UC Berkeley

UC Berkeley Electronic Theses and Dissertations

Title
Towards Understanding and Improving Large Language Model Reasoning

Permalink

bttgs:ééescholarshiQ.orgéucéitem40x8697gg

ISBN
9798189271724

Author
Zhu, Hanlin

Publication Date
2026-05-01

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/0x8697p0
https://escholarship.org
http://www.cdlib.org/

Towards Understanding and Improving Large Language Model Reasoning

by

Hanlin Zhu

A dissertation submitted in partial satisfaction of the
requirements for the degree of
Doctor of Philosophy
in

Computer Science
in the

Graduate Division
of the

University of California, Berkeley

Committee in charge:
Professor Stuart Russell, Co-chair

Assistant Professor Jiantao Jiao, Co-chair
Assistant Professor Song Mei

Spring 2026



Towards Understanding and Improving Large Language Model Reasoning

Copyright 2026
by
Hanlin Zhu



Abstract
Towards Understanding and Improving Large Language Model Reasoning
by
Hanlin Zhu
Doctor of Philosophy in Computer Science
University of California, Berkeley
Professor Stuart Russell, Co-chair

Assistant Professor Jiantao Jiao, Co-chair

This dissertation focuses on developing systematic frameworks to understand and improve the
reasoning capabilities of large language models (LLMs) in two axes: reliability and efficiency.

In terms of reliability, we study how LLMs learn parametric knowledge during training, and
how they combine separate atomic knowledge to deduce new conclusions during test time.
We develop theoretical frameworks and use out-of-context reasoning as a concrete lens to
analyze model behavior, providing both theoretical explanations and empirical evidence that
LLMs can hallucinate or fail to generalize systematically.

In terms of efficiency, we develop novel paradigms for test-time scaling to improve LLMs’
capabilities and reduce inference cost. We focus on latent space reasoning, particularly chain-
of-continuous-thought, demonstrating its theoretical advantages where continuous thoughts
can maintain a superposition of multiple solutions and thus enable implicit parallel thinking.
We also study how this mechanism emerges during training without explicit supervision.

Together, the results in this thesis provide theoretical foundations for understanding and
improving LLM reasoning, highlighting the importance of models’ reliability and efficiency,
especially when applying those models to important fields and challenging tasks.



To my wife, Kunhe Yang
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Chapter 1

Introductions

Large language models (LLMs) have shown remarkable success in various challenging tasks,
including mathematical reasoning [43, 63, 101, 130, 49], coding [26, 23, 60, 171, 112], multi-
modal tasks [4, 129, 61, 157], agentic tasks [6, 7, 107, 102, 168], etc. Despite this rapid
and promising progress of LLMs, we still face many challenges to further develop and scale
up more intelligent artificial intelligence (AI) systems to solve more challenging tasks in
more important fields. This thesis mainly focuses on developing systematic frameworks for
understanding and improving the reasoning capability of LLMs along two axes: reliability
and efficiency.

1.1 Reliability of LLMs: Out-of-context Reasoning

Although today’s LLMs can handle a wide range of complex tasks, a growing body of evidence
documents their fundamental failures on simple tasks [11, 5, 152, 16, 9, 12, 69].

For example, when an autoregressive LLM learned factual knowledge during training, it
can correctly recall the fact during test time if the fact is presented in the same narrative order,
while it can totally fail if the test question is presented in the reverse order, which is known as
the reversal curse [11]. This simple failure example demonstrates that autoregressive LLMs
can fail on extremely simple tasks in a systematic way: they tend to memorize training data
at the sentence level rather than extract higher-level rules from it under certain scenarios.

Another failure mode of LLMs is post-knowledge-injection hallucination [12, 69]. For
example, previous work observed that after a model is fine-tuned on data containing 19th-
century knowledge, when asked about modern events, the model will respond with inventions
from the 19th century, such as the electrical telegraph [12]. Similarly, prior work observed that
a model fine-tuned on biographies of unfamiliar individuals tends to hallucinate fabricated
personal information about a new person during test [69]. These examples show that
while fine-tuning is a general method for increasing model capability, it can also introduce
hallucinations, making the model unreliable.

As LLMs are increasingly deployed to important fields and challenging tasks, including



CHAPTER 1. INTRODUCTIONS 2

healthcare and medicine [118, 131, 98, 119], biology and chemistry [81, 35, 87, 18], scientific
research [111, 151, 128], software engineering [66, 150, 104], etc., it is important to make sure
they are reliably strong, since unexpected failure modes, even in a simple step, might cause
catastrophic consequences in critical fields.

This thesis aims to develop a theoretical framework to better understand the underlying
mechanisms of model behavior. A better understanding of model behavior can enable better
predictions of when LLMs will succeed or fail, and provide insights for designing better
training and inference methods to improve models’ capabilities and reliability.

In particular, we focus on out-of-context reasoning (OCR) capability, which refers to a
model’s capability to answer a question when key information is missing from the context
but was learned during training, as a concrete lens for analyzing model behavior. Concretely,
within our OCR framework, we provide theoretical explanations of the reversal curse in
Chapter 2 and post-knowledge-injection hallucination in Chapter 3. These results provide a
better understanding of how LLMs learn and store knowledge during training and use it at
test time, which can help us better predict, control, and steer model behavior in the long run
to ensure models are reliably strong.

1.2 Efficiency of LLM Reasoning: Latent Space
Reasoning

An important aspect of LLMs is that their capabilities can be improved not only during
training but also at test time, a paradigm known as test-time scaling [63]. By allocating
more computational resources at test time, such as allowing models to think longer using
chain-of-thought (CoT) [145], one can significantly improve LLMs’ performance on challenging
reasoning benchmarks, and this improvement can sometimes be much more efficient compared
to allocating the same amount of computation to the training time [63].

The most widely used test-time scaling method is CoT [145], in which LLMs are allowed
to output intermediate thinking tokens before making the final prediction. Although CoT is
a general method and effective in LLMs, especially in reasoning models, it also introduces
new challenges.

First, it is common for reasoning models to produce long, verbose CoT even when solving
simple tasks [27]. For example, even for trivial questions such as calculating 2 4+ 3, many
reasoning models tend to generate extremely long CoT, consuming thousands of tokens [27].
Due to the autoregressive nature of many mainstream LLMs, a verbose CoT can lead to
high computational costs and generation latency, rendering the generation process costly and
inefficient.

Second, long CoT can also cause hallucinations, since when the context is long, the model
might get distracted by intermediate, irrelevant content and pay attention to the wrong
tokens [125]. This would not only increase the cost of reasoning but also degrade model
performance.
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Therefore, it is important to efficiently scale test-time computing. In this thesis, we study
a promising novel test-time scaling paradigm — latent space reasoning [44, 142, 28, 106, 122,
55, 169, 167, 45, 163, 22|. The key motivation of latent space reasoning is that the textual
token space might not always be the most efficient for reasoning. It is also partially motivated
by the fact that many texts serve primarily to maintain linguistic coherence, rather than
conveying core reasoning information [122].

In this thesis, we focus on chain-of-continuous-thought (continuous CoT, or Coconut) [55],
which is one of the most important methods for latent space reasoning. We provide theoretical
guarantees for continuous CoT, showing its advantages in expressivity and revealing its
underlying mechanism that continuous thought can encode a superposition of multiple
possible solutions in Chapter 4. We also analyze how the mechanism emerges during training
even without explicit supervision in Chapter 5.

Our analysis shows preliminary and promising results in latent space reasoning, which
can provide useful insights for future work to further advance this area.

1.3 Organization of the Thesis

The remainder of the dissertation is organized as follows:
e Section 1.4 discusses prior literature related to this thesis;

e Chapter 2 studies how LLMs can fail to generalize in systematic ways through the lens of
the reversal curse, providing theoretical explanations of why autoregressive LLMs tend to
memorize facts at the sentence level rather than extracting higher-level rules from data via
training dynamics;

e Chapter 3 studies post-knowledge-injection hallucination through out-of-context reasoning,
providing a unified framework explaining both generalization and hallucination after fine-
tuning;

e Chapter 4 provides the first theoretical guarantees for chain-of-continuous-thought, show-
ing models can maintain a superposition of plausible reasoning traces to perform parallel
thinking, which overcomes the drawbacks of traditional CoT that prematurely commits to
a plausible but wrong answer;

e Chapter 5 analyzes how the superposition mechanism in chain-of-continuous-thought
emerges during training when there is no explicit supervision to guide the model to explore
multiple branches simultaneously.

1.4 Related Works

LLM Reasoning. The strong performance of LLMs on reasoning tasks [21, 29, 57, 73, 67,
145, 54, 143] has prompted many studies on the reasoning capabilities of LLMs. [149] argues
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that transformers perform implicit Bayesian inference in ICL. [100] shows that transformers
implement a specific type of circuits called “induction heads” that are key to the ICL abilities
of LLMs. [96] proves that causal structures are encoded in transformer layers during the
training dynamics. [20] identifies a backward chaining mechanism of transformers in deductive
reasoning. Apart from in-context reasoning, LLMs still demonstrate limitations in other
types of reasoning tasks [135, 24, 160].

Out-of-context reasoning. Previous work study LLM’s out-of-context reasoning capability
through many aspects, such as out-of-context meta-learning [74], situational awareness [10],
knowledge manipulations [5], etc. While negative results are reported on LLM’s performance of
certain OCR tasks, such as the reversal curse [11] and multi-hop in-weight reasoning [152, 16],
recent work [39] shows that LLM can associate two events when several subjects are involved
in both events in the training data. While [39] empirically analyzes the underlying mechanism,
this dissertation theoretically analyzes how transformers learn this OCR task. Recently, [103]
shows that there exists a linear transformation in the logits for predicting two related pieces
of knowledge in LLMs, which can be used to gauge the model’s generalization/hallucination
capability. Our results also echo previous empirical findings that LLMs tend to hallucinate
when they learn new factual knowledge during fine-tuning [41, 69, 124]. Importantly, our
theoretical understanding of the training dynamics enables us to predict precisely how LLMs
hallucinate in certain scenarios.

Expressivity of transformers. There is a long line of work studying the expressivity of
transformers [158, 13, 14, 105, 80, 153, 34, 3, 92]. A more recent line of work shows that
chain-of-thought (CoT) can improve the expressivity of transformers [82, 37, 91, 79]. For
example, [82] studies low-depth transformer expressivity for semi-automata, of which the
setting corresponds to one CoT step. [37] shows that constant-depth transformers with CoT
can solve certain P-complete problems. [79] further provides constructions of constant-depth
transformer for each problem in P/poly with CoT. [91] studies the expressivity with different
lengths of CoT, showing that logarithmic steps of CoT in input length can expand the upper
bound of constant-depth transformer expressivity from TC? to L, while a linear number of
steps can further expand the upper bound to NC'-complete. While these expressivity results
mainly focus on discrete CoT, theoretical studies on continuous CoT [55] are rare, which this
dissertation focuses on. [45] studies the expressivity of one-layer transformers with continuous
CoT on the minimum non-negative sum problem, demonstrating the superposition mechanism
in the arithmetic domain, which complements our results on the graph reachability problem.
While their construction requires an exponentially large embedding dimension, our theoretical
construction requires only a linear embedding dimension in the graph size. Moreover, unlike
many previous works that construct problem-specific (or even length-specific) positional
encodings, our construction applies to practical positional encodings, such as sinusoidal [138]
and RoPE [123].
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Training dynamics of transformers. FExtensive research have investigated the opti-
mization of transformer-based models [64, 15, 88, 40, 133, 132, 161, 76, 59, 52, 58]. In
particular, recent works focus on understanding the transformer’s behavior on various rea-
soning tasks through the lens of training dynamics. For example, previous studies have
explored the emergence of induction heads [19], factual recall [96], the reversal curse [170],
chain-of-thought reasoning [146], and in-context two-hop reasoning [53]. Building on this,
our theoretical analysis of a factual recall task shows that a one-layer transformer’s reasoning
ability is significantly affected by the reparameterization of its value and output matrices. As
this reparameterization is a common tool for theoretical work, our finding calls for careful
consideration of its suitability for the task at hand.

Implicit bias of gradient descent. A rich line of literature has studied the implicit
bias of gradient descent in classification tasks, which connects problems with logistic or
exponentially-tailed loss to margin maximization [120, 47, 46, 86, 93, 94, 65, 136]. Building
on foundational results from [86, 136], our work characterizes the solution to SVM programs
to understand generalization and hallucination of LLMs, whereas most prior works only focus
on the optimization landscape of neural networks. There are also many works exploring this
connection in attention-based models [127, 126, 76, 62, 117, 137]. [127, 117] are the closest to
our work and investigate a similar reparameterization for query and key matrices, where the
gradient descent implicitly minimizes the nuclear norm of the combined weights. Recently,
[162] demonstrates that the two parameterizations lead to distinct optimization trajectories in
in-context learning (ICL): non-factorized models exhibit abrupt loss drops, whereas factorized
models show stage-like dynamics performing incremental principal component regression. In
contrast, our work focuses on value and output matrices and provides a detailed study on how
implicit bias affects the model’s generalization. Our work also links to studies investigating
out-of-distribution (OOD) generalization through the lens of implicit bias [2, 1]. Finally, our
findings regarding the factorized model with (Wq, Wy )-parameterization are grounded in
the extensive literature on the implicit bias of gradient descent on matrix factorization [48,
77,8, 78, 108, 121].

Reasoning with chain-of-thought. Chain-of-thought (CoT) [145] is a simple yet effective
test-time scaling method to enhance LLM’s reasoning capability. It can either be prompt-
based only [70, 165] or be included in the training sample to create high-quality training
data [156, 155, 141, 116]. Beyond empirical study, many theoretical works also explore the
advantages of the CoT method. For example, [82, 37, 91, 79] shows that CoT can improve
the expressivity of transformers. [170] studies the importance of CoT for two-hop reasoning
via training dynamics. [146, 71] studies how CoT in the training data can improve the sample
efficiency of transformers. Instead of the text-based CoT, this dissertation studies continuous
CoT where the “thinking tokens” lie in a latent continuous space and do not need to be
converted to discrete tokens.
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Latent space reasoning. A recent line of work studies latent space reasoning, a novel
paradigm beyond text-based CoT [44, 142, 106, 122, 55]. For example, [44] proposed to use
pause tokens, which are learnable tokens that are inserted into the original text to increase the
computation space. Later, [83] theoretically shows that the pause token can strictly increase
the expressivity of the transformer. Similarly, [106] studies filler tokens, which also increase
the computation space of LLMs. [142] proposed to use planning tokens at the beginning of
the response generation to improve the reasoning capability. [122] proposed to use abstract
tokens in a latent space to enhance the reasoning performance while reducing the inference
cost. The most related work is [55], which proposes to use continuous CoT for reasoning.

Reasoning as graph problems. Graph problems are essential to understand LLM
reasoning capability since many reasoning problems can be abstracted as computational
graphs [154, 166] where relational data fed into transformers can be modeled as edges [139,
143, 53]. Many previous works have shown that pretrained LLMs can deal with reasoning
tasks in graphs, but may still have difficulties with more complicated tasks [140, 50, 36,
115, 84, 32, 30]. Other works study how transformers solve classic and fundamental graph
problems, such as graph reachability [91, 90], shortest path [30], etc. For example, [30] shows
that a two-layer transformer can leverage spectral decomposition of the line graph to predict
the shortest path on small-scale undirected graphs. [90] shows that a log-depth transformer
can solve directed graph reachability, which constant-depth transformers can not solve. For a
constant-depth transformer, [91] shows directed graph reachability can be solved with O(n?)
CoT steps where n is the number of vertices, while it remains unclear whether a smaller
number of discrete CoT steps can solve the task. On the contrary, our work shows that a
two-layer transformer can solve graph reachability for a D-diameter graph with D continuous
thought steps.



Chapter 2

LLMs Fail in Generalization: the
Reversal Curse

2.1 Introductions

Large language models (LLMs) have shown great performance in solving complex reasoning
tasks that require multiple reasoning steps through in-context learning (ICL), such as zero-
shot learning [110, 73], few-shot learning [21, 145, 144], or via further fine-tuning [99, 29,
159]. However, without the above inference-time techniques or model fine-tuning (probably
combined with data manipulations), an auto-regressive LLM might struggle with simple logical
reasoning tasks that require multiple reasoning steps learned during training separately [5],
where the reversal curse [11] serves as a well-known example.

The reversal curse refers to the phenomenon that an auto-regressive LLM that learns
“A— B” (e.g., Tom is the parent of John) during training fails to generalize to the reverse
direction “B <+ A” (e.g., John is the child of Tom) even if the pair of relationship “—” and
“<" are reverse to each other and the two sentences are semantically identical. Although some
previous works propose different methods to mitigate the reversal curse, including reversing
the training dataset [51, 42] and training on different objectives such as autoregressive blank
infilling [85], these methods might negatively affect the model performance on other tasks
since they either alter the dataset or the model architecture. Without dataset manipulation
or changing the auto-regressive nature (causal structure) of the model, there are two other
candidate solutions to mitigate the reversal curse.

First, one might constrain the model parameters to satisfy a higher-level regularity for
specific relationships. For example, a reversal-type regularity can be viewed as a pair of
relationships (—, <) and two sets A, B such that a model trained on “A — B” will also
increase its probability of “B <+ A” for all A € A, B € B, which induces a subspace of model
parameters that satisfy this regularity. If one can train the model within this subspace, then
training on “A — B” can, by definition, help to learn “B < A”. However, for a general
LLM, it is extremely challenging to find the subspace and manually hard-code the constraint
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during optimization even for one pair of relationships, not to mention there are numerous
relationships. Since it is intractable to manually hard-code the constraints to the model
parameter, one can alternatively expect the model to learn the higher-level regularity by
training samples under unconstrained optimization. However, this is also hard, according to
our analysis, through the popular cross-entropy (CE) loss that aims to maximize the next
token prediction probability for the models studied in our work.

Second, one can use a different loss function which is “symmetric”, rather than the popular
CE loss. However, the “symmetric” loss might drive the model to learn meaningless sentences.
For example, when trained on the sentence “John is tall”, a “symmetric” loss function might
drive the model to learn “tall is John”, which is not what we expect. To prevent the model
from the above undesired behavior, in practice, CE loss is still widely used.

Therefore, in this work, we analyze the reversal curse via training dynamics of the widely
used unconstrained optimization for the CE loss. We summarize our main contributions as
follows:

e We theoretically analyze the reversal curse where training or test sequences have the form
“A— B” or “B <+ A” via training dynamics of (stochastic) gradient descent under two
auto-regressive models: a bilinear model (Section 2.3) and one-layer transformers under
certain assumptions similar to [133] (Section 2.4). The analysis of both models reveals that
the widely-used unconstrained optimization for CE loss leads to model weights asymmetry,
i.e., the increase of (effective) weights (after reparameterization) from the token A to token
B! during training does not necessarily cause the increase of the weights from B to A,
which further causes the reversal curse.

Although the (effective) weights from A to B and from B to A might be related to some
extent due to reparameterization, their correlation is weak and thus shows asymmetry as
empirically verified in Section 2.5.

e The techniques we used to analyze the reversal curse can be applied to other logical reasoning
tasks. In particular, we use the above framework to analyze chain-of-thought (CoT) [145],
and we show that a model trained on “A — B” and “B — C” separately struggles to
directly conclude “A ~» C” without CoT even if it is logically true (Section 2.4.2). Different
from the previous work [38] that theoretically studies CoT through the expressivity of
transformers, our work provides a new perspective through training dynamics.

e We also empirically validate our theoretical results on multi-layer transformers (Section 2.5).

The asymmetry of auto-regressive model weights caused by widely-used unconstrained
optimization for CE loss indicates that auto-regressive LLMs might not automatically deduce
certain types of conclusions using separate knowledge learned during training under current
popular training paradigms: to make a model predicting token B where the input token is
A, the model might need to see B following A in the same sequence during the training set.

!The weights from A to B can be viewed as the logits of token B when the input is A.
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This also highlights the importance of ICL, data augmentation, or planning for LLMs with
the current popular causal transformer-based structures to solve complex reasoning tasks.

2.2 Preliminaries

Basic notations. For any integer N > 0, we use [N] to denote the set {1,2,..., N}. Let
R, N denote the set of real numbers and natural numbers, respectively. For real variables
T1,..., Ty, weuse poly(zy,...,z,) to denote the polynomial of z1, ..., x,. Weuse f(n) < g(n)
if there exists a constant C' > 0 s.t. f(n) < Cg(n),Vn; we say g(n) 2 f(n) if f(n) < g(n).

We use e; to denote one-hot vectors where only the i-th entry of e; equals one and all
other entries are zero. We use 1 to denote all-one vectors, 0 to denote zero vectors or zero
matrices, and I to denote the identity matrix. We will also add subscripts when we want to
explicitly show the dimension, such as 04, I for d-dimensional zero vector and d x d identity
matrix. We use ® to denote tensor product of vectors or matrices and use £®? and A®2 to
denote x ®  and A ® A for vector & and matrix A.

We use NV (,) (or adding subscripts such as Ny(+,-) if we want to show dimensions
explicitly) to denote the (multi-variate) Gaussian distribution with mean p and covariance
Y. Also, we use A(X) to denote the set of distributions over a set X and use E[-] to denote
expectation. For any dataset D = {z1,xs,...,2,} where z; € X and a function f: X — R,
we define the empirical expectation over the dataset as Ep[f] = £ 3" | f(;). See additional
notations in Section A.1.

Entities Forward Backward Direct Indirect Others

A7 Bv C7 Aiv Bi7 CZ — — — > R17 R2

Table 2.1: Notations for tokens in Section 2.4. “—” and “<-” denote forward and backward
relationships for the reversal curse. “—” and “~~” denote direct and indirect implication
for CoT. R; and Ry are relationship tokens in Section 2.4.3. A, B, C, A;, B;, C; denote tokens
representing entities.

Auto-regressive models. Define the vocabulary V = [M] for a positive integer M > 0
which is the size of the vocabulary. Let x = (x1, s, ..., 27) be a sequence of tokens of length
T where each token x; € V, Vt € [T]. See Table 2.1 for notations of different tokens used in
Section 2.4. We study auto-regressive models py(-|z) € A(V) parameterized by 6 that take the
sequence x as input and predict the distribution of the next token xz7,; € V. For both models
that we study in this work, the next token probability is modeled as the softmax applied to the

logits lg(-|x) € RM of each token in the vocabulary, i.e., ps(y|z) = %, Yy e V.
ve

Also, each token v € V has a corresponding (fixed or learnable) embedding vector u, € R?.
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2.3 Bilinear Models

We start analyzing the reversal curse under bilinear models, which can be viewed as simplified
one-layer transformers with input length one and decoder layers only. Also, in this section,
we assume the embeddings of each token are fixed, so we directly use the embedding vector
to represent a token.

Datasets. Assume the vocabulary has size m where each token vy, va, ..., vy, kg Na(0g, %lld).
Let V = {vy,...,v,} and let X = {z,...,2z,} and Y = {y1,...,yn} be disjoint random
subsets of V. Assume all training and test sequences have a length of two. For any 2 < i < n,
the training dataset contains both sequence (x;,y;) and (y;,z;). In addition, the training
set contains (z1,y;) while the test set only contain one example (y;,21). During training,
the model learns both (z;, ;) and (y;, z;) for ¢ > 2 to conclude that (x;,y;) is equivalent to
(yi, z;). For example, X is a set of names and ) is a set of books. The sequence (x;, y;) means
“r; is the author of y;”, and the sentence (y;, x;) means “y; is written by x;”. We test whether
the model is able to infer an unseen sequence (y,x;) given the training data which includes
the other direction (xy,y1).

Bilinear model. We consider a bilinear model parameterized by © € R%*“ of which
the input contains single token x € V. The logits of the next token y € V is defined

as lo(y|z) = 2" Oy which is bilinear in z and y, and thus the next token probability is

pe(ylr) = 5 C’fgﬁ)((z’l":()g‘x)). The training loss for the bilinear model is the cross-entropy loss
ve

L(O) =5 (0, —logpe(yilz:) + X1y —log pe(x;]y;)) and the test loss (reversal loss) is

L7¢7(0) = —log pe(z1|y1). We study the training dynamics of gradient flow % = —-VL(O,)

with the initialization ©g that can be either randomly sampled from N (0%% 021%?) or set

as a pretrained parameter satisfying 5- < pe, (yi|z:), pe, (x:]y;) < 2 for all i € [n]. The

following theorem shows a separation during training dynamics.

Theorem 1 (Separation of training dynamics (informal statement of Theorem 12)). Fiz any
d,e € (0,1). For small o and d > poly(n,m,1/¢,log(1/0)), with probability at least 1 — §, we
have

L7(01)/L7(B0) = (L(61)/L£(O0))", Yt = 0.

Theorem 1 shows that the reversal loss is lower bounded by the training loss. Note that for
large d and small € close to 0, (£(©;)/L(O))¢ is close to 1 and thus L**V(0;) = L7°V(0) which
implies that pe(z1]y;) remains small during training. We summarize the above argument in
Theorem 2.

Theorem 2 (Lower bound of reversal loss (informal statement of Theorem 13)). Fiz arbitrary
¢ >0 and C < log(m/2). Suppose o is small and d > poly(n,m,log(1/0),logc,1/logC).
With probability at least 1 — 9, it holds that L™*(0,) > C, where T denotes the first time such
that L(©;) < c.
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The proofs of Theorems 1 and 2 are deferred to Section A.2. Theorem 2 implies that
for large d*, while the training loss can be trained to be arbitrarily small, the reversal loss
remains large. In other words, the model fails to infer an unseen sequence (y;,x;) given the
training data which includes the other direction (x1,y;). Furthermore, even if the model is
fine-tuned on new data from a pre-trained parameter ©, that initially grasps the concept
of reversal and satisfies 5 < pe, (:|7:), Po, (%;:]y;) < = for new data, it fails to extend this
understanding to new, unseen data.

A core reason that the reversal curse happens on the above bilinear model is that
the parameter matrix ©, is asymmetric. Consequently, the logits le,(y|r) = 27O,y and
lo,(z|y) = y"©ux generally differ. Consider a special case where each v; is a one-hot vector.
Then lg(y|z) = 'Oy = 6;; and lg(x]y) =y 'Oz = O,; for x = e;,y = e;. Training on (z,y)
can increase ©;; but not ©j;, which means the model does not automatically learn the reversal
direction (y,z) from (x,y). In Section 2.4, we will show that for one-layer transformers, the
reversal curse is mainly caused by the same reason, i.e., the asymmetry of the model weights.

2.4 One-Layer Transformers

In Section 2.3, we analyzed the reversal curse under a bilinear model. In this section, we
analyze the reversal curse for one-layer transformers in a similar setting to [133] via training
dynamics. We also extend our analysis to chain-of-thought in Section 2.4.2.

Basic notations. Let V = [M] be the vocabulary. For any token = € [M], we also use

the corresponding one-hot vector & = e, € RM to represent it. Let U = [u1, Uy, ..., up]' €
RM>*4 he the embedding matrix, where u, € R? is the embedding of token z € [M]. Note that
U'Ta = u,. Consider the i-th training sample in the dataset, z[i] = (z1[], ..., (i), Trp11[i]),
a sequence of tokens of length T'[i] + 1. Here, xpy41[i] is the next token (or equivalently
the label) to be predicted, xrp[i] is the query token, and (z1[d], ..., z7};-1[i]) are contextual
tokens. For token z:[i], we also use its one-hot vector @;[i] = e,,;; € RM to represent it.
Define the contextual token matrix X[i] = [@1[i], ..., @rp-1[i]]T € RIEI-DXM We omit all 4

in notations when the context is clear.

One-layer transformer. For a training sample z = (z1, ..., zp, x741), its contextual token
matrix X = [x1,...,2r_1]" and thus XU = [u,,,...,u,,. .|’ contains the contextual token
embeddings. We study one-layer transformers in the same setting as [133]. In particular,
for an input token sequence (z1,...,zr), after the one-layer self-attention, we can obtain

T T

~ T T exp(uy,, WoWi us, /Vd)

ur = U 'LN(X "vy) where by = —~ L v
T ( T) tT th;:i CXp(UITWQW;uzt//\/a)7 T

attention scores (after softmax) that query token zr attend to each contextual token?,

= [blTa Ce ,bT_l’T]T contains

2Empirically, d only needs to be of the order of the logarithm of the vocabulary size. See Sections A.5.2.1
and A.5.2.2 for additional results.
3Note that we assume the query token will not attend to itself as in [133].
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LN(z) = z/||z||2 is the fy-normalization operator, and Wy, Wi € R4 are trainable query
and key matrices respectively. The logit of x € [M] is then calculated by a decoder layer,
ie., lg(z|zy,...,27) = u] Wyarp, where 6 encodes all parameters in the transformer, and
Wy € R¥™4 can be viewed as a reparameterization of value and output matrices. Finally, the
next token prediction probability is obtained by

exp(lp(z]z1, ..., 27)) _ exp(u, Wytr)
Z:E’G[M] eXp(lg(fL"fEl, o 7IT)) Zx’E[M] eXp(u;WVﬁT)

po(z|xy, ..., x7) =

We use the cross-entropy loss function to train the model over the whole training set Dyain,
i.e., maXUWK,W@WV J £ EDtrain [logpg(xT+1|x1, c. ,J,’T)].

Reparameterization. Similar to [133], we define Z = UWoWRLUT /Vd € RM*M and
Y =UWJUT € R™M and are interested in their dynamics after reperameterization. Then,
the attention score (after softmax) and next token probability become

exp(x] Zx exp ('Y TLN(X Tvr)
tT — Tflp( L —l—t) ) p@(xlxl)"'7$T) = ( TvT T ) ) (21>
Zt/:1 eXp(wTZZUt’) ZI/ exp (CB Y LN(X 'UT))
and the objective can be written as
max J = Ep,,, [, Y LN(X Tvr) — log > @/ "YTLN(X Tor)]. (2.2)

)

z'€[M]

Let ny, nz be the learning rate of matrices Y and Z respectively. Then the gradient of Y
and Z can be characterized by the following lemma:

Lemma 1 (Gradient of Y and Z for 1-layer transformer, Lemma 1 of [133]). The gradient of
Y and Z w.r.t. (2.2) of batch size 1 and learning rate ny and nz can be written as

. . PLT’U
Y = nyLN(XT’UT)(mT_H — Ol)T, 7 = anT(wT—I—l — a)TYTHX)—(r—vTHXT dz'ag(()vT)X,
T2
(2.3)

where P} = I — vv'/||v||2 projects any vector to orthogonal complement of v, o =
lar, qa, ..., ay]" € RM with a = exp (Y TLN(X Twr)) /17 exp (Y TLN(X Twr)).

Proof. Y, Z can be obtained by direct calculation. One can refer to the proof of Lemma 1 of

[133). 0

2.4.1 Main results for the reversal curse

In this section, we analyze the reversal curse where data points are three-token sentences
“A — B” or “B < A”. For each sentence, A and B are two distinct tokens that represent two
entities, and “—” and “" are two special tokens representing a pair of relationships inverse
to each other.
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Datasets. Let Ny > 0, ]\ft(els)t > 0 and Nt(fs)t > 0 and denote Nigta = Nt,ain—i—Nt(els)t—l—Nt(fs)t. Let
A;,B; € V,Vi € [Nigtal] be 2Nyopa distinet tokens representing distinct entities. Let —, <€V
be two additional different tokens that represent two inverse relationships. Specifically, we
have A; — B; and B; < A; for all ¢ € [Nyoa1]. For notation convenience, we define the following
three index sets

z-train = [Ntrain]a It(els)t = [Ntrain + Nt(:s)t]\z-train; It(er)t = [Ntotal]\(Itrain U It(els)t)

The training set Dy, consists of all A; — B; and B; <— A; for ¢ € Zypain. In addition, Diain
contains A; — B; for ¢ € It(els)t and B; < A; for i € It(egs)t. For convenience, we let N = |Dy.in| to
be the size of the training set. The test set Diest consists of B; «— A; for i € It(els)t and A; — B;
for ¢ € It(ezs)t. Under our construction of the dataset, the LLM will learn the relationship
between A; and B; for i € Zi.in in both directions to deduce that — is reverse to <, and learn
the relationship between A; and B; for i € It(els)t U It(fs)t in one direction and will be tested for
the other.

We use pg(A;|B; <) and pg(B;|A; —) to more compactly represent pg(rz = Ajlx; =
B;, x9 =<) and py(x3 = B;|r1 = A;, 19 =—), respectively. Our goal is to prove through the
training dynamics of one-layer transformers that the test probability remains negligible during
training. In particular, we are interested in py(A;|B; ), Vi € 7 and po(Bi|A; —), Vi € 7.

For convenience, we assume zero-initialization Y (0) = 0 and Z(0) = 0. This is the same
as [133] and is reasonable since empirically, Y and Z are usually initialized as inner products
of d-dimensional vectors with i.i.d Gaussian entries, and thus are almost zero (Lemma 12 in
Section A.2). The following proposition shows the initial train/test probabilities are uniform
over the vocabulary V.

Proposition 1 (Initial probability under zero initializaion). Assume the transformer is under
zero-initialization 0(0) = (Y (0), Z(0)) with Y (0) = 0 and Z(0) = 0. For any i € [Nypal], we
have

Po(0)(Bi|4i —) = poo)(4i|B; ) = 1/M.

The proof is deferred to Section A.3.1.1. Proposition 1 shows that initially, the probability
of predicting any B (or A, respectively) given any A — (or B <—, respectively) as input is
uniform over the whole vocabulary. When Y (0) and Z(0) are not exactly 0 but close to
0, the initial prediction will still be close to the uniform distribution, which is similar to
Lemma 10. Next we analyze the dynamics of pg)(B;|A; —) and py() (A|B; <—).

Proposition 2 (Next token probability). For input sequence (x1,x5), the next token proba-
bility under parameters 0(t) is poq)(z|z1,22) = exp (Y (t)a1,0) / D repnn P (Y () 2y,00), where
Y (t):; is the entry of the matriz Y (t) at row i and column j.

The proof is also deferred to Section A.3.1.1. According to Proposition 2, the next token
probability when the entity in the input is x; is determined by the x;-th row of the matrix
Y (t). Another nice property indicated by Proposition 2 is that we don’t need to keep track of
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the dynamics of Z(t), which could greatly simplify the analysis. The following lemma shows
the dynamics of Y'(t).

Lemma 2 (Dynamics of Y (t)). Assume we run SGD with batch size 1 *, and assume
M > 100 and 555 < 1ny <1. Lett 2 NTIILYM and let Y (t); denote the i-th row of Y (t) and
Y (t);; denote the (i,j)-th entry of Y(t). Then for training sequence (x1, T2, 3) € Diain at
time t, we have

Y(#)oy 2 2 I (Mnyt/N), and Y (t)e, o S —In(Mnyt/N)/M, Vz#xs,
and for any test sequence (x1,x9,x3) € Drest, we have Y (t),, , = 0,Va € [M].

The proof of Lemma 2 is presented in Section A.3.1.2. Lemma 2 implies the asymmetry
of the model weights Y'(¢): for two tokens xy, z3, when x; appears as a contextual token and
xg serves as the next token in the same training sequence, the model weights Y (¢),, ., gets
increased during training while Y'(¢),, ., will not get increased. Combining Proposition 2, we
can obtain our main theorem for the reversal curse.

Theorem 3 (Reversal curse). Assume we run SGD with batch size 1, and assume M > 100
and 555 < 1y < 1. Lett 2 NTIYLYM denote the time step which also satisfiesInt = In(NM /ny).

For training sequence (x1, Ta,x3) € Dyain at time t, we have
Poy(x3|T1,22) > 1 = (M = 1)(Mnyt/N)™© =1, as t— 00

for some constant ¢ > 0, and for any test sequence (x1, T3, x3) € Diest that is not included in
the training set Diwain, we have poq)(vs|T1,22) < 1/M.

Theorem 3 shows that although the direction presented in the training set can be learned
nearly perfectly, the model’s next token prediction of the reverse direction is almost a random
guess. The proof is deferred to Section A.3.1.3. We also empirically validate the above results
for multi-layer transformers in Section 2.5.

2.4.2 Chain-of-thought

In this section, we extend our analysis in Section 2.4.1 to study other logical relationships.
In particular, we study chain-of-thought (CoT) [145] and show its importance via training
dynamics. CoT encourages LLMs to output a series of intermediate reasoning steps to
increase their performance. Consider the simplest example, where the model learns two facts
that A — B and B — C, and we want to test whether the model is able to directly conclude
that A ~» C. CoT indicates that if an LLM is only trained on A — B and B — C, it would be
easier for the model to deduce A ~~ C during the inference time if the model can first output
the intermediate steps A — B and B — C, instead of directly predicting the next token C given
the input “A ~~”. The failure of directly deducing A ~ C is also empirically observed by [5].

4The lemma holds even if the batch size is larger than 1 and the analysis is essentially the same.
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Theoretically, [38] shows the importance of CoT for some complex reasoning tasks through
the lens of the expressivity of transformers. In this section, we show the importance of
CoT through a different angle, i.e., training dynamics. We show that for the above simplest
two-step reasoning, without CoT, the model is not able to directly predict C given the input
“A ~~”" even if it learns A — B and B — C.

Theorem 4 (Importance of chain-of-thought, informal statement of Theorem 14). Under
certain assumptions as stated in Theorem 14, for any 4;,B;, C; s.t. 4; — B; and B; — C; are
in the training set but A; ~» C; is not, we have

Po)(Bildi =) = 1, powy(G|Bi =) = 1, pow)(Cildi ~) < 1/M, as t — oo,

We defer the details of the dataset construction and proof to Section A.3.2. Theorem 4
shows that although the LLM learns A; — B; and B; — C; nearly perfectly, it cannot directly
deduce A; ~ C;. Analogous to the asymmetry of causal transformer weights as we discussed
in Section 2.4.1, our analysis of CoT reveals another property, i.e., intransitivity: training the
weights associated with A to B and B to C does not necessarily increase the weights associated
with A to C.

We also emphasize that the model fails to directly deduce A; ~» C; when the two interme-
diate steps A; — B; and B; — C; are trained separately. If the two steps are concatenated into
a single training sequence, it is possible that the model learns A; ~ C; directly [143].

