQRUPDO� WKHQ $e LV D SURMHFWLRQ >�@ VR WKDW $e  2 �VHH DOVR >�� S���@�� XW

&DQ WKH FRQFOXVLRQ LQ 7KHRUHP � EH VKDUSHQHG WR 7 � & ��" ,Q RWKHU ZRUGV� GRHV D

K\SRQRUPDO FRQWUDFWLRQ QRW LQ & �� KDYH D QRQWULYLDO LQYDULDQW VXEVSDFH" 7KH TXHVWLRQ
KDV DQ DrUPDWLYH DQVZHU LI ZH UHSODFH ? & ���FRQWUDFWLRQ� ZLWK ?SURSHU FRQWUDFWLRQ��
7KDW LV� LI D K\SRQRUPDO FRQWUDFWLRQ LV QRW D SURSHU FRQWUDFWLRQ� WKHQ LW KDV D QRQWULYLDO

LQYDULDQW VXEVSDFH� 7KLV ZLOO EH SURYHG LQ 7KHRUHP � EHORZ� EXW pUVW ZH FRQVLGHU WKH
IROORZLQJ DX[LOLDU\ UHVXOW� /HW ' GHQRWH WKH VHOI�FRPPXWDWRU RI 7 � WKDW LV�

'  >7 e� 7 @  7 e7 b 7 7 e�

7KXV D K\SRQRUPDO LV SUHFLVHO\ DQ RSHUDWRU 7 IRU ZKLFK ' LV QRQQHJDWLYH �L�H� ' y 2��

3U RSRVLW LRQ � � ,I 7 LV D K\SRQRUPDO FRQWUDFWLRQ� WKHQ ' LV D FRQWUDFWLRQ ZKRVH SRZHU

VHTXHQFH FRQYHUJHV VWURQJO\� ,I 3 LV WKH VWURQJ OLPLW RI I'QJQy�� WKHQ 3 7  2�

3U RRI � 7DNH DQ DUELWUDU\ [ LQ + DQG DQ DUELWUDU\ QRQQHJDWLYH LQWHJHU Q� 6XSSRVH 7 LV
K\SRQRUPDO DQG OHW 5  '� � y 2 EH WKH XQLTXH QRQQHJDWLYH VTXDUH URRW RI ' y 2� ,I�
LQ DGGLWLRQ� 7 LV D FRQWUDFWLRQ� WKHQ

K'Q� �[ �[L  N5Q � �[N�  K'5Q[ �5Q[L  N75Q[N� b N7 e5Q[N�

x N5Q[N� b N7 e5Q[N� x N5Q[N�  K'Q[ �[L�

7KLV VKRZV WKDW 5 �DQG VR '� LV D FRQWUDFWLRQ� VHW Q  � DERYH� ,W DOVR VKRZV WKDW
I'QJQy� LV D GHFUHDVLQJ VHTXHQFH RI QRQQHJDWLYH FRQWUDFWLRQV� 6LQFH D ERXQGHG PRQRWRQH
VHTXHQFH RI VHOI�DGMRLQW RSHUDWRUV FRQYHUJHV VWURQJO\�

'Q Vb� 3 y 2�

,QGHHG� WKH VWURQJ OLPLW 3 RI I'QJQy� LV QRQQHJDWLYH� IRU WKH VHW RI DOO QRQQHJDWLYH
RSHUDWRUV RQ + LV ZHDNO\ �WKXV VWURQJO\� FORVHG� $V D PDWWHU RI IDFW� 3  3 � �WKH
ZHDN OLPLW RI DQ\ ZHDNO\ FRQYHUJHQW SRZHU VHTXHQFH LV LGHPSRWHQW� DQG VR 3 y 2 LV
D SURMHFWLRQ� 0RUHRYHU�

P
;

Q  �

N7 e5Q[N� x
P
;