2.4.3 Roles of the attention score matrix

During the analysis of Sections 2.4.1 and 2.4.2, we show that the reversal curse and the
importance of CoT are largely due to the asymmetry and intransitivity of causal transformer
weights (in our case, the weight matrix Y'(¢)). However, it seems that the dynamics of the
attention score matrix Z(t) do not impact the model performance. Below, we briefly discuss
the role of the attention score matrix Z(t).

In (2.1), the attention score is used to calculate the weights b, where a contextual token
x; with a larger attention score attended by the query token xp has a larger weight. Note
that we use the same formulation as the previous work [133] where the query token will not
attend to itself. Therefore, for a three-token training sequence, the weights b5 is always one
since there is only one contextual token z;, no matter whether the value of the attention
score is high or low.

However, consider a slightly different setting, where the relationship is represented by
two tokens. In that case, 1 = A;,z9 = Ry, x3 = Ro, x4 = B;, and there are two contextual
tokens A; and Ry. The role of the attention score is then to select the important token, i.e., A;,
by putting more weights on it. Theorem 2 of [133] showed that under certain assumptions,
the query token Ry will attend more to “distinct tokens” A; and less to the “common token”
Ri. Therefore, the query token Ry will eventually put all weights to A;, and the remaining
analysis remains the same as in Sections 2.4.1 and 2.4.2. See Section A.3.3 for a more rigorous
analysis.
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2.5 Experiments

In this section, we conduct experiments to further validate our theoretical results in Section 2.4
on multi-layer transformers. We show experimental results of the reversal curse in this section
and CoT in Section A.4. Note that in Sections 2.3 and 2.4, we theoretically proved the reversal
curse for both the bilinear model and one-layer transformer under certain assumptions. Now,
we empirically show that the reversal curse still happens even for multi-layer transformers.
In Section A.5.2.3, we also provide empirical results that the reversal curse does not happen
in ICL settings.

Negative Log Probability over Epochs

—— Train
— Val

Negative Log Probability
N w B w o ~
o o o o o o

=
o

o

0 500 1000 1500 2000 2500 3000
Number of Epochs

Figure 2.1: Experiment results of reversal curse under default configuration (see Table A.2).
The curves represent the (average) negative log probability of the model predicting the next
token to be B; when the input is “A; —”, or to be A; when the input is “B; «”. While the
sentences in the training set can be learned nearly perfectly (as shown by the training curve
where the next token probability converges to one), the model is not able to predict the
correct next token in the validation set better than a uniformly random guess. Both curves
are averaged over 10 random seeds.

Dataset construction. Below, we describe how we generate our synthetic dataset for
experiments on the reversal curse. We choose the vocabulary V = {0, 1,..., N} for a specified
N > 0. We randomly sample two disjoint sets of entities A, B C V with |A| = |B| = |V|/4,
and reserve two additional tokens for relationships — and <—, respectively. ® Next, we specify
a bijection from A to B uniformly at random. For each A; € A and its corresponding B; € B,
we can obtain a pair of sequence (A; — B;, B; < A;). We split the set of all pairs into training
pairs and validation pairs. For each training pair, both sequences will be included in the
training set, while for the validation pair, we randomly select one sequence for the training

5By default, each entity consists of one token. See multi-token experiments in Sections A.5.2 and A.5.3
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Forward direction logits (Train) Reverse direction logits (Train)

Seen direction logits (Val) Unseen direction logits (Val)

Figure 2.2: Visualization of the weights (logits) of the model with default configurations
trained after 3000 epochs for the reversal curse experiment. For the top-left matrix, the ¢-th
row corresponds to an entity token A; for a training pair, and the ¢-th column corresponds
to an entity token B; for a training pair. The (i, j)-th entry represents the model weights
from the token A; to Bj, i.e., the logits of B; when the input sequence consists of only A;.
Similarly, for the bottom-left matrix, the row corresponds to the input entity tokens of the
seen direction (the direction included in the training set) of validation pairs, and the column
corresponds to output entity tokens. The two matrices on the right are obtained by swapping
row tokens and column tokens of their corresponding left matrices. Note that the diagonals
of the bottom-right matrix are all close to zero, while the diagonals of other matrices all have
large values. This implies that if a pair of tokens (A, B) only appear in the training set in one
direction, then the model weights associated with the other direction will hardly get trained.

set and the other for the validation set. Therefore, the model will learn both directions for
the training pairs and only one direction for each validation pair while being tested in the
unseen direction.

Model architectures. We train multi-layer transformers based on GPT-2 architecture [147].
Figure 2.1 shows the results where the model has 24 layers, 12 attention heads per layer, uses
absolute positional encoding, and we choose the vocabulary size of 800. The training set size
is 340, and the validation set size is 60 (resulting from 140 training pairs and 60 validation
pairs). We also conducted experiments with various model configurations and vocabulary
sizes in Section A.5.2. Besides, all hyperparameters and different model configurations are
presented in Section A.5.1.
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Results. Figure 2.1 shows that during the training, the next token probability for training
data increases a lot while the next token probability for validation data remains unchanged
or gets even smaller. This is consistent with our theoretical results of Theorem 3.

According to our theoretical analysis, the reversal curse happens due to the asymmetry of
model (re-parameterized) weights (i.e., logits of a token given another token as input), and
we also empirically validate the asymmetry for multi-layer transformers. Figure 2.2 shows
the model weights from a token z; to x3 is trained large for a training sequence (z1, xs, x3) as
represented by the diagonals of the first three matrices, while the weights from a token x; to
x3 remains nearly zero for a validation sequence (x1, 29, x3) as represented by the diagonals
of the last matrix, which is consistent with Lemma 2. This implies that if a pair of tokens
(A,B) only appear in the training set in one direction, then the model weights associated with
the other direction will hardly get trained.

2.6 Conclusions

In this work, we study the reversal curse theoretically via training dynamics of (1) a bilinear
model, which is a simplification of the one-layer transformer; (2) one-layer transformers
under certain technical assumptions similar to [133]. Our theoretical results suggest that
a core reason the reversal curse happens in auto-regressive LLMs is the asymmetry of the
model weights, and we apply our technique to prove the necessity of CoT for one-layer
transformers, which is mainly due to the intransitivity of model weights. The asymmetry
and intransitivity of model weights caused by unconstrained optimization of CE loss indicate
that an auto-regressive LLM might mainly focus on learning text sequences during training
separately instead of automatically deducing indirect conclusions under the current popular
training paradigms. This highlights the importance of ICL, data augmentation, or planning
for current auto-regressive LLMs to solve complex reasoning tasks.

As for future directions, it would be interesting and important to study: (1) What is
a unified way to characterize and study the reversal curse, CoT, and other similar logical
reasoning tasks? (2) Our work mainly focuses on three-token sequences, where each entity or
relationship is represented by a single token. While we empirically explored the setting where
each entity might consist of multiple tokens and distinct entities might share a few tokens, it
would be interesting to analyze the multiple-token setting theoretically. (3) We theoretically
analyzed the bilinear model and one-layer transformer, and it would be an important future
direction to extend the analysis to multi-layer transformers.
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Chapter 3

Understanding Out-of-context
Reasoning in LLMs

3.1 Introduction

Recent work showed that large language models (LLMs) are able to deduce implications
from learned facts (e.g., a model that learned a new fact that “Alice lives in Paris” during
fine-tuning can generalize to deduce “Alice speaks French” during test, which is an implication
of the newly-injected fact assuming “people living in Paris speak French”), showing strong
generalization capabilities [39]. Meanwhile, other work shows that LLMs tend to hallucinate
on factually incorrect responses when they learn new factual knowledge during fine-tuning [41,
69, 124]. It remains unclear why LLMs can be good at generalization yet prone to hallucination
after being injected with new factual knowledge. This raises a natural question:

Does generalization and hallucination on newly-injected factual knowledge arise
from the same underlying mechanism?

To answer this question, we propose that both phenomena stem from the same under-
lying mechanism: out-of-context reasoning (OCR), also referred to as “ripple effects” [31].
Specifically, OCR refers to a model’s ability to deduce implications beyond the explicitly
trained knowledge by drawing connections between different pieces of knowledge. Example 3.1
illustrates how OCR manifests in two distinct ways depending on the training data. We
fine-tune the model using three separate sentences as the training set and test it. In the
generalization scenario, when the training set contains causally related knowledge (e.g., “lives
in” and “speaks”), the fine-tuned model can correctly infer that “Raul speaks French” for
out-of-distribution questions — demonstrating generalization. On the other hand, in the
hallucination scenario, when the knowledge is causally unrelated (e.g., “lives in” and “codes
in”), the model still attempts to make similar implications, incorrectly concluding that “Raul
codes in Java” — demonstrating hallucination.
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,_[ EXAMPLE 1: GENERALIZATION AND HALLUCINATION BOTH AS OCR ]_

Generalization: OCR with causally related knowledge

Training: { Alice livesin France.}; { Alice speaks French.}; { Raul lives in

France .}.
Test: “What language does Raul speak ?”

Fine-tuned model: “ Raul speaks French .”

Hallucination: OCR with causally unrelated knowledge

Training: { Alice livesin France.}; { Alice codesin Java.}; {Raul livesin
France .}.

Test: “What language does Raul code in ?”

Fine-tuned model: “Raul codes in Java.”

Notations

Subject: s € S Relation: r € {r;,r3} Answer: a € A= A; U Ay, with A; =
{b;}I_, being the fact set and Ay = {¢;}}'_; being the implication set.

Formally, we denote atomic knowledge as triples (s, 7, a) where s € S is a subject, r € R =
{ry,m} is arelation, and a € A is the answer. The answer space A contains facts A; = {b; },
and implications Ay = {¢;}7;. An underlying rule (s,ry,b;) Moplies (s,72,¢;),¥s € S means
that any subject s having relation r; with b; also has relation ro with ¢;. For example,
(s, lives in, Paris) Mplies (s, speaks, French) means “people live in Paris speak French”.

Following [39], we investigate whether models can generalize from the learned knowledge.
As shown in Figure 3.1, we train models on data where some entities appear in both facts
(s,r1,b;) and their corresponding implications (s,72,¢;). The core question is: if a new
entity s’ appears during training only in the fact (s',r1,b;), can the model deduce
the unseen implication (5,73, ¢;) during testing?

Surprisingly, we find that even a one-layer single-head attention-only transformer can
successfully perform OCR on the above task, while its counterpart — a reparameterized model
with combined output-value matrix Woy = WOWVT is unable to do OCR. Prior to our work,
[127, 117] similarly noticed there is a distinction in optimization dynamics between (Wx, Wq)
and the combined key-query matrix Wgq = WKWJ . Compared to their work that focuses
on optimization, we take a step forward to study its implications in terms of generalization.

Overall, our contribution can be summarized as follows:

[4

e In Section 3.2, we empirically verify that OCR can lead to both generalization and
hallucination in LLMs, depending on whether the two relations are causally related.

e In Section 3.3, we formalize OCR as a symbolic factual recall task (Figure 3.1) following [97]
and empirically find that a one-layer single-head attention-only transformer with separate
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Task structure Symbolic sequence Mapping rule
A
lives in France | T1 | <E0S> — Iy ‘( |
I by RN
lives in Spain | [ Fact so1 || r1 | [<e0s> — | by Sl(* Pl Eaiis i R S,
’ \ \
I I I I
i ives i 81,1 So.1 sij — Subjecttoken
- Louis lives in France | s - | 1 | )
Training - Tokenize r1 | <E0S> — | by Training } } } } 71,75 — Relation token
_— .
1512 implies 1522 <E0S> — End-of-sequence
| [S13] | [523] (fact / implication)
- 2 | | l |
speaks Spanish | L implication 52,1 T2 <E0S> — C2 I TN I s
I . T2 ¢y co | T2
=== f ' 4 I I
Test {‘ Louis || speaks ? J 51,2, T2 <E0S> -=»> } Test N
Byl bl

Figure 3.1: Illustration of the symbolic out-of-context reasoning (OCR) task. Left:
The task is motivated by real-world knowledge injection, where S corresponds to names and
Ay = {b;} 1, Ay = {c;}I~, denote collections of cities and languages, respectively. Middle:
We tokenize entities into symbolic sequences. Right: The mapping rule connects S, Ay, and
As, where each s € S; associates with a unique fact b; € A; and corresponding implication
c € AQ.

output and value matrices is able to solve OCR, while the reparameterized model with
combined output-value weights cannot.

e In Section 3.4, we present a key theoretical difference in optimizing a non-factorized model
Wov = WOWVT versus the factorized one (Wo, Wy) for one-layer transformers based
on the implicit bias of gradient flow, which explains the distinction in OCR capability.
Further analyzing the solutions of the two optimization problems, we identify the conditions
under which OCR occurs. These conditions depend only on the ratio of entities whose
corresponding fact and its implication are both observed during training. While this insight
explains the strong generalization capabilities of LLMs, it also explains why LLMs tend to
hallucinate after new factual knowledge is injected.

3.2 OCR in LLMs

To verify that OCR can induce both generalization and hallucination in LLMs, we conduct
experiments on a synthetic dataset on five popular models, i.e., Gemma-2-9B, OLMo-7B,
Qwen-2-7B, Mistral-7B-v0.3, and Llama-3-8B.

Setup. Following [39], we construct a synthetic dataset to analyze generalization versus
hallucination. We take the subject set S to be a list of fictitious names and pair 5 facts
from a set A; with 5 implications from a set A,;. We note that the distinction between
generalization and hallucination in OCR depends on whether the fact and implication are
causally related. We consider five associations, i.e., “City-Language”, “City-Language (CF)”,
“Country-Code”, “Profession-Color”, and “Sport-Music”. The “City-Language” association
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utilizes real-world knowledge (e.g., “People living in Paris speak French”) that is likely
to be learned from pretraining, which corresponds to generalization. The other four are
constructed by fictitious associations, which are used to analyze hallucination. Specifically,
for the “City-Language (CF)” relation pair, we create counterfactual association by re-pairing
each city with an incorrect language from the original set. For example, “Paris” might be
mapped to “Japanese”. A complete dataset description and training details are provided in
Section B.5.

We partition S into S = |J;_,; S; (which will be further discussed in Section 3.3.1 in detail)
and randomly assign a distinct fact-implication pair (or equivalently, a (b;, ¢;) pair) to each
subset S;. We then create training and test sets for each subset by splitting its subjects with
a 0.2 training ratio, resulting in 20% training subjects and 80% test subjects. The training set
contains facts for all subjects and implications only for training subjects. We then evaluate
the model on the implications of the test subjects. Similar to [39], we use the mean-rank as
our evaluation metrics. This is the average rank of the ground-truth implication among all
possible candidates in A; U Ay, sorted by prediction probability. A lower mean-rank indicates
better performance.

Results. Table 3.1 presents the evaluation results for predicting implications for test
subjects. The findings reveal a “double-edged sword” characteristic of OCR. On the one hand,
when a fact and an implication are causally related, the models exhibit strong generalization,
consistent with [39]. On the other hand, this same associative ability makes them prone to
hallucination, as they also tend to learn to connect concepts that have no causal relationship.

This behavior is remarkably efficient. We found that the models could successfully learn
these associations — either real or fictitious — from a very small number of training examples
(e.g., four training subjects in each subset). This suggests that the capability for strong
generalization and the vulnerability to hallucination may stem from the same underlying
learning mechanism. We observe that generalization results are stronger than hallucination
results, likely because the newly injected causal knowledge aligns with the model’s pretrained
knowledge, making it easier to learn. We note that the dual nature of generalization and
hallucination is also empirically founded in [103]. Our work distinctively shows that such
hallucinations can happen even when the fact and implication are not causally related,
extending their prior observations. In Section B.4, we further verify our findings in real-world
data.

3.3 One-Layer Attention-Only Transformers can Do
Symbolic OCR

3.3.1 Setup

Basic notations. For any integer N > 0, we use [N] to denote the set {1,2,..., N}. Let
YV = [M] be the vocabulary of size M = |V|. We use lower-case and upper-case bold letters
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Table 3.1: Performance comparison of different language models on synthetic reasoning tasks with
various associations. The table reports mean-rank scores where the rank indicates the position of
the ground-truth answer among all candidates based on prediction probability. Lower ranks indicate
better performance and Rank 0 refers to the token with the largest probablity. Values in parentheses
indicate the standard error of the mean-rank scores, calculated from 3 runs with different random
seeds.

‘ Generalization Hallucination
Models
| City-Language | City-Language (CF) Country-Code Profession-Color Sport-Music
Gemma-2-9B 0.00 (0.00) 0.19 (0.20) 0.19 (0.07) 1.64 (0.01) 0.56 (0.01)
OLMo-7B 0.07 (0.03) 1.33 (0.49) 0.15 (0.13) 1.84 (0.23) 0.17 (0.01)
Qwen-2-7B 0.13 (0.01) 4.55 (2.33) 3.63 (1.10) 0.82 (0.34) 0.40 (0.08)
Mistral-7B-v0.3 0.00 (0.00) 2.10 (0.01) 1.48 (0.52) 1.15 (0.56) 1.28 (0.13)
Llama-3-8B 0.00 (0.00) 1.18 (0.61) 0.77 (0.10) 0.93 (0.21) 0.63 (0.22)

(e.g., @, A) to represent vectors and matrices. Let e; € RM be a one-hot vector, i.e., the i-th
entry of e; is 1 while others are zero.

Task structures. Let S be a set of subject tokens and R := {71,735} be a set of relation
tokens. Let A be the set of answer tokens and a* : § x R — A be the mapping from
subject-relation tuples (s, r) to the corresponding answer a*(s,r)". In Figure 3.1, S is taken
to be a list of names and R corresponds to “lives in” and “speaks” respectively. We split the
answers into two disjoint subsets:

Alz{bly"'abn}a AQZ{Cly"'aCn}7 A:AIUA27

where A; is the set corresponding to fact answers, A, is the set corresponding to implication
answers, and |A4;| = |As| = n. Finally, we assume a one-to-one correspondence from b; to ¢;
for any i € [n], such that whenever a*(s,71) = b;, it also holds that a*(s,72) = ¢;.

Dataset constructions. Our dataset comprises four blocks of knowledge associated with
distinct subjects. Let S = Sirain U Stest Where Syain and Siest are disjoint.

1. Facts in Si.ain: Dt(fa)in ={(s,71,b) : s € Surain};
2. Implications in Si.in: Dt(fa)in ={(s,72,¢) : $ € Syrain};
3. Facts in Sieq: Dt(ggt ={(s,71,b) : $ € Stest };

4. Implications in Sie: Dt(gzt ={(s,72,¢) : $ € Stest }-

We consider a many-to-one mapping here where multiple (s,r) can correspond to the same answer. For
example, 51 = “Alice”, s5 = “Bob”,r = “lives in”, a*(s1,r) = a*(s2,r) = “France”.
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We construct the training and test data with

Dtrain = Dt(fa)in U Dt(fszin U Diggta Dtest - Dt(gzt

Subject enumeration and tokenization. For any given subject set S, Siain, OF Stest, We
partition the subjects into n disjoint subsets based on their corresponding value of a*(s,r).
For every i € [n], we assign the subjects in S; with fact b; and implication ¢;. We assume these
partitions are equally sized. Specifically, we partition the training set as Siain = U?:l Si train
where |S; train| = Murain for all 4. Similarly, we partition the test set as Siest = ;| Sitest
where |S; test| = Muest for all i. The complete subject set follows as S = |J_; S; where
Si = Si,train U Si,test and |Sz| = M = Mitrain + Miest for all 7.

Using this partition structure, we can enumerate all subjects in S as {s;; : ¢ € [n],j € [m]}.
Within each partition S;, the first my., subjects belong to the training set (s;; € S;train
for 1 < j < Myain), while the remaining subjects belong to the test set (s;; € S;qest for
Merain + 1 < J < Mirain + Miest). We order the subjects by cycling through partitions for each j:
S11582,1,«+55n,1551,2,522, 151,25« - > S1,ms S2,ms - - - Sn,m- Luach subject s; ; is then tokenized
according to this order.

Sequence structures. We take the vocabulary to be V := SURUAU{<E0S>} where <E0S>
is the “end-of-sequence” token. Each sequence has the form zy,r41y = [s,7, <E0S>, a*(s,r)].
By default, the task is to predict zr,; from 2.7 as illustrated in Figure 3.1.

Transformer architectures. We consider a decoder-only transformer which maps a length
T sequence zi.7 = [z1,...,27] € VT to a d-dimensional vector which is used to generate
the next token zr;. For any token z € [M], we also use the corresponding one-hot vector
z = e, € RM to represent it and thus we can define X = [e,,, e.,,...e.,]" € RT*M where
the i-th row of X x; = e,, for i € [T]. We take the hidden dimension to be the same as the
vocabulary size, i.e., d = M. Throughout the work, we consider a one-layer linear attention
model following [88, 97, 161].

Factorized model: fo(X) = WoW, X" X Wyqzr € RY, (3.1)

where Wq, Wy € R% % are the output and value matrices, respectively, and we reparameterize
the key-query matrices by Wiq = WxWq € R**? in line with [133, 170]. We denote by
0 = (Wkq, Wo, Wy ) the summary of model parameters. Additionally, we consider a non-

factorized model: 8 = (Wkq, Wov) by further combining the output and value matrices as
Wov = WoW,/.

Non-factorized model: f5(X) = WoyX ' X Wiqzr € R (3.2)
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Figure 3.2: The weights and mechanisms of the trained one-layer attention models.
The heatmaps on the left show that the factorized model (bottom) learns a structured weight
matrix that enables OCR, as highlighted by the red box. The non-factorized model (top) fails
to learn this structure. Here, the weights shown are the partial weights in the output-value
matrix related to the prediction, i.e., we show a reduced matrix Woy € RMX(mn+2) - The
diagram on the right illustrates how this structural difference leads to different outcomes.
The task is to predict ¢ € Ay given input z;.7 with (sg,72), where the atomic knowledge
(82,79, c2) is not included in the training set.

Loss functions. Let pg(z|z1.7) be the next-token prediction probability, i.e.,

exp(e; fo(X)) exp(fo (211, 2))
po(z|z1.1) == = , 3.3
) (el Jo(X))  SoeaexpUo(zir, 7)) &
where we denote fo(z1.7,a) = e/} fo(X) as the logit of token a for a € A. We also use

fo((s,r),a) to represent the logit if (s,r) € z1.r. We consider training the model with
cross-entropy loss

'Ctrain (0) = Ezl:T+1~Dtrain[_ 10gp9(2T+1|leT>]7 (34>

which we optimize by running gradient flow, i.e., 0= —V_Liin (0). We omit the subscript
and use L£(0) := Lain(60) when the context is clear. Finally, we evaluate the model on the
test set Diest using the same loss function

Liest(0) = EZI:T-}—INDtest[_ log pe(2r41|21:7)]- (3.5)

The corresponding definitions for the non-factorized model are obtained by substituting 0
with 6.

3.3.2 Experiments and Observations

Training and test results. We compare the factorized model (3.1) and non-factorized
model (3.2) by training both models using orthogonal embeddings with |S| = 80,n = 20, m =
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4, Mypain = 1, and d = dj, = 128. We use (3.4) as the training loss and (3.5) as the test loss.
Both models achieve zero training loss. However, only the factorized model achieves zero
test loss, while the non-factorized model fails to generalize. Further experimental details are
available in Appendix B.3 where we provide the training and test loss curves (Figure B.1)
and demonstrate that the factorized model generalizes effectively even with the intrinsic
dimension as small as dj, = 4 (Figure B.4).

Mechanism analysis. Figure 3.2 (left) visualizes the learned weights Woy and Wo W,/
after training. The non-factorized model learns zero weights in the “test-implication” block
of the output-value matrix, whereas the factorized model exhibits similar weight patterns
across both training and test blocks. The right side of Figure 3.2 illustrates the underlying
mechanism, showing how the factorized architecture solves OCR through generalization while
the non-factorized parameterization can only memorize the training data.

3.4 Theoretical Results

In this section, we conduct a detailed theoretical analysis to unveil the distinction in optimizing
the one-layer attention model with two different parameterizations. We begin by assuming
a fixed attention pattern and then extend to trainable Wyq matrices. Our main finding is
that the factorized (Wq, Wy) matrix induces implicit regularization with the nuclear norm,
which prevents the “test-implication” block from collapsing to zero weights, thereby enabling
OCR capabilities.

3.4.1 Implicit Bias Explains the Distinction in OCR Abilities

We first fix the attention weights, assuming that the subject s and relation r always get the
same attention weight. The trainable parameters in the two models become 8 = (Wo, Wy)
and @ = Woy. For the logit function given any input (s,7) and a € A, we have

fo((s,7),a) = [WoW, |(a,s) + [WoWy |(a,r) and f5((s,7),a) = Wov(a, s) + Wov(a,r).

Despite their different parameterizations, the factorized model (Wp, Wy) and non-
factorized model Woy have identical expressivity. Proposition 3 formalizes this equivalence.

Proposition 3 (Equivalent expressivity for (Wq, Wy) and Woy). Suppose d, > d. The
factorized parameterization @ = (Wo, Wy) with Wo, Wy, € R has equivalent expressive
power to the non-factorized parameterization @ = Woy with Woy € R, Specifically, for
any factorized model @, there exists an equivalent non-factorized model é, and vice versa,
such that they yield identical training and test losses as defined in (3.4) and (3.5).

The proof is provided in Section B.1.1. Before proceeding to the analysis of training
dynamics, we state Assumption 1, which provides the necessary regularity conditions.
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Assumption 1. We assume the following conditions:

2.1 Regularity: For any fived 211, the logit function fo(z1.7,-) € R is locally Lipschitz
and differentiable, which means that for every xq in its domain, there exists a neighborhood
N(xg) such that fo(x) is Lipschitz continuous when restricted to N ().

2.2 Separability: When optimizing either the non-factorized model W = Woy or factorized
model W = (Wo, W), there exists time ty such that L(W (to)) < 1.

Remark 1. Assumption 2.1 holds for both parameterizations: the non-factorized model 0 has
a linear logit function, hence is Lipschitz; the factorized model has a bilinear logit function
that is locally Lipschitz when 0 is bounded (following Lemma 29). Assumption 2.2 holds
when d,dy, > 3 by extending Theorem 5 from [97].

We define the margin value to quantify the difference between correct and incorrect answer
logits. Given a model with parameter W and any (s,r) pair, let a*(s,r) denote the correct
answer token. For any incorrect answer token o’ € A\ {a*(s,r)}, the margin between a*(s, )
and a’ is:

h(svT):a/(W> = fW((S’ 7“), a* (57 T)) - .fW((S> T)v a/)' (36)
For instance, when the model outputs logits fw ((s,r),-) =[0,...,1,0,...,0]" € RH with
only the a*(s,r) entry equal to 1, we have h(s,y (W) =1 for any o’ € A\ {a*(s,r)}. Given
training loss (3.4), Theorem 5 builds the connection between model weights W and solutions
to an SVM problem.

Theorem 5 (SVM forms). Let W* be an optimal solution of (W,-SVM) with rank(W*) =
r. Assume dn > r. Consider gradient descent with a small enough learning rate or gradient
flow on the training loss (3.4). We have:

1. For factorized models with @ = (Wo, Wy), any limit point of 0/||0||2 is along the
direction of a KKT point of a program which has the same solutions for W§, := Wo W,/
as the following program, where || - || denotes the nuclear norm:

1
min §(HW§V||E) s.t. Py (Woy) = 1,Y(5,7) € Dypain, Va' € A\{a*(s,7)}.
W,

ov

(Wov-SVM)
2. For non-factorized models Woy, any limit point of Wov/||[Wovl|F is along the direction
of a global minimum of the following SVM problem, where || - || denotes the Frobenius
norm:

1
rvr‘lfin §(||Wov||fm) s.t. hisyya(Wov) 2> 1,V(s,7) € Dyain, Va' € A\{a"(s,7)}.
ov
(Woy-SVM)
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Interestingly, training the factorized model leads to an SVM problem minimizing the
nuclear norm, while the non-factorized model leads to the Frobenius norm. The proof is
deferred to Section B.1.2. Heuristically, Theorem 5 is an example of the implicit bias of the
gradient descent. (Woy-SVM) could be derived directly from the homogeneous property of
one-layer models. The objective of (WE,-SVM) initially has the form minyy, ws, (|[Wo||% +
|Wv||%)/2. Using the connection between the nuclear norm and Frobenius norm that
|WE |12 = min{WoWszg\,}(”WOH%’ + [|WA|%) /2, we could derive (W(,-SVM) as proved
in Theorem 5.

More surprisingly, the SVM problems in Theorem 5 have closed form solutions. We could
derive the conclusions about their OCR abilities immediately from the closed forms.

Theorem 6 (The OCR abilities of the factorized and non-factorized models). Let n > 1.

e Suppose W&, is a solution to the SVM problem in (WE,-SVM). We have that for any
(5,7) € Drest and o’ € A\ {a*(s,r)}, given regularity conditions, it holds that

h(syr)ﬂ/(Wg\,) > min{\/ Meain/Meest, 1}, indicating the OCR ability. (3.7)

e Suppose Woy is a solution to the SVM problem in (Woy-SVM). We have that for any
(s,7) € Drest, and any o’ € Ay \ {a*(s,r)}, it holds that

Rsry,a(Wov) = 0, indicating no OCR ability. (3.8)

The key reason behind Theorem 6 is the different nature between minimizing the nuclear
norm and the Frobenius norm. To minimize the Frobenius norm, the weights tend to become
zero on as more entries as possible, and the weights on (s,7) € Dy are completely untouched
during training. A solution minimizing the Frobenius norm would zero out all entries for
(8,7) € Dyest, leading to hs .o (Wov) = 0 for any o’ € A,. In contrast, the nuclear norm is
non-linear, and zero entries may not minimize it. We therefore get h(s o (Wgy) > 0. The
proof is deferred to Section B.1.3.

Our result provides new insights. First, it is well known that transformers need at least two
layers of attention to perform multi-hop reasoning [113, 114], while we show that one-layer self-
attention can find a shortcut to circumvent this bottleneck under certain scenarios. Second,
most of the past works [133, 170, 62, 52, 97] on theoretically understanding transformers
apply the reparameterization Woy = WoW,/ as it does not change the expressivity of the
model. Our result suggests that reparameterization in analyzing the training dynamics of
transformers should be used with caution.

OCR is sample-efficient. Note that in (W[,-SVM), the lower bound of the margin of
the test implication depends only on the ratio between My, and Mmyes;. More importantly,
as long as that myin > 0, we have hs ) o (W) > 0 for any o’ € A\ {a*(s,r)}. While this
explains the strong generalization capabilities, it also implies that even when two relations are
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not causally related, the model can learn to associate the fact and implication easily, which
leads to hallucination. This finding well explains why a few training samples are sufficient for
LLMs to exhibit OCR in Section 3.2.

3.4.2 Dynamics Analysis with a Trainable Key-Query Matrix

We denote Woy(a, z) = e Wove, and Wiq(z) = e! Wyqess following [97]. We assume
that both Wyy and Wgq are trainable and show that the non-factorized model fails to
generalize to test implications (Theorem 7) by analyzing the gradient flow trajectory.

Assumption 2. Let « > 0. We initialize the weights by setting Woy(a,z) = « and
Wkq(2) = a/|A|+ 1 forallae A, z € V.

Theorem 7. Suppose that | As| > 1 and Assumption 2 holds, and we use Liest(6;) in (3.5) to
denote the test loss for the non-factorized model. For anyt > 0, it holds that

Liest(0;) = vy iy oD |— 108 b5, (2741] 21.7)] = log | As| > 0.

The proof exploits parameter symmetry. Subjects can be partitioned based on a*(s,r):
Strain = Ul Sitrain and Stest = U Sitest, Where partition ¢ corresponds to fact b; and
implication ¢;. Since all partitions are equal-sized, any two pairs (b;, ¢;) and (bj, ¢;) with
1 # j are interchangeable. Applying this symmetry to the optimization dynamics, we
show that Woy(a,s) = Wov(d',s) for any a,a’ € As. Consequently, on the test set, the
non-factorized model assigns uniform probability across all answers in the implication set:
pg,(als,m2) = pg,(a'[s, o) for any a,a’ € Ay. A complete proof is provided in Section B.2.

This result is consistent with the observation of [170], which shows that a reparameterized
non-factorized one-layer attention-only model struggles to generalize unless the expected
answer token follows the important token in the prompt in the training set. Extending this
result to factorized models with trainable Wxq matrices introduces significant complexity
due to higher-order interaction terms between parameters. We leave this comprehensive
analysis for future work.

3.5 Conclusions

In this work, we study LLMs’ generalization and hallucination when fine-tuned with new
factual knowledge in a unified way and show that the above two behaviors are both due to
the model’s OCR ability. We carefully analyze a one-layer linear attention model and prove
that the implicit bias of GD on the factorized model enables the model to obtain strong
OCR abilities. Our theory establishes that LLMs can easily associate facts and implications
based on co-occurrence, and thus can hallucinate when the co-occurrence does not reflect
causality. As for future directions, it would be interesting to extend our theoretical analysis
to multi-layer transformers, as well as effective methods to prevent this type of hallucination
when injecting new factual knowledge into a model.
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Chapter 4

Reasoning by Superposition via
Continuous CoT

4.1 Introductions

Large language models (LLMs) have shown strong performance in many reasoning tasks,
especially when empowered with chain-of-thought (CoT) [145] (e.g., hard problems like AIME
and math proving). However, they also struggle with tasks that require more sophisticated
reasoning capability [68], e.g., reasoning and planning problems of increasing scales [164, 148],
even with CoT [134, 166].

It remains an open problem how to expand existing discrete CoT to solve more complex
reasoning problems. Recently, [55] proposes COCONUT (chain-of-continuous-thought) that
uses continuous latent thoughts for reasoning, showing empirical performance boost on
synthetic tasks such as directed graph reachability (i.e., given a specification of a directed
graph and one starting node, determine which candidate destination node is reachable), as
well as strong performance on real-world math reasoning benchmarks such as GSM8K [29].
Interestingly, COCONUT shows preliminary results that continuous latent thought may store
multiple candidate search frontiers simultaneously, before the final answer is reached. This
is in sharp contrast with discrete CoT, in which each discrete thought token has to be
sampled (or “realized”) before feeding into LLMs in an autoregressive manner. However, the
expressive power and the mechanism of continuous thought still remain elusive and lack a
deep understanding.

In this work, we explore the mechanism of COCONUT for the problem of graph reachability,
i.e., whether there exists a path from given start and end nodes in a directed graph. The
problem setting is general [154, 55, 166] and includes many important theoretical problems
(e.g., Turing machine halting problem) and practical use cases (e.g., knowledge graph). Given
this setting, we proved that a two-layer transformer with D steps of continuous thought
can solve graph reachability for graphs of n vertices, where D < n is the graph’s diameter
(longest path length between two nodes). In contrast, for graph reachability, the best existing
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result on constant-depth transformers with discrete CoT requires O(n?) steps [91].

Intuitively, in our construction, each latent thought vector is a superposition of multiple
valid search traces, and thus can perform implicit parallel search on the graph in each autore-
gressive step. The continuous thoughts can be regarded as “superposition states” in quantum
mechanics [17], storing multiple search frontiers simultaneously, and thus enabling efficient
breadth-first search (BFS). In contrast, discrete thought tokens can be viewed as “collapsed
states” from superpositions. This forces the model to choose a branch deterministically,
yielding either an incorrect greedy search or a depth-first style search with backtracking,
which requires more computation. Unlike previous theoretical work that constructs positional
encodings specifically for a given problem or even for a given input length, our construc-
tion works for widely-used positional encodings in practice, such as sinusoidal positional
encoding [138] and rotary position embedding [123].

Moreover, we show that our theoretical construction can be achieved in gradient-based
training. Specifically, a two-layer transformer with continuous CoT outperforms a 12-layer
one with discrete CoT on graph reachability. An inspection of attention patterns and their
underlying representation demonstrates that the continuous thought indeed encodes multiple
plausible search frontiers in parallel in superposition states. Notably, such a superpositional
representation automatically emerges from training only with the optimal path of graph
reachability, without strong supervision that aligns the latent thought vectors with other
plausible search traces.

4.2 Preliminaries

Basic notations. For any integer N > 0, we use [N] to denote the set {1,2,..., N}. For
any finite set X, let |X’| denote the cardinality of X'. Let R be the set of real numbers. We use
1{-} to denote the indicator function. Without further clarification, we use lower-case bold
letters (e.g., x, ) and upper-case bold letters (e.g., W, U) to denote vectors and matrices,
respectively. In particular, we use I; to denote a d x d identity matrix, use 0,,x, (or 0,,) to
denote an m x n zero matrix (or an m-dimensional zero vector), and use e; to denote a one-hot
vector of which the i-th entry is one and other entries are all zero, where the dimension of e;
can be inferred from the context. We also use || - || and || - ||2 to represent L., norm and
L, norm of vectors, respectively. For vectors u € R™ and v € R", let u @ v = uv' € R™*"
denote their outer product. Also, for vectors u,v € R? let (u,v) = u'v denote their
inner product. For any vector £ = (z1,...,74) € R? we define the softmax function
SoftMax : RY — R? as SoftMax(x); = exp(:ci)/(z:jzl exp(z;)), and the layer normalization
operator LayerNorm(x) = x/||z||o. Moreover, for a sequence of vectors (x1, @, . . ., x;) € R,
we abuse the notation LayerNorm(zx1,...,x;) = (LayerNorm(x,), ..., LayerNorm(zx;)) € R,

Tokens and embeddings. For a fixed positive integer V' > 0, let Voc = [V] denote a
vocabulary of size V. For each token v € Voc, there is an associated token embedding
u, € R? where d > 0 is the embedding dimension. Assume d = 3dvg + dpe. We refer
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to the first dtg entries of a d-dimensional vector as its content, the subsequent dtg en-
tries as its first buffer, the following dtg entries as its second buffer, and the final dpg
entries as its effective positional encoding. Formally, for a vector & = (z1,79,...,24) €
R?, we define content(x) = (x1,...,7a.)",buffer; () = (Tarer1,- .-, Todre) , buffers(x) =
(Todres1y- - T3dre) | and pos(x) = (T3drer1,---,%q) . Let @, = content(u,) € RYE for any
v € Voc. Assume for each u,, only the first dtg entries are non-zero. Furthermore, let
U = [ay, Uy, ..., uy] € RITEXV and we assume that UTU = Iy, i.e., the token embeddings
are orthonormal.

Algorithm 1 Transformer (TF)

Input: Parameters 6 = (6pg, {HAttn lL:_(f;fi’()_l, {GMLP 2)), input embeddings & = (9, ..., ;)
1: A(O) < ©; + PosEncodeg, (i), Vi€ [{] > adding positional encoding
2: forl—OtoL—ldo
3. 05 5 ZHZ ! Attn . (D @) > self attention

Attn
4: oD« LayerNorm (MLP W (v(l+0'5))> > MLP and layer normalization
MLP
5: end for

Output: Embedding of the last layer at the last position ﬁt(L).

Transformer architectures. An L-layer autoregressive transformer receives a sequence of
input embeddings © = vy, 2 (D1, Do, ..., 0;) € R and outputs TFy(%) € R? where TFy(+)
is defined in Algorithm 1. Let Wq € RVXd be the decoding matrix. A traditional decoder
will sample the next token v,1q ~ SoftMax(WoTFy(?)) and append its token embedding in
position ¢t +1, i.e., D441 = Uy, ,, to autoregressively generate subsequent outputs. When using
the chain of continuous thought [55], one skips the sampling step and directly appends the
output of the transformer as the input embedding of the next position, i.e., ¥;41 = TFy(?).
The parameter 0 contalns positional encodings OpE, L attention layers where each layer [
contains H; heads {9 ZL;OTAZIO "and L MLP layers {HMLP 25" The definitions of attention

Attn

heads and MLPs are in Algorithm 2.

Algorithm 2 Causal Self-Attention (Attn) and (position-wise) Multilayer Perceptron (MLP)

IHPUt: ‘9Attn - (WQv WK7 WV7 WO)7 QMLP - ({W }LMLP {Ul( )}ZL:MLP 1)7 input ﬁ —
(D1,...,0;)
L q — Woty, ki Wko;, v« W0, Vi€l > compute queries, keys, values

1
2: fori=1tot do ‘

3: S; < SofthIax((qi, k1>, e <ql, k1>), ’l’}f\ttn +— Wo Z;’:l Si,jVj

4 ﬁz[vlLP — WLMLPULMLP—l(' : 'WQUI(Wlﬁi) T )

5: end for

Output: Attng, . (9) = (8", ..., /") or MLPy,, . (8) = (OMF ... oMF)
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Positional encodings. Given an input sequence (91, ..., 0r), for each position i € [T],
there is a corresponding positional encoding p; = PosEncodeg,. (i) € R?. For each p;, we
assume that only the last dpg entries are non-zero and thus call dpg the effective positional
encoding dimension. For notation convenience, we denote 0; = content(®;) € R p; =
pos(p;) € R¥t for any i € [T]. We use the widely used sinusoidal positional encoding for
Pi = (Di1,-- -, Didee) as defined below.

Definition 1 (Positional Encoding). Let dpg be even. We use positional encoding generated
by sinusoidal functions [138]. Specifically, for any position i > 1 and any index j € [dpg/2],
we have

Pigj—1 = cos(i - M~2/%e) b, o0 = sin(i - M2/ de),
where M > 0 is a large constant integer, e.g., M = 10* as chosen in [138].

Remark 2. We also discuss theoretical construction with RoPE[123] (Section C.2.6).

4.3 Problem Formulations

Graph reachability. Let G = (V, ) be a directed graph, where V = {vy,v9,...,v,} is the
set of vertices and € = {ey, ea, ..., e} is the set of edges. Each vertex v; € V corresponds to
a token in the vocabulary, and thus we use v; to represent both a vertex and its corresponding
token. Let ny.x > 0 denote the maximum possible number of vertices of a graph. Note that
nmax < |Voc|. Each edge e; € £ is a tuple, where e; = (s;,t;) € V x V denotes there is a
directed edge from the source node s; to the target node t;. Given a graph (i.e., all the edges
of the graph), two candidate destination nodes ¢; and cq, and a root node r, the task is to
identify which of the two nodes can be reached by r. Note that we guarantee one and only
one of c; and cy is reachable by r, which we denote by c;-.

directed edge special edge token question token reasoning token
— | ] |
<s> s t; <e> s, t; <e> e Spm o tm <€e> <Q> ¢ c¢; <R> r
start token source node target node candidate nodes root node

Figure 4.1: Prompt format of the graph reachability problem.

Input structures. The prompt structure is illustrated in Figure 4.1. The prompt starts
with the BOS (beginning of sentence) token <s>. The subsequent 3m tokens represent m
edges, where each edge is represented by the source node s;, target node t;, and a special
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edge token <e> that marks the end of an edge. Then there is a special question token <Q>
followed by two candidate destination nodes c; and c,. Finally, there is a special reasoning
token <R> followed by a root node r. See Table C.1 for the full list of token notations. Let
to = 3m + 6 be the length of the prompt, and let (9, g, ...7;,) be the input embedding
sequence where ¥; is the token embedding of the i-th token in the prompt.

Chain of continuous thought. We allow transformers to utilize continuous thoughts. Con-

cretely, for ¢ = 1,2, ..., the transformer autoregressively generates ¥, . = TFg(01, ..., Dtgre_1)-
For notation convenience, we use [t.] = ¥;,;. to represent the continuous thought of step

c for ¢ > 0, and thus [te] = u,. To request the transformer to make the final prediction

after C' steps of thoughts, one simply appends a special answer token <A> at the end of

the sequence, i.e., sets Oy = uqs> where T' =ty + C' + 1, and gets the prediction sampled

from SoftMax(W o TFy(9y77)) or using greedy decoding arg max,evoc Wo TFg(977). We denote

'If:l/:gyc,wo (Do) = arg maxyevoc Wo TFg(Dyr)) as the output token of greedy decoding after

generating C' steps of continuous thoughts.

Position index. To present the position of each token or continuous thought in the sequence
in a clear way, we use ldx(v) to represent the position of a token in the input sequence (e.g.,
ldx(<s>) = 1, ldx(s;) = 3i — 1,1dx(<Q>) = 3m + 2), use ldx(<e>, i) = 3i + 1 to represent the
position of the i-th <e> token in the prompt, and use ldx([t;]) = ¢y + ¢ to represent the
position of the continuous thought of step i. See Table C.2 for the complete list of position
indices.

In the following sections, we demonstrate that the chain of continuous thought can
efficiently solve the graph reachability problem both theoretically (Section 4.4) and empirically
(Section 4.5).

4.4 Theoretical Results

In this section, we theoretically prove that a two-layer transformer with continuous thought
can efficiently solve the graph reachability problem. We first introduce a basic building block,
the attention chooser, in our transformer constructions in Section 4.4.1. Then we present
the key result that continuous thought maintains a superposition state of multiple search
traces simultaneously in Section 4.4.2. We show our main theorem in Section 4.4.3 and make
further discussion in Section 4.4.4.

4.4.1 Attention chooser

We use the attention chooser as a building block in our construction, which will choose the
appropriate positions to attend conditioned on the token in the current position. This allows
us to use the same parameter constructions for various input lengths. The proof is deferred
to Section C.2.1.
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Lemma 3 (Attention chooser, informal version of Lemma 32). Under sinusoidal positional
encoding as defined in Definition 1, for any token <z> € Voc and relative position £ > 0,
there exists a construction of Wy, Wq € RC®e)Xd sych that for any input sequence Oy that
satisfying mild assumptions (see Lemma 32 in Section C.2.2), it holds that for any position
i € [T, it will pay almost all attention to position (i —{) if O; = U<, and pay most attention
to position one otherwise.

Proof sketch. We define vector > = Zve\,oc\ (<o} Uv € RYTe as the superposition of all
token embeddings in the vocabulary except for <x>. By the property of sinusoidal positional
encoding, there exists a rotation matrix R as in Lemma 33 in Section C.2.5, s.t. Pips =
R®p,, Vi > 1. Then we can construct the query and key matrices as

WQ OdPE xdTtg OdPEXQdTE IdPE Wy = OdPE><3dTE 77R ©
gpl ® u<x> OdpE ><2dTE OdpE XdpE ’ OdPEXBdTE nIdpE

where £, > 0 and thus the query and key vectors can be calculated as

. Pi . TIR(@pz} [Uﬁiw]
i = Wa(t; +pi) = ~ s |, ki=Wk(®;,+p;i) = _ = _ .
d al 2 [§<u<x>a’vz’>P1] ( P [ nPi nPi

Now for any 1 < j <7 < T, we have (q;,k;) =7 (<pi,pj+[> + £<ﬁ<g>,'z~7¢)(p1,1’)j)). Fix any
i € [T]. By the property of sinusoidal positional encoding, (p1, py) is maximized when i’ =i
as in Lemma 34 in Section C.2.5. If ¥; = U<y, it holds that (<, 1:1@> = 0 and thus (q;, k;j)
is determined by (p;, Pj+¢), which is maximized at j =i — ¢. If ¥; # U<, one can show that
(iez>, 0;) > 1 and thus (q;, k;) is largely determined by (p1, p;) when ¢ is large, and thus
maximized at 7 = 1. O

4.4.2 Continuous thought maintains superposition states

Recall that © = ) denotes the input sequence as defined in Section 4.3. We define V. as the
set of vertices that are reachable from r within ¢ steps. Below, we present our key lemma.

Lemma 4 (Continuous thought maintains superposition states). We autoregressively generate
[teisd = TFg(Dpgp, [E1T ..., [tcT) for any ¢ > 0. There exists a construction of 0 such that

[tc] - ’l}to—‘rc =

Z (4.1)
|V VEV,
e., the c-th continuous thought is the normalized superposition of all vertices that can be
reached from r within ¢ steps.

Lemma 4 precisely characterizes that each continuous thought is a superposition of
all reachable vertices. We provide a proof sketch below and defer the complete proof to
Section C.2.2.
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Proof sketch. We prove by induction. For ¢ = 0, by definition, Vy = {r} and [to] = u, =
\/ﬁ ZUEVO u,,. Now we briefly show how to construct the two-layer transformer such that
0

under the induction assumption that (4.1) holds for 0,. .., ¢, we can obtain that (4.1) also
holds for ¢ + 1.

First layer attention. The first attention layer contains five attention heads, and each
head is an attention chooser as constructed in Lemma 3. Let hy = (<x>, /) denote the k-th
attention head that attends to position (i — ¢) when the i-th token is <x> and attends to
the first token otherwise. We construct hy = (<e>,2),hy = (<e> 1),hy = (<R>,2),h3 =
(<R>, 1), hy = (<A>, 1), which is illustrated in Figure 4.2. For each head, the value matrix will
read the value in the content space, and the output matrix will copy the value state to a
designated space.

embedding

space

R copy

buffer 1 S [tc]
buffer 2 t; L €,Cp

content <s> S; t; <e> .. <Q> c [ <R> r  [t1] .. [te] <A>
positiqnal P3i-1 DP3i P3i+1 - P3m+3 Pam+s P3m+s Pr-1 DPr
encoding , J

N—— - .

attend

Figure 4.2: Illustration of the embedding space and first layer attention mechanism.

Second layer attention. In the second layer, we only need one attention head. Note
that after the first layer, for the i-th edge token <e>, we have bufferl(ﬁ|dx(<e>7i)) = Usg,
and buffers(Digx(<e>,)) = Ue,. By the induction assumption, the current thought [t.] is a
superposition of all vertices in V.. We construct the query and key matrices such that [t.]
pays large attention to the i-th edge token <e> if s; € V, (roughly speaking, we can view
Qidx([t.1) = [ted, Kidx(<e>,i) = Us,, and their inner product is positive iff s; € V,), and add the
target node t; stored in buffer 2 back to the current thought (see Figure 4.3). This is exactly
a one-step expansion of the currently explored vertices V. and thus the continuous thought
at the next step (¢ + 1) will correspond to V..

MLP as filter for signals. Note that after the attention layer, the weight of each node
in the current thought is not uniform, and the current thought might contain noise tokens
since the normalized attention score to each position is non-zero. We use the MLP layer
to filter out the noise token and adjust the weight of each node in V. ;. Informally, for a
superposition state ¥ = ) .. AvUy, We want to eliminate noise tokens v where A, < ¢,
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small attention if s; € V,

embedding
space large attention
ifs; €V, Superposition of all
buffer 1 S Sj nodes that can be
add if large attention reached within ¢ steps
t tj |
1 =
content <s> .. <e> .. <e> .. r . [t [t.]= Uy
Vel &

Figure 4.3: Tllustration of the second layer attention mechanism for thought generation. We omit
the positional encoding space since they are not used in the second layer.

and want to equalize the weights of other tokens. By setting the first layer parameter as
W, = [uy,...,uy|", nonlinearity as o(z) = 1{x > £} and second layer as Wy = W] | we
have Wy (0(W19)) = >, cvoc H{Aw > €}u,,, where W rotates the basis {u,} to the standard
basis {e,}, o(-) serves as a coordinate-wise filter, and Wy rotates the basis back. After layer
normalization, we can obtain that (4.1) also holds for ¢ + 1. ]

4.4.3 Measuring the superposition state as prediction

Since the continuous thought [t.] is a superposition of all vertices in V., as long as c;+ can
be reached by r within C' steps, the superposition state [t¢] will contain c;«. At the final
prediction step, the answer token <A> will “measure” the superposition state [t¢] using ¢y
and cy and predict the token with the larger signal in [tc] as the output (see Figure C.1 in
Section C.2.2 for a pictorial illustration). We formalize our result in the following theorem,
and defer the proof to Section C.2.4.

Theorem 8 (Chain of continuous thought solves graph reachability). Fiz Tax > 0. Assume
the length of the input sequence (including the continuous thoughts and the special answer token
<A>) does not exceed Tinax. There exists a construction of a two-layer transformer parameters
0 and the readout matriz Wo € RV (where d = O(|Voc|)) that are independent of graphs,
such that for any directed graph G = (V,E) with at most Nuyax nodes (Mymax < |Voc|), a root
node r, two candidate destination nodes ci, ¢, for any C exceeds the diameter of the graph,
it holds that

TF97C'7W0 ('ﬁ[to]) = Cj*.

4.4.4 Discussions

Role of buffer spaces. The buffer spaces are subspaces of the embedding to store useful
information. For clarity, our construction separates the “content” and the two “buffer” spaces
into different dimensions. In practice, they can be jointly projected into a more compact
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and lower-dimensional space. For example, we can construct u = Zle R4 € R? where
the column space of each R € R?*¢ forms a subspace. Different subspaces can be (almost)
orthogonal, and for each subspace, the column vectors of R(® can also be almost orthonormal.

Weights of different nodes in the superposition. In our construction, each superposi-
tion state maintains nodes with uniform weights. In practice, the weights of different nodes
can vary due to factors such as training signals or the model’s internal heuristic on which
nodes are more likely to reach the final answer [30]. In Section 4.5, we show that in practice,
the training signal could bias the superposition states towards the frontier nodes that can be
reached with exactly i steps and the optimal nodes that can lead to the destination node.

4.5 Experiments

In this section, we conduct extensive experiments to validate our theoretical results that
CoconNuT outperforms discrete CoT even with many fewer layers (Section 4.5.2), which
is indeed due to superposition states encoded in continuous thoughts during reasoning
(Section 4.5.3).

4.5.1 Training Setup
Model. We adopt a GPT-2 style decoder with two trans-

former layers, dimoqe1=768, Npeaqs=8. We train from scratch

using AdamW (3,=0.9, $,=0.95, weight-decay 1072) and a 1.01 Egi"““t

constant learning rate of 1 x 1074, CoT*
0.9 A1 No CoT

Dataset. We construct a subset of ProsQA [55], with ques- g 07

tions whose solutions require 3-4 reasoning hops. Each node in &

e e . . . 0.7

the graph is injected as a dedicated token into the vocabulary.

The split statistics are summarized in Table C.3. 0.61
0.5

Method. Following [55], we adopt a multi-stage training strat-
egy with the supervision from chain-of-thoughts data. Stage i
teaches the model to use ¢ continuous thoughts before predicting Figure 4.4: The overall ac-
the ¢-th node in the given chain of thought as the next token. If curacy of Coconur, CoT,
the index of the training stage is larger than the CoT solution CoT*(12 layers, npeags = 12)
length [, the model is trained to output the final prediction and No CoT.

after [ continuous thoughts and <A>. We train the model for 25

epochs at each stage, and the whole training lasts 300 epochs in

total. At each stage, we mix the data from the previous stage randomly with 0.1 probability,
which helps improve performance in our early experiments.
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4.5.2 Overall Results

Extending the findings of [55], we further show that a 2-layer transformer trained from scratch
can effectively solve ProsQA when using COCONUT. As shown in Figure 4.4, COCONUT
achieves near-perfect accuracy, while both CoT and No CoT baselines solve only about 75%
of the tasks (random guessing = 50%). Even with a larger model of 12 layers and nypeaqs = 12,
marked with * in the figure, CoT improves to 83% accuracy but still cannot solve the tasks
reliably.

4.5.3 Visualising Latent Reasoning

We inspect both the attention pattern and the representation of the continuous thought
learned by the model to validate our theoretical construction.

Layer 1 attention. According to our theoretical construction, the most important function
of LAYER 1 attention heads is to copy the source and target node tokens of an edge onto the
corresponding edge token (e). Figure 4.5 shows a representative attention map, confirming
that the model has instantiated this copying mechanism in practice.

Layer 2 attention. LAYER 2 is respon-

sible for node expansion: each continuous = i
thought attends to all outgoing edges from 15 !
nodes that are currently reachable. To quan- - 6
tify this behavior, we compute, when generat- 16

ing i-th continuous thought, the aggregated <e> ’
attention score received by each edge token ; 4
triplet (s, t, <e>) across all heads. 4 kinds <e> 3
of edges exist: (1) Reachable: their source -

node is in the reachable set at step i; (2) Not <e> ’
Reachable: source node not in the reachable . 1
set; (3) Frontier: a subset of reachable edges <e> .

whose source node is on the current search " °
frontier, i.e., exactly ¢ steps away from the
root node; (4) Optimal: a subset of fron-
tier edges that lead to the optimal reasoning

Input Tokens (Query)
Attention Weight

n n o ~
Ao AT AT T AS S AT
\ \ \ \ \ Vv

Input Tokens (Key)

Figure 4.5: A representative example of Layer 1

chain.

Table 4.1 reports group-wise means and
standard deviations averaged on the test set.
The model sharply concentrates its attention
on Reachable edges, as predicted by our the-

attention map: the edge token <e> (y-axis) places
nearly all its attention mass on its source and
target nodes (z-axis), in line with the theoretical
construction.

oretical construction. Interestingly, there is an additional bias toward the Frontier subset.
One possibility is that the training signal encourages the model to predict a frontier node at
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each step, coupled with the decaying effects for previously explored nodes. We also find that
the optimal edges receive more attention scores, likely due to the supervision of multi-stage
training from the CoT solution.

Representation of continuous thoughts. To verify that the continuous thought serves
as superposition states for the search, we compute the inner product between the continuous
thought at step ¢, [t;], and each node embedding w,. Similar to edge classification above, we
classify nodes into Reachable, Not Reachable, Frontier, and Optimal. Figure 4.6 (top) plots
the distribution segregated by the reasoning step i. As predicted, nodes within 7 hops exhibit
markedly higher similarity scores than distant nodes. Moreover, Frontier nodes are noticeably
closer to [t;] than other reachable nodes, illustrating that the superposition emphasizes the
candidate expansion fronts. Besides, the Optimal nodes are even closer to [t;], also likely
due to the training data always presenting the optimal path.

Collectively, these analyses confirm that the intended superpositional search exists in
trained models: Layer 1 establishes the query context, Layer 2 expands the frontier, and
the latent vectors encode a soft, parallel representation of reachable state sets, realizing the
theoretical construction in Section 4.4. We also show in Appendix C.3.2 that this search
pattern is consistent across multiple experiments with random seeds.

Continuous thought 1 Continuous thought 2 Continuous thought 3 Continuous thought 4
Not Reachable (-0.28) Not Reachable (-0.21) 700 A Not Reachable (-0.02) Not Reachable (-0.14)
1000 Reachable (3.62) 800 1 Reachable (1.50) Reachable (0.68) Reachable (0.51)
Frontier (5.09) Frontier (2.52) 600 Frontier (1.87) 400 A Frontier (2.06)
Optimal (6.50) Optimal (4.75) Optimal (6.19) Optimal (9.38)
. 800 600 500 A
2 300
g 600+ 400
© 400 1 300 200
400 A
200 200
1 | 100 A
200 100 4
0 : T - T 0 T T T - 0 T T T T 0 . T r T
-5 0 5 10 -5 0 5 10 -5 0 5 10 -5 0 5 10
Not Reachable (-0.14) | 1000 4 Not Reachable (-0.44) Not Reachable (-0.46) 300 A Not Reachable (-0.44)
1400 1 Reachable (3.32) Reachable (1.55) 600 Reachable (0.74) Reachable (0.47)
1200 4 Frontier (5.22) Frontier (3.13) Frontier (2.51) 250 Frontier (2.59)
Optimal (5.50) 800 - Optimal (4.15) 500 Optimal (4.71) Optimal (6.10)
1000 i
g 600 4 400 4 200
£ 800
2 3001 150
S 600 400 A
S 200 4 100 -
400
500 ] 200 1004 504
0+ T T T T T 0 T T T T T T 0 T T T 0 T T T T
=50 =-25 0.0 25 5.0 7.5 -5.0 -25 0.0 25 5.0 7.5 -5 0 5 -5 0 5 10

Figure 4.6: The histogram of inner product between the i-th continuous thoughts and the node
embeddings. The mean value for each group is shown in the legend. Note that Frontier is a subset
of Reachable nodes, and Optimal is a subset of Frontier nodes.

4.5.4 Exploration Priority
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An interesting fact revealed by Table 4.1: Layer 2 attention scores to different edge groups
the visualizations in Section 4.5.3  at step i (mean =+ standard deviation).
is that the model allocates dispro-

portionate attention to optimal

edges and nodes, reminiscent of a Step 1 Step 2 Step 3 Step 4

prioritized 'Search St.rategy- 'On'e Not Reachable 0.04+0.07 0.0340.09 0.08+0.17 0.120.20
hypothesis is that this behavior is  Reachable 2124107 0.711092 0.3810.72 0.2940.66
an artifact of our multi-stage cur- ~Frontier 2.12+1.07 1.004096 0.6720.87 0.61+0.95
riculum, which explicitly guides —Optimal 2.54+.03 1.72+113 1.67+.20 2.23+.35

the model on the CoT solution
at every step. To understand the
effect of this multi-stage guidance, we introduce an alternative supervision method Co-
CONUT-BFS: at stage 7, the supervision token is drawn uniformly at random from the frontier
nodes exactly ¢ hops from the root, rather than the i-th node in the CoT solution. All other
hyperparameters are unchanged.

Our experiment results indicate that CoCcONUT-BFS also achieves near-perfect accuracy
on ProsQA, matching the original CocoNuT. Figure 4.6 compares the inner product
distributions of the latent thoughts for both models. Remarkably, the two supervision
methods converge to similar exploration strategies, even though there is no explicit guidance
towards optimal nodes for COCONUT-BFS. Conversely, the original CocoNuT, although
trained exclusively on optimal nodes during intermediate stages, still assigns elevated weight
to non-optimal frontier nodes compared to other non-frontier nodes, implicitly performing a
breadth-first expansion before honing in on the solution.

4.6 Conclusions

In this work, we study how the chain-of-continuous-thought boosts LLM’s reasoning capability
by focusing on the graph reachability problem. We provided a theoretical construction of a
two-layer transformer that can efficiently solve graph reachability for an n-vertex D-diameter
directed graph by D steps of continuous thoughts, while the best existing result on constant-
depth transformers with discrete CoT requires O(n?) steps. Our construction reveals that
the superposition states that encode multiple search traces simultaneously are the key to
the strong reasoning capability of CocoNuT, and we conducted thorough experiments
to validate that our theoretical construction matches the solutions obtained by training
dynamics. Several interesting future directions include: (1) Deriving a lower bound on the
number of discrete CoT steps in the graph reachability problem to show a strict separation
of expressivity between CoT and CoCONUT; (2) Theoretical understanding of the emergence
of exploration behavior with only deterministic search trace demonstration via training
dynamics; (3) Advantages of reasoning in a continuous space in more general settings.
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Chapter 5

Emergence of Superposition in
Continuous CoT

5.1 Introductions

Large Language Models (LLMs) show great reasoning capabilities in many complex tasks,
especially when equipped with chain-of-thought (CoT) [145]. However, due to the large
inference cost of long CoT for complex tasks, many recent works seek alternative test-time
scaling methods to more efficiently improve LLMs’ reasoning ability [44, 142, 106, 122].

One promising method is to use chain-of-continuous-thought (COCONUT, or continuous
CoT) [55], where the reasoning trace of an LLM is kept in a continuous latent space instead
of projected back to the discrete token space. Continuous CoT exhibits both theoretical
advantages [169] and empirical performance gains [55] in many tasks. To more efficiently
and reliably scale up continuous CoT to solve more challenging tasks, it requires a deeper
understanding of its internal mechanism.

Previous work [169] theoretically shows that one of the most important advantages of
continuous CoT is that it can enable the model to reason by superposition: when the model
encounters multiple plausible search traces and is uncertain about which one is correct, it
can keep all plausible traces in parallel since the CoT is in continuous space instead of
discrete tokens. In particular, [169] abstracted a family of reasoning tasks as a directed graph
reachability problem, i.e., whether there exists a path from a given start node to a given
destination node, and showed that a two-layer transformer with O(n) (where n is the number
of vertices in the graph) continuous thought decoding steps can efficiently solve the task by
providing a construction of the parameters. Therefore, a natural next question is:

Do gradient-based methods naturally lead to such a construction, and can we
theoretically prove it?

This work answers the above question affirmatively by theoretically analyzing the training
dynamics of a (simplified) two-layer transformer on the graph reachability problem in two



CHAPTER 5. EMERGENCE OF SUPERPOSITION IN CONTINUOUS COT 43

training stages: (i) a thought generation stage where the model autoregressively generates a
chain of continuous thoughts and (ii) a prediction stage where the model predicts the final
answer using the generated thought.

Importantly, our analysis of the thought generation training stage reveals why the
superposition can emerge even if the training data only presents one demonstration for each
training sample. Our theoretical analysis as well as experimental results show that when
training with continuous thought (i.e., the COCONUT training method in Section 5.3 and
Section 5.5), the index-matching logit, an important quantity that measures the strength
of model’s local search capability, will remain bounded under mild conditions, which is in
contrast to many previous analysis on transformer logit without continuous thought (e.g.,
[133, 96, 95]) where the logit will grow logarithmically and thus unbounded. A bounded
index-matching logit can balance exploration and exploitation: if the logit is too small, the
model cannot even perform local search, resulting in a nearly random guess in the next step;
if the logit is too large, the model might over-confidently commit to one of the plausible
search traces merely depending on local features (e.g., the indegree of a node in our case)
even if it is uncertain about the solution, and thus early discard the correct path. A bounded
index-matching logit encourages the model to exploit the local structure while exploring
multiple plausible solutions by assigning comparable weights to them, which naturally results
in superposition. This answers the question of [169] why superposition can emerge during
training.

5.2 Problem Formulation

Basic notations. We use [N] to denote the set {1,2,..., N} for any integer N > 0 and
use [i : j] to denote {i,i+ 1,...,5 — 1,7} for integers i < j. For any finite set X', we use
|X| to denote its cardinality and use Unif(X’) to denote the uniform distribution over X'.
We use R to denote the set of real numbers and denote x; = max(z,0) for z € R. For
any vector & = (x1,...,24) € R the softmax function SoftMax(-) : R? — R? is defined
as SoftMax(x); = exp(mi)/(z;lzl exp(z;)). Let I; € R™? denote the identity matrix. Let
Voc = [M] denote a vocabulary of size M for a fixed integer M > 0. For each token v € Voc,
there is an associated embedding E(v) € RY. Let U = [E(1),E(2),...,E(M)] € R”*M be the

token embedding matrix.

Graph and permutation. For a directed graph G = (V, ) with the vertex set [V| =n
and the edge set £ = {(s; — t;)}*, we fix a root node r € V and two candidate destination
nodes cq, co € V such that exactly one node, denoted c,, is reachable from r and denote the
other as ¢, that is unreachable. For a radius ¢ € N, define the c-ball as N9(r) = {v € V :
v is reachable from r within ¢ steps}. For a subset V' C V, we define the restricted in-degree
as deggy/(v) = {u € V' : (u — v) € £} We also fix a shortest path from r to c, as
p=(po,--.,pc) with pg =1, pc = ¢4, (pe—1 — pe) € € for any ¢ € [C]. For any permutation
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7 over V, we define 7(G) = (V,n(€)), where w(€) = {(n(s) — 7(t)) | (s = t) € £}, and
define 7(p) = (7(po), - .., m(pc)). We also denote the set of all permutations over V as Sy.

Chain of continuous thought. Let TFy(-) : (R?)* — R be a transformer which receives
an input embedding sequence ¥ = ¥y, 2 (D1, Dy, ...,0;) € R and outputs TFy(d) € R4
For convenience, we assume weight tying. A traditional decoder using a discrete CoT will
sample the next token v;; ~ SoftMax(UTTFy(%)). Then the embedding of v;; will be
appended to the end of the input, i.e., ¥,47 = E(v;41). For continuous CoT, one directly
appends the output of the transformer to the end of the input sequence without converting it
to a token, i.e., setting ©,,; = TFy(®). Assume the prompt @ = [z1,...,1;,] € Voc™ and its
corresponding embedding sequence is Dy, = [O1, ..., Dy, = [E(21), ..., E(z4,)]. For notation
convenience, we use [t.] = ¥, to denote the continuous thought generated at decoding
step ¢, where [t.] = TFg(Dpytc—17). In particular, [to] = ¥,. After C' decoding steps, one
can append a special token <A> at the end of the sequence to trigger the transformer to
switch the mode and generate the final answer. Specifically, one can set ©7 = E(<A>) where

T =ty + C + 1 and generate the final answer TFg cu(Dp,]) = arg maxyevoc UTTF(;('E[T]).

Graph reachability and prompt format. In this work, we mainly focus on the directed
graph reachability problem as studied in [169], where we are given a graph G = (V, ), two
candidate destination nodes c¢; and c,, and a root node r. The task is to identify which of
the two nodes can be reached by r (denoted as c,). The prompt structure is illustrated in
Figure 5.1 following [169]. The prompt consists of (1) a BOS (beginning of sentence) token
<s>; (2) the graph description part, which contains m edges where each edge is represented
by a source node s;, a target node t;, and a special edge token <e>; (3) the task description
part that contains a special question token <Q>, two candidate destination nodes c; and ca,
a special reasoning token <R> and a root node r. See Table D.1 for the full list of token
notations. Note that ¢, = 3m + 6 is the prompt length, and let Dy, = (D1, D2, ... Dy,) be the
input embedding sequence. Following [169], we use ldx(v) to denote the position of a token in
the input sequence (e.g., ldx(<s>) = 1, ldx(s;) = 3i — 1, ldx(c1) = 3m + 3, ldx(<R>) = 3m +5),
use ldx(<e>, i) = 3i+ 1 to denote the position of the i-th <e> token, and use ldx([t;]1) = to+1
to denote the position of the continuous thought at step i. See Table D.2 for the complete
list of position indices. N

[169] provided a construction of transformer parameters ¢ such that TFy ¢ u (D)) = c.
(i.e., the transformer can predict the reachable candidate node using continuous CoT) for any
graph and root-candidate node tuples, where @y, corresponds to the prompt of the graph
and task descriptions. However, they did not theoretically study whether the constructed
solution can be naturally learned via gradient-based methods. In the following sections, we
theoretically show that the solution can be learned via gradient flow in both the thought
generation stage (Section 5.3) and the prediction stage (Section 5.4). We also provide
empirical results showing that the training dynamics in our theoretical analysis align well
with the experiments (Section 5.5).
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directed edge special edge token question token reasoning token
— | 1 |
<s> 5 4 <e> s, ¢t <e> we Sm tp, <e> <Q> ¢ ¢ <R> r
start token source node target node candidate nodes root node

Figure 5.1: Prompt format of the graph reachability problem (Figure 1 of [169]).

5.2.1 Index-matching Logits and Local Search Capability

Before we delve into the technical details in the following sections, we first provide an intuitive
explanation of the dynamics of the main mechanism.

Global planning vs. local search. In the context of graph reachability, the global
planning refers to a model’s capability to analyze the structure of the whole graph and then
determine a path from the root node to the destination node. In contrast, local search focuses
only on which nodes are reachable in one step from the current node, which is much easier to
learn than global planning. When using discrete CoT, the model can choose only one path at
a time. Therefore, the model needs global planning to select the correct path or to backtrack
from the wrong one. When using continuous CoT, the model can keep multiple plausible
paths simultaneously. Therefore, the model can rely solely on local search to perform parallel
BFS, solving the task with only simple skills.

Index-matching logits. We use the index-matching logit u to quantify the strength of
the model’s local search capability, which is illustrated in Figure 5.2 and will be formally
defined in (5.3) in Section 5.3. In Theorem 9, we will prove that under mild conditions, the
index-matching logit p will first increase and then remain bounded. Note that a positive,
bounded logit u effectively balances exploration and exploitation in node expansion: if yu is
too small, each edge will receive similar attention in Figure 5.2b, and thus the model even
lacks the local search capability to exploit the local graph structure; if p is too large, the
model will put too much weights on nodes with large in-degree (e.g., in Figure 5.2a, v3 weights
2p and other frontier nodes such as v, weights u, where the difference in weights will be
significant under large p and commonly used softmax attention) and thus lacks exploration
of different plausible paths.

5.3 Analysis of the Thought Generation Stage

In this section, we analyze the training dynamics of the thought generation stage. We
consider any graph G = (V, ), a root node r € V, two candidate destination nodes c1,cy € V,
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[t] =

Z One step expansion

U, via local search [t.] = Z
\/ 1 (S VEN; V 2 (S

VEN,

(a) Left: The continuous thought at step 1 [t;] encodes embeddings of nodes that are
reachable from the root node r within one step. Middle: One-step expansion via local
search where the strength is quantified by index-matching logit p. Right: After one-step
expansion, the continuous thought at step 2 [to] encodes nodes reachable within two

steps.
embedding small attention if vg & NV,
space large attention
ifv, €N, Superposition of all
buffer 1 Vg 21 nodes that can be
add u - E(vs) reached within c steps
Vs V3
1 =
content <s> <e> <e> r .. [t] [tl=— z Uy
Ve |

VEN,
One-step expansion of V',

(b) Hlustration of how one-step expansion is implemented (adapted from Figure 3 of [169]).
In the first layer of the transformer, each special edge token <e> copies its corresponding
source and target nodes to its buffer spaces. In the second layer, as illustrated in the
figure, the current thought [t.] pays large attention to an edge if its source node has been
explored, and adds its target node to the superposition, where the strength of the added

node is controlled by the index-matching logit u. The two edges vs — vq4 and vy — v3
corresponds to edges in Figure 5.2a.

Figure 5.2: Pictorial illustration of the superposition mechanism and the index-matching
logit .
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where {c1, ¢} € {c,,c) } with ¢, reachable from r and ¢, unreachable. We are also given a
(discrete) CoT demonstration, which is a shortest path p = (po,...,pc) from r to ¢, where
Po =71, pc = Cx.

We use curriculum learning following [55, 169], where at stage (¢ + 1) for any 0 < ¢ < C,
upon receiving the prompt embeddings D.,, the model will first generate c¢ continuous
thoughts [t4],..., [t.] autoregressively without supervision (i.e., no loss calculated on the
first ¢ continuous thoughts at stage ¢+ 1), and then be trained to generate the next continuous
thought [tes1] = TFg(Dpy4q). Since the learning procedure at each stage is similar, we focus
below on a fixed c.

[169] constructs a solution for a two-layer transformer, where the first layer mainly performs
copy (e.g., the i-th special edge token <e> will copy the information of its corresponding
source node s; and target node t;). Since the copy mechanism has been widely studied [95],
as well as its formation via training dynamics [96], we mainly focus on the dynamics after the
copy mechanism has been established. Thus, we analyze the dynamics of the second layer of
the transformer.

In particular, let the hidden states of each special edge token <e> and the current thought
[t.] after the first transformer layer be

Diax(<e>.i) = Es(s:) + E4(t;) € RY, Dldx([t.]) Z ) € RY, (5.1)

veNE(x) V

where E;(v) € R? and E(v) € R? map token v € Voc to different subspaces of R%. For
example, as in the construction of [169], we can set d = 3M, and Eg(-), E;(-) and E(-)
each corresponds to M different non-zero entries. This is also similar to previous work [25,
95] where E4(-) and E4(-) can be viewed as previous token heads. We make the following
assumptions on the embedding E¢(-), E¢(-) and E(-):

Assumption 3 (Orthonormal embeddings). Assume E.(-) = E(-). For any u,v € Voc,
Eo(u) TEs(v) = E¢(u) "E4(v) = 1({)u = v} and E,(u) "E¢(v) = 0.

(5.1) means after the first layer, each special edge token <e> will copy the embeddings
of its corresponding source and target nodes s; and t; to the same position in different
subspaces. Also, we assume by induction that after training stages 1,2,..., ¢, the current
thought generated by the well-trained model Dgy((s.7) i a normalized superposition of token
embeddings of all nodes reachable from r within ¢ steps. Below, we study the training
dynamics of the current stage (i.e., stage ¢ + 1).

The forward path and reparameterization. We consider the setting where the second
layer is attention-only. The forward pass can be formulated as

o(0;{0; }1) ZWVO' o Wb,) 05,
(5.2)

£E=U ('Uldx([tc]) + O(Diax(rt.1); {’Uldx(<e>,i)}?i1)) e RY,
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where Wy, W € R%*? are attention parameters and o(-) : R — R is an activation function
that determines the range of attention scores, and & = (&,)yevoc € RM is the output logit
vector for each token in the vocabulary. Similar to the analysis in [95], we adopt the linear
attention a(f)TW'ﬁi) = o'W, fix Wy =1 and use the indes-matching reparameterization

W = > E@E:(v)", p(t) =0fort =0. (5.3)

vey

Remark 3. Note that a more general form of the attention weight matriz can be

W = 1 E(<A>)E(<B>) " + > o E(0)E,(0) 7. (5.4)

v’ €V

The first term only takes effect in the prediction stage (Section 5.4), so we can set jigs = 0 for
now. The second term involves n X n cross terms. The symmetry of the vertices, which can
be enforced by permuting vertex labels during training, makes the n x n parameters { iy v }vu
effectively two parameters {1, po} where pu,, = 1 and p, = po for v # v'. Moreover, if
we focus on the relative value between py and po, we can further simplify the attention weight
matriz by assuming po = 0.

For notation simplicity, we use ©; to denote Djgx(<es,i), Use Drt.3 to denote Dygy(re.1) and use
N, Ny to denote NZ(r), N2, (), respectively when the graph G and root node r is clear
from the context. We also denote d, := degg . (u) which is the indegree of u with source
nodes restricted in N,. Finally, we denote K = |N.| and \ = \/%

Loss functions. An ideal model should be able to directly output the shortest path from
the start node r to the desired candidate destination node c,, i.e., the prediction of the
(c+ 1)-th continuous thought [t..;] exactly corresponds to the (¢ + 1)-th step of the shortest
path p..;. However, experiments in [169] show that even for a 12-layer transformer, it is hard
to predict the shortest path even if the length of the shortest path is only 3 or 4. Therefore,
we take a step back and pursue a more practical goal — we expect the model to at least be able
to generate an arbitrary path starting from the start node r, which only requires local search
ability that is much easier than the global planning ability. In the context of continuous
thought, we expect the model to include information of all vertices that are reachable from
r within (¢ + 1) steps in the generated thought [tc.1]. We consider the following two loss
functions:

) exp(&,
Coconut-BFS: (g5° := —log 2veness P ), (5.5)
’ > vev exp(&y)
exp(gpc+l)
Coconut: (3% = —log =—— -+, 5.6
R SN >0

with permutation-averaged dataset losses

BFS BFS coco COCO
E = ]Eﬂ'NUnif(Sy) [fﬂ_(g)m.(r)] and E = ]Eﬂ'NUnif(Sv) [gw(g),w(r),w(p)] :
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Note that, intuitively, the permutation-averaged loss will lead to similar behavior across
different parameters. The first loss £LBFS explicitly encourages the model to predict any nodes
in N¢oi1. However, in practice, it is costly and even impossible to search over the entire
solution space exhaustively; instead, we usually present only one demonstration for each task
instance during training (in our setting, only one path p per instance (G, r, cy, cq)), which
corresponds to the second loss £°°° and aligns with the practical setting where chain of
thought data can be used for supervision.

[169] observed in experiments that superposition emerges even without explicit guidance
during training, i.e., using the loss £%°°. In this work, we investigate the emergence of
superposition by analyzing its training dynamics. The following lemma gives the gradient

of the index-matching strength parameter p,(t) using gradient flow under the loss function
LCOCO.

Lemma 5 (Gradient of p, under £°%; informal version of Theorem 19 in Section D.2).
Under permutation-averaged training from symmetric initialization and gradient flow fi, =
—aV,, L we have ji,(t) = p(t) for all v and times t, and the gradient of i, is

AL (ueN }+udy)
. o ZUEN du €

t :—(dc — F(ult ) Flu) = o1 .
fu(t) WK Pet1 (u(t)) (1) Zue/\fcﬂ eML(DueN} +pdu) 4 (n — [Neyal)

Moreover F is smooth, strictly increasing, with F(—o0) = 0, F(4+00) = max,eyd, and
0 < F(p) < maxyep d, for all finite p.

The proof is deferred to Section D.2. Note that as long as d,,_,, # max,ecy d,, p(t) will
converge to j, < oo. In contrast, under COCONUT-BFS with loss £8¥S) u(t) will diverge
to infinity. We formalize the comparison into the following theorem and defer the proof to
Section D.2.

Theorem 9 (Bounded vs. divergent attention logits under COCONUT vs. COCONUT-BF'S;
informal version of Theorem 19 & Lemma 38 in Section D.2). Let d, :=d, ,, and dmax :=
max, d,.

(i) Under CocoNUT-BFS (5.5), u(t) grows at least logarithmically in t, leading to un-
bounded attention logits.

(ii) Under COCONUT (5.6), if dy < dmax then u(t) — p* < 0o, so all attention logits remain
uniformly bounded. If dy = dpax, then pu(t) — oo at least in a logarithmic rate.

Emergence of Superposition via Bounded Attention Logits. By Theorem 9, as long
as F(0) < d,,,, < dmax, we have pu(t) — p* > 0. Compared to many previous work [133, 96,
95] that analyze the dynamics of attention logits in “discrete” settings where the attention
logits diverge to infinity, the COCONUT training method in continuous setting usually result

in bounded attention logits. The bounded attention logits lead to a more smooth probability
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distribution over next tokens, which is beneficial especially under uncertainty: when the model
is uncertain about the next step, a more smooth probability distribution under continuous
CoT mechanism results in a superposition of different plausible next steps, which implements
an effective exploration; on the contrary, an unbounded logit will result in a one-hot-like
distribution and thus the model will over-confidently commit to a plausible branch and is
likely to discard the ground-truth branch even when the evidence is weak.

Finally, we show that with a positive value of u, the continuous thought [t..;] implements
a one-step expansion from N, to N.,; for any graph G and root node r.

Theorem 10 (One-step frontier expansion; informal version of Theorem 20 in Section D.2).
For any graph G and root node r, if the current thought is any positive superposition on
NZ(r), dee, [t = 3 e A E(u) with Ay > 0, then the next thought [t..,] satisfies that
its token-projected output U' [t..;] is supported on the one-step expansion Noy1 and has
strictly positive mass on every node i Noyq if u > 0. In particular,

UT [tc+1] = Z 51} €y

vEN41
with
Bo = NI eNS + 1Y AI{)(u—v) €€} > 0.
carJover N ueNe ,

Vv
one-hop erpansion

The proof is deferred to Section D.2. Note that at initialization where p = 0, we have
B, = 0 for v € N1\ N,. This means every node outside N, has the same attention logits
and thus the same next token probability. However, such an exploration is not an effective
exploration since it blindly puts the same weight on almost every node in the graph without
exploiting the graph structure. Therefore, an appropriate p* > 0 effectively balances the
exploration and exploitation: (1) it has a positive value so the model can exploit the graph
structure and can distinguish nodes within the one-step expansion set; (2) it has a bounded
value so it will not overconfidently commit to a plausible branch while discarding other
branches merely relying on local structure (such as the indegree of the node) without global
planning.

5.4 Analysis of the Prediction Stage

In this section, we study how the transformer learns to make the correct prediction ¢, among
{c1, ca} by utilizing the generated continuous thought. Note that according to Section 5.3,
the model is able to generate [tc] = ) - AE(v) with A, € (0, 1], a superposition of all
reachable nodes within C' steps, via a balanced exploration and exploitation. We denote
A = {A\ ey, At the final stage, one appends a special answer token <A> at the end
of the continuous CoT, i.e., D7 = D«s, and make the final prediction 'Iﬁ'l/:quu(ﬁ[to}) =
arg maxycvoc U TFy (Dpr1)-
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The forward path and reparameterization. Similar to (5.2), we formulate the forward
pass in the prediction stage as

O(0; {;};) = Y _ Wyo(d W) 9,
’ (5.7)
5 = UT(N<A>ﬁIdx(<A>) + ¢(ﬁ|dx(<A>); {@<R>})) € RM’

where
Digx(<rs) = E(<R>) + E(c1) + E(ca),  Biax(nr) = Dreey + E(<A>).

Note that after the first transformer layer, the hidden state of <R> contains information
of two candidate nodes c; and cy and the hidden state of <A> contains the representation of
the last thought [tc] both due to the copy mechanism in the first layer. Again, we adopt
the linear attention o (9’ W%;) = 6 W#;, fix Wy =1 and use the reparameterization

W = s E(A>)E(<R>)". (5.8)

Remark 4. The scalar pi<ps denotes the attention logit strength from <A> to <R>. The scalar
lh<s> TEPTESENLS the signal strength of the residual stream from the first layer. Also, note that
the reparameterization of W in the prediction stage has a different form from (5.3) in the
thought generation stage. One can either view both (5.3) and (5.8) as special cases of a more
general version (5.4) in orthogonal subspaces, or view them as two different attention heads
(a thought generation head and a prediction head).

The loss function. In the prediction stage, the goal of the model is to predict the reachable
candidate node c,, and thus the loss function can be written as

pred e eXp (é-c*)
Gr,ci,co,X 10g )
sLy 5 ) Z,Uev eXp(é’U)

where the D = {(G®,r® ¢!V ¢’ AD)}; denote the training set. The following lemma
provides closed-form logits for each vertex where the proof is deferred to Section D.3.

L = Egrer conmnlloe I, (5.9)

g,r,c1,c2,A

Lemma 6 (Closed-form logits; informal version of Lemma 41 in Section D.3). The logit of
each vertex v € V has the form

§o = f/J<A> Ao 1({)” € NC}: + <> ]1({)U € {C1> CQ}}:-

TV TV
residual carryover candidate lift

According to Lemma 6, only the candidate node c, has both positive residual carryover
and candidate lift, and an appropriate relative growth rate of ps> and p<,, ensures that
c, has the largest logit. We formalize the result in the following theorem with proof in
Section D.3.
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Theorem 11 (Prediction of the reachable candidate node; informal version of Theorem 21
in Section D.3). Denote pig = pieas and pir = fieps. Let (piegs(t), pirs(t)) follow gradient flow
on loss defined in (5.9). Suppose

A, := min A0 ¢ (0,1], Aprain = max; max

: e, I OINRON ()\1()1) _ )\(l))+ € [0,1].

Cx

Then we have

(ra(t), pr(t)) )
Ta,aninl &0 Meal®u=®)] = oo,

with wh/uly = AeAAtrain, and ufy, u%y > 0. Consequently, for any unseen instance (G, r, ¢1, ca, A)
satisfying A, € (0,1] on No and 0 otherwise, and max, Ay — A, < Atrain, it holds that:

exp (&, (pa(t), pr (1))
S, exp (&(palt), ur(t))) oo

Pe,(t) =

7

5.5 Experiments

In this section, we present experimental results validating the theoretical analysis. We
first describe the setup and overall results, then analyze training dynamics in the thought
generation and answer prediction stages.

Model. We adopt a GPT-2 style decoder with two transformer layers (dmode1=768, Nheads=3)
The model is trained from scratch with AdamW (3,=0.9, £,=0.95, weight decay 107%), a
constant learning rate of 1 x 107*, and a global batch size of 256.

Dataset. We follow the dataset from [169], which is a subset of ProsQA [55]. Different from
[169], we randomly permute the vertex indices in both training and testing to avoid prediction

bias and validate the symmetry assumption in (5.4). Dataset statistics are summarized in
Table D.3.

Training. Following [55, 169], we use a multi-stage training strategy with supervision from
chain-of-thought demonstrations. At stage ¢, the model learns to use ¢ continuous thoughts
before predicting the ¢-th node on the reasoning path (thought-generation stage). If ¢ > [
(the CoT length), the model predicts the final answer after [ continuous thoughts and the
<A> token (prediction stage). We train for 150 epochs at Stage 1 and 25 epochs for each
subsequent stage, totaling 350 epochs. At each stage, data from earlier stages is mixed in
with probability 0.1, which prevents the model from forgetting abilities learned from previous
stages. The final accuracy of this model on the test set is 96.2%.
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5.5.1 Thought Generation

To examine the training dynamics of p, under £, we track the second-layer attention
logits. When generating the c-th continuous thought, ., corresponds to the logit on an edge
token <e> whose source lies in N,. In practice, £ encourages the model to predict the
current search frontier rather than revisiting explored nodes, so most attention concentrates
on frontier edges, i.e., edges with sources in NV, \ N._;. For theoretical simplicity, we assume
t2 = 01in (5.4). In practice, however, the model does assign non-zero attention logits to other
edges. Therefore, we report the logit difference between frontier and non-frontier edges on
the test set, which more faithfully reflects the effective value of p,,.

B WN

Average Attention Difference
N
o

T 0 0o oo

NESd2.

w
N 4
w

25 50 75 100 125 150 175 200 225 250 275 300
Training Epoch

u
o

Figure 5.3: The attention logits difference between frontier edges and others under £ as a proxy
for u,. The background colors indicate different training stages.

Figure 5.3 shows the results. In Stage 1 (blue background), the model gradually learns
to attend to frontier edges when predicting the first continuous thought (¢ = 1). The logit
difference increases steadily and saturates around 60 after ~125 epochs. This matches the
theoretical prediction in Theorem 9: under £, pu, first grows and then stabilizes at a
bounded value.

When switching to Stage 2 (purple background), the model requires far fewer epochs
to establish a positive u for ¢ = 2. Moreover, this pattern generalizes to ¢ = 3 and ¢ = 4,
even though the model was never explicitly trained to generate more than two continuous
thoughts. This “length generalization” indicates that once superposition emerges in earlier
stages, later stages can quickly reuse it to expand the frontier further.

We also trained with a variant of £B". Compared to £, the attention logit difference
when ¢ = 1 did not saturate but kept increasing to much higher values, consistent with the
analysis in Theorem 9. Detailed experiments and plots are provided in Appendix D.5.2.

5.5.2 Answer Prediction

We next analyze how the model predicts the final answer. According to Lemma 6, the
prediction relies on two signals. The first is the residual carryover, which brings the explored
nodes in the last thought [t¢] into the answer token with strength py. Concretely, this
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corresponds to the first-layer attention from <A> to [t¢], which copies the superposition
of reachable nodes. The second is the candidate lift, which raises the logits of the two
candidate nodes with strength pg. Since <R> copies the candidate nodes in the first layer,
the second-layer attention from <A> to <R> serves as a proxy for pug.'

Figure 5.4 shows the dynamics of these two proxies. Once training enters the prediction
stage, both 4 and ppg increase rapidly and stabilize after roughly 5 epochs. This observation
is consistent with Theorem 11, which states that p4 and ugr grow at comparable rates, ensuring
that the reachable candidate c* attains the highest logit. In contrast to the unbounded
growth predicted in theory, we observe the logits plateau in practice. A possible reason is
that, in practice, prediction-stage training also interacts with thought generation, whereas
the theory assumes fixed thought distributions to focus on the relationship between g and
ia. We leave a more detailed analysis to future work.

40 4

30

20 A

10 A

=@ 4 (residual carryover)
—10 —@— L (candidate lift)

Average Attention Logits

0 1 2 3 4 5 6 7 8 9 10
Training Epoch after Answer Prediction

Figure 5.4: Training dynamics of the proxies for 4 (residual carryover) and pp (candidate lift).

5.6 Conclusions

In this work, we study the emergence of superposition when training with continuous CoT. In
particular, we theoretically analyze the training dynamics of a simplified two-layer transformer
on the directed graph reachability problem. Our analysis shows that under mild assumptions,
the index-matching logit, an important quantity showing the strength of the model’s local
search ability, remains bounded during training. A bounded index-matching logit effectively
balances exploration and exploitation during the reasoning process and thus enables implicit
parallel thinking, which naturally results in superposition. Our experimental results, which
track the growth of logits, further validate our theory. We expect our theoretical analysis to
bring new insights into a deeper understanding of the mechanism of continuous CoT and
ultimately scaling up this promising paradigm more efficiently and reliably.

'We observe that under different experimental settings and random seeds, the candidate lift effect is not
always mediated by the <R> token; alternative attention routes are presented in the Appendix D.5.3.
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Appendix A

Appendix for the Reversal Curse
Theory

A.1 Additional Notations

Let 0;; = 1 for i = j and &;; = 0 for i # j. For a squared matrix A € R™9 | its trace is
Tr(A) = Zle A;;. For two matrices A, B € R™*" of the same shape, their inner product is
defined as (A, B) = Tr(AB"). For any matrix A € R™*" its (Frobenius) norm is defined as
|All = \/(A, A). For any vector = (z1,...,74)" € R? or a matrix A € R™" we define
the zero-norm as ||x|jo = 3.0, 1{z; # 0} or ||A]lo = 37", > -1 I{Ai; # 0} where 1{-} is
the indicator function.

A.2 Missing Proofs of Section 2.3

Theorem 12 (Separation of training dynamics, formal statement of Theorem 1). Fiz arbitrary
b, € (0,1). Letvy,..., vy, be independently sampled from Ny(0g4,21,). Let xy, ..., x, and
Ui, - -, Yn be sampled uniformly at random from {vy,... vy} without replacement. Define

n

L(©) = 2n1— : <Z —log pe (yila:) + Y — 10gp@(:vi!yi)>

i=1 =2

Lr(O) = —logpe(z1]yr)-

Consider the gradient flow ©; : t > 0

do,
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where ©g ~ N (092,62 - I®?) or Oy satisfies 5~ < pe, (yilri), pe, (zily:)) < 2 for all i € [n].

1
Suppose 0 < eamemnz G0

- 105n4m? log* (2m) log(64m?n?/9)

fel 62

d

With probability at least 1 — 0, we have

£, _ (L(6)
£(0y) = (ﬁ(@@

) , Vit > 0.

Proof. Let v = \/ 400n?m? 10%(647”2"2/ 9. By Lemma 7 and Lemma 8, with probability at least
1-9,

E((—)O) ot —8v(2n—1) log?(2m)
8(2n — 1) log2(2m)> '
»C(@t) 8v(2n—1) log?(2m)

E(@o))

ﬁrev(@t) Z Erev(@o) . (1 +

> (@) - (

L(O¢)
L(©0)

By definition of d, we have 8v(2n — 1)log®(2m) < e. Notice that < 1, thus

o0 > ey (£90)'

]

Theorem 13 (Lower bound of reversal loss, formal statement of Theorem 2). Fix arbitrary

¢ >0 and C <log(m/2). Under the setting of Theorem 12, suppose o < m and

2 c
lOg log(2m)
c
log(m/2)

d > 10%*m? log*(2m) log(64m?n?/¢) -

log?
With probability at least 1 — 9,
Lr(0,) > C.
where T denotes the first time such that L(©;) < c.
Proof. By continuity, £(©,) = ¢. By Theorem 12, when

105n4m? log®(2m) log(64m?n?/4)
2

d> (A.1)
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with probability at least 1 — 9,

LF9(0.) > L*%(Oy) - (L(@T))e

> [77(0y) - (m)

Under this event, applying Lemma 10, we can obtain

£5Y(0,) > log(m/2) - (10g(c2m))6.

log —C&
To ensure that the right hand side is C', we set ¢ = W. One may check that the
log(2m)
definition of d satisfies Eq. (A.1). It follows that

£7(0,) > C.

A.2.1 Training dynamics

Lemma 7 (Dynamics of the forward loss). Let z1,...,%,, Y1,...,Yn, L£(O), and ©; (t > 0)
be defined as in Theorem 12. When o < m and d > 1600n3m? log(8m?n?/4§), with
probability at least 1 — 0, we have

1
L£(6;) < - —, Vt>0.
8(2n—1) log?(2m) + L(60)
Furthermore,
inf {pe, (zily:), pe, (yilzi) : t > 0,1 € [n]} > Dy

Proof. For convenience, we assume xi,...,T, = U1,...,0, and Y1,...,Yn = Unii,-.-Vop
WLOG.

Let €= \/400n2m2 105(8m2n2/5 Then € < f Deﬁne 12(6) — logp@(yzkpz) and l’:irev((_)) —

—log pe(ily;). Let af) = —pe, (v]v;) + 0ij—n, B) = —pe, (vj|i) + 6i—n;. By Lemma 9,

aL(©,) _

- <vc<@t), ) = - (vLe).vL©)

dt
= — 271,—1 (sz Yi p@t(\xl _'_Zyl Li P@t |yz)[ DT)
2
- (S e+ ¥ zﬂw)

=1 j=1 i=n+2 j=1

2
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Similarly, we have

dl;(©y)
dt

— <Vl¢(@t), @> = —(VI(6,),VL(6y))

dt
(sz Yi p@t(|ml +Zyl Ty pOt ‘yz)[ ])T>>
- <z— (zzaﬁf;w; 5> zﬁw) >
j=1

i=1 j=1 i=n+2 j=1

= <$z(yz - Epet(-\xi)[

and

dlr*v(©y)
dt

_ <vz;“(@t), %> — — (VIE(0,), VL(O,))
<Z xi(y; p@t |ggZ +Zy2 i pet(|yz)[ ])T>>
_ _<Z@(jr)mvz+nv — (ZZQHU’U + Z Zﬁwvl >>

i=1 j=1 i=n+2 j=1

= — <y(33 — Epo, ¢y [2])

Applying Lemma 11, with probability at least 1 — §/2, for any ¢t > 0 we have

dL©) | ~ )
Pt (e 3 S

i=1 j=1 1=n+2 j=1

o N (A.2)
(t) ()2
et (2n_1 <ZZ D IPIC )
i=1 j=1 i=n+2 j=1
and
dlz(@t) 1 - (t)\2
‘ R DBCH)
j=1
1 i e, 12 (A.3)
(t)
s () (S 3 Sur)
j=1 i=1 j=1 i=n+2 j=1
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dI¥" (©,) I = L0 e

m /2 7 n m o m 1/2
cont (Sonr) (S S

j=1 i=1 j=1 i=n+2 j=1

Furthermore, Lemma 10 implies that with probability at least 1 — 6/2
1 2
5 < Peo (yilw:), po, (xilyi) < —. (A.4)

The following arguments are based on the event that the above inequalities hold.
We first show that

. . 1
inf {pe, (z:|y:), po, (yilz:) : t > 0,7 € [n]} > o

We prove this by contradiction. Let

. . 1
7 = inf {t > 0: 3i € [n],s.t. min{pe, (vi|;), po, (zi|y:) } < 2m} :

By Eq. (A.4), it is obvious that 7 > 0. Assume without loss of generality that pe. (y1]z1) < 5-.
It follows that there exists ¢ > 0 such that pe,(y1|x1) is a decreasing function in (7 — 9, 7)
and pe, (y1]|z1) = min {pe, (z;|v:), pe, (yi|x;) : i € [n]} for any t € (7 — 0, 7). It follows that for

te(r—246,71),

m m 1/2 m on . 1/2
dl1 (O, 1 . ) t t
Rl GOSN <Z<a§3>2) (;;@})u 2 Z(ﬁ;;)z)

i=n+2 j=1

IN

m m 1/2 n 1/2
277,1— 1 —Z(Oéﬁ;y—i-é' <Z<0‘§2)2> (22 zz—i—n +2 Z zz n )

i=n-+2

m 1/2 m 1/2
1 1/2
< g Z<a§f3>2> - —(Zmﬁ}ﬂ) + e (4n(a))?)
<0

where the first inequality is from Eq. (A.3); the second inequality is due to >, |O% ]| =
az(fi)—&-n =1- p@t(yi‘xi)72];éz |ﬁz+nj| = Bz(fl—)n,i =1- p@t('xl|yl) for all i € [TL], the third
inequality is because pe, (y1|21) = min {pe, (x:|v:), pe, (v:|z;) : i € [n]}. However, pe,(y1|x1) is

a decreasing function in (7 — J,7), a contradiction. Therefore, we conclude that

. . 1
inf {p@t(xl‘yl)7p@t(y2’xz) ot Z 072 S [n]} > %
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Now we show

Lo, < ! V>0,
t + 1
8(2n—1) log?(2m) L(Og)
By Eq. (A.2),
dL(6y) L= [RoN 0 S S a2
i = T noy IIPBCEDIPICH
=1 j=1 i=n+2 j=1
1—c¢ - "
< - Gn =1y (Z(l — pe, (yilw:)* + ) (1 - P@t(fﬁi|yz'))2>
=1 1=2
2
1—¢ - -
(2n —1)3 (m (1 = pe, (yil7:)) + ;(1 — pe, (azilyi))>
1—c¢€
< — L£(0,)?
= 8(2n—1)log*(2m) (61)
S - 1 'C(@t)Q)

8(2n — 1) log®(2m)
where the second inequality is due to Z#Hn \045?] = agi)m =1 —po,(yi|:), Z#i ]Bl(fr)m| =
Bz(j-)nz =1 —pe,(z;|y;) for all i € [n]; the third inequality applies Cauchy-Schwarz inequality;
the last inequality uses the fact that pe,(2;|y:), pe, (yilzi) > 5 for any t > 0,i € [n] and the
inequality 1 — z > 5182 for x € (35, 1).

2log(1/(2m))
By Lemma 14, we conclude that V¢ > 0,

1

t 1 >

L(O) <
8(2n—1) log?(2m) + L(O0)

which completes the proof. O

Lemma 8 (Dynamics of the reversal loss). Let x1,...,Zn, Y1, .., Yn, L7(O), and O, (t > 0)
be defined as in Theorem 12. When o < m and d > 400n*m? log(8m?n?/8) /e, with
probability at least 1 — 9,

L£(00) -t —8¢(2n—1) log?(2m)
ﬁrev(@t) Z ﬁrev(@o) . <1+ ( 0) ) )

8(2n — 1) log®(2m)

Proof. Similar to Lemma 7, we assume 1,...,T, = v1,...,0, and Y1, ..., Yy = Uni1,- .- Vop



APPENDIX A. APPENDIX FOR THE REVERSAL CURSE THEORY 73

WLOG. Let szt]) = —pe,(vj|v;) + 6 j—n, BY = —pe, (vj|vi) + di—pnj. By Lemma 9,

17.]
dErev (@t)
dt

d©
= <V£reV(@t), d_tt>

1 n
- <y1($1 - E’P(Bt('lyl)[a:])Ta o — 1 ( zi(yi — Ep@t |a:z) s Zyz g pet |yz’)[x]>T)>

i=1
<Zﬁn+ljvn+11}] 7— (ZZ ’UZU + Z 251]1)1 >>
1 j5=1 i=n+2 j=1
Applying Lemma 11, with probability at least 1 — 6/2, for any ¢ > 0 we have
L (©,) 1 (& e 2
e 1 (zwgl,j)a) (S5 3 Shr) s
J=1 =1 j=1 i=n+2 j=1
and
aLe,) o .
dt 2n—1)2< D_(ai))"+ Z Zﬁu
i=1 j=1 i=n+2 j=1
~\ (t) (t)\2
< g (33l Y z<@,j>),
i=1 j=1 i=n+2 j=1
as well as

dli(@t)+ 1 Z<a(t))2

dt 2n — 14
j:

m n m 1/2
]‘ t
Se'm@(fﬁ) ( > (! +ZZM> ,

=1 j=1 i=n+2 j=1

m

dli*"(©y) 1 ® 2
dt +2n_1§;<@+w>

J]=

= Y o m 1/2
36'2n1—1<2</5§?nd>2) (ZZ oy ZZ(@‘?)?) |

J=1 i=1 j=1 i=n+2 j=1

Furthermore, Lemma 10 implies that with probability at least 1 —§/2,

L 00 (¥il7:), Pey (Tilyi) < ° (A.6)

2m m’
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The following arguments are based on the event that the above inequalities hold.
By Eq. (A.5),

1/2

1/2
dL " (0y) 1 N L & ¢
1005 | Sty e 35 Sl
7j=1 =1 j=1 i=n+2 j=1
H—/ . ~~ J
At Bt

Notice that

n

B <2 (1= po,(yil:)* +2 (1 - pe,(x:ly))?

<2 (Z(l — po, (yilw:) + Z(l - p@t($i|yz‘))>

< 2(2n — 1)2L(6)?

2
1
< 2(2n —1)* ( - - )
8(2n—1) log?(2m) + L(60)

; ; &, _ & _q_ . ) | _ gt _
where the first inequality uses >, lag ;| = a1, = 1= pe, (Yilzi), 2252 1Bitn j| = Bitn: =

1 — pe, (z;]y;) for all i € [n]; the third inequality uses the fact that 1 —z < —log z; the last
inequality applies Lemma 7.

Similarly,

A <2(1 = pe,(w1[11))? < 2L77(0,)°.

Combining, we have

dﬁrev @ 1 1
ALz (6y) > _¢. 2L77(0y) - (2n — 1) - i I
dt 2n—1 8(2n—1) log?(2m) + L(©0)
rev 1
> —8¢(2n —1) 10g2(2m) - L77(O) - 8(2n—1)log?(2m) ’
L O

By Lemma 14, we conclude that Vt > 0,

Y

L(@O) ot >—8e(2n—1) log2(2m)
£rev @ > £rev @ . 1
(80) 2 L7(80) ( T 8@n = 1) log?(2m)

This completes the proof.
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Lemma 9 (Gradient of the loss function). Define

L(O) = in_ . <Z —log pe (yilz:) + ) —10gpe(w¢|yi)> ,

=1 1=2

Lr(0) = —logpe(x1|y1).

Then we have

V£(®> = 2n 1 <Z sz Yi po |xl + Zyz X po( \yz)[ ])T> 3
VL™(O) = —yi(x1 — Epg gy le]) "
Proof. We have

V(—logpe(y|r))

__ Vpe(ylr)
pe(ylz)
1 zy " exp(z ' Oy) (Zyev exp(wT@y)) — exp(z'Oy) <Zyev zy ' eXp(JET@y))
pe(ylz) <ZyEV eXp@T@y)) ?

= - m (19@(y!:6)ﬂcyT — po(ylz) yezvpe(y\:v)wyT>
= - (y - Zpe(yll’)y>

yey
= — 2 (y— Eypotiov]) -

The statements follow immediately. ]

A.2.2 Initialization

Lemma 10 (Initial distributions are all close to uniform). Fiz anyd € (0,1). Let x1, 2o, ..., T,
S Nd(Od, 4)- Let © € R where each O & N(0,0?%) independent of x1,...,x,. For
any i,j € [n ] define

exp(lo(z;]2;))
> -1 exple (zk|zi))’

] where lo(zj|z;) = ] Ox;.
and d > 4001og(1/(26n?))/e?, with probability at least 1 — 6,

pe(rjlx;) =

2 1
Then when o S m

1
Ipe (wjla:) = 1/nl < o=, Vi, j € [n].
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Proof. Let v =0.2. By Lemma 12, with probability at least 1 — §, we have
|<ZL'Z',ZL‘]‘> — 5@]| S v, VZ,] S [n]

Conditioned on the above high-probability event, we can further obtain that for any j € [n]

exp(lo(zj|z;)) exp(v) _exp(2v)
Peltiln) = S explla(enle)) = T exp(—e) | n
and
expllo(n,[r)) . exp(—v)  exp(—2v)
Poltsl) = S eplloanla)) = Spexp(e) | n

It follows that

1 3 1
o < pe(xjlz;) < o = |pe(zjlz;) —1/n| < o

which completes the proof. O]

A.2.3 Subspace embedding

Lemma 11 (¢;-subspace embedding of Gaussian second-order tensors). Let zi,...,z, be
independently sampled from Ny(0q4,515). Let T,,I, C [n] x [n] be two index sets. Let
Ty =Ty NIy If d > 641og(2n?/8)/e?, then with probability at least 1 — 6,

< Z awzz Z BZJZZ > Z 05”/6” = & Z |Oé"7j| Z |/6i’j|
© ©

’L] EZ1 (’L ])EZQ 7 j EIO (’i,j)EIl (i,j)EZQ

holds for any « j, Bi ;. Furthermore, if d > 64k*log(2n?/6)/€*, then with probability at least
1-9,

1/2 1/2

< Z OéZjZl], Z 51]% > Z azgﬁzy <e- Z a?,j Z 5127]

(1,5)€Th (1,5)€Z2 (4,)€Zo (1,5)€T1 (i,)€L2

holds for any «; ;, B;j such that ||alo < k., ||B|lo < k.
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Proof. Using Lemma 12 and Cauchy-Schwarz inequality, we have

< Z O, 5252 ], Z 51]2:2 >_ Z ai,jﬁi,j

(i,)€T1 (4,5)EZ2 (4,9)€To
< | >0 aiBilllzlllzl® — 1) + > i jBrazi 2z 2
(izj)GIO (ivj)el-l7(kvl)€1—27(i7j)7é(kvl)
64 log(2n2/4)
< JHRE) (S se Y e
(i.j)€T (i,7) €T1, (k1) ET2,(3,5)#(k,1)
64 log(2n2/4)
o220} (5 o) [ X 16
(i,j)EI1 (i,j)EIQ
1/2 1/2
64k2 log(2n?/6) 9 9
R e A I
The statements follow directly from plugging in suitable values of d. O

Lemma 12 (Almost orthonormal). Let 1, xo, ..., x, i Na(0g4, é_fd). For any €,6 € (0,1),
when d > 16log(2n?/8)/e?, it holds that with probability at least 1 — 4,

(s, ;) — ;5| <€, Vi, j € [n].

Proof. Fix i # j € [n]. Notice

(i, 25)| = (@i + 2, i+ ) — (i — @y, 00 — 25)| /4

< ([zi + xj,z; + xj) — 1| + [{(z; — xj, 2, — x;) — 1]) /4.
Using Lemma 13, we have that with probability at least 1 — §/n?,
(i, 25)| < e.
Furthermore, fix ¢ € [n], with probability at least 1 — §/n?,
(@, x;) — 1] <e.

The statement then follows from union bound over i, 5 € [n]. O

Lemma 13 (Almost normal for a fixed vector). For a d-dimensional random vector x ~
Na(04, 514) and any v € (0,1/2),

P (|(z,z) — 1] > v) < 2416,
In particular, when d > 161og(1/(26))/v?, we have
Pz, z) = 1] =2 v) <6
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> vd)

Proof. Let x = (x1,...,24). By Lemma 15 (letting = = v?d/16),

d

> (Vd-z)*—d

=1

P(|(z,z) — 1| > v) g]P(

< 26—v2d/16

The second inequality follows from simple arithmetics.

A.2.4 Useful results

78

Lemma 14 (ODE bound). Let ¢y, cq,c3 > 0. Suppose the function fi, fo : Ry — R satisfies

f1(0) > 0, f2(0) > 0 and
dfy(t)

dt S _Cl'f1<t)27
dfs(t) 1
a2 TP
Then
1
fl (t) Clt + fl;(o)7
R0 2 20 (1+ 1)
Proof. The conditions imply that
dfi'(t) 1 dfi(t)
i pm at -
dlog fo(t) 1 dfa()
AR —ea/(t+ca).

It follows that

) = et + f7(0),
log f2(t) = — calog(1 +t/c3) + log f2(0).

Rearranging the above inequalities, one can obtain the desired results.

]

Lemma 15 (y?-concentration bound, Lemma 1 of [75]). Let gi,...,g; be i.i.d. N(0,1)

random variables. Then for any x > 0,

¢
Pr ng >t + 2Vtx + 22| < exp(—x),

=1
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and

¢
Pr [Z g><t— 2\/5] < exp(—z).
i=1

A.3 Missing Proofs of Section 2.4

In this section, we show missing proofs in Section 2.4.

A.3.1 Proofs of Section 2.4.1
A.3.1.1 Proofs of Proposition 1 and Proposition 2
We first show the proofs of Proposition 1 and Proposition 2, respectively.

Proof of Proposition 1. Actually, for any three tokens 1, x5, x3, it holds that

Poron (sl1. 2) = exp (:I:;Y(O)TLN(XTUQ)) B exp (0) 1M
0 ) - - - )
(O T3 22 >wrepnn @D (Y (0)TIN(X Tw)) 3 peian exp (0)

since Y (0) = 0. O

Proof of Proposition 2. Note that the input sequence length T'= 2. By (2.1),

exp (Y (t) TLN(X "v,))
Zw,e[M] exp (m’TY(t)TLN(XTm))

p@(t)<x’$17x2) =

where v, = [b1s] and by = 1. Also, X = [x1]" is a one-hot row vector. Therefore,
LN(XT’UQ) = LN(wlblg) = LN(wl) = Iy, and thus

exp (a:TY(t)Tzcl) _ eXp (Y(t>r1,z>
Zz’e[M] exXp (w/TY(t)Twl> Zm’G[M] exp (Y (t)z, /)

pe(t)($|331,$2) =

where Y'(¢); ; is the entry of the matrix Y'(¢) at row ¢ and column j.

A.3.1.2 Proof of Lemma 2

Proof of Lemma 2. We first calculate the gradient of Y when the current batch is a sequence
(21, 22, x3). Note that the input sequence length 7' = 2 and by the proof of Proposition 2, we
have LN(X "vy) = LN(X Tvy) = ;. By Lemma 1, we have

Y = ﬁYLN(XTUT)(CBTH - a)T = Uywl(% - a)T
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where o = [ay, @, ..., apn] " € RM with a = exp (Y,!) /17 exp (Y,!). Note that @ (z;— )"
is a matrix with only x;-th row non-zero since x; is one-hot. Therefore, the update of each
row of Y are independent and only x;-th row of Y gets updated at the current time step.

Now we consider any fixed x; € V. Let t,, ; be the time step that the x1-th row of Y gets
updated (i.e., the first token of the training data is z; for the current batch) for the i-th time
and let t,, o = 0 for notation convenience, then

Y(tﬂvhi)m = Y(tm,i—l)xl + nY(w?) - a)T-

For convenience, we denote y(i) =Y (t,,,).,, and thus

y(@) =y(i —1) +ny(es —ali - 1)) (A7)

where y(0) = 0 and a(i — 1) = exp(y(i — 1))/1" exp(y(i — 1)). Note that for a fixed z;, 3
is also fixed by our construction of the dataset. By Lemma 5 of [133], we can obtain that

y(i) = (M = 1)h*(i)&s;,

where &,, = 2 (x5 — +;1) and h*(i) can be derived recursively as

“(3) = h*(i — ik
ho(i) =h"(i—1) + (M —1) + exp(Mh*(i — 1))

with 2*(0) = 0. Combining Lemma 7 and 9 in [133], we have

1 In M
h*(i) 2 — In(Mnyi ) > . A.
() 2 3 O), ¥z 2 (A8)

Note that the update of each row of Y are independent, the training set has size N, and the
batch size is 1, we have

Y(t),, = (M = 1)h" ([t/N1) &,

1

where the training data at time step t is (21, 25, x3). Combining (A.8), we can obtain that

V(0o 2 (4 =1)- 3750 g W T 2 I ()
and
Y(t):cl,w 5 (M — 1) . —M]\{ 1<_%) . % In (MnY H/N‘I) < _%ln (M;\;Yt) 7 Vi 7& 2.

On the other hand, for any sequence (z1,xs,x3) in the test set, since the z1-th row of ¥ has
never been updated, we have

Y(t)pyo =Y(0), . =0, Vae|[M].
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A.3.1.3 Proof of Theorem 3

Proof. We first consider training sequence (x1, 2, x3) at time ¢. By Proposition 2, we have

exp (Y (t)zy 25)
o' e[M] €XP (Y(t>zl7z/>

pe(t)(iUsffChxz) = Z

and by Lemma 2, we have

Mnyt c Mnyt

), and Y(t)ml’mS—M1n< N >, Vo # x3

for some constant ¢ > 0. Therefore,

Y (t)a, 25 > cln (

exp (cln (M22))

exp (cln (M24)) + (M — 1) In (— 5 In (#2))
gy

(M) + (M = 1)
M—-1

(M) + (1 - 1)
S M—1

Po)(T3|T1, 22) >

>

-1 —

where the last inequality holds since

N(M — 1)Ye Mnyt
Int 2 In(NM/ny) = t2¥ — ( ]T\]/Y

> M — 1.
Mny >_

Finally, for any sequence (x,z2,23) € Diest, since Y (t),, . = 0,V € [M] according to
Lemma 2, we have

exp (V(1)zy 25) exp(0)
Do) (T3|T1,X2) = =
9(t)( 3|z, 72) lee[M] exp (Y (t)e, 20 M - exp(0)

=1/M,
which completes the proof. O

A.3.2 Additional details and proof of Section 2.4.2

Datasets. Let Nyain > 0, Niest > 0 be two positive integers and let Niotal = Nirain + Niest-
Let A;,B;,C; € V,Vi € [Niota] be 3Niota distinct tokens. Let —,~~ € V = [M] be two
additional different tokens that represent “direct implication” and “indirect implication”
respectively. Specifically, we have A; — B;, B; — C; and A; ~» C; for all ¢ € [Nyyal]. For
notation convenience, we define the following two index sets

Itrain - {17 27 s 7Ntrain}7 z-test - {Ntrain + 17 ey Ntotal}'
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The training set Dy, consists of all A; — B;, B; — C; and A; ~ C; for ¢ € Zyain. In addition,
Dirain contains A; — B; and B; — C; for i € Zie;. For convenience, we let N = |Dy.in| to be
the size of the training set. The test set Diest consists of A; ~~ C; for ¢ € Zies;. Under our
construction of the dataset, the LLM will learn the relationship between A;, B; and C; for
1 € Lirain in both direct and indirect implication, and learn the relationship between A;, B;
and C; for ¢ € Zies only in direct implication and will be tested for indirect implication.

Similar to the reversal curse in Section 2.4.1, we aim to prove through the training dynamics
of one-layer transformers that the test probability remains negligible during training. In
particular, we are interested in

pa(iﬂz, = Ci’% = A, 29 :W), 1 € Lest.

We also use pg(B;|A; —), pa(Ci|B; —) and py(C;|A; ~~) to more compactly represent
po(xs = Bi|lw1 = A, 10 =—), po(x3 = Cjlz1 = B;, 20 =—) and py(r3 = Cilz1 = Aj, 20 =~),
respectively.

The following theorem shows the importance of the chain-of-thought method:

Theorem 14 (Importance of chain-of-thought, formal statement of Theorem 4). Assume we
run SGD with batch size 1, and assume M > 100 and W <Lny <1. Lett 2 N%M denote

the time step which also satisfies Int 2 In(NM /ny). For any test index i € Tiet, we have
M-1 M-1

— Gi|B; > 1= — =

Do) (Bildi =) > 1 —

for some constant ¢ > 0 and

1
Do) (Cil4i ~) < a
Proof. Recall that by Proposition 2, we have
eXp (Y(t)m,xs)

pe(t)<l'3|l'17 :EQ) = Zx’E[M] exp (Y(t)xhx/)

and by Lemma 2, we have

Mnyt Mnyt
Y (t)a, 5, > cln ( ]7\7;/ ) , and Y (£ < —%ln ( ]T\I[Y ) , Vo #B,;

for some constant ¢ > 0. Therefore, using the same proof as Theorem 3, we have

M—-1

2 (T

Poy(BilA; =) > 1 —
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Additionally, according to the proof of Lemma 2, Y'(t),, . has the same value across all = # B;,
which implies

1
Do) (CilA; ~) < U

Similarly, applying Lemma 2 to Y'(¢)g,, we can obtain that

M—-1

2 (T

Pot)(Ci|Bi =) > 1 —
]

A.3.3 Analysis of the reversal curse for the four-token sequences

In this section, we analyze the reversal curse where data points are four-token sentences
“AR1RyB” or “BRjRoA”. For each sentence, A and B are two distinct tokens that represent two
entities, and Ry, Ry are two special tokens jointly representing a relationship that is inverse to
itself (e.g., RiRsy represents “is the friend of”, then AR;RsB means “A is the friend of B” and
BR;RoA means “B is the friend of A” ).

Datasets. Let Nyain > 0 and Nt > 0 and denote Nigtal = Nirain + Niest- Let A;,B; €
V,Vi € [Niotal] be K £ 2Nt distinct tokens representing distinct entities. WLOG, we
assume A;,B; € [K],Vi € [Niotal]. Let Ri,Ra € V be two additional different tokens that jointly
represent a relationship that is inverse to itself. Specifically, we have A;R1RyB; and B;R{RoA;
for all i € [Niotal]. For notation convenience, we define the following two index sets

Itrain = [Ntrain]a Itest = [Ntotal]\ztrain-

The training set Dy, consists of all A;R1RoB; and B;RiRoA; for i € Zipain. In addition, Dyain
contains A;R1RyB; for i € Ty, For convenience, we let N = |Dyn.in| to be the size of the
training set. The test set Diesy consists of B;R1RoA; for i € Zies;. Under our construction of the
dataset, the LLM will learn the relationship between A; and B; for ¢ € Zy.;i, in both directions
to deduce that the relationship “RiRs” is reverse to itself, and learn the relationship between
A; and B; for i € Zi.s; in one direction and will be tested for the other. WLOG, we assume for
each training sequence (z1,R1,Ra, 4) € Dyrain, x4 € [N].

Now we assume that the learning rate ny >> 1, and therefore can treat X "vp as fixed
when analyzing the dynamics of Y. For any sequence (x1, 25 = Ry, x3 = Rg, x4 = n) in training
or test dataset with 7' = 3, we define f, = LN(X Tvz). Then the gradient of Y in (2.3)
becomes

Y = ann<mT+1 - a)T = ann(en - a)T'

Note that for three-token sequences, f, is a one-hot vector, and thus Y has only one
non-zero row, and each row of Y can be analyzed independently. For the four-token
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sequences, we use the same reparameterization strategy as in [133], where we denote
W = [wl,wz, ce ,’lUK]T = FTY S RKXM with F = [fl, ey fK] S RMXK.
Note that the parameter W can be viewed as a combination of Y and Z where Z is fixed.

The following lemma shows the dynamics of W, assuming we are performing gradient updates
on W instead of Y.

Lemma 16 (Dynamics of W). Assume we perform gradient updates directly on W instead
of Y with learning rate ny and batch size 1, and assume M > 100 and ﬁ <L ny < 1. Let
t> N}?LYM and let W (t); denote the i-th row of W(t) and W (t);; denote the (3, j)-th entry of
W (t). Then for training sequence (x1, Ry, Ra, T4) € Dyain at time t, we have

W(t)sywy 2 In(Mnyt/N), and Wt)p S —In(Mnyt/N) /M, Vx# xy,
and for any test sequence (x1, Ry, Ry, %4) € Diest, we have W (t),, . = 0,V € [M].

Proof. According to Lemma 3 of [133], for training sequence (x1,Ry,Ra, 4) € Dyain at time ¢,
only the z4-th row of W will be updated and the gradient

w,, (1) = ny(xs — oy, (1))

where a(t) = exp(w,, (t))/(17 exp(w,,(t))). Therefore, the dynamics of W is nearly identical
to the dynamics of Y in Lemma 2, and we can use the proof of Lemma 2 to conclude the
results. u

With the dynamics of W, we can obtain the following result:

Proposition 4 (Reversal curse for the four-token sequences). Assume we perform gradient
updates directly on W instead of Y with learning rate ny and batch size 1, and assume
M > 100 and W Lny < 1. Lett 2 N}%M denote the time step which also satisfies

Int 2 In(NM/ny). For training sequence (x1, Ry, Ry, x4) € Dyrain at time t, we have

p Tyq|T — as — OO
H(t) 4 1,44, 4H12) — (M t/N)c 9

for some constant ¢ > 0, and for any test sequence (x1, Ry, Re, T4) € Diest that is not included
in the training set Dyain, we have

Poce) (zalxy, Ry, By) < 1/M.
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Proof. For any sequence (x1, s = Ry, x3 = R, 24) where T' = 3,

exp (Y (t) "LN(X Tvr))
> wrcian @D (2 TY (1) TLN(X Twr))
B exp (azTY(t)Tfu)
Yo exp (&Y () f,)
B exp (z"wy, (1))
e P (7w, (1))
_ exp (W (t)z, )
2 wrepn) €XP (W (t)ayar)
The above next token probability formulation is almost identical to Proposition 2 after

replacing Y with W. Combining the dynamics of W as shown in Lemma 16, we can use the
proof of Theorem 3 to conclude the result. n

pG(t)($|I17 R17 R‘Q) —

Finally, we discuss the role of Z in the four-token-sequence settings. Note that Propo-
sition 4 assumes gradient update on W instead of Y. While we are not able to perform
gradient updates on W directly, it is equivalent to modifying the gradient of Y to be

Y = ny (fo — FE'e,)(e, — ay)’

according to Lemma 3 of [133], where the next token z7,; = n, E' = (I + E)™' — I,
E=F'F—1I and F = [f1,..., fn] € R™*Y which only contains the next token that
appears in the training set. Compared to the original gradient of Y

Y = ann<en - an)T7

one can obtain that the modification of the gradient of Y is small if A\;(F) is small.
Note that Ej; = ||fi]|3 —1 =0 and E;; = £ f;. Also, for any sequence (z; = n/, 2o =
Ry, r3 = Ry, x4 = n) in training set,

_ bizen + boyzeg,

.fn:LN XT’UT - )
( ) Vb5 + b3

where

b13 = eXp(ZR%n’)’ b13 — eXp<ZR27R1)'

Note that R; is a common token that appears in each training sentence, and n’ is a distinct
token that only appears in one training sentence as a contextual token. By Theorem 2 of
[133], under certain technical assumptions, ZIRM/ > 0 and Z'Rhn < 0 and one can expect
Zyyw — Zr, . to be sufficiently large after sufficient time of training. Therefore,

fn = 613671’ + 623631
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with 523 close to 0. Consider a simple case where for each n € [N], f, = V1 — e, + cey,
for ¢ sufficiently small. Then

Ey=Ff"fi=(V1—cley+cer) (V1 — ey + cen,) = .
Therefore, one can calculate that A\j(E) = ¢*(N — 1). When ¢ < ﬁ, we have \(F) < 1,
and thus the gradient update of W and gradient update of Y are almost the same.
A.4 Experiments for chain-of-thought

In this section, we conduct experiments for CoT on multi-layer transformers to validate
theoretical results in Section 2.4.2.
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Figure A.1: Experiment results of CoT under default configuration (see Table A.2). The
curves represent the (average) negative log probability of the model predicting the next token
to be: (1) B; given the input “A; —7, (2) C; given the input “B; —”, or (3) C; given the
input “A; ~»”. Similar to the reversal curse experiment, while the sentences in the training
set can be learned nearly perfectly, the model is not able to predict the correct next token in
the validation set better than a uniformly random guess. Both curves are averaged over 10
random seeds.

Dataset construction. Similar to Section 2.5, we randomly sample three disjoint sets
of entities A, B,C C V, and reverse two additional tokens for — and ~-, respectively. Next,
we specify a bijection from A to B, and a bijection from B to C randomly. For each
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Logits of B given A (Train) Logits of C given B (Train) Logits of C given A (Train)

Logits of B given A (Val) Logits of C given B (Val) Logits of C given A (Val)

Figure A.2: Visualization of the weights (logits) of the model with default configurations
trained after 3000 epochs for CoT experiment. The matrices are similar to Figure 2.2. The
row tokens for the top matrices are A;, B;, A; and column tokens are B;, C;, C; for training
triples respectively. Similarly, the bottom matrices correspond to validation triples. For
validation triples (4;,B;,C;), the weights from A; to C; get hardly trained as indicated by the
diagonals of the last matrix.

A; € A and its corresponding B; € B and C; € C, we can obtain a triple of sequences
(A; — B;,B; — C;, A; ~> C;), and split the set of all triples into training triples and validation
triples. All three sequences of a training triple will be added to the training set, while for
a validation triple, we add A; — B; and B; — C; to the training set and add A; ~» C; to the
validation set. Therefore, the model will learn both direct and indirect implications for the
training triples and only learn the direct implications for each validation triple while being
tested on the indirect implication.

Results. Figure A.1 shows the experiment results for CoT using the same model architecture
and configurations as in Figure 2.1 (the training set size is 540, and the validation set size
is 60 resulting from 140 training triples and 60 validation triples), which is consistent with
Theorem 14. One can refer to Section A.5.3 for additional experiments with various model
configurations and vocabulary sizes. We also empirically validate the intransitivity of model
weights (i.e., logits) for multi-layer transformers in Figure A.2, which shows that for a
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validation triple (A;,B;,C;) of which only the direct implication “A; — B;” and “B; — C;”
appears in the training set, although the weights from A; to B; and from B; to C; are trained
large as indicated by the diagonals of the first two bottom matrices, the weights from A; to C;
gets hardly trained as indicated by the diagonals of the last matrix. We also emphasize that
another reason that CoT is necessary is that all tokens A;, B;, and C; are different tokens with
randomly initialized embedding and thus irrelevant. When these tokens are relevant and show
specific patterns, the validation loss can also get better. See more details in Section A.5.4.

A.5 Additional Experimental Results

In this section, we show additional experimental results for Section 2.5.

A.5.1 Details of model architectures and hyperparameters

For both the reversal curse and CoT experiments, we used the GPT2 model architecture [147]!
and trained the model with the AdamW optimizer for 3000 epochs of batch size 64. See
Table A.1 for a full list of hyperparameters. We also conducted experiments under various
model configurations and vocabulary sizes to show that the results in Sections A.4 and 2.5 are
consistent under different settings. See Table A.2 for a complete list of different configurations,
where the default choices are boldened. For each curve in all figures, the results are averaged
over 10 trials, and the error bar is calculated using standard deviation. We run each trial on
an Nvidia A100 GPU and it typically takes 0.5-1.5 hours for each trial.

Parameters Values
Learning Rate 0.01
Weight Decay A 0.9

(B, ) (0.9, 0.999)
Batch Size 64
Number of Epochs | 3000

Table A.1: Full list of hyperparameters for AdamW optimizer and training.

A.5.2 Additional experimental results for the reversal curse

In this section, we show additional experimental results for the reversal curse under different
configurations, including different vocabulary sizes (Figure A.3), different number of layers
(Figure A.4), different positional encoding (Figure A.5), different entity lengths (Figure A.6)
and whether token and positional embeddings are trainable or fixed (Figure A.7). Our
experimental results consistently show that the reversal curse happens under different settings.
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Parameters Values

Number of Layers 12, 24, 48

Number of Heads 12

Vocabulary Size 20, 50, 200, 800, 2000
Entity Length 1,2, 3

Positional Encoding Type None, Absolute, Relative
Token, Positional Embedding | Learnable, Frozen

Table A.2: The list of different configurations for experiments in Sections A.5.2 and A.5.3.
Default choices are boldened for each row.

Negative Log Probability over Epochs Negative Log Probability over Epochs

(=)}

o
(=)
o

—— Train
— Val

—— Train
— Val

ul

o
ul
o

N

o
N
o

Negative Log Probability
]

Negative Log Probability
w
o

N

o
N
o

[

o
=
o

L\a_&a‘_‘ ‘\M‘ .

0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
Number of Epochs Number of Epochs

o
o

(a) Vocabulary size 20 (b) Vocabulary size 50
Negative Log Probability over Epochs Negative Log Probability over Epochs

(=2}

o
]
o

—— Train
— Val

ul
o

N

o
(=)}
o

—— Train
— Val

N
o

N
o

Negative Log Probability
= w
o o

Negative Log Probability
Y
o

o

o

0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
Number of Epochs Number of Epochs

(c) Vocabulary size 200 (d) Vocabulary size 2000

Figure A.3: Results for reversal curse for different vocabulary sizes. All other configurations
are set as default values as in Table A.2. The training set sizes for the above four experiments
are 9, 20, 85, 850 respectively, and the validation set sizes are 1, 4, 15, 150 respectively.
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Figure A.4: Results for reversal curse for different numbers of layers of the transformer. All
other configurations are set as default values as in Table A.2.
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(b) Relative positional encoding

Figure A.5: Results for reversal curse with no positional encoding or relative positional
encoding. For relative positional encoding, we follow the Rotary Position Embedding (RoPE)
method proposed by [123]. We use the implementation of this repo, MIT license. All other

configurations are set as default values as in Table A.2.


chp2:::https://github.com/lucidrains/rotary-embedding-torch
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Figure A.6: Results for reversal curse with different entity lengths. Each entity A; or B;
consists of multiple tokens and different entities may have overlapped tokens. The “Train”
curve represents the negative log probability of predicting the first token of the output entity,
and “Train (word)” represents the negative log probability of predicting all tokens one by
one of the output entity. All other configurations are set as default values as in Table A.2.
The training set sizes for the above two experiments are 680 and 250, respectively, and the
validation set sizes are 120 and 50, respectively.
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Figure A.7: Results for reversal curse with fixed token embedding and fixed positional
embedding. All other configurations are set as default values as in Table A.2.

We provide additional experimental results that (1) the reversal curse still happens even
if the embedding dimension is much smaller than the vocabulary size in Section A.5.2.1; (2)
the embeddings of different tokens are nearly orthogonal; (3) the reversal curse does not
happen under the in-context learning settings.

! Apache License 2.0
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A.5.2.1 The reversal curse under small embedding dimensions

Although for theoretical analysis in Section 2.3, we assumed the embedding dimension is
polynomial in the vocabulary size, in practice, the embedding dimension only needs to be
the order of logarithm of the vocabulary size. Figure A.8 shows that for a much smaller
embedding size, the reversal curse still happens.
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Figure A.8: Results for reversal curse for different numbers of layers and different embedding
dimensions. All other configurations are set as default values as in Table A.2.

A.5.2.2 Near orthogonal embeddings

Note that in Section 2.3, our analysis relies on the fact that embeddings of different tokens are
nearly orthogonal, and in Section 2.4, the embeddings are effectively one-hot. In Figure A.9,
We show that in practice, even if the embedding dimension is much smaller than the vocabulary
size, the near orthogonality condition still holds.

A.5.2.3 The reversal curse does not happen in ICL settings

We also emphasize that the reversal curse does not happen in ICL settings, which means
if “A — B” is provided as part of the prompt, then the model is able to answer “B <— A”.
Figure A.10 shows preliminary results of ICL. All the sentences in the dataset have the
format of “A;RB; < BjR_lAi”, which is a seven-token sentence where R and R™! is a pair of
relationships inverse to each other, and “&” is another reserved token representing equivalence.
There are ten different B; and n different A; where n = 100 for the left figure in Figure A.10
and n = 200 for the right figure. For each A;, we construct ten sentences using different B; |
and we randomly chose three of them to be included in the validation set and seven other
sentences in the training set. The result of Figure A.10 shows that the reversal curse does
not happen during the ICL setting.
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Figure A.9: A heat map of cosine similarity between token embeddings (all A; and B;) after
3000 epochs training under different settings. The settings are the same as Figure A.8. Under
different numbers of layers or embedding dimensions, most of the non-diagonal entries are
close to 0, which shows that the embeddings of different tokens are nearly orthogonal.

A.5.3 Additional experimental results for chain-of-thought

In this section, we show additional experimental results for CoT under different configurations,
including different vocabulary sizes (Figure A.11), different number of layers (Figure A.12),
different positional encoding (Figure A.13), different entity lengths (Figure A.14) and whether
token and positional embeddings are trainable or fixed (Figure A.15). Note that our experi-
mental results consistently show the necessity of CoT under different settings.

A.5.4 Chain-of-thought with relevant tokens

In Section A.4, we briefly mentioned that the irrelevance of different entity tokens is one of
the reasons that CoT is necessary. Now, we show that if the entity tokens are correlated and
show specific patterns, it is possible for a model to deduce indirect implications automatically.

Instead of using single tokens A;, B;, C; to represent each entity, now we use two tokens Ai,
Bi, Ci to represent entities, where A, B and C are three common tokens shared by each triple,
and token i are distinct for each triple. Figure A.16 shows that for the above version of CoT
where tokens in the same chain are correlated, the model is able to “deduce” Ai ~~ Ci after
training on Ai — Bi, Bi — Ci and other training samples.
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Figure A.10: Training and validation loss under in-context learning (ICL) settings. All
sentences consist of seven tokens and have the form of “A;RB; & BijlA,-”. The loss is
calculated on the last token. For the left figure, the training set size is 700, the validation set
size is 300, and the vocabulary size is 400; for the right figure, the training set size is 1400,
the validation set size is 600, and the vocabulary size is 800. All other configurations are set
as default values as in Table A.2. The result shows that the reversal curse does not happen
in ICL settings, i.e., if “A;RB;” is provided as part of the prompt, then the model is able to
recognize “B;R7'A;”.
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Figure A.11: Results for CoT for different vocabulary sizes. All other configurations are set
as default values as in Table A.2. The training set sizes for the above four experiments are
14, 32, 135, 1350 respectively, and the validation set sizes are 1, 4, 15, 150 respectively.
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Figure A.12: Results for CoT for different number of layers of the transformer. All other

configurations are set as default values as in Table A.2.
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Figure A.13: Results for CoT with no positional encoding or relative positional encoding.
For relative positional encoding, we follow the Rotary Position Embedding (RoPE) method
proposed by [123]. All other configurations are set as default values as in Table A.2.
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Figure A.14: Results for CoT with different entity lengths. The setting and curves are similar
to Figure A.6. All other configurations are set as default values as in Table A.2. The training
set sizes for the above two experiments are 1080 and 400, respectively, and the validation set
sizes are 120 and 50.
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Figure A.15: Results for CoT with fixed token embedding and fixed positional embedding.
All other configurations are set as default values as in Table A.2.
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Figure A.16: Results for CoT where each entity is represented by two tokens, i.e., Ai, Bi,
or Ci. The validation set sizes are 50. The model is able to “deduce” unseen Ai ~~ Ci by
learning underlying patterns.
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Appendix B

Appendix for Out-of-context
Reasoning

B.1 Proof of Section 3.4.1

In this section, we provide proof for all theoretical results presented in Section 3.4.1. Specifi-
cally, we provide the proof of Proposition 3 in Section B.1.1, Theorem 5 in Section B.1.2,
and Theorem 6 in Section B.1.3.

B.1.1 Proof of Proposition 3

Proof of Proposition 3. We show that for any fixed @ = (Wq, Wy), there is a matrix 0 = Woy
that gives the same test loss as defined in (3.5) and the same training loss as defined in (3.4)
and vice versa. Following (3.3), for any input z1.7 and answer token a, we define the logit
functions given by the two sets of parameters as:

fo(zir,a) = e, WoWy X" XWyqxr, f4(z11,0) = e] Wov X T X Wiqer.

It suffices to prove that the two logit functions always give the same value for any (z1.7,a).

Given any fixed 8 = (Wo, Wy ), we can set Woy := WoW, and get
fo(z1:7,0) = e, WoWy X ' XWiqar = f3(z11, a).
For the other direction, given any Wgy € R¥9, suppose its SVD decomposition is given
by Wov = UXV'" where ¥ = diag(oy,...,0,) € R™" with » < d and o; > 0 for i € [r].
Since the rank of Woy is at most d and d;, > d > r, let £Y/2 = diag(,/01,...,+/0,) and
Q = I, 0,x(4,—r)) € R"™*%. Note that QQ" = I,. Then we can set
Wo = UXY2Q, Wy, = VE2Q,

such that WOWVT = UXV ' = Wgy. Combining both directions, we can conclude that the
two parameterizations have equivalent expressive power. However, in the following analysis,
we show that there is a key distinction between the two in terms of optimization dynamics. [
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B.1.2 Proof of Theorem 5
Proof of Theorem 5.

1. For the factorized model 8 = (W, Wp), it is a two-layer fully-connected linear network
trained by cross-entropy loss. By Theorem 4.4 and Appendix G of [86], every limit

point of { O O} by gradient descent with small enough learning rates or gradient
flow is along the direction of a KK'T point of the following program:

Wmlvr‘ll —(HVVoHF+ Wy lI7) (OV-SVM)

s.t. h(s,r),a:(WoWV ) > 1,Y(s,7) € Dyain, Va' € A\{a*(s,7)}.

Moreover, Theorem 5 shows that the above program has the same solutions for W§, =
WoW,) as (W[,-SVM).

2. For the non-factorized model Wyy, it is a linear model trained by cross-entropy loss.

Again, by Theorem 4.4 and Appendix G of [86], every limit point of {%,t > O}

by gradient descent with small enough learning rates or gradient flow is along the
direction of a KKT point of (Wgoy-SVM). Since (Woy-SVM) is a convex program, the
KKT point is sufficient to ensure global optimality.

]

Remark 5. The results in Theorem 5 can be further strengthened under certain conjectures
that extend previous results for binary classification to multi-class settings.

For the non-factorized model, if our dataset satisfies Equation (15) in Theorem 7 in [120],
it can be shown that the parameter Woy under gradient flow or gradient descent with a small
enough step size directionally converges. Equation (15) is proved to be true in [120] for the
binary setting for almost all datasets, and conjectured to be true in multi-class settings for
almost all datasets. Therefore, combining the result of Theorem 5 for the non-factorized
model, if the above conjecture is true for our dataset, gradient flow or gradient descent with
small enough step sizes directionally converges to the direction of the global minimum of
(Wov-SVM).

For the factorized model, Theorem 3.1 of [136] shows that gradient flow directionally
converges to the direction of the global minimum of (W{,-SVM) for binary classification.
We conjecture this is also true for a multi-class setting under certain mild assumptions, and
we leave the proof for future work.

The proof of Theorem 5 concludes with the following lemma, which establishes the
equivalence between the solutions of (OV-SVM) and (W§,-SVM).

Lemma 17. Let W* be an optimal solution of (W{,-SVM) with rank(W*) = r. Assume
dp, > 1. The optimization problem (OV-SVM) is equivalent to (W(,-SVM). As a result, if
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(Wo, Wy) is a solution of (OV-SVM), then its combined form W = WoW,, is also a global
minimum of (WE,-SVM).

Proof. We adopt a similar argument as in [109]. Consider any optimal solution (Wo, Wy))
in (OV-SVM) and let W := WoWy' € R*? for any (s,7) € Dyain, @' € AN\ {a*(s,7)}, we
have

h(s,r),a’(WOWVT) = h(s,r),a’<W) Z 1.

Thus, W is inside the feasible set of (W{,-SVM). Moreover, note that the nuclear norm is
the dual norm of the spectral norm, which gives

W ||, = sup trace(ZTWoWVT)

1Z][2<1
= Sup <ZWV7WO>
1Z][2<1
< sup [[ZWvy|¢[|Wollr
1Z][2<1
(@)1
LWl + W12, B.1)

where (a) follows |AB|r < ||Al2]|B|lr and AM-GM inequality. Now assuming W* is
a optimal solution of (WE,-SVM) and |[W||, > ||[W*|.. Let its SVD decomposition be
W* = USV' with ¥ = diag(oy,...,0,) € R™*". We can construct W = UXY? and
Wy = VEY2 such that

1 * * * (a) 1
SUIWGIIE + IWHIE) = 3427 = trace(S) = [[W*[l. < W], < S(IWolli + W),
where (a) follows (B.1). Note that here we assumed dj, = r. If dj, > r, we can always choose

5% [212,0,004, 0] € R WS =US"? Wy = vE"?,

which yields the same result. Moreover, (W§, W) is a solution of (OV-SVM) as W* is a
feasible solution of (W{,-SVM). This leads to a contradiction since (Wo, Wy) is an optimal
solution of (OV-SVM). Conversely, we prove that if W* = UXV " is an optimal solution
of (WE,-SVM), (Wg, W) := (UXY? VE?) is also an optimal solution of (OV-SVM).
Assume it’s not optimal and thus there exists a feasible solution (W, Wy/) such that

1 1 . .
UWollz + W) < S(IWs|IE + WillF)-
Using the same argument we have
* 1 * |2 * |12 1 2 2
W7l = S(IIWollr + [[WyllF) > S (IWolle + [[Wvliz) = W],
2 2

which again leads to a contradiction. Combining both directions, we conclude that the two
problems are equivalent. Eventually, if (Wq, Wy/) is a global minimum of (OV-SVM), the
combined parameter W = WoW,/ is also a global minimum of (W[},-SVM). This finishes
the proof of Theorem 5. O
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B.1.3 Proof of Theorem 6

Useful notations. We introduce useful notations used in this section. We use I,, to
represent an n X n identity matrix, use E, to represent an n X n all-one matrix, and
use 1, and 0,, to represent n-dimensional all-one and all-zero vectors, respectively. We use
e;=10,...,1,...,0]" as the one-hot vector in R™ where the i-th entry is one. For convenience,
we use x Ay to denote the minimum value among x and y and use x V y to denote the
maximum value among them.

B.1.3.1 Proof for factorized model

Note that although W}, is a d x d matrix, since we restrict the next token prediction to
be among 2n answer tokens in .4, and only (nm + 2) tokens in S U R can take effect in the
prompt, we only need to consider a reduced matrix W§, € RZV*m+2) throughout this
section, where each row corresponds to a token in A and each column corresponds to a token
in SUR. Now we restate the first part of Theorem 6 below.

Theorem 15 (Part 1 in Theorem 6: Factorized model has OCR ability). Let n > 1. Suppose
W{\, is a solution to the SVM problem in Eq. (W(,-SVM), then for any (s,7) € Diest,
a € A\ {a*(s,r)}, given reqularity conditions (Assumption /), it holds that

Mtrain

h(s,r),a’ (ng) Z

A 1, indicating the OCR ability. (B.2)
Miest

To prove Theorem 15, we derive an explicit solution characterization for (W{,-SVM).
The proof roadmap is as follows.

1. Restricted Form Existence: Lemmas 18 and 19 show the existence of a solution in
block structure (B.3) via permutation averaging and the convexity of nuclear norm.

2. SVD Computation: Lemma 20 computes the closed form for the SVD decomposition
of the restricted form in Lemma 19.

3. Nuclear Norm Formula of the restricted form: Given the restricted form,
Lemma 21 gives ||[W{, ||, in closed form (B.12).

4. Optimization: Lemma 22 finds the minimum of Equation (B.12) by decomposing
IWavll« = My + M.

5. Solution characterization and the uniqueness: Theorem 16 uses Lemmas 23 and 24
and Assumption 4 to establish the unique forms of the solution in Equations (B.22)
and (B.23).

Lemma 18 (Unitary invariance). Given matriz A, for any orthonormal matrices U and V,
we have that
IUAV |, = || All..
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Proof. See Lemma 2.5 in [56]. O

Lemma 19 (Existence of a restricted form solution to (WE,~-SVM)). Suppose W¢,, is the
solution to the optimization problem (WE,~SVM). There exists a solution with py, pa, q1, q2,

fl; f27 g1, 92, ﬂl; ﬁ2 and Y1, V2 such that

mt,a,,, blocks Mtest blocks

W plI +p2E plIn +p2En flIn+f2EnflIn+f2En Blln Ban (B 3)
ov = Oln+ @By -1y + @E, giln+ gEyn---giln + 2B ln 721y '
Metrain blocks mtest‘Zlocks
Moreover,
P, f17 q1 Z ]-7
tp+tb gt @+t

prp+bh>at+et+m (B.4)

G +q@+y>p+p+ B+ 1,
fitfo+61>(V0)+ge+7+ 1.

Proof of Lemma 19. We first show that certain permutations of W, are still solutions of the
optimization problem. Suppose that ¢ is any permutation of {1,...,n}. Define P, € R"*"
as the corresponding permutation matrix. Consider the permuted weight matrix

P, 0

0 P}ngdiag{Pa,...Pg,l,l}.

oW - |

It is equivalent to permuting the subject sets and the fact labels b and ¢ simultaneously with

o: {S,n) Som) }> {bo(1) bomy} and {cs(1), - ., Com)}- Using Equation (3.6), we have
that
h o'(z)v”’l o-(]) (O'(ng)) h S'Lﬂ"l),bj(WgV> 2 17 vj 6 [n] \{ }
a(z)ﬂ“l a(])(o-(WgV)) h Siﬂ"l),cj(WgV) 2 17 V] € [n]v
h(so(l)v"‘Q 0(7)(0<W(I;V>) h Si,Tz),bj(WgV> Z 17 v.] S [n]v
h(sau) r2) U<J)(U<ng>) h 5i7T2)aCj(W(1;V) >1, Vje[n]\{i},
for any 7. From Lemma 18, since permutation matrices are orthonormal, ||o(WE, )|, =

W&y l«. Therefore, o(W¢,) is also a solution to the optimization problem (W{,-SVM).
Let’s consider the average over all possible permutations

EO’ J(W£V)

n!

Mirain Dlocks

Mtest blocks

_pudn +pnEy--
quln +quEy -

: plmtrain In + metrainE
: qlmtrain In + q2mtrain En

n

furln + faE, -
g11ly, + go1Ey -

Mirain blocks

Miest blocks

: flmtestIn + metestEn Blln 52171
' glmtestIn + ngtestEn 71171 72171

]
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It is also a solution to the optimization problem (W{,~-SVM) due to the convexity of the
nuclear norm.

We can consider other permutations. Suppose that 7y is a permutation of the index set
{1,..., Myain}. Define the permuted weight matrix

Ttrain(WgV) = ngdiag{PTtrain ® In’ 17 ctty 1}
———
NMitest +2
It is equivalent to permute all the subjects in the set S;irain: {Si mun(1)s - - - + Si,rivan (maran) | OT
any ¢ = 1,...,n. Note that there is no need to permute the labels, as subjects in S; ¢rain share

the same label pair b; and ¢;. Since the permuted S; train is still disjoint with the test subject
set S; test; We have that for any i € [n], j € [, it holds that
(84, mypain (7)771)50 (Ttrain(WgV)) = h(siyj,rl),a’(WoFV) > 17 Va' € -A\{bz}y
h(si,Ttrain(j),rz),a’ (Ttrain<WgV)) = h(S¢,J-,Tz),a’(W(§V) >1, Vde A\{c;}.

From Lemma 18, we can conclude that ||Tyain(WEy)|x = [[Whyllx. Averaging over all
permutations o and 7, , we have that

ZTtrain Za Ttrain(a—(W(gV)>
mtrain!n!
Myrain blocks Mtest blocks
— plIn + pQEn o plIn + p?En fllIn + f21En Tt flmtestIn + f2mtestEn Bl]-n ﬁZln]
glIn + qQEn e q1In + q2En gllIn + g2lEn T glmtestIn + g2mtestEn ’Yl]-n 72171 ’

Vv vV
Myrain blocks Mtest blocks

We can then consider the permutation over the remaining myes; indices {muynain + 1,...,m}.
Let 7est denote the permutation. Consider the permuted weight matrix.

Trest (W3 ) = Wiy diag{1,...,1, P, ® I,,1,1}.

It is equivalent to permute all subjects in the set S; test @ {Sime(muaint1)s - - - » Sisreese(m) } fOL ANY
i=1,...,n. We have that for any ¢ € [n], j € [m]\[Mtrain), it holds that

h(si,Ttest(j)le)ya,(TteSt(WgV)) = h(si,j,rl)7a’(WgV) > 1, Va' € ‘A\{bl}

Taking the average weight over all possible permutations Tiest,

thest Z‘rtrain > o Ttest (Ttrain (U(ng)))
mtest!mtrain!n!
Myrain blocks Mtest blocks
— plIn + pQEn o plIn + p2En flIn + fZEn e flIn + f2En Blln 52171
glIn + qQEn e q1In + QQE@ glIn + gZEn e glIn + gZE@ 71]-71 ’72171 '

VvV vV
Myrain blocks Mtest blocks
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This shows that Equation (B.3) is one solution to the optimization problem (W{,-SVM).
This proves Lemma 19. O

We could compute the closed form of the SVD decomposition for Equation (B.3).

Lemma 20. The restricted form in Equation (B.3) has a the SVD decomposition W§, =
UXVT with

U = [u(l),u@),ug)?...,u,(ll),ugz),...,ug)] ;

5 = diag{o{) 0.0, .ol o o},
ntl ntl

V = |:’U(1),’U(2)7'Ué1)7. .. ;UT(“Ll)aUé2)7' e 7v7(12):| )

where u®) are defined in Equation (B.6); ug-kl) are defined in Equation (B.8), agk) and

aék/) are defined in Equation (B.9); v®) are defined in Equation (B.10); 'v](-k/) are defined in
FEquation (B.11).

The proof of Lemma 20. The dimensions of W[, are 2n x N.., where N. = (Miyain+Mtest )0+ 2.
Denote the Singular Value Decomposition (SVD) of W§, by W, = UZV' ",

Orthonormal basis and matrix properties. Given an orthonormal basis {n1,...,n,}
for R", with n; = 1,,//n, where 1,, is the n-dim all-one column vector. The vectors 1, ..., n,
are orthonormal to each other and to 1;. Let X = ¢, I,, + co E,, be a block appearing in the
matrix W{,. Its action on the basis vectors is:

o Xn = (clIn—i—cgEn)(\/Lﬁln) = clﬁln—l—cg\/iﬁ(lnl;)ln =cm —l—ch/iﬁln = (1 +nce)my.

e Forj € {2,...,n}, Xn; = (eI, + o E,)n; = c1m;, since E,m; = 1,(1)n;) = 0, due
ton; L 1,.

Left singular vectors U and singular values 3. The left singular vectors (columns
of U) are eigenvectors of W&, W{ . The matrix W&, WL is a 2n x 2n symmetric matrix.

After block multiplication, Wk W can be written as:

WE WET — Cal, +CyoE, Cpil,+ CpE,
ov ov C'BlIn + CB2En CDlIn + C’D2E|'n ’
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where the coeflicients are:

Catr = Myainp} + Mrest 7,

Claz = Miain(20102 + nP3) + Muest (21 f2 + 1 f3) + BT + 53,

Cp1 = mtrainq% + mtestg%a

Cp2 = Murain (20142 + 1G3) + Muest (20192 + 1g3) + 71 + 73

CB1 = MirainP1q1 + Meest f191,

Cpa = Mirain(P1G2 + P21 + 1Paga) + Miest(f192 + fag1 + nfaga) + Biy1 + Baya.

We seek eigenvectors of W&, W& of the form
w— <5Ub77j)
L1y

Case 1: Eigenvectors associated with 77;. For j = 1, the eigenvalue problem W, W u =

A\u transforms into a 2 x 2 eigenvalue problem for the coefficient vector (zy, x.)":

m (1) = (5)

H, — (CAl +nCas COp +nCB2) ' (B.5)

for scalars xy, x..

where

Cp1 +nCpy Cpy +nCpy

Let )\gl), )\52) be the eigenvalues of Hy, and let (214, 71.) " and (294, 2,) " be the corresponding

normalized eigenvectors. These give two singular values: agk) = )\gk) for k = 1,2. The
corresponding left singular vectors in U are

ul®) = (xk’bm) for k =1,2. (B.6)
Tk,cM

Case 2: Eigenvectors associated with n; for j € {2,...,n}. For j € {2,...,n}, the
eigenvalue problem W&, WEJ u = Au reduces to:

m (1) =2(2)

Ca Cp
H, = . B.
2 (CB1 CD1> (B.7)

where
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Let )\gl), AgQ) be the eigenvalues of Hy, and let (y;5,y1..) " and (y2,4,y2.) " be the corresponding
normalized eigenvectors. These give 2(n — 1) singular values: o) =y /\gk/) for &' =1,2.

Each of these singular values has a multiplicity of (n — 1). The corresponding left singular
vectors in U are

() s mavora ey

The matrix U is a 2n x 2n orthogonal matrix whose columns are the 2n left singular
vectors u®) and uﬁ»k ),

The singular matrix. From the calculation of U, we get that

Y= diag{a%l), Uf), aél), . ,aél), 052), e ,052) }, (B.9)

T;—rl n—1
where ogk) = )\gk) for £ = 1,2, with /\gk) being the eigenvalues of the matrix H; in
Equation (B.5); aék/) = )\gk,) for k' = 1,2, with )\ék/) being the eigenvalues of the matrix

H, in Equation (B.7).

Right singular vectors V. The columns of V' (right singular vectors) are obtained from
v, = 0, IWgJ u; for non-zero o;. If o; = 0, v; is a normalized vector in the null space of
W¢,. The matrix V' has dimensions N, x 2n. The 2n vectors v; corresponding to the found
singular values are:

Case 1: Right singular vectors associated with u®), k =1,2. For u® = (iiigi)
and singular value agk): The vector W& u®) has the following structure: |

e The first my.,in blocks (each of size n) are (xy(p1 + np2) + Tpc(@1 + ng2))M1-

e The next myest blocks (each of size n) are (xyp(f1 + nf2) + Trc(g1 + ng2))m.

e The last two components are scalar values: /n(51zxp 4+ V12kc) and /n(Bazip + Yok c)-



APPENDIX B. APPENDIX FOR OUT-OF-CONTEXT REASONING 107

So, v®) = WEIu® /o) s:

(kp(p1 + np2) + (g1 + ng2))m

(xkp(p1 + np2) + (g1 + ng2))m

k) — L (xk,b(fl + nfg) +‘xk‘,c(gl + ng2>)n1 fOI' k — 1’ 2 (BlO)

(p(fr +nf2) +‘5L‘kz,c(gl +ng2))m
VI (BiZgp + Y12k
V(BaZp + Yol

Each 1, term represents a column vector of n elements. This vector v*) has total length
Nc = Mirain™ + Miest + 2.

Case 2: Right singular vectors associated with u(-k/). For u (k/) (g?j::iZj ) (where
j > 2and k' = 1,2) and singular value aék/): The vector W u " has the following structure:
e The first my,in blocks (each of size n) are (yw pp1 + Y cq1)N);-
e The next muest blocks (each of size n) are (yw »f1 + Yrr c91)M);-

e The last two scalar components are 0, because 1an =0 for j > 2.

So, v](k) = W (k /J

(Ywr b1 + Yk cq1)M

(Y 51 + Yir cq1);

,ng’) _ 1/ (Y pJ1 + Y cg1)m; ' (B.11)
() .
(Yrr p.f1 + Yo c91)M;
0
0

There are 2(n — 1) 'vj(-k/) vectors, one for each pair (j, k") where j € {2,...,n} and k' € {1, 2}.
Each n; term represents a column vector of n elements. The vectors v® and v](k’) are
orthonormal and form the columns of V.

As a conclusion, the SVD of W{, is W}, = UEXV", where:

e U is a 2n x 2n orthogonal matrix with columns u*) and ug»k/) as defined in Equa-
tions (B.6) and (B.8).
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e X is a 2n X 2n rectangular diagonal matrix, whose non-zero entries are the singular

values O'%k) and aék/)7 derived from the eigenvalues of H; and Ho.

e Vis an N, x 2n matrix with columns v and v](-k,) as defined in Equations (B.10)
and (B.11).

This finishes the proof of Lemma 20. O

Lemma 21. The W, in restricted form Equation (B.3) has the nuclear norm ||Wg||.:

\/(CAI +nCaz+ Cp1 +nCp2) + 1/ (Ca1 +nCas — (Cp1 +nCp2))2 + 4(Cp1 + nCpa)?
2

n \/(CAI +nCa2 + Cp1 + nCp2) — /(Ca1 + nCa2 — (Cp1 + nCp2))? + 4(Cp1 + nCp2)?
2 (B.12)

1) (J (Ca1+Cp1) +/(Ca1 — Cp1)? +4C%, J(cm +Cp1) = /(Car = Cp1)? +4C3,
+ (n — +
2 2

Proof of Lemma 21. The nuclear norm of a matrix W, denoted as ||[W¢, ||+, is defined as
the sum of its singular values. From Lemma 20 and its proof, the singular values of W, are
derived from the eigenvalues of two 2 x 2 matrices, H; and Ho.

The singular values are:

1. 0§1) and 052), which are the square roots of the two eigenvalues of H; defined in

Equation (B.5). These singular values each have a multiplicity of 1.

2. aél) and 052), which are the square roots of the two eigenvalues of Hj defined in
Equation (B.7). As stated in the proof of Lemma 20 (Case 2: Eigenvectors associated
with m; for j € {2,...,n}), these singular values correspond to the n — 1 basis vectors

n; for j € {2,...,n}. Thus, each of agl) and 052) has a multiplicity of (n — 1).
The nuclear norm is therefore the sum of all these singular values:
[Wevll. = 01" + 01 + (n = 1)o3” + (n = 1)o3”
= (01" + 01 + (n = (3" +05).

Let’s expand each term:
Term 1: Sum of singular values from H,.
The matrix H; is given by Equation (B.5):

o - Ca1 +nCyy Cpi +nCho
! Cp1+nCpy Cpy +nCpy)
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Let a; = Cy1 +nCyua, by = Cp1 + nCpsy, and ¢; = Cpy + nCpsy. The eigenvalues )\gl), )\52) of
a; b

) are given by the formula
bl C1

this symmetric 2 x 2 matrix H; = (

(a1 + Cl) + \/(al — 61)2 + 4b%

A= 9

The singular values aﬁl) and Jf) are \/ )\gl) and AP. We get that

051) + U%Z)

_\/(a1+61)+\/(a1—61)2+4b% +\/(a1+01)—\/(a1—01)2—|—4b%
B 2 2

:\/(CAl +nCas + Cp1 + nCp2) + /(Ca1 + nCa2 — (Cp1 + nCp2))% + 4(Cp1 + nCps)?
2

N \/(CAI +nCaz + Cp1 +nCp2) — /(Ca1 + nCaz — (Cp1 + nCp2))? + 4(Cp1 + nCpa)?
5 .

This corresponds to the first two lines of the expression for the nuclear norm in Lemma 21.
Term 2: Sum of singular values from H,.
The matrix Hj is given by Equation (B.7):

Cy1 Cp
H, = .
2 (CBl CD1>

Let ay = Cyy, by = Cpy, and ¢y = Cpy. The eigenvalues )\gl), /\;2) of this symmetric 2 x 2
. a9 bg
matrix Hy = are:

by ¢

((12 + Cg) + \/(CLQ — CQ)Q + 4b%

A:
2

The singular values Jél) and 052) are 4/ )\él) and AgQ). Thus:

O'él) + 0_£2)

_ \/(a2+02)+\/(a2—02)2+4b§+\/(a2+62)—\/(a2—02)2+4b§
2 2

_ \/(CAl + Cp1) + /(Car — Cp1 )2 + 4C%, N \/(Cm + Cp1) — /(Ca1 — Cp1)? + 4C%,
2 2 )
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This sum is then multiplied by the multiplicity (n — 1):

(Ca1 + Cp1) +1/(Car — Cp1)?2 + 4C%,
2

(n—1) (0" +0) = (n—1) \/

N \/ (Cas + 1)~ /(Car — Con)? + 4,
2

This corresponds to the third and fourth lines of the expression for the nuclear norm in
Lemma 21.

Combining these terms, the nuclear norm |[W(, ||, is precisely the expression given in
Lemma 21. This completes the proof. O

Lemma 22. Let the expression |[WE ||« be defined as Equation (B.12). The closed-form
minimum of |WE, ||« is given by

rain es . es 2 rain
min||WgV||*:\/ﬁ+(n—1)x {(\/mt +\/mt t) met + My

\/Q(mtrain + mtest) Zf Mitest < Mtrain ’

where the minimum is achieved at py = ff = ¢ = 1, g7 = \/Mtrain/ Mtest, V5 = [3 =
q; = _1/77'7 9§ Y/ mtrain/mtest/n7 ﬁf = 75 = 1/277T = 5§ = _1/2 Zf Mitest = Mirain;
pi=f=d=g=Lp=K=¢=g=-1nb =% =172=75=-1/21if

Miest < Mtrain-

Proof of Lemma 22. The overall expression |[W{, ||, given in Equation (B.12) is a sum of
two main components. Let M; be the sum of the terms in the first two lines, and My be the
sum of the terms in the last line. Thus, |W{, ||, = My + M,. Both M; and M, represent
sums of square roots of eigenvalues of effective 2 x 2 matrices.

Part 1. We first consider minimizing the last two terms of ||[W(,||,. Define M, as

- J (Car+ Cp1) +1/(Car — Cp1)2 +4C3, +J (Ca+ Cp1) — 1/ (Car — Cp1)2 +4C3,
n_

2 2
(B.13)
For ease of reference, we state the formulas for coefficients Cy1, Cp1, Cp;:
Ca = mtrainp% + mtestf12a (B14)
C’Dl - mtrainQ% + mtestgfa (B15>

CB1 = MerainD1¢1 + Miest [191.- (B-16)
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The expression for My can be simplified. Let )\gl) and )\g) be the two eigenvalues of the

matrix H,. We note that )\él) + A§2) = Cy1 + Cpy and )\gl)/\gm = C41Cp1 — C%,. The term
Ca1Cp1 — C%, can be calculated as
CYAlc’Dl - 0%1 = (mtrainp% + mtestff)(mtrain(ﬁ + mtestg%) - (mtrainPIQI + 'rnftestflgl)2
- mtrainmtest(p%g% - 2]?191f1611 + leQ%) = mtrainmtest(plgl - f1Q1)2~

Since Migain, Miest > 0, we have Cq1Cp; — C'%, > 0, so the eigenvalues \j, Ay are non-negative.

2
The sum 4/ /\gl) +14/ )\52) can be written as \/<\/ AS) + 4/ A?’) = \/)\él) + Agz) + 24/ )\él))\g).

Substituting the trace and determinant yields

\/Aé” + \/)\(22) = \/CAl +Cp1 + 2\/mtrainmtest(]0191 — fiq1)?

= \/CAl + Cp1 + 2¢/MtrainMiest|P191 — f101].
Let S = Ca1 4+ Cp1 + 2\/MirainMuest|P191 — f1q1|. Substituting the definitions of C'4; and Cpy:

S = mtrainp% + mtestf12 + mtrainQ% + mtestg% + 2\/ mtrainmtest’plgl - f1Q1’- (B17)

Then M, = (n — 1)/S. To minimize |W||,, we must minimize S with respect to p1, q1, f1, 91
under the given constraints. Let K = pyg; — f1¢1. We analyze the minimization by considering
two cases for K.

Case 1: K <0 (i.e., p1g1 < fiq1). Then

S = S2 - (\/ MitrainP1 — V/ 7ntestgl>2 + (\/ mtestfl + V mtrainq1)2-

The condition K < 0 implies that g; < fiq1/p1. The first term (\/MeainP1 — /Mirestd1)>
is monotonically decreasing when 0 < g1 < p1/Mirain/Miest, With the minimum attained at

g1 = DP1v mtrain/mtest-

o If Mtest > Mtrain, 1 = P1 V mtrain/mtest is always aChieV&blea S0 by taking fl =q = 17
we get Sy = (\/Marain + /Mest)>- The equality holds for any p; € [1, (Miest/Mitrain) /*]

and g1 = P1v/ mtrain/mtest'

o If Miest < Mitrain, g1 = P1\/Mitrain/Miest May not be achievable. But since the first term
is monotonically decreasing with respect to g; when 0 < g1 < p1y/Mrain/Mitest, We get
that the minimum is always taken with g1 = min{ fiq1/p1, P11/ Mtrain/Miest -

If g1 = f1<]1/p17 we get that

52 - (\/ MtrainP1 — v/ mtestf1q1/p1)2 + (\/ mtestfl + Y mtrainq1)2

2.2

2 2 2 fia
= Mtrainqq + mtestfl + MtrainP1 + Miest p2
1

Z 2(mtrain + mtest)7
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where the equality holds if and only if py = g1 = fi = ¢ = 1.
If g1 = p1v/ mtrain/mtesta we get f1q, > pf \/mtrain/mtest > \/mtrain/mtest- Therefore,
So = (VMrestJ1 + /Mirain1)”
> 4y/MiestMarain f1G1

Z 47ntrain;

where the equality holds if and only if p; = ¢; = 1, g1 = fi = V/Mtrain/Miest-

Therefore, we can conclude that if Mmest < Mirain, S2 > 2(Mirain + Miest), With the equality
holds if and only if p; = g1 = fi=q = 1.

Case 2: Next consider K > 0, that is, p1g; > fig:- Then

S = Sl = (\/ MirainP1 + V mtestgl)2 + (\/ mtestfl -V mtraian)z-

Taking ¢g; > fiq1/p1 into S,

2 2
2 2 2 fl q7 2 Mest
Sl 2 mtestf1 + mtraian + mtrainpl + Mtest P Z TMtest + Mtrain + mtrainpl + 2

1 P1
o If Miest > Mypain, we have that S; > (/Miest + /Mrain)>, With equality holds when

b = [mtESt/mtrain]1/4 and g1 = 1/p1

o If Miest < Mirain, the minimum is achieved by p; = 1. We therefore get that ¢g; = 1,
with Sl Z Q(mtest + mtrain)-

Consolidating the minima, we find that if Mest > Mirain, the minimum S is (y/Mirain +
VMiest)?, achieved when 1 < py < (Mgest/Murain) /4, f1 = 1, 1 = 1, and g1 = p1y/Migrain/Migest.
If Miest < Mirain, the minimum S is 2(Mpain + Miest), achieved when p; = 1, f; = 1,¢1 =
1,91 = 1. The minimum value for VS is therefore VMirain + /Mitest 1 Miest > Mirain, and

\/ 2(Mirain + Miest) if Miest < Mirain. Multiplying by (n — 1) gives the final result for min M.
Part 2. We seek to find the minimum value of the quantity M; given by

M, :\/(CAl +nCa2 + Cp1 +nCpa) + \/(CAl + nCaz — (Cp1 +nCp2))? + 4(Cp1 + nCp2)?
2

n \/(CA1 +nCyo + Cp1 +nCD2) — \/(CA1 + nC a9 — (CDl + nCDQ))2 +4(CBl +nCBQ)2
5 .

where the coefficients are defined as

Ca1 = mtrainp% + mtestf127

Caz = Miain(2p102 + nP3) + Muest (21 f2 + 1f3) + B} + B3,

Cp1 = mtrainq% + mtestg%,

Cp2 = Muain(2q142 + nG3) + Miest (29192 + 1G3) + 77 + 73,

CB1 = MirainP1q1 + Miest f191,

Cpa = Mupain(P1G2 + P21 + 1P2qa) + Muest(f192 + f2g1 + nfag2) + Biy1 + Baye.
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subject to the constraints

pifi,¢0 > 1, (B.18)
ptp+tbhzat+e+mn+l, (B.19)
G+ @+ >prtp+ B+ 1, (B.20)
fi+ fo+ 1 > max(g1,0) + go + 71 + 1. (B.21)

Let A =Cy1 +nCus, D = Cpy +nCpo, and B = Cpy +nCpy. The expression for M;
can be simplified to

My =\/A+D+2/AD - B2,

Note that

M} >A+D
= mtrain<p1 + np2>2 + Mtrain (Q1 + HQQ)Q + mtest(fl + nf2)2 + mtest(gl + ng2>2
+n(BT + B3 +1% + ).

Let A = g1 + qo — p1 — p2. From the constraints, we can get that

61_7121+A7
Yo — P2 >1—A.

If |A| > 1, without loss of generality, assume A > 1. This gives that
1+ A\’
(Bf + 1) + (83 +73) = 2 (T) +0>2.

If |A| <1, we get that

2 2
@+ @z (F55) 2 (150)

1 1
Z 4 A2
()

As a result, we get M; > y/n. Note that the equality holds if and only if

v
W

v

1.

p2=—p1/n, fo=—fi/n, @2 =—q/n, g2 =—gq/n,
Bl = 1/2, Y1 = —1/2, /82 = —]./2, Yo = ]./2

Combining this condition with the results in part 1, we finish the proof for Lemma 22. [

We would adopt Assumption 4 to prove the uniqueness, which assumes the solution either
takes a symmetric form as (B.3), or it is nondegenerate.
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Assumption 4. Let Wk be a solution to (WE,-SVM). Then it either takes the form of
(B.3), or we have 1, Wks £ 0! .

Lemma 23 can give a lower bound of the nuclear norm for a given matrix M.

Lemma 23. Suppose that M € R™ ™, for any orthonormal matriz U € R™" and V € R™*",
we have that

|M||, > Trace(U' MV).

Moreover, if there exitsn € R™ s.t. n7U =0 and n' M # 0, the above inequality is strict,
1.€.,

M|, > Trace(U " MV).
Proof of Lemma 23. For any pair of matrices A and B such that AB = M, we have that
Trace(U' MV) = Trace(U' ABV)
<(lw" Az +1BVIE)/2
< (0T IZIAIR + IVIZIBIE ) /2
< (1413 +1BI}) /2
< [[M]..

Consider the conditions for taking the equality. We should require |[UT A|p = |[U 2| Allr-
This means that all columns of A are left-singular vectors of U T with the largest singular
value. In addition, it implies that the column space Col(A) C Col(U). But if there exits
neERst. n'U =0and n" M # 0, we get Col(A) € Col(U). It implies the conditions for
taking the equality cannot be satisfied, so

|M||, > Trace(U"MV).
This finishes Lemma 23. O

Theorem 16 (Uniqueness of the solution to the optimization problem (W{,-SVM)).
Given Assumption /J, suppose that W\, is a solution to optimization problem (WE,~-SVM),
Zf Mtest < Mtrain;

Merain blocks Mtest blocks
7\ 7\

W :[}H—En/n---In—En/ﬁ T.-E./n--I,—E.,/n 1,/2 —1,/2
ov L-€E,/n---1,-E,/n I,—E,/n---1I,—E,/n —1,/2 1,/2

(&

]. (B.22)

TV TV
Merain blocks Miest blocks
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]f Mitest = Mitrain, let P = mtrain/mtestz we have that

Mrain blocks Mtest blocks
7\ o\

WE [In—En/n--oIn—En/n I, -E,/n---I,—E,/n 1,/2 —1n/2]
ov I, -E,/n---I,—E,/n pl,—pE,/n---pl, —pE,/n —1,/2 1,/2 ]
Mera ,-,:rblocks mtest\rblocks

(B.23)

Proof of Theorem 16. Firstly, combining Lemmas 19 and 22, we get Equation (B.22) and (B.23).
This shows that Equation (B.22) and (B.23) are one of the solutions to the optimization
problem (W§,-SVM).

Suppose that there exists an asymmetric solution of the SVM problem Equation (W, -
SVM) W{ that takes a different form from (B.3). Lemma 24 proves the existence of another
asymmetric solution such that the difference takes the reversed sign.

Lemma 24 (The solution with the difference taking the reverse sign). Suppose that the Wk

defined above is an asymmetric solution. Then there exists another asymmetric solution ﬁ/\o;
and € € (0,1) such that

Wov — Wy = _€<Wg\7 - ng)-

Proof. Let ¢ be all possible permutations on Wpy as described in Lemma 19, excluding the
identity permutation. We get that

= SVE) + W8 e

So we can take

———— Z¢ @(Wg\j)

Wov = —=——
251
and get that
o WF _ WF*
WOV _ WS‘V — ov ov ]
2ol
This finishes the proof for Lemma 24. O

Assumption 4 implies that 1, (W&y — W§,) # 0}, ,. We choose U € R**" and V €
R(Mm+2)X7 g6 that they are the SVD decompositions corresponding to r positive singular values
for the symmetric solution W§,. Since 15, Wk, =0, .,, it also holds that 1,, U =0, .,.
Using Lemma 23, we get

W&, > Trace(U  WEiV)
= Trace(U W, V) + Trace(U ' (W) — W) V)
= [Wayl« + Trace(UT (W& — W) V).
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Using Lemma 24, there exists another asymmetric solution ﬁ/\oT/ such that

||ﬁ/\(;/||* > Trace(U W, V) + Trace(UT(ﬁ/\(;/ —~W5)V)
= [[Wovll« — eTrace(U T (Wgy — W) V).

Therefore, we have that

max{||W§ |+, |Wovl|.}
> Wl + max{Trace(U " (WE; — W) V), —eTrace(U " (W — W) V)}
> [ Wyl

This leads to a contradiction that both W& and Woy are solutions to Equation (WE,-
SVM) that minimize the nuclear norm. This confirms that all solutions would take the
form Equation (B.3), which would be Equations (B.22) and (B.23).

[l

B.1.3.2 Proof for non-factorized model

Similar to Section B.1.3.1, we only need to consider a reduced matrix Wy € R (nm+2)
throughout this section, where each row corresponds to a token in A and each column
corresponds to a token in S UR. Now We restate the second part of Theorem 6 below.

Theorem 17 (Part 2 in Theorem 6: Non-factorized model has no OCR ability). Let n > 1.
Suppose Woy is a solution to the SVM problem in (Woy-SVM). For any (s,r) € Diest and
any a' € Ay \ {a*(s,7)}, it holds that

hisrye(Wov) = 0, indicating no OCR ability. (B.24)

The proof of Theorem 17 follows the same idea as Theorem 15. The roadmap of the proof
is as follows:

1. A unique solution of a similar form to Lemma 19: Lemma 25 shows both the
existence and uniqueness of the solution to (Woy-SVM).

2. Frobenius norm formula of the restricted form: Using the same SVD decomposi-
tion as in Lemma 20, Lemma 26 gives || Woy||r in closed form (B.27).

3. Optimization: Lemma 27 finds the minimum of (B.27).

4. Solution characterization: Theorem 18 gives the form of the solution to (Woy-SVM)
and finishes the proof for Theorem 17.
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Lemma 25 (Existence and uniqueness of a restricted form solution to (Woy-SVM)). Suppose
Wov is the solution to the optimization problem (Woy-SVM). The solution must take the
form in Equation (B.25)

Mtrain blocks Miest blocks
7\ 7\

W :V@ﬁmﬁ%~mh+mE;%h+ﬁEw~ﬁh+hE:&h Bo1,
ov glIn + q2En T q1In + CIQE@ glIn + g2En e glIn + g2Enl 71171 ’72]-n

— —
Merain blocks Miest blocks

].@%)

with p1, P2, q1, @2, f1, f2, and g1, g2 satisfying

P, fiq = 1,
ptptbhza+e+ntl,
@tgt+y2>pt+pt+fat1,
i+ fo+Bi2(@V0)+g+m+ 1L

(B.26)

Proof of Lemma 25. The existence proof is the same as the proof for Lemma 19. Since the
Frobenius norm is strongly convex, the solution is unique. O
Lemma 26. The Woy in restricted form Equation (B.25) has the Frobenius norm.

1/2
mtrain((pl +p2)2 + (n - ]-)p% + (QI + q2)2 + (TL - 1)(1%) /

[Wovlr= [ n Fest((f1 + f2)° + (0 — 1) f§ 4+ (g1 + 92)> + (n — 1)g3) . (B.27)
O+ + By

Proof of Lemma 26. The square of the Frobenius norm is the sum of the squares of these 2n
singular values:

W% = (00)2 + (0{)2 + (n — 1)(0)? + (n — 1)(05”)?

From Lemma 20, we know that (0{”)2 = A¥) (eigenvalues of Hy) and (6{)2 = A"
(eigenvalues of Hy). So,

IWE 2 = A" + 20 4 (0 — 1) (A +2P)

Since the sum of eigenvalues of a matrix is its trace, we have /\gl) + /\52) = Tr(H,), )\gl) +)\§2) =
Tr(Hs). Therefore,

W7 = Tr(Hy) + (n — 1)Tr(Hs)
=n(Ca1 + Ca2 + Cp1 + Cpa)

mtrain((pl +p2)2 + (n - 1)]9% + (QI + Q2>2 + (Tl - 1)(]%)
et (f1 + f2)> + (n = 1) f3 + (g1 + 92)*> + (n — 1)g3)
SRR R

Il
3

This proves Lemma 26. O
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Lemma 27. Let the expression ||Wov||r be defined as Equation (B.27). The closed-form
minimum of ||Woy||r is given by

min ||[Wovllp = v (2murain(1 — 1/0) + myest(1 — 1/n) + 1)'/2
where the minimum is achieved at p} = ff = qf = L,p5 = f3 = ¢ = —1/n, 7 = v =
1/2,7 = B3 = =1/2, and g7 = g5 = 0.
Proof of Lemma 27. Given the constraints in Equation (B.26), we have that
(Woulle > (o | M0 & 202 4 Lt + 20, + 1) v
- +iest (nf5 +2f2+ 14 (1 +92)° + (n = 1)g3) + 1) ’

where the equality holds when p} = ff = ¢f = 1 and 7 = 75 = 1/2,7 = 55 = —1/2.
This lower bound is a quadratic form, which we can show that p5 = f; = ¢5 = —1/n and
g7 = g5 = 0 gives its minimum. This finishes the proof of Lemma 27. O

Theorem 18. Therefore, we have that

Metrain blocks Mitest blocks
{(I,-E,n---I,—E,n I,—E,/n---I,—E,/n 1,/2 —1,/2
Wov = [In—En/n---In—En/n 0---0 “1,/2 1n/2]' (B.28)

Mrain blocks Mtest blocks

It implies that for any s € Sest and any a’ € A\ {a*(s,r2)}, it holds that hs,,) o = 0. This
proves Theorem 17.

Proof of Theorem 18. We take the results from Lemma 27 into the restricted form Equa-
tion (B.25) and get Equation (B.28). Given any s;; € Stest and ¢ € Ay where k # i, we
have

0
€;
h(si,jv"?),ck = [027 eiT - e;]Wov -10] =0.
0
[ 1]
This proves Theorem 18. .

B.2 Proof of Section 3.4.2

In this section, we provide the complete proof of Theorem 7 via gradient flow analysis. We
first present several key lemmas to prove Theorem 7. In Lemma 28, we give the gradient
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form of the reparameterized parameters to simplify the analysis. In Lemma 29, we prove the
Lipschitzness of the gradient flow, and Lemma 30 proves that the gradient flow also satisfies
permutation equivariance. Using these two lemmas, we are able to conclude the symmetry
in parameters by employing a standard argument for the uniqueness of ODE solutions in
Lemma 31.

Useful notations. We introduce useful notations for this section. Let vec(A) denote the

vectorization of a matrix A. Specifically, for A = (a;);~} =, € R™*", we have vec(A) =

(@11, Ay Q215 - oy A2y« vy Ay - - 5 () | € R™. We use || Al|op to denote the operator
norm of a matrix A. For any vector u € R", let diag(u) € R™*" denote a diagonal matrix
whose diagonal entries are corresponding entries in w. Let 1(€) denote the indicator function
of an event &.

Lemma 28. Recall that for any z € V, we have Woy(a,z) = e/ Wove, and Wgq(z) =
e! Wyqe<ss. Then for a fized (a,s) € A x S, the gradient of Woy(a, s) is given by:

(a9 £(0) = =Wia(s) - > p(s,7) - (1L(a = a*(s,7)) — pslals,r)).
reR
Similarly, for a fized (a,r) € A X R, we have:
Oou(an) £(0) = —Wia(r) - > p(s,r) - (1(a = a*(s,r)) — pglals, 7)) .
seS
Moreover, for <EOS> token and a fized a € A, we have:
aVVOV(CL»<EUS>)‘C<0~> = _WKQ(<EUS>) ’ Z Zp(sa T) ’ (]1(0’ = a’*(87 7’)) - pé(a|S7T)) :
s€S reR
Lastly, for s € S, we have:
Do £(8) = =D Wov(a,5) Y pls,r) - (1(a = a*(s,7)) — pglals, ).
acA rerR
Proof. First, note that the logit function can be written as:
fo(z1r,a) = ] Woy X " X Wiqzr = Z Wov(a, 2z )Wkq(z)- (B.29)
te|T)
Then for any z € V, we get
aWOV(&Z) (B;l—/WonTXWKQﬂJT) = IL(CL = a/)C(Zl;T, Z)WKQ(Z),

(B.30)
ko (») (€0 Wov X T X Wiqer) = C(z11, 2)Wov(d, 2),



APPENDIX B. APPENDIX FOR OUT-OF-CONTEXT REASONING 120

where C'(z1.7, z) is the number of occurrences of z in the sequence z.r. Recall that we can
simplify the loss function in (3.4) as

~ T W XTXW,
L£O)=E,, — log eXp(eZTﬂ ov KQTT)
B >oveaexp(e, Woy X T X Wiqar)

=B, [—el,, Wov X XWiqer + log Z exp(e] Wov X ' X Wyozr)].

2741
Z’eA
Using (B.30), we get
O (0,)£(0) = Wiq(2)E., ., [ — 1(a = 2r41)C(21.1, 2)
4 EZ’EA eXp(ezT/WOVXTXWKQﬂfT)]l(G = 2")C (2.7, Z)}
> veacxp(e, Woy X T X Wiqar)
= —Wkq(2)E., ., [C(Zm, z)(1(a = a*(z1.7)) — Pé(a|21:T))} :

Similarly,
O £(0) = Euyy [ = Clerr, 2)Wou(a' (z1:0), 2) + 3 pglalz1:0)Wov(a, 2)Cenr, 2)|
acA
=E.., [0(21;T, 2)(— Wov(a*(z11), 2) + Zpe alz1.7)Wov(a, z))}
aceA
=~ Wov(a,2)E.,, [(J(m, 2)(1(a = a*(21.1)) — pé(a|21:T))] .
acA

Let p(s) = >,  p(21.1)1(s € 21.7) = Ep,,, [1(s € 21.7)], which is the marginal probability of
observing s under the data-generating distribution Dy, Similarly, we can define p(r) and
p(s,r) for any r € R and any (s,r) € S x R. Then for a fixed (a,s) € A x S, we have

MWor(as) L£(0) = —Wikq(9)E:, oDy [C(leTa s)(1(a = a*(z1.1)) — pé(a|21:T))]

(é) _WKQ<S>Ez1»T~Dtrain [1(8 = Zl:T) (IL(a - a*(ZLT)) - pé(a|ZI:T))i|

= —Wka(s) Y p(z1:7)1(s € z1.7) (L(a = a*(z1.7)) — pglalzrr))

1T

—~Wi(ohn(s) Y (=2 I (10 = 0" Caa) - plalzar))

. p(zp) (s € 217

21:T

=—Wm@»p@»Em{uazw@mw—mAMaﬂrseaﬂ

= —Wia(s) - > _pls,r) le[ (@ =a"(z17)) — pglalzir) | 5,7 € Zl:T]

reER

O Wials )- Y p(s,r) - (1(a = a*(s, 7)) — palals, 7)),

reR
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where (a) comes from the fact that C(z1.r,s) = L(s € z1.r) as s occurs at most once in
the sequence from the task definition and (b) comes from the fact that z;.7 only contains
(s,r,<E0S>) and thus pg(+|z1.7) = ps(+|s, 7).

Similarly, consider a fixed (a,r) € A x R, we have:

Moyt £(8) = ~Wiq(r) - p(r) - E.,., {1((1 — a*(21:7)) — palalzir) | 5 € 217
= —Wkq(r Zp S,7) a*(s,r)) —pglals,r)).

sES
Lastly for any a € A, we have:

O (a.<z05>) £(0) = —Wkq(<E08>) >~ p(z1.7) (1(a = a*(21:1)) — pglalzir))

21:T

= —Wika(<E0S>) - > ) " p(s,7) a*(s,r)) — pglals,r)).

SsES reR

We conclude by proving the gradient in terms of Wxq(s) for any s € S. We have:

Oa(L£(0) = =Y Wov(a,s) - p(s) - Ex,., [ﬂ(a = a*(21.7)) — pglalzir) | s € leT]
acA
:—ZWOVaS Zpsr a*(s,r)) —pglals,r)).
acA reR

]

Lemma 29 (Lipschitz gradient). Let do := (|A| + 1) - |V| and concatenate the parameters by

_ [vec(Woy)
w—{ g

} € R%.
Let F(w(t)) be the vector field in the ODE
w(t) = F(w(t)) = —VuLl(w),

where we omit the index t and set w(t) = w when the context is clear and L(w) is the cross
entropy loss given by:

(o)
ZaeAexp<fw 8,7) )

where the logit function fu,((s,7),a) follows Eq. (B.29) with z1.0 = (s,r, <E0.S’>) Assuming
that |wl|s < R for some constant R > 0, then for any fized (s, r,a), fuw((s,r),a) is Lipschitz

= Zp(s,r) —log
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in w with constant Ly := 4R, i.e., for any wi, ws € R® with ||lwi|s < R, ||wslls < R, it
holds that

fw1 ((37T)7 a) - f'w2 ((3’T)7 a) < Llel - wZH
Moreover, there exists a constant L := 4| A|(L1R + 1) such that

[ (w1) = F(ws)|| < Lfjwy — ws.

Proof. Observing that fw((s, ), a) is bilinear in w, i.e.,

fuw((s,7),a) = Z Wov(a, z)Wkq(2)

te|T)
= Wov(a, S)WKQ(S) + Wov(a, T)WKQ(T) + Wov(a, <EOS>)WKQ(<EOS>)
=w' M((s,7),a)w,
where M ((s,7),a) € R%*% has only three non-zero entries, which are equal to one, where

the positions depend on ((s,r),a). We omit the index ((s,7),a) when the context is clear.
Then for any w;, wy € R% with Euclidean norm bounded by R, we have

Fun((5:7),@) = fun((5,7), )

= w; Mw, — w, Mw,

= w] Mw, — w] Mw, +w, Mw, — w, Mw,
< (llwrl[ + flws ) - | M| - [Jewr — 2wsl|

(a)
< 4R[lwy — ws| = Lifjwy — ws, (B.31)

where (a) uses || M||r = v/3 < 2. Moreover, the gradient of f,((s,7),a) is also Lipschitz:
Vf'un ((S,T), a) - Vwa«S, T)a CL) = (M + MT)(wl - wQ) < 4||u}1 - w2|| (B32)
Now let p(u) = Z}?L"Sg) and g(u) = —log pr(u) for u € R where K = | A|, and denote
j=1 expl(uj;

p(u) = (pi(u),....px(u)" € R¥, g(u) = (g1(u),...,gx(u))" € R¥. Then the gradient
and hessian of gi(u) are given by:

Vgr(u) = p(u) — e, € RE,
H(u) = diag(p(u)) — p(u)p(u)’ € RF*F.

By the mean-value theorem, we have:

IVg(u) = Vgr(v)|| < sup [[H(w)llopllue — ]| < [lue —w]]. (B.33)

weRK

Let wy(s,7) = fu((s,7),-) € RHI be the logit vector for input (s,r) and denote

o (U (5,7)) 7= [VGar (5.0) (U (5,7))]a = Paltt(5,7)) = L(a = a*(s, 7).
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Then the gradient of the loss function can be written as
VL(w Zpsrvwga(” (U (s,7)) Zpsr Zaa (U (8, 7))V fao((5,7),a).
P acA
For brevity let Vo := Vfuw((s,7),a) and note that |V fu.l = [[(M + M "w|| < 4R.
Combining Eq. (B.31) and (B.33) we have:
[F(w1) — F(ws)]]
=[[VL(w,) = VL(ws)|

<Zps7‘

Zoza Uap, (5,7))V froy.a — Zaa Uapy (5,7))V fwwg.a

acA acA

< H;%X Z((aa(uuu(sa T)) - O‘a(uwz (Sa r)))vfwl,a + aa(uw2<3> T)) (Vfw1,a - Vftﬂz,(L)) H

’ acA
(a)
< max (Z IV foorall - [ty (55 7) = tawy (5, 7) || + 4| A max [ (wa, (s, 7)) - w1 = wz”)

acA
(b)
<Jlwy = wal - | L1 DIV funall + 4] A]
acA

<4|A|(L1 R + 1) [Jw; — ws,

where (a) follows Eq. (B.32) and Eq. (B.33) and (b) uses Eq. (B.31) and |aq (W, (s,7))] <1
for any a € A. O

Before proceeding, we provide the following definition.

Definition 2 (Data permutation). Let dy := (|A|+1) - |V|. Consider the flattened parameter
w defined as
vec(Woy)
w =
{ Wka

Recall |Ay| = |As| = n. Let o be any permutation over [n] where o (i) # i for any i € [n] and
m:V =V be a permutation function determined by o. Specifically, for any i € [n],j € [m],
we have

} € R%,

(bi) = ba(iy, T(¢i) = Co(i), M(8i5) = Soi) i
and we have w(v) = v for v € {ry,rq, <EOS>}. Moreover, let Py be a permutation matric built
on permutation w defined as follows. First, we have

Poy 0 doxd
P =P, = € R%*%,
{ U KQ}
where we omit the subscript m for brevity. We denote the resulting OV block in w after
permutation as (Pw)oy := Poyvec(Woy) € RV Similarly we denote (Pw)kg =
PyoWkq € R Then, each entry of Pw is defined as follows:
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¢ V5 E S, VacAy: (Pw)ov(a,s)=Wov(r(a),s),

¢ V5 € Stain, Ya€A: (Pw)oy(a,s)=Wov(r(a),n(s)),

o Vv € {r,r, <E0S>}, YacAy: (Pw)oy(a,v)=Woy(r(a),v),
® Vs € Suain:  (Pw)ko(s) = Wka(m(s)),

o Otherwise, (Pw)ov(a,v) = Wov(a,v), (Pw)kq(v) = Wka(v).

Lemma 30 (Gradient is permutation equivariant). Recall the flattened parameter w and the
permutation matriz P defined in Definition 2. Denote F(w) = —V L(w) following Lemma 29,
then we have

Vs € Stest; Vac Ay: [F(Pw)lov(a,s)=[PF(w)lov(a,s), (B.34a)

Vs € Stain, Va€eA: [F(Pw)loyv(a,s)=[PF(w)lov(a,s), (B.34b)

Vv e RU{<EDS>}, VYae Ay: [F(Pw)lov(a,v)=[PF(w)lov(a,v), (B.34c)
Vse Strain : [F(P’lU) KQ(S) = [PF(’(U)]KQ(S , (B34d)

which implies the gradeint of L w.r.t w is permutation equivariant, i.e.,
VL(Pw) = PVL(w).

Proof. We examine Eq. (B.34a) - (B.34d) one by one.
Part 1: Proof of Eq. (B.34a). Given a fixed s € Siest, @ € Ay, we will prove

[F(Pw)lov(a,s) = [PF(w)ov(a, s). (B.35)
Using Lemma 28, we have:

[F'(w)]ov(a, 8) = =Owoy(a.s L(w)
= Wia(s) ) p(s,7)[L(a = a’(s,7)) = pu(als,7)]

@ Wka(s) - p(s,r1)[L(a = a*(s,71)) — pw(als, )],

where (a) comes from the fact that p(s,79) = 0 since s € Siet. Then for the right side of
Eq. (B.35), we have

(a)

=~ Moy (n(a).) £(w) (B.36)
=Wia(s) - p(s,r)[L(m(a) = a"(s,71)) = puw(m(a)ls, )],

where (a) holds by Definition 2. Similarly, for the left-hand side, we have

[PF(w)]ov(a, )

[E(Pw)lov(a;5) = =Owoy(a.s) L(Pw)
(a) . (B.37)
= Wka(s) - p(s,m)[1(a = a*(s, 1)) = ppw(als, m)],
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where (a) comes from (Pw)kg(s) = Wkq(s) for any s € Stest. For the prediction probability,
recall from (3.3), we have

exp(fw((s, 1), a))
aea P(fuw((s,7),a)))

The logit function fy,((s,7),a) can be written as

pwlals,r) = >y

fuw((s,7),a) =Wkq(s)Wov(a, s) + Wkq(r)Wov(a, r) + Wkq(<E0S>)Woy (a, <EOS>).
Therefore, given s € Siest and a € Ay, we have
frw((s,7),a) =Wkq(s)Wov(m(a), s) + Wkq(r)Wov(m(a),T)

+ WKQ(<EOS>)Wov(7T(CL), <EOS>)
=fw((s,7), m(a)).

Similarly, for any a’ € Ay, given s € Siest, We have

fP'w((57 T)? CL/) = fw((&r)v CL/).
Then

exp(fpPw((s,7), a))
a'cA exp(fpw((s,7),a)))
= exp(fuw((s,7),7(a)))
P wea P (ful(s:7), ) + X e 4 xP(fuo(s,7), w(a))) (B.38)
@ _exp(fw((s,7),7(a)))
ZzEA eXp(fw((S, ’I"), Z)))
= puw(m(a)ls,r),

ppw(als,r) = 5

where in (a) we re-index the summand by z := 7(a’) since 7 is a bijection for any a’ € As.
Then Eq. (B.37) can be written as

[F(Pw)]ov(a,s) = Wka(s) - p(s,m1)[L(a = a*(s,m1)) — pw(m(a)]s, r1)]. (B.39)
By comparing Eq. (B.36) and Eq. (B.39), it remains to prove
1(a =a*(s,m)) = L(n(a) = a*(s,71)),
which both equal 0 since a,7(a) € A;. Then we conclude that for any s € Siest, a € As,
[F(Pw)]ov(a,s) = [PF(w)]ov(a, s).

Part 2: Proof of Eq. (B.34b). Consider any fixed s € Syain, a € A, we start from the RHS
of the equation:
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[PF(w)]OV(a"S) aWov(Wa )['( )

= Wka(m(s)) - Y _ p(( m(a) = a*(n(s),7)) — pw(m(a)|m(s), 7)]
@ Wia(r ) - p(s,r) = a*(7(s), 7)) — pw(r(a)|m(s), )],
e (B.40)

where (a) uses p(s,r) = p(n(s),r) for any fixed r € R as data is uniformly distributed.
Similarly, on the LHS, we have

[F(Pw)]ov(a,s) = —3Wov oL(Pw)

- WKQ Zp 8 T (S,T‘)) —ppw(a|s,7“)],
r€ER

To proceed, given s € Syain and a € A, we have

fPw((s,1),a) = Wka(7(s))Wov(m(a), 7(s)) + Wka(r)Wov(w(a),7)
+ WKQ(<EOS>)Wov(7T(CL), <EOS>)

= fw((7(s),7),7(a)).
Following Eq. (B.38), when s € Syain, a € A, we have

exp(fpw((s, 1), a))
2wrea®p(fruw((s;7),a'))
@ _ exp(fuw((n(s),r),m(a))) (B.41)

2 een@p(ful(m(s),7),2)))
=pw(m(a)lm(s),7),

where in (a) we re-index the summand by z := 7(a’). Thus we get

ppw(als,r) =

[F(Pw)]ov(a,s) = Waq(m(s) - Y _ p(s,7) a*(s,7)) — prw(als, )]
rer (B.42)
= Wia(7()) - Y pls,7) a*(s,1)) — pw(m(a)|m(s), )],

By comparing Eq. (B.40) and Eq. (B.42), it remains to prove for any r € R,

L(a = a"(s,r)) = L(n(a) = a*(n(s),7)),

which holds since the event a = a*(s,r) is equivalent to 7(a) = a*(7(s),r) by the definition
of m and the dataset construction. Then we can conclude that for any s € Si.in, a € A,

[F(Pw)]ov(a,s) = [PF(w)]ov(a,s).
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Part 3: Proof of Eq. (B.34c). Let’s first consider v € R = {ry,r2}. For any fixed
r:=v € {ry,r} and a € Ay, using Lemma 28, we have

[F(w)]ov(a,r) = Wia(r) - Y p(s,) a’(s,7)) = pwlals, 7).

seS

Then we have

[PF(w)]ov(a,r) =Wkq(r Z;p 5,7) (a) = a*(s, 7)) = pw(m(a)ls, 1))
=Wka(r) - GSZ p(s,r) - (U(m(a) = a*(s, 7)) = puw(r(a)ls, 7)) (B.43)
+ WKQ(:)G' ; p(s,r) - (U(m(a) = a*(s,r)) — pu(r(a)ls,r)).
Similarly,
[F(Pw)]oy(a,r) =Wka(r ;p 5,7) a*(s,7)) — ppw(als, 7))

EWea(r) - D pls,r) - (La=a(s,7) = pu(m(@)n(s),r))  (B.44)

seStrain

+Wia(r) - ) p(s,7) - (La=a’(s,7)) = pu(n(a)ls,r)),

SEStest

where (a) follows Eq. (B.38). Now we compare (B.43) and (B.44). We first consider Syain.
Note that for any s € Syain and fixed r € R, the values of p(s,r) are the same due to the
data distribution, and we denote the value as p.in. To proceed, let 7,4’ be the corresponding
index of a,m(a) in Ay, i.e., a = ¢;,m(a) = ¢y. Then

> ols,r) - ((La=a*(s,1) = pu(n(a)ln(s),r) — (L(n(a) = a*(s,7)) = pu(r(a)ls,)))

sestrain

Prrain Y Y. (a=a(sy,r) — Ln(a) = a"(sy.7))
JE[Mutrain] \ k€[], k{3, } F(a,fr(g)r,sk,j,r)

+ Z (a=a"(sp;, 1)) —Lin(a) = a*(sk/,j,r))z

K e{i, z/}

~
I(a,m(a),spr ;7)

+ D pu((@)ls15,7) = pu(m(a)lm(se;). 7))

ke€[n]

(B.45)
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For the first term I'(a, 7(a), si;,7), note that L(a = a*(sg;,7)) = L(n(a) = a*(sg,7)) =0
for any j € [m], k € [n], k # {i,7'}. Now we consider the second term I'(a, 7(a), si j, 7). We
have

m(a) = a* (s j,72)) =0, when kK =1,

(Sk’ j,rl)) = O, when k’l € {Z.,Z./},

)=1, 1

1(a = a*(sk/’j,rg)) =0, 1I(m(a)=a"(sp ,r2)) =1, whenk' =7
r1)) = 1(r(a) = a
( r) = 0. Then we can simplify Eq. (B.45) as

Y ps,7) - ((La=a(s,1) = puln(a)ln(s),r) = (L(n(a) = a(s,7)) = pu(n(a)]s,r)))

Sestrain
=Ptrain Z pr |Sk]a pr |7T Sk:j) ))
je[mtrain} ke[n] ke[n]
(a)
= Ptrain Z Z pw |Sk]7 Z pw |Sk'j) ))
JE[Mrain] \kE[N] k'€[n]
:O7

(B.46)
where in (a) we re-index the summand ;1 Pw (m(a)|m(sk,;),7)) by noting that 7 (s ;) =
So(k);- Next, we consider Stest. When 7 = 75, we have p(s,rp) = 0 for any s € Siese. Otherwise,
when 7 = 71, we similarly can define pis; := p(s,71) and obtain that

> plsr) - ((Lr(a) = a*(s,7) = pu(n(a)ls, 1)) = (La = a’(s,7)) = pu(n(a)ls, 7))

SEShest

=prest ), (L(m(a) = a’(s,1)) = L(a = a’(s,7)))

SEStest

(B.47)
where (a) holds since for any s € Siest, 1(7(a) = a*(s,r)) = 1(a = a*(s,r)) = 0 when
r=ry,a € Ay. Combining Eq. (B.46) and (B.47), for any r € R we have

[F(Pw)]ov(a,r) = [PF(w)]ov(a,r).

When v = <E0S>, using Lemma 28 again, we have

[F(w)]oy (a, <E0S>) = Wia(<E0S>) - 35" p(s,7) - (L(a = a*(s,1)) — pu(als, 7))

reR seS
_ WKV(IQ/ (<E0S>) 3 W)Y pls,r) - (L(a = a*(s,7)) — pulals,r))
KQ reR seS
B WKQ(<EOS>)
T Wkaelr) > [F(w)lov(a,7).

reR
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Thus we have
[F(Pw)|oy(a,<E0S>) — [PF(w)]ov(a, <E0S>)

o Wk (<EOS>)
_ V(IQ/T(T) : ; ([F(Pw)lov(a,r) — [PF(w)]ov(a,7))

=0.
Part 4: Proof of Eq. (B.34d). Given a fixed s € Syain, using Lemma 28, we have:
[F(w)lkq(s) = =Owiq(s) L(w)
= Zp(s, T) Z Wov(a, s)[L(a = a*(s,7)) — pwlals,r)].

reR acA

For the RHS of Eq. (B.34d), we have
[PF(w)lko(s) = —=Onyq(m(s) £(w)
= p(r(s),r) Y Wov(a,n(s))[L(a = a*(n(s),7)) = pu(aln(s), )]

reR acA
@ ZP(S,T) Z Wov(a,n(s))[1(a = a*(7(s),r)) — pw(alm(s),r)], (B.48)
reR acA

where (a) uses p(s,r) = p(n(s),r), Vr € R. On the LHS, we have

[F(Pw)lko(s) 2 > p(s,r)) Woulr(a),(s)[L(a = a*(s,7)) = ppw(als,r)]

reR acA
OS™ pls.r) 3 Wovn(a), w() La = a*(5,7) — pu(r(@le().7)] (B.49)
reR acA

© Zp(s, 7) Z Wov (z,m(s))[L(r ' (2) = a*(s, 7)) — pw(z|m(s), 7)],

reR z€A

where (a) comes from (Pw)oy(a,s) = Wov(m(a),n(s)) for s € Syain, a € A, (b) follows
Eq. (B.41), and in (c) we re-index the summand by z = 7(a) and thus a = 771(2). Now by
comparing Eq. (B.48) and Eq. (B.49), it remains to prove that for any a € A,

L(n~(a) = a*(s,r)) = L(a = a*(n(s),7)),
which holds by the definition of 7. O]

Lemma 31. Assuming Assumption 2 holds. Let P be the permutation matrix defined in
Lemma 30. If for any t > 0, there exists a constant R > 0 such that ||w|| < R is bounded, then
F(w) := =V L(w) is Lipschitz with some constant L. Moreover, since F(w) is permutation
equivariant w.r.t P, i.e., F(Pw) = PF(w) as established in Lemma 30, we have

w(t) = Pw(t).
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In particular, for any t > 0, we have
Wov(a,v) = Wov(d',v), Vv € St UR U {<EO0S>}, Va,d € A,. (B.50)

Proof. Note that when w is bounded by R, i.e., |w|| < R, F(w) is Lipschitz with constant L
using Lemma 29. Moreover, Lemma 30 indicates that F'(w) is also permutation equivariant.
Let D(t) := w(t) — Pw(t), then we have D(0) = 0 by Assumption 2. Note that

D(t) = w(t) — Put) = Flw(t)) — PF(w(t)) = Fw(t)) - F(Pw().
Let w, = w(t), wy = Pw(t), respectively. Using Lemma 29, we get
ID@)] = IF(w() — F(Pw(t)] < LID()].
Then

d _D®)'D(t) @ .
Hipw) = 2820 2 b)) < i),

where (a) uses the Cauchy-Schwarz inequality. Using Gronwall’s inequality, for all t > 0, we
have
ID®)] < [DO)]le™ = 0,

since ||[D(0)|| = 0. Equivalently, for any ¢t > 0, we have:
w(t) = Pw(t).

Moreover, recall the definition of 7, P in Lemma 30. Given a fixed v € Siest U R U {<E0S>}
and any a,a’ € As, we have

a b ’
Wov(a,v) 2 Wov(n(a), v) 2 Wov(d', v), (B.51)

where (a) follows Definition 2, and (b) holds since for any fixed a,a’ € Ay, one can find a
permutation 7 such that 7(a) = o’ O

Now we are ready to prove Theorem 7.

Proof of Theorem 7. First note that for any ¢ > 0, the parameters 6, or equivalently its
flattened form w(t) is bounded. Then using Lemma 31, we have

w(t) = Pw(t).
Consider any time ¢t > 0, s € S and @ := a*(s, ), the prediction probability is given by

exp(fg,((s,72),@))
wea®xP(fg,((5,72),d)))’

P, (il 72) = 5=
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We proceed by showing that fg ((s,72),a) is no larger than fg ((s,72),a) for any a € As.
WLOG, consider a fixed a € Ay where a # a. Comparing the logit functions we get

f5,((8,7m2), @) — f5,((5,72), a) =Wkaq(s; 1) (Wov (@, s;t)) — Wov(a, 5;t)))
h Ala,a,s3t) ’
+ Wkq(ra; t)(WOV(EL, ro;t) — Wov(a, ro; tl)
Bla,arait)

+ Wkq(<E0S>; t) (Wov (a, <E0S>; t) — Woy(a, <E0S>; 1))

TV
C(a,a,<E08>;t)

:07

where A(a,a,s;t) = 0 = B(a,a,rs;t) = C(a,a,<E0S>;t) = 0 following Lemma 31. As a
result, for all a € Ay and any t > 0, we have

fét((sv 7”2), d) = fét((sa T2)7 a)'
Thus for any input (s,7,) where s € Sg, its prediction probability can be upper bounded

P (s, ) = exp(fg,((s.72),0))  _ exp(fg,((s,72),a))
A Y wea®p(f5,((s,712),a))) = Ywea, exp(f5,((s,72),a")))

which implies that

= 1/|A2|7

Liest(0:) = E., 1\ ~Dew [~ 108 g, (2741]21:7)] > log | Azl

B.3 Additional Experiments for One-layer Models

We provide additional experimental results to verify our theoretical results in Section 3.3.2.
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Figure B.1: Training and Test Implication Loss for Factorized vs. Non-Factorized
Models. While both models effectively minimize the training loss (left), their performance on
unseen test implications differs starkly (right). The factorized model successfully generalizes,
achieving low test implication loss and thus demonstrating OCR, while the non-factorized
model fails to generalize.
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Figure B.2: Comparison of full weights of trained one-layer linear attention models.
Left: Non-factorized model. Right: Factorized model. The factorized model shows strong
OCR capability compared to the non-factorized model.

Loss curves. In Figure B.1, we present the training and test loss curve during training,
which shows that the factorized model can exhibit OCR while the non-factorized model
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cannot. Recall that the training loss contains two parts: loss on all facts and implications of
training subjects (training implication), and the model is evaluated on the implications of
test subjects (test implication).

Full weight inspection. In Figure 3.2, we only showed partial model weights that are
related to prediction. For completeness, we show the full model weights Woy = WoW,/ in
Figure B.2.

SVM solutions.  We setup the SVM problems defined in (Woy-SVM) and (W(,-SVM)
with |S| = 12,n = 3, m = 4, Myain = 3. Solutions by CVXPY [33] are shown on the left side
of Figure B.3. The results are consistent with the weights of the one-layer attention model
in Figure 3.2. Moreover, we decompose the solution of (WE,-SVM) using SVD and keep
the directions with singular values larger than 1075, This results in W}, = WoW,/ with
intrinsic dimension dj, = 3. On the right of Figure B.3, we visualize the corresponding rows of
the subjects and relations in Wy, as well as the corresponding rows of answers in Wg, which
suggests that the model generalizes effectively even with a small hidden dimension.

Lower bound of the intrinsic dimension of output and value matrix. To further
support the claim that the factorized model generalizes effectively with a small hidden
dimension, we train a one-layer attention model in Figure B.4 and sweep across multiple
candidate values for the intrinsic dimension, i.e., d;, € {3,4, 8,16, 32,128} with the embedding
dimension d = 128, myain = 3 and other parameters unchanged, which demonstrates that
OCR can be achieved efficiently in terms of the number of parameters.

B.4 Additional LLM Experiments on Real-World Data

To verify our claim in real-world datasets, we extended the LLM experiments in Section 3.2
to PopQA [89], which is a large-scale open-domain question answering (QA) dataset. Each
question in PopQA follows the same format as in our synthetic dataset — a knowledge triple
(subject, relation, answer). Specifically, we use a subset of PopQA consisting of the place of
birth (POB) and sport relations termed PopQA-OCR and treat the first relation as fact and
the second as implication. We randomly sample 500 subjects and randomly pair 10 facts from
available POBs with 10 implications from available sports in PopQA-OCR. We follow the
same data processing scheme as in Section B.5 with a 0.5 training ratio. This new controlled
dataset exhibits three key distinctions, compared to the synthetic dataset: 1) We scale up
the number of subjects and fact-implication pairs, which results in “10z training samples
compared to the synthetic one. 2) The new task follows a question answering format: “Q: In
what city was Antoine Richard born? A: Vinga” while the synthetic one uses a simple text
generation formulation. 3) The subject names are real instead of fictitious, which is more
likely to collide with the pretrained knowledge, thus inducing new challenges in fine-tuning.
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Figure B.3: Comparison of solutions to (Woy-SVM) and (W[},-SVM). Top Left:
(Wov-SVM) with the Frobenius norm objective. Bottom Left: (WE,~-SVM) with the nuclear
norm objective. Here we only show the partial weights in the output-value matrix related
to the prediction, i.e., Woy € RHAXM+2) — Right:  Geometric interpretation of Wg and
Wy solved in (WE,-SVM). All the subjects’ feature vectors (corresponding to rows in Wy)
reside in the ry plane while the relation vectors corresponding to r1 and ry are orthogonal to
the subjects and point in opposite directions. The predictions Wo(b;), Wo(¢;) are made by
summing up the feature vector of s; with r; or ry, which aligns well with the features of b;
or ¢; respectively (plotted in the figure, which are corresponding rows in Wg) with cosine
similarity greater than 0.9.

The results can be found in Table B.1, which show that LLMs continue to exhibit OCR-driven
hallucination on real-world data.

Table B.1: Performance comparison of different language models on PopQA-OCR. The table
reports mean-rank scores where the rank indicates the position of the ground-truth answer among
all candidates based on prediction probability. Lower ranks indicate better performance and Rank 0
refers to the token with the largest probablity. Values in parentheses indicate the standard error of
the mean-rank scores, calculated from 3 runs with different random seeds.

Models ‘Gemma—2—9B OLMo-7B Qwen-2-7B Mistral-7B-v0.3 Llama-3-8B
PoB-Sport ‘ 0.68 (0.27) 1.41 (0.29) 3.30 (0.62) 1.36 (0.70) 2.29 (4.26)
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Figure B.4: Test loss versus training steps for a one-layer linear attention model with varying
intrinsic dimensions (dp). The plot demonstrates that the model can exhibit OCR even when
the intrinsic dimension is as small as d;, = 4.

B.5 Implementation Details

Our code is released at https://github.com/yixiao-huang/0CR-Theory. We provide ad-
ditional details on experiments in Section 3.2 and Section 3.3.2.

Training. Throughout this work, we finetune the models using the cross-entropy loss with
AdamW optimizer [72]. We build on the implementation of [39] for all LLM experiments’ and
adopt a different training scheme for one-layer transformer as discussed in Section 3.3.1. For
experiments on LLMs, we use full batch and train for 100 epochs. Similar to [39], we notice
that OCR is sensitive to learning rates and thus we sweep across different learning rates
in {1075,3-107%,107°,3-107°,107*,3 - 1071} for each model and relation pair and report
the results with the lowest test rank. As a complement to the final performance metrics
in Table 3.1, Figure B.5 plots the average test rank during training across three different
seeds. The shaded region represents the standard deviation. For the one-layer linear attention
model, we train the model with one-hot token embedding with d = 128 for 2 - 10? steps with
learning rate 5-107%. We set d;, = d = 128 by default, unless otherwise specified.

'https://github.com/jiahai-feng/extractive-structures


https://github.com/yixiao-huang/OCR-Theory
https://github.com/jiahai-feng/extractive-structures
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Figure B.5: OCR performance of various LLMs on the five relation pairs. Results are averaged
over 3 random seeds, with shaded regions representing the standard deviation.

Dataset.  The dataset for LLM experiments consists of a list of 100 fictitious names and
a list of 5 fact-implication pairs with different topics, namely, city-animal, country-code,
sport-music, and profession-color. We split the subjects into training and test with a ratio
of 0.2 : 0.8, i.e., there are 4 training subjects in each subset S; for i € [5] and 20 training
subjects in total. For the experiments in Section 3.2, we use relations listed in Table B.2.
For example, for the topic “Country-Code”, one example is given by

e Fact: “Daniel Gray was born in Brazil.”
e Implication: “Daniel Gray codes in Assembly.”

We use the same name, city and language list in [39]. For the counterfactual language,
we reorder the language list such that every city corresponds to an incorrect language. For
the rest of the topics, we use Claude-3.5-sonnet to generate a list of 5 examples. A complete
list is given below:
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Topic Relation
City lives in
Language speaks
Color dislikes
Country was born in
Music listens to
Code codes in
Sport plays

Profession is a

Table B.2: Relation expressions of different topics.

Topic Lists

City:
Tokyo, Beijing, Mumbai, Paris, Berlin

Language:
Japanese, Mandarin, Marathi, French, German

Language (counterfactual ):
Marathi, German, Japanese, Mandarin, French

Color:

crimson, teal, navy blue, emerald green, lavender

Country:
Japan, Brazil, Morocco, New Zealand, Iceland

Music:
jazz, alternative rock, reggae, classical, hip-hop

Code:
Python, Julia, Assembly, C, MATLAB

Sport:
basketball, soccer, tennis, swimming, volleyball

Profession:
nurse practitioner, computer scientist, journalist, veterinarian, social worker
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Computation. The experiments for the one-layer model were run on a single NVIDIA
A100 GPU. LLM Experiments were run on a cluster of 4 NVIDIA A100 GPUs and took less
than an hour for each run.
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Appendix C

Appendix for
Chain-of-continuous-thought Theory

C.1 Notation Details

We provide detailed descriptions of different tokens in Table C.1, and the position index of
different tokens or continuous thoughts in Table C.2.

Tokens Meanings
<s> a special token denoting the beginning of the sentence
S; the source node of edge @
t; the target node of edge ¢
<e> a special token marking the end of an edge
<Q> a special token followed by two candidate nodes
C1,Co two candidate destination nodes
<R> a special token marking the start of reasoning
r the root node
[t;] the i-th continuous thought (represented by a d-dimensional vector)
<A> a special token driving the model to make the final prediction

Table C.1: Meaning of each token.
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Notations Position indices

ldx(<s>) 1
ldx(s;) 3i—1
|dX(ti) 31

ldx(<e>, 1) Ji+1

ldx(<Q>) 3m + 2
ldx(cy) 3m +3
ldx(c») 3m + 4

ldx(<R>) 3m+5
ldx(r) 3m+6 =1

ldx([t;]1) to +1

ldx(<A>) o+ C+1=T

Table C.2: Position indices of different tokens or continuous thoughts in the input sequence.

C.2 Missing Proofs

C.2.1 Formal version and proof of Lemma 3

Lemma 32 (Attention chooser, formal version of Lemma 3). Fiz any token <z> € Voc, integer
(>0, and € € (0,1). Under sinusoidal positional encoding as defined in Definition 1, there
exists a construction of Wi, Wq € RZ®e)Xd - sych that for any input sequence (01, ..., 0r)
that satisfies

B = Y Ay, where N,y >0 Vo €Voc, Y A, =1, VielT], (C.1)

vEVoc vEVoc

and satisfies (Uegs, 0;) € {0,1} (i.e., each input embedding is either equal to the embedding
of token <z> or orthogonal to it) and (W, 0;) =0 fori < { (i.e., the first { tokens are not
<z>), it holds that for any i € [T},

if (i, Ueps) = 1, then s;;,_ > 1 — ¢, otherwise s;; > 1—¢,

where s; ; is the attention score from the i-th token to the j-th token as defined in Algorithm 2
with the input sequence (01 + p1,...,0r + Pr).

Proof. Note that (C.1) implies that each input embedding is a normalized superposition of
token embeddings in the vocabulary. We aim to construct an attention head such that when
the i-th token is <x>, it will pay almost all attention to the position ¢ — ¢, otherwise it will
pay almost all attention to the BOS token <s> (known as the attention sink). Define vector
Ucz> = D pevor [<xo) Uv € R?e which is the superposition of all token embeddings in the
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vocabulary except for <x>. We define

Wa = OdPEXdTE OdPEXdTE OdPE xXdTg IdPE R(zdPE)Xd
Q= |ep, @ @iy O 0 0 < ’
fpl ® U<x> dpg XdTE dpg XdTE dpg X dpg

4
Wi = |:0dPE><dTE OdPEXdTE OdPE><dTE HR( )} c R(QdPE)Xd’
OdPE xXdTg OdPE xdTtg OdPEXdTE 77IﬂlPE

where £, 1 > 0 will be specified later and R is defined as in Lemma 33. Therefore,

) Pi R nR©p; NPi+e
4= Wal0: by {f (i, @i>f>1} e e l "D "IPi

Now for any 1 < j <i < T, we have
(qi, k;) =1 <<I3¢,I3j+é> + E(Tezs, 03) (D1, I3j>> -

Now we fix ¢ € [T]. We first consider the case where (9;, u«>) = 1 (which also implies
i > (). By (C.1) and the assumption that token embeddings are orthonormal, we have

~ ~

(B, 1) = (D5, u,) = 0, Yo € Voc\{<x>} = (0}, Bhezs) = 0.
Therefore, we have (q;, k;) = 7(pi, Pj+¢). By Lemma 34, we have
(qi, ki—e) = 0(Ds, P(i—t)+¢) = 1{Pi, Ps) = Nndpe/2
and
(i, k;) = 1(Pi, Pjse) < ndpe/2 —ner, Vj#i— L.

where e7 > 0 is defined in Lemma 34. This implies (q;, k;) is maximized when j =i — ¢ with
a non-zero gap ner, and therefore, we have

o exp({qi, ki) exp(ner)
Tt > e exp({di kj)) = exp(ner) + (i —1)° (C.2)

Now we consider the case where (9;, u«>) = 0. Again, by (C.1) and the orthonormal
assumption of token embeddings, we have

(1:%, ﬁ<i>> = Z @i, Uu> = Z )\i,v > Z )\,271) =L

veVoc\{<x>} vEVoc\{<x>} vEVoc\{<x>}
By Lemma 34, we can define { = max;—s 1 M%? and thus

E((P1,P1) — (P1,Py)) = 2dpe, Vj€{2,...,T}.
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Note that for any j € {2,...,T}, we have
=1 (§<ﬂ<§c>7éi> ((P1,P1) — (P1,Pj)) — ({Pis Pj+e) — <f>z‘,151+e>)>

>n (2dpe — dpg)
=ndpE.

Therefore,

oxplas ki) exp(ndpe)
> e exp(ai k) = exp(ndpg) + (i — 1) (C.3)

By choosing a sufficiently large 7, the lower bound of (C.2) and (C.3) will both exceed 1 — ¢
and thus the proof is complete. ]

Si1 =

C.2.2 Proof of Lemma 4

Note that in the proof sketch of Lemma 4, we showed how to prove the lemma by induction.
Here, we use an alternative way that only requires a single forward pass of the transformer.
Note that the continuous thoughts are generated in an autoregressive manner, i.e., for an input
sequence ) = (¥1,...,0r), we have 'Dt(L) = TFy(Dp), where 'ﬁfL) is defined in Algorithm 1
with the input sequence ©7. This means for a sequence of length ¢, appending additional
vectors at the end of the sequence does not affect the computation of the first ¢ positions.
This means, instead of proving the following property inductively for each ¢ =0,1,...,C — 1:

[tc+1] - TFQ(@[tO], [tl] goee ey [tc])

where for each ¢, it holds [t.] = —— u, and Dy, is defined as in Section 4.3, we can
Vel SvEVe [to]
instead prove by a single forward pass by setting the input embedding

1
Dpgre = ——— Z u,, VeelC], (C4)

V ‘VC| VEV,

and additionally setting 07 = Dy, +c+1 = U«>, and prove the hidden embedding in the last
layer with input o7 satisfies

1
@ffjcz— Z u,, V0o<c<C.

V |VC+1| vEVey1

In Section C.2.3, we construct the parameter for each component of the two-layer transformer.
Finally, Proposition 8 precisely provides the result we desire.
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C.2.3 Construction of transformer parameters

Proposition 5 (First layer attention). For any fized ¢ € (0,1/2), there exists a construction
of key and query matrices for first layer attention heads {cho’h), Wéo’h)}hzowA s.t. for any
input embeddings © = (01, ...,0;) satisfying the format specified in Section C.2.2, the value
of following terms exceed 1 — € for alli € [t]:

5(00)

® S, 5 if Ui = Uc>, and s; otherwise; s;

0 .
( zf V; = Uees, and s otherwzse;

02) ro (0,2)
® 5. if Oy = U, and s; ) otherwise; S5,

( zf V; = Us, and s otherwzse

04) o 0.4 .
o Sz(',i—)l if Ui = Ues, and s;l ) otherwise;

" SoftMax((q”, k{"), ..., (a" k")) € R and k" = W[ oV =

where 35
(0,h) (0
WQ D,
Proof. Note that each of the attention heads is an attention chooser as defined in Lemma 32.
Therefore, the proposition directly holds by constructing each attention head as described in

Lemma 32.
O

By Proposition 5, each edge token <e> will pay attention to its corresponding source
node and target node. Also, the reasoning token <R> will pay attention to two candidate
destination nodes, and the answer token <A> will pay attention to the last continuous thought.
When no token or position needs to be paid attention to for some attention heads, it will
dump attention to the BOS token <s>, a phenomenon known as attention sink. Since the
attention after softmax cannot exactly be zero, there will be undesired tokens with noise-level
magnitude copied to each position. The subsequent MLP layer will filter out the noise. We
formalize the above statements rigorously in the following proposition.

Proposition 6 (First layer MLP). When the input sequence Oy satisfies conditions in

Section C.2.2, there emsts a construction of 0Att for h € {0,...,4}, HISI)I)_P such that the
output of the first layer ©V) satisfies:

~ (1) _ =T =T =T T 1T .
® Vigx(<esi) — Tg[u«p g, w; 04 ], Vie[m]

~(1 ~ ~ ~
° Ul(d>2(<n>) = \1f[ —|<—R> OZIFTE (uc1 "’ucz) 0(—1|—PE]

~ (1) 1 ~T a’ o7
® Ugx(<a>) Vot [“<A> > veve Uo O OdPE]

(1) _ 1 - .
® Viax(rt.g) = NG (> ey, @) Of, O Odpg} , Vie[C]

e 8 = o, for otheri € [T).

(2
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Proof. We use the construction in Proposition 5 for {W, ©, h), Wéo’h)}h:07._,74. For each position,
after attending to the desired tokens, each attention head will copy the attended tokens to
one of the two buffer spaces. Formally, we provide the construction of value and output
matrices for each head below. First, the value matrices are constructed as

W\Soyh) = [IdTE - Ia<s> & {lf<s> OdTEX(d—dTE)] € RdTEde h = 07 cee 74'

By construction, we have v\ = W&”’h)ﬁf’) — content(d;) - 1{i > 1} = @; - 1{i > 1} for

€ [T],h € {0,...,4}. This is due to the input format specified in Section C.2.2, which
ensures that only 131 contains Uss.

Now we construct output matrices such that the h-th attention head copies the content

of the attended token to buffer 1 for h = 0,4, and to buffer 2 for h = 1,2, 3. Formally, we

construct

W(g()’h) :[OdTE xdTE IdTE OdTEXdTE OdTEXdPE]T € RdXdTE7 h=0,4,
W(g()’h) :[OdTE xdTE OdTEXdTE IdTE OdTEXdPE]T S RdXdTE7 h = 17 27 3.
Therefore, it holds that WOOh v = [0y Q:)ZT 1{i > 1} 0,0, _]" for h = 0,4 and

WOOh Vz(h) 0] 0, :i -1{i > 1} 04 ]" for h =1,2,3, and thus we have

dte “dTe
i r i 17
=T
Attn ,(,ft)th)( ( )) Z (?7 £ W(()O h)v§h) - OdTE Z Sggjh)’vj O;erE OJPE ) h = 0’ 4’
" 7j=1 L Jj=2 -
i - 1T
;:T
Attn ,(\(t)t?( ( )) Z Sg,ojyh) Wéovh)v§h) - dTE dTE Z S v' OJPE ’ h= 1’ 2’ 3’
7j=1 L i

where sgg’h) is defined as in Proposition 5. Therefore, the output at position ¢ of the first
attention layer is
4 - i 3 i - T
.(0.5) _ ~(0) L0y | = ©n) xT Oh) T
v, =0, + ZAttnei\fgf)(v( Ni= |9, Z Z S 'v Z ¥, pos(pi)
h=0 h=0,4 j=2 h—1 j—2

Next, we construct the parameters of the MLP of the first layer. For notation convenience
and by the input format in Section C.2.2, we can decompose ¥; = Z;/Zl )\Eg)ﬂj = U)\EO) where

A~ Y. AT ERY. Lot

7

MLPo>@ﬂw5p:VV$MmKVV@ﬁp@)EHW

MLP

which is a two-layer neural network. Let W'” = [diag()UT,UT,UT),0 (3V)xdpe] € RZV*Y
Then
uTuA AL
0.5 (0 (0
WE) ( ) UTUZh 042] =2 z )>‘ = Zh 0423 =2 zg ))\ €R3V‘

Oh 0 0,h) y (0)
UTUZh 12321] A() Zh 12321(3 A(
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Let ol (- ) be a coordinate-wise non-linearity such that 0(0)( ) =1{x > ¢} for z € R. We
choose € = m where n is the (maximum possible) number of vertices in the graph. We denote
i = arg max;<; s(»o-’h) ie. iih) is the position that position ¢ pays the most attention within

irj
head h. By Proposition 5, we can construct key and query matrices such that 3(0(}}3 >1—¢/5

for any 7 and h. Also, by the input format espec1ally by (C.4), Al i,k e {0,1}uU {1/\/2 | i € [n]},

which implies that any non-zero )\( , satisfies )\2 . € [2¢,1] and all non-zero entries of )\SO) share

©
the same value for any fixed i. Then by definition of o (-), we have 0(0)()\5 )) = H)\’?g)”
Now we analyze Zj ) lojh))\ For any k € [V], we consider Z; ) E(;h))\(o) If i =1,
then we have
(0,n) 4 (0) (0,n) &£ . _ €
Zs )\7k§<23 ) 2ngj:agi/\ﬂc<5 =%
If z'gh) > 1, we have
(0,R)y(0) _ ( (Oh
Sij )‘j,k <h> (h> & + Z
=2 j=2.j#i"
When A = = 0, we can obtain that
(0,h) y (0) (0,r) 4 (0) (0,h)
Dosiyar= D0 sytams | X0 sV max i < g
=2 =2,#i" j=2,#i"

When A\ (h) > (), we can obtain that

7/*7

7

Zs“’h A = s = (1 -¢/5)-2e > e
Therefore, 0¥ (10,4 225y 552D = 1{Upcoa (1 > 1) n (A, > 0) )}, vk € V],

Also, by Proposmon 5 for any i € [T] and k € [V], there is at most one h € {0,...,4} such

that i{” > 1 and A" i > 0 hold simultaneously. Therefore, o’ (Zh 04Z] ) Zgh))\ V) =

> h—o4 1{i" > 1} IL{)\ oy 0}, Vk € [V], and thus we can write this compactly

(0) Z Z (0,h) A(O Z I[{Zi >1}- IL{)\ i > Oy }.

h=0,4 j=2 h=0,4
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Similarly, we have
i 3

3
oD sGIAT) = 31 > 13- 1A > 00 ).

h=1 j=2 h=1
Therefore,
ngﬁmm)
OW D509y = | X0 L{is” > 1} ﬂ{)‘igﬁm >0v}| e R,
S 1 > 13- 1{A0) > oy}

Finally, we set W = W' = [diag(OUT, UT,UT), 051y xape] T € RV, and thus

UﬂVw°m
MLP ) (d (0.5))i _ U 04]1{2* > 1} H{Aom > Oy} cRY
OnLr uyd 1™ > 1y IL{A((,3) > 0y}
OdPE

Now we derive the output of the MLP for different positions .

For i = ldx(<e> k) = 3k + 1 where k£ € [m], we have i =i—2= ldx(sg) and
W= = ldx(tg). Note that i" =1 for h = 2,3,4. Also, )‘Id>)< (s1) = Esir )\(0)( ) = €y,
and )\EO) = €< are all V-dimensional one-hot vectors. Therefore, we have

~T

MLPQWP(ﬁ(0'5))|dx(<e>,k) = [al,, @, U, OdpE] .

For i = ldx(<R>) = 3m + 5, we have i =i—2= ldx(cy) and P =i—1= ldx(c). Note
that i) = 1 for h = 0,1,4. Also, A0 = e., and A0 = e. ,/\(0) = eq>. Therefore,
1—2 1 i—1 2 7

MLP o (D) ix(err) = [Tlps Oy (The, + Tcy) " 04, ]

For i = Idx(<A>) =ty+C+1, we have i) =i —1and i =1 for 0 < h < 3. Note that
A0 e, )\i, = >‘|(c?>)< tcl) \/ﬁ Zuevc e, where V- is the set of vertices reachable from
C

7

r within C steps. Then we have

-
MLPe(o) (’13 © ))Idx (<a>) = [u<A> Z OdTE dPE] :

vEV

For i = ldx([t.]) = to + ¢ for ¢ € [C], we have i =1 for all h and A"
and thus

\/|V_ Z’UEVC

.
MLP 0 (89 )14x(t2.7) = [Z @, 04, 0, OJPE] :

MLP
vEV,
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For remaining i, we have i =1 for all h and )\2(0) is one-hot. So

T
~05)y _ [T AT T oA
MLPQ[E/?BP (’U ) - ’UZ OdTE OdTE OdPE - 'UZ.

By applying layer normalization, we can obtain the final result. O]

Note that Proposition 6 shows that after the first layer, each <e> token will copy its
corresponding source and target token embeddings into its two buffer spaces, respectively.
For the second layer, since it is the last layer, we only need to focus on positions for current
thoughts ldx([t.]) = to + ¢ and the position for the final prediction ldx(<A>) = T". Since we
only need one attention head for the second attention layer, we will omit the index for heads
and only keep the index for layers.

Proposition 7 (Second layer attention). Under the construction of Proposition 6 and input
format specified in Section C.2.2, for any fized € € (0,1/2), there exists a construction of the

second-layer attention parameters efjt)tn = (Wél), Wél), W\Sl), Wc()l)) s.t

1
~ (L. v +
’Ul(C:ilX‘?)[tc]) - \/m ZUEVL fHJ ‘ K GVC»]G[m]}l +

= 1s; eve Bt |:U€(C)
Od—dTE

},Vce{O}U[C],

Od—dre

and

\/ﬁuq} + \/Lg('&’q + ’&cz) UE(C+1)
~(1.5) 1 ~

vldx(<A>) = /|Vc\+1 Zvevc Uy + 0 OdTE s
d d,
OdTE+dpE Te+dpPE

where €©) € RV and ||€'9||o < & for all c € {0} U [C +1].

Proof. In the second attention layer, we aim to construct key and query matrices such that
(1) the current thought [t.] will pay attention to all edges if the source node of the edge is
contained in the superposition (see Figure 4.3); (2) the answer token <A> pays large attention
to the reasoning token <R> which stores the two candidate destination tokens in its buffer
space (see Figure C.1).

First, we construct

1 d d
W(g ) :[IdTE OdTE xXdrte OdTEXdTE OdTEXdPE] € RTEx )

1 ~ ~ d d
WPE ) :[TU<A> ® U<r> TIdTE Odtre xdre OdTEXdPE] € Roex )

where the value of 7 > 0 will be decided later.
We define q; = W(E,l)f;gl), k, = wsW and let

7 K 7
o epllanky)
! Zj/gi exp((ai, k)
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embedding
space
buffer 1 [tc]
add
C1,C2
content | <s> .. <e> .. <Q> o cy <R> r [t1] .. [tc] <A>

Figure C.1: Illustration of the second layer attention mechanism for final prediction.

Note that we have T' = ldx(<A>) = to + C + 1. By the construction of the query and key
matrices, we have qZ = content( ) Vi € [T, Kiax(ep>) = T - bufFerl(ﬁl(ji(m))) + Tl and
ki =r71- bufFerl( ) for other i. Now we consider attention weights for i = ldx([t.]) =
to+ ¢, Vee {0} U [ | and i = ldx(<A>) =T.

For ¢ = ldx([t.]) for any fixed ¢ € {0} U [C], we have q; = \/ﬁ > ey, Wy By Proposi-

tion 6, we have Kigy(<e>j) = \%'&sj for j € [m], Kiax(<p») = TU<p> and k; = 0 for other j <.
Define Z, = {ldx(<e>, j) | s; € V. for j € [m]}. Therefore,
T
qQi,. ki) = ——1{j € Z.}.
(k) = 1 €T

Then we have

- exp (7/v/3W) - 1{j € 7.} 1{j ¢ 7.}
™ o (o AT) -~ a0 e (/00 + G

For ¢ = ldx(<A>) = T', note that qr = ﬁ'&q, Then (qr, k;) is non-zero only when
C

T

j = ldx(<R>), and the inner product is Tron Then we have

exp (7// Vol +1) - 1{j = ldx( <R>)}+ 1(j # ldx(<B>))
exp <T/\/yvc|+ ) - exp (T/\/|vcy+1)+(T_

By choosing a large enough 7, we have that

STj =

1 . :
Sldx([tc1),j (lI ’ <C:c,l) ' IL{] € Ic} + €e2 IL{] ¢ Ic}v Ve e {O} U [C]a
st =(1—ecw11) - {j = ldx(<R>)}} + o - 1{j # 1dx(<R>)},

where €.1,6.2 € (0,6/T),VYe € {0} U[C + 1].
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Now we construct the value and output matrix where

1 d d
W\(/ : :[OdTEXdTE Odrexdre  Lare OdTEXdPE] € R,

W(()l) :[IdTE OdTEX(d_dTE)]T € RdXdTE'

Then v; é W\Sl)'ﬁ(l) = bufferg(ff)i(l)) € R¥E reads from buffer space 2, and Wél)vl- =

1

[bufferQ( )T 0,_g4..)" € R? writes to the content space. Note that

7 i (1)
Aty (50), =3 s Wy, = [Z] | 85, ;buffers (8] )]‘

Attn = 1 Od dTE

Since, ﬁgl'f’) = 'f)i(l) + Attn, o) (©M);, we have

Attn

T : " % S
ﬁld ([ted) Vel 2vev, (|IC‘ 1) Zj:lvsje‘/c Vs T e Eje[t0+c]\Ic buffers(d; )]
04— dre
and
. o e, ”
(1.5) \/IV;cTu<A> +(1 - €c+1,1)u 1\/u + 41,2 de T\ {ldx(<R>)} buffer(d; ))
Ur = \/W ZvEVc

OdTE+dPE

Combining the fact that bufferg(ﬁ](-l)) is either zero or equal to the superposition of u, for
some v € Voc with norm less than 1, we can obtain the final result. O

After the second-layer attention, the current thought f)gfz now contains all vertices in

V. and all vertices that can be reached within one step from V., which is V., by definition.
The subsequent MLP layer will then equalize the weights of each vertex and eliminate the
noise in the continuous thought.

Proposition 8 (Second layer MLP). Under the construction of Proposition 7 and the input
format specified by Section C.2.2, there exists a construction of 9,(\,1&,3 such that the output of
the second-layer MLP satisfies:

~(2)

[ ]
Uyax(rted) /_\V " Zvevcﬂ Uy,

~(2
¢ vl(d>2(<,4>) = \/ﬁ(uq + Ue, + Uy + Zvevc uv).

Ve e {0} U [C],
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Proof. Similar to Proposition 6, we let

MLP0(1> (f; (1. 5)>i _ Wél)gg)(wg),al(l.s)) c R¢

MLP

where ¢ > 0 and the (elementwise) non-linearity aél)(-) will be specified later. We only

consider ﬁf'“ where i =ty + ¢ for 0 < ¢ < C' + 1. By Proposition 7, we can decompose
Ul© Un
3D =1 04 | Vee{0}u[C], &%V =] Un® |,
OdTe+dPE OdTE+dPE

where A© = N ANT 0 = [p1 T @ = [P P e RV Let

Wf): U’ . OV><(dT5+dpE):| € ROVIxd, W(l) [ U U ]eRdX@V),
U OVX(dTE+dPE) O(d—dTE)XV O(d—dTE)XV

and 0" (z) = 1{z > ¢}. Then

. 1 1.5
MLP,o) (8%, =W5 oD (WY a[00)

MLP

OdTE )
OdTE +dpg

U U 1, [UTUA@
(d—dTE)XV (d—dTE)XV Vv

_ {Uoé%@)} ,

0d—dre

:Wél)a'él)( |:UT 0V><(dTE+dPE)

18p\E2)
U’ Oy (dTE+dPE):|

and similarly,
MLP ( (1. ))T :Wél)aél)(wgl),ﬁg}ﬁ))

O
Un®
[UT OVX(dTE+dPE):| "

Un®@
ur OVX(dTE+dPE) 0 " )
dre+dpe

U U (1) UTUT](I)
= 0 0 O¢ ( UTun® )
(d—dre)xV  Y(d—drg)xV n

Od—dTE

=Wyl

Now we choose € = = where n = |V is the number of vertices in the graph. By

4n
Proposition 7, we can make sure that ||€(?||, < — for all ¢ € {0} U [C + 1] where e ig

16
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defined in Proposition 7. We define A. = {t; | s; € V., j € [m]} which is the set of vertices
that can be reached within one step from the currently explored vertex set V.. By definition,
we have V.11 = V. UA,.. We consider any fixed ¢ € {0} U[C]. For v € V. UA,, it holds that

A9 > min{1/v/Vi, /(V3IAN} 460 > — - 5 L

2n  16n  4n
For other v,

NI <eld <« —— <.
Therefore, ot () = 1{v € V.U A.} = 1{v € V.;1}, and thus we have

MLP, ) (609),,,, = |2 | e e {0} U (],
Omip Od—dre

o wetive ] =G =570 ) = 80 ) <

for other v € Voc. Moreover, n\2) = —L—.1{v € V¢}, which implies 6" (n{?) = 1{v € Vc.}.

\/IV [+1
Then

MLP, ) (B9 = {acl e, F e+ Doven ﬁ”] .
OmLp Od—dre

Note that by our construction of the input sequence, one and only one of c; is in V¢, and

thus |]MLP0§A1L)P('¢”J(1'5))TH2 =/|Ve| +5.

By applying layer normalization, we can obtain the final result. O]

C.2.4 Proof of the main theorem

Proof of Theorem 8. We use the same construction of 6 as in Lemma 4 where the maximum
. . A o 1
input length is T},,x. By Lemma 4, we have 9. = \/ﬁ ZUGVC U, for 0 < ¢ < C. Then
(01, ...,0r) satisfies the input format specified in Section C.2.2, and by Proposition 8, we
have

1
('u/C1 + uc2 + U<p> + Z uv)

\/|V0| +5 Ve

1
(Q’U,C.* + UC3 i* + U<p> + Z uv)

VIVel +5 ) eV (e}

since ¢;« € Vo and c3_+ € Vo by the property the graph reachability problem. We set
Wo = [ug, Uy, ..., uy|" and then

TFo(8y,...,67) =9 =

“ . 1
WOTF@(’Ul, . 7UT) = —(28%* + 60371,* + €Cn> + Z ev)
\% ’VC’ +95 veEVe\{cs+ }
— TFycwe (D)) = arg max WoTFy(Dq,...,07) = ¢;-.

vEVoc
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O
C.2.5 Properties of sinusoidal positional encodings
Lemma 33. For any integer { > 1, there exists a matriz R € RI¥exdre - sych that
pive =RYp;, Vi>1
Proof. For any j € [dpg/2|, we construction a two-dimensional rotation matrix
R — cos(l - w?) —sin(l-w’)
T Isin(€-w?)  cos(£-wl) |
By definition of the rotation matrix, for any ¢ > 1, we have
R |Pizi-1| _ geed) [0 (i - uﬂ) _ |cos ((i+0) wj) _ |Piregi
Di2j sin (7 - w?) sin ((i 4+ ¢) - w?) Dive2; |
Then by setting R = diag({)R®Y R®? ... Rbdre/2)) ¢ Rrexdre we can obtain the
desired result. ]

Lemma 34. For any integer T > 1, there exists er > 0, s.t. (p;,pj) < dpg/2 —er for any
i,7 € [T] where i # j. Also, (p;,P:) = dpg/2 for all i € [T].
Proof. For any i,j € [T], we have

dpe

I)l7l)j :E::]9zklb k

dPE/2

= Z (cos(i - wk) cos(j - wk) + sin( - Wk) sin(j - Wk))

Note that for i = j, we can directly obtain that (pz,pj) = dpE/2 since cos((i—7)w") = cos0 =1
for i = j and any k € [dpg/2]. Also, since (i — j)w* is not a multiplier of 27 for

i # j,k € [dpg/2], we have cos((i — j)wF) < 1. Let
erp=1— max cos((i—j)w) >0, Vk€ [dpe/2],

- M2k/dPE

i,j€[T],i#j
and let e = Z';El/ 2 ery > 0. Therefore, for i # j, we have
dpg /2 dpg /2
(pi,pj) = Y cos((i — j)w*) < Y (1 —erp) = dpe/2 — o7
k=1 k=1
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C.2.6 Implementing attention chooser under rotary position
embedding

In this section, we discuss how to extend our constructions under sinusoidal positional
encoding, a widely used absolute positional encoding, to the rotary position embedding
(RoPE) [123], a widely used relative positional encoding, to solve graph reachability. Since in
our construction, the positional encoding only functions in the first attention layer, and the
building blocks of the first attention layers are attention choosers, we mainly focus on how to
build the attention chooser block under RoPE.

Since RoPE is a relative positional encoding, we don’t use p; in computation and thus
don’t need the last dpg entries in the embedding vectors. Also, since the attention chooser
only uses the information in the content space, we omit the two buffer spaces and only keep
two dimensions to make our construction clean and assume d = dtg + 2 in this section for the
simplicity of the notation. Therefore, we have u, = [u,,0,0]" € R? for all v € Voc in this
section, where {t, },evoc are orthonormal. Also, assume the input embedding of attention

layers satisfies ©; = ['L:)zT, 1,0]" € R9. This can be achieved easily by adding a bias before the
attention layer or modifying the (dtg + 1)-th entry of token embeddings.
Recall the definition of RoPE below:

Definition 3 (Rotary position embedding [123]). Let d be even. For any integer i and any
index k € [d/2], we define

cos(i - wk)  —sin(i - w")

(i) _
R sin(i - wk)  cos(i - w")

Let
REFl)E = dlag<{>R(’l,1)7 R(i,2)7 . 7R(i,d-|—E/2)} c RdTEXdTE

and

R® = diag({)R"Y R™ . RO} e R™,

where w = M=% and M > 0 is a large constant integer, e.g., M = 10* as chosen in [125].
We make one additional assumption that M > T where T' is the maximum length of the input
sequence. Then the query vector q; and key vector k; in Algorithm 2 will be calculated as

qi = R(i)WQ@i, k; = R(i)WKﬁi-
Now we show the counterpart of Lemma 32 under RoPE below.

Lemma 35 (Attention chooser under RoPE). Fiz any token <z> € Voc, integer £ > 0,
and € € (0,1). Under rotary position embedding as defined in Definition 3, there ezists a
construction of Wy, Wq € RCDXsych that for any input sequence (¥, ..., or) that satisfies

b= Ny, where Ny >0 YveVoc, Y N =1, Vie[T], (C.5)

veVoc veVoc
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and satisfies (e, ©;) € {0,1} (i.e., each input embedding is either equal to the embedding
of token <z> or orthogonal to it) and (U, ;) =0 fori < (i.e., the first { tokens are not
<z>), it holds that for any i € [T,

if (1:)1, Ueps) = 1, then s;,_ > 1 — ¢, otherwise s;1 > 1 —¢,

where s; ; s the attention score from the i-th token to the j-th token as defined in Algorithm 2
with the modification defined in Definition 3 with the input sequence (01, ..., 0r).

Proof. Note that (C.5) implies that each input embedding is a normalized superposition of
token embeddings in the vocabulary (ignoring the last two entries). We aim to construct an
attention head such that when the ¢-th token is <x>, it will pay almost all attention to the
position ¢ — ¢, otherwise it will pay almost all attention to the BOS token <s> (known as the
attention sink). We define vector ti<z> = ZUGVOC\ (<o} Wo € R?, which is the superposition of
all token embeddings in the vocabulary except for <x>. Moreover, for any integer ¢, we define
Pt = (i1, Didre) € RYTE and define p,& = (pig_1,pia) € R?, where for any j € [d/2],
we have

Piz2j—1 = COS (2 . wj) ., Pigj =sin (z . wj) 7
and w = M~2/de where M is defined in Definition 3.

Now we construct query and key matrices to be

| Odrexdre piE® 1, Rixd
a=|, T . = € R4
gpr X Ux> 0252

= c RdXd,
O2><dTE npo ® 12

l
WK = [0dTE><dTE 77E{£I’I)E(I);)I—E ® 12)

where £, m > 0 will be specified later and RSQ € Rirexdre R(=T4/2) ¢ R?*2 are defined as
in Definition 3 and 1,, denotes the all-one vector of dimension m. By Lemma 33, one can
calculate that

jo%piTE — pinj, R(J’wl/?)piﬁE = pﬂzj, for any integers 1, j.

Therefore,
() (4) Py
 =ROWes, =RO | PO |
4 e |:§ <u<i>a 'U%>p1|%:|

J4 TE
k; =ROWyo, = R TRYEP® | _ po [np?ﬁ] .
P ° Pg
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Then for any 1 < j <i < T, we have
(ai,k;) =7 ((REPIE, REDIE) + € (thcer, 5:) (RVpT5, RVp[F) )
=1 (<pr7 PIE) + &, i) - (P15 poTE>) :

Now we fix i € [T]. We first consider the case where (;, fheys) = 1 (which also implies
i > (). By (C.5) and the assumption that token embeddings are orthonormal, we have

(B;,,) = 0, Vv € Voc\{<x>} = (0;, flezs) = 0.
Therefore, we have (q;, k;) = n(p; , p;!—fg). By Lemma 34, we have

(di, ki—g) = 77(132 »P( £)+£> = U(PiTEaPiTE> = ndre/2
and

(qi k;) = n(p! ., 50) < ndve/2 —ner, Vj#i—L.
where ep > 0. This implies (q;, k;) is maximized when j = ¢ — ¢ with a non-zero gap ner,
and therefore, we have

exp((qs, ki—e)) > exp(ner)

> i exp({ai kj)) — exp(ner) + (i — 1)

(C.6)

Sii—t =

Now we consider the case where (9;, i) = 0. Again, by (C.5) and the orthonormal
assumption of token embeddings, we have

<,‘:)7La 'a'<}_<>> — Z <,l:)za ﬁv) = Z )\i,v Z Z )\1271; =1

veVoc\{<x>} vEVoc\{<x>} vEVoc\{<x>}

Note that for any j € {2,...,i},

(P15 7, POE) = cos((i — j — T)w™?)
J

~ cos (%)

s (T00)

:<p;rfE17T> p;)I'E>7
where the inequality holds due to M > T and the cosine function decreases strictly in [0, 1].
Then, we can define { = max;<;; ~20PE —, and thus
’ ¢ ISI<isT (o pTE)—(PTE, 1.piE)

§((PE_rpl) — (P51 P0T)) = 2dpe, WL <j<i<T
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Note that for any j € {2,...,T}, we have
=n (§<ﬁ<g>, b;) <<PiT_E1—T7 Po) — <PiT_Ej_T,poTE>> — ({Pi, Pjre) — <I3¢7I31+e>)>

>n (2dpe — dpE)
=ndpe.

Therefore,

exp({qs, k1)) S exp(ndpg)
> e exp({dis k) — exp(ndee) + (1 — 1)

By choosing a sufficiently large 7, the lower bound of (C.6) and (C.7) will both exceed 1 — ¢
and thus the proof is complete. ]

Si1 =

(C.7)

C.3 Experiment Details

C.3.1 Dataset

Table C.3: ProsQA statistics. Numbers are averaged over problem instances.

#Problems |V| |E| Sol. Len.

Train 14785 22.8 36.5 3.5
Val 257 22.7 36.3 3.5
Test 419 22.7 36.0 3.5

The statistics of the ProsQA dataset is shown in Table C.3.

C.3.2 Stability of the Representation

Table C.4: The inner products between i-th continuous thoughts and nodes (3 runs with
different random seeds).

Step 1 Step 2 Step 3 Step 4
Not Reachable —0.37,—0.25,—0.33 —0.26,—0.04,—0.14 —0.09,—0.01,0.02 —0.25,—0.23,—0.27
Reachable 3.59,3.62,3.71 1.55,1.42,1.37 0.80,0.77,0.62 0.61,0.66,0.53
—Frontier 5.09,5.13,5.38 2.69,2.45,2.63 2.11,1.95,2.01 2.27,2.12,2.29

~Optimal 6.41,6.52,6.84 4.78,4.67,5.11 6.00,5.44,6.43 9.48,8.98,9.58
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To test whether COCONUT can always learn the desired superpositional search behavior,
we conduct multiple experiments with 3 random seeds. We report the mean inner products
between continuous thoughts and each node group in Table C.4, following the setting in
Figure 4.6. The results are consistent across multiple runs.

C.3.3 Computing Resources
Each run of CoCcONUT takes about 24 hours on two Nvidia A100 SOGB GPUs.
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Appendix D

Appendix for Training Dynamics of
Continuous CoT

D.1 Notation Details

The notation and meaning of each token and the position index are the same as [169]. For
completeness, we provide detailed descriptions of different tokens in Table D.1 (which is Table
2 in [169]), and the position index of different tokens or continuous thoughts in Table D.2
(which is Table 3 in [169]).

Tokens Meanings
<s> a special token denoting the beginning of the sentence
S; the source node of edge ¢
t; the target node of edge ¢
<e> a special token marking the end of an edge
<Q> a special token followed by two candidate nodes
C1,Co two candidate destination nodes
<R> a special token marking the start of reasoning
r the root node
[ti]  the i-th continuous thought (represented by a d-dimensional vector)
<A> a special token driving the model to make the final prediction

Table D.1: Meaning of each token (Table 2 in [169]).
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Notations Position indices

ldx(<s>) 1
ldx(s;) 3i—1
|dX(ti) 31

ldx(<e>, 1) Ji+1

ldx(<Q>) 3m + 2
ldx(cy) 3m +3
ldx(c») 3m + 4

ldx(<R>) 3m+5
ldx(r) 3m+6 =1

ldx([t;]1) to +1

ldx(<A>) o+ C+1=T

Table D.2: Position indices of different tokens or continuous thoughts in the input sequence
(Table 3 in [169]).

D.2 Missing Proofs for Section 5.3

In this section, we provide the full proof of theoretical results in Section 5.3. We first
provide theoretical analysis of CocONUT-BFS and COCONUT in Section D.2.1, Section D.2.2,
respectively, and provide results for continuous thought expansion in Section D.2.3.

D.2.1 Analysis of Coconut-BF'S

In this section, we analyze the training dynamics of CocoONUT-BFS. We first provide the
closed-form formulation of the gradient V,, (g5° = V,, (G5 (p), where g = {j1, }yep is the
set of parameters. We omit the superscript or subscript when the context is clear.

Lemma 36 (Per-instance gradient of u, for COCONUT-BFS). Under the loss function of

COCONUT-BFS as given in (5.5) and the forward pass as in (5.2), the per-instance gradient
18

. ]1({)U S -A/‘c} ) Zv’:(v—)v’)eg exp (£U’> n — |./\/’c+1’

o) — .
Vi (1) \/W_c| exp (£4) exp (§&4) +n — [Neya]

for any v € V, where £, = log (Zve/\fc+1 exp (@)).
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Proof. First, note that for any v € V, according to (5.2), the logit can be calculated as
& :E(U)T (Drer + & (Drecrs {0i4i1))
—E(0)T | Doy + WA Z (Do W) v)

=E(v)’ (U[tc] +Z (( > AE(v ) 1, E(s @)) ’fh)
=1 v’ €N
<v[t ]+ Z s, 1({)s; € /\fc}ﬁl>

A1 UEN}+Z)\MS (Dsi € N} - 1(Dw =5},

where \ = \/‘1]\[_| Note that by the definition of N., we have &, = 0 if v ¢ N., ;. Therefore,

Z’UENC+1 exp (fv)
2 vev &P (&)

2oveney P (A T({)v € N} + 355, A, 1({)si € Mo} - 1({)o = :})
2vev D (A - T({)o € N} + 3707 A, 1({)si € Ao} - 1({Jv = ti})

((p) = —log

= —log

g 1 Aot )
S oevexb (3 10 €N + 2 Mae 1 (05, € A} - 10w = &)

For simplicity, we define exp (&) = ) . Ny EXP (&) and thus

n— ’-N’chl‘ )
V4 =—1 1-— .
(be) = —log ( XD (E1) + 1 — Nomi]
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Then the per-instance gradient can be calculated as

Vi ()
exp (&4) +n — [New| n — [Ne|
- _ . Rvi
exp (&) o E) T n— WP e P &)
e P () L{Jv e N} DT AL({)si = v 8 = V) n— N
exp (§+) exp (§4) +n — |Ney|
Zv’:(v—w’)eé‘ exXp (57)') n— |M+1|
— ) g : .
e T e e e

]

Now we calculate the gradient of ., over the whole dataset, where the nodes of the graphs
are randomly shuffled. We also write LB = £B¥S() and omit the superscript when the
context is clear.

Lemma 37 (Whole-dataset gradient of u, for CocoNUT-BFS). Under the loss function of
COCONUT-BFS as given in (5.5) and the forward pass as in (5.2) and assuming all u, have
the same value, the gradient w.r.t. the whole dataset is

_ ew(-6)  n—INea
Vi, L(p) = n IV eXp(§+)+n_|M+1’Uezvdvexp(gv)

for any v € V which is independent of v, where £, = log (ZUGM“ exp (51,)).

Proof. Denote SSF *) = log (ZUGNCQ+1(r) exp <&(]g,r)>)7 where £97) is the logit of v when the
graph in the prompt is G and the start node is r.

According to Lemma 36 and the condition that all u, have the same value, for any
permutation m € S\, we have

7(G),m(r
ST(F(U) (r))

)
1({)m(v) € MEP ()} + S0 tais L) (s0) € M (m(x))} - 1(Dm() = (50}
NEO ()|

o <1<{>v €N} + D na1({)si € N} - 1({v = ti})
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This also implies

() =P e ()

T()ENTLT (n(x))

= Z exp (gég,r))

veNY , (x)
=exp <£5rg,r)> )

Therefore, by Lemma 36, we can obtain that

Vitaoy br(@).m(x) (12)
(7(9)r(x))
1({n(v) € NFO(a(x))}  Lntoetro)orepen) P <5n(v/> )
NEO (m(x)| exp (£797)
n— NI (r(x))
exp (E(W(Q) <>>>+n_‘ (6 W(r»‘
1({)v € NE(x)} viwowce P (559;)) , n— NGa(r)]
N e (¢97) e (€57) 4 n— (NG ()]
:v,uvgg,r(/'l’)'

Therefore, we can calculate the gradient with respect to the whole dataset as

Vuvﬁ( )= Erunif(sy) [Vuvg w(r)(“)]
—Eﬂ’NUnlf(Sv)[Vuﬂ,—1(v)£g7r( )]

=Ky ~unif(v) [VW gg,r(li)]

which is independent of v and thus the gradients for pu, are equal for all v € V. Furthermore,
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we can calculate that

Vi L(p)
1 (_ 1w € N} Lvsonee P (&) n— [Now )
= VIN exp (§4) exp (§4) + 1 — [Ney]
_ 1 ) n— |-/\/;;+1| Z v (v—v’)EE exp (fv )
n- /N exp (&4) +n— [Nepa exp (£+)

_ exXp <_£+> . n— |M+1| Z Z exp (év’)

n- |-/\/'c| exp (£+) +n-= |'/V’C+1| vENC v (v—v')EE

xp (~¢4) n— [Ny
o | dyexp (£,).
n- /NG exp (€4) + 1 — [Noga | ZE; exp (&)

]

According to the gradient of u,, we finally show that pu, diverges to infinity at least
logarithmically in .

Lemma 38 (Dynamics of u, for COCONUT-BFS). Let p,(t) be the value of p, at time t.
Assume zero-initialization, i.e., j1,(0) =0 for all v € V. Under gradient flow

o= —a -V, L) (D.1)
where a > 0 is the learning rate, we have

ty(t) > c11n (1 + aeat)

—3 -2

1
——— .y =n""€
2¢/|N:|’

Proof. First, by Lemma 37, all /1, have the same value if all p, have the same value. Given
that 1, (0) = 0 for all v € V, we can obtain that for any time ¢, u,(t) have the same value for
all v € V using similar argument as in Lemma 15 of [huang2025generalization)].

Now, given any fixed time ¢ > 0, it holds that p,(f) has the same value for all v € V. We
omit ¢ for notation convenience, i.e., using p, to represent pu,(t). Below, we first provide a
lower bound of the gradient fi,.

Since we are guaranteed that one of ¢; and ¢, cannot be reached from r, N,.,; cannot
contain all the vertices in V for any ¢, and thus n — [N, 1| > 1. Also, since one of c; and cs
is guaranteed to be reachable from r, there exists v € V' such that d, > 1 for any ¢. This is
because the start node r € Ny C N, for any ¢ > 0, and we can take v = p; which is on the

for all v €V where ¢, =
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shortest path from r to c*. Therefore, we can obtain that f, > 0. Moreover, we have

Cep(-€)  n—Wel
v — Q& : dv v
o =TI e &) b W] 2 P (6

exp (— €+) 1
>a- o~ +1Zd exp (&)

n: c
ZUEV dy exp (&)
n N (exp (§4) +1) - exp (f+).

Note that by definition, for any vertex v € N.1\{r}, there must exists another vertex v’ € N,
such that (v' — v) € £, which implies that d, > 1. Therefore,

Z d, exp (&;) > Z d, exp (SU)

veY UENC+1\{r}

> Y exp(&)

vENct1\{r}
=exp (§+) —exp (&),

which further implies that

e Taden(s)
PEIND @ (€) T 1) - exp (E)
o expl(e) —exp(&)

o JIND (@D () + 1) oxp (&)

Now recall from Lemma 36 that

L <11({)v e N} + Z#siﬂ({)si €N 1({Jv= tz})

SU =
VIV

—_

(]1({)U € M} + dv : ,uv)

=

IN
Z

Therefore,

(&)= > exp(&)

UENC+1

1
<~A/c 1‘|‘M v
<| +1\exp< ’Nc’( INVel M))
<n -exp (1—}—\/]./\/'6]-#@).
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Also, since p; € N1 and degaNc (p1) > 1, we can obtain that
exp (&4) — exp (&) > exp (£L97))

=exp (ﬁ (1({)]71 € Nc} + dpl ’ Mv))

> exp (x/ll%l)

Combining the above two inequalities, we can obtain that

exp (5 ) —exp (&)
n N (exp(&4) +1)-exp (&y)

> ¢ . o (\/MVJ
e VIN 202 exp (2—1—2 |V -,uv)
- - exp (—2\/ | -uv) :

P
In3e2 . |/\/'C|

Finally, by applying Lemma 46, we can obtain that

1
N

y(t) > 5 In (14 an~e?t).

D.2.2 Analysis of Coconut

In this section, we analyze the training dynamics of COCONUT. Similarly, we first provide
the closed-form formulation of the gradient V, (250, =V, (&% (1), where p = {ji, }oey is
the set of parameters. We omit the superscript or subscript when the context is clear.

Lemma 39 (Per-instance gradient of i, for CocoNuT). Under the loss function of COCONUT
as given in (5.6) and the forward pass as in (5.2), the per-instance gradient is

Zv’:(v—)v’)eg exXp (&1/) )

exp (§4) +n — [Ney]

1({)v € Ne}
VN

for any v €V, where £, = log (ZvENC+1 exp (fv)> .

\PRADES <_1<{)(U — Pey1) € EF +
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Proof. First, according to the proof of Lemma 36, we have

& =A-1(Dv €AY + 3 Mia 1(s: € A} - 1({Jv = ),

=1

where A = \/\IN_| Note that by the definition of N., we have &, = 0 if v ¢ N., ;. Therefore,
((

_ eXp (£Pc+1) _ exp (fpcﬂ)
S S R <exp (&) +n— wm) |

where exp (£1) = > cn,, €xP (&)
Then the per-instance gradient can be calculated as

Vi (1)
__&xp (&) +n — [Nej|
exp (€Pc+l)
_ Vi XD (&4 ) - (exp (§0) + 1 — [N |) — exp (&,,,) Vi, exp (&)
(exp (&4) + 1 — [Nega])?
Vi, €Xp (gpcu) V., exp (§1)
xp (&poy)  exp (&) +n— [Nojal

=7 Vinbnen T Zfﬁ o <—§+|/)\fc+1|'
Since
Vaew() = 3 )i Nc}iﬂ({)si — vt =)
=\ ILC(+{)U e N} /(Z,) e (&)
and |

Vibpen = A 1{Jv € Ne} - 1({)(v = penr) € €},

we can finally obtain that

Vot = U2 <—ﬂ<{><v o) € 6) 4 e O ) |> -
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Now we calculate the gradient of ., over the whole dataset, where the nodes of the graphs
are randomly shuffled. We also write £ = £°°(u) and omit the superscript when the
context is clear.

Lemma 40 (Whole-dataset gradient of yu, for CocoNuT). Under the loss function of
COCONUT as given in (5.6) and the forward pass as in (5.2) and assuming all p, have the
same value, the gradient w.r.t. the whole dataset is

1 D ven, dvexp (&)
V) = <_d““ "o (€) + - Nopd]

for any v € V which is independent of v, where £, = log <Zv€/\/c+1 exp (fv)).

Proof. Similar to Lemma 37, we denote ff’r) = log <ZU€ NS, (x) ©XD <£1(}Q,r) )), where 97 is

the logit of v when the graph in the prompt is G and the start node is r. According to the
proof of Lemma 37, for any permutation 7 € S),, we have

7(G),m(r r
@A) _ (G

(v) v

for any v € V and

exp< (7(G)m(x ))) _ exp< ig,r))‘

Therefore, by Lemma 39, we can obtain that

V ooy E(©) e () () (L)

_1({)7(v) e ATV (m(x))} (1) (7 (0) = T(pess)) € T(E)}

N ()|
7(r
2 (o) (0) (v n(E) CXP (fvrwf) ))>
exp (f(w r))) L ‘ ;éli) W(r))‘
g Zv" v—v’ exp gz()’g’r)
:1({>U € '/V’c (I’)} —1({)(1} _>pc+1> c g} _'_ ( )65 ( )
NE@) exp (677) +n = [N, (x)
:vuvgg,r,p(ﬂ>~

Therefore, we can calculate the gradient with respect to the whole dataset as
VNU[,( ) 7r~Un|f Sv [Vl-ivg 7r(:[')771—(17)(IJI)]
- Eﬂ'NUnlf(S\)) I:V,LLW—I(U) gg,r,p,c(l'l’)]
=Evunit ) [V, £6.r.p.c(10)]
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which is independent of v and thus the gradients for pu, are equal for all v € V. Furthermore,
similar to Lemma 37, we can calculate that

VMU'C(IU

qu (v—=v')e€ eXp (511/)
exp (€67) +n — [Now

_fz 1£N}—mm%mme&+

:; d 4 ZUGNLH d, exp (&)
n- /NI Pet1 exp( (gr))+n_w—c+1’
O
Finally, we derive the dynamics of j,. Recall that we denote K = |[N,.|[,\ = % We

also make the following notation for Theorem 19. Let d, := d,_,
Moreover, Let ¢g :=n — |[N.41| > 1 and denote

Glp) = NAQueN} +pd),  Ei(p) = > oW,

uENC+1

cEuh) _ S
Z o 7 Flu) Ei(p) +co

and dp.y = maxy,epd,.

uE./\/C+1

Theorem 19 (Dynamics of u, for COCONUT). Let pu,(t) be the value of u, at timet. Assume
zero-initialization, i.e., p,(0) =0 for all v € V. Under gradient flow

i, =~ Y, L) (D2)
where o« > 0 is the learning rate, suppose the initialization satisfies p1,(0) = 0 for all v. Then:

1. Scalar reduction. For allt >0, p,(t) = u(t) is shared across v, and u(t) satisfies

plt) = (di = F(p(t))) - (D.3)

a
nvK
2. Regularity of F'. The function F: R — R is C*, strictly increasing, and satisfies
lim F(u) =0, lirjrn F(p) = dmax, 0< F(p) < dmax for all finite p.
p—>—+00

pU——00

3. Finite fized point when d, < dy.. If di < dpnax, there