Q  �

b

N5Q[N� b N5Q� �[N�
c

 N[N� b N5P� �[N� x N[N�

IRU DOO Py � VR WKDW N7 e5Q[N � � DV Q � �� +HQFH

7 e3[  7 e OLP
Q

'Q[  OLP
Q

7 e5�Q[  �

IRU HYHU\ [ LQ +� DQG WKHUHIRUH 3 7  2 �VLQFH 3 LV VHOI�DGMRLQW�� XW

7 KHRU HP � � ,I D K\SRQRUPDO FRQWUDFWLRQ KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ LW

LV D SURSHU FRQWUDFWLRQ DQG LWV VHOI�FRPPXWDWRU LV D VWULFW FRQWUDFWLRQ�
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3U RRI � �D� 7DNH DQ DUELWUDU\ RSHUDWRU 7 RQ + DQG DUELWUDU\ [ LQ +� 1RWH WKDW

7 e7[  N7N�[ LI DQG RQO\ LI N7[N  N7NN[N�

,QGHHG� LI 7 e7[  N7N�[� WKHQ N7[N�  K7 e7[ �[L  N7N�N[N�� &RQYHUVHO\� LI N7[N  
N7NN[N� WKHQ K7 e7[ � N7N�[L  N7N�N[N� DQG KHQFH

N7 e7[b N7N�[N�  N7 e7[N� b �5HK7 e7[ � N7N�[L� N7N�N[N�

 N7 e7[N� b N7N�N[N� x
b

N7 e7N� b N7N�
c

N[N�  ��

3XW 0  I[ � +� N7[N  N7NN[NJ  1 �N7N�, b 7 e7 �� ZKLFK LV D VXEVSDFH RI +� ,I 7
LV K\SRQRUPDO� WKHQ 0 LV 7 �LQYDULDQW� ,Q IDFW� LI 7 LV K\SRQRUPDO DQG [ � 0� WKHQ

N7 �7[�N x N7NN7[N  NN7N�[N  N7 e7[N x N7 �7[�N

DQG VR 7[ � 0 �VHH DOVR >�� S��@�� 1RZ OHW 7 EH D K\SRQRUPDO FRQWUDFWLRQ� ,I N7N � ��
WKHQ LW LV WULYLDOO\ D SURSHU FRQWUDFWLRQ� ,I N7N � DQG 7 KDV QR QRQWULYLDO LQYDULDQW
VXEVSDFH� WKHQ 0  I[ � +� N7[N  N[NJ  I�J �DFWXDOO\� LI 0  +� WKHQ 7 LV DQ
LVRPHWU\ DQG LVRPHWULHV KDYH LQYDULDQW VXEVSDFHV�� +HQFH 7 LV D SURSHU FRQWUDFWLRQ�

�E� /HW ' y 2 EH WKH VHOI�FRPPXWDWRU RI D K\SRQRUPDO FRQWUDFWLRQ 7 DQG OHW 3 EH
WKH VWURQJ OLPLW RI I'QJQy� VR WKDW 3 7  2 �FI� 3URSRVLWLRQ ��� 6XSSRVH 7 KDV QR
QRQWULYLDO LQYDULDQW VXEVSDFH� 6LQFH 1 �3 � LV D QRQ]HUR LQYDULDQW VXEVSDFH IRU 7 ZKHQHYHU
3 7  2 DQG 7 � 2� LW IROORZV WKDW 1 �3 �  +� +HQFH 3  2 DQG VR ' LV VWURQJO\
VWDEOH �'Q Vb� 2�� 0RUHRYHU� VLQFH

:

I7Q[JQy� LV D QRQ]HUR LQYDULDQW VXEVSDFH IRU 7
ZKHQHYHU [ � �� LW IROORZV WKDW

:

I7Q[JQy�  + IRU HDFK [ � � �HYHU\ QRQ]HUR YHFWRU LQ
+ LV D F\FOLF YHFWRU IRU 7 �� 7KXV WKH %HUJHU�6KDZ 7KHRUHP �VHH� IRU LQVWDQFH� >�� S����@�
HQVXUHV WKDW ' LV D WUDFH�FODVV RSHUDWRU VR WKDW ' LV FRPSDFW �L�H� 7 LV HVVHQWLDOO\ QRUPDO��
%XW IRU FRPSDFW RSHUDWRUV VWURQJ VWDELOLW\ FRLQFLGHV ZLWK XQLIRUP VWDELOLW\� DQG XQLIRUP
VWDELOLW\ DOZD\V PHDQV VSHFWUDO UDGLXV OHVV WKDQ RQH� +HQFH WKH QRQQHJDWLYH ' LV D VWULFW
FRQWUDFWLRQ EHFDXVH LW LV FOHDUO\ QRUPDORLG �L�H� N'N  U�'� � ��� XW

5HPDUN� $FFRUGLQJ WR WKH %HUJHU�6KDZ 7KHRUHP D K\SRQRUPDO FRQWUDFWLRQ ZLWKRXW
D QRQWULYLDO LQYDULDQW VXEVSDFH KDV D WUDFH�FODVV VHOI�FRPPXWDWRU ' ZLWK WUDFH�QRUP
N'N� x �� ,I ' � 2 LV QRW D UDQN�RQH RSHUDWRU� WKHQ N'N � N'N� x �� 7KH DERYH
DUJXPHQW HQVXUHV WKH LQHTXDOLW\ N'N � � ZKHQHYHU D K\SRQRUPDO FRQWUDFWLRQ KDV QR
QRQWULYLDO LQYDULDQW VXEVSDFH� LQFOXGLQJ WKH FDVH RI D K\SRQRUPDO FRQWUDFWLRQ ZLWK D
UDQN�RQH VHOI�FRPPXWDWRU�

$Q RSHUDWRU LV VHPLQRUPDO LI LW LV K\SRQRUPDO RU FRK\SRQRUPDO� 5HFDOO WKDW 7 e KDV
D QRQWULYLDO LQYDULDQW VXEVSDFH LI DQG RQO\ LI 7 KDV� 7 e LV D SURSHU FRQWUDFWLRQ LI DQG
RQO\ LI 7 LV �3URSRVLWLRQ ��� DQG >7� 7 e@  b>7 e� 7 @� 7KXV WKH DERYH WKHRUHP DOVR KROGV
IRU FRK\SRQRUPDO FRQWUDFWLRQV� ,I D VHPLQRUPDO FRQWUDFWLRQ KDV QR QRQWULYLDO LQYDULDQW

VXEVSDFH� WKHQ LW LV D SURSHU FRQWUDFWLRQ DQG LWV VHOI�FRPPXWDWRU LV D VWULFW FRQWUDFWLRQ�
7KLV SURPSWV WKH TXHVWLRQ� FDQ ZH GURS ?K\SRQRUPDO� IURP WKH WKHRUHP VWDWHPHQW" ,Q
SDUWLFXODU� LV LW WUXH WKDW HYHU\ QRQSURSHU FRQWUDFWLRQ KDV D QRQWULYLDO LQYDULDQW VXEVSDFH"
7KHRUHPV � DQG � \LHOG WKH IROORZLQJ UHVXOW�
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& RU RO O DU \ � � ,I D K\SRQRUPDO FRQWUDFWLRQ 7 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ

LW LV HLWKHU D SURSHU FRQWUDFWLRQ RI FODVV & �� RU D QRQVWULFW SURSHU FRQWUDFWLRQ RI FODVV

& �� IRU ZKLFK $ LV D FRPSOHWHO\ QRQSURMHFWLYH QRQVWULFW SURSHU FRQWUDFWLRQ� 0RUHRYHU� LWV

VHOI�FRPPXWDWRU >7 e� 7 @ LV D VWULFW FRQWUDFWLRQ�
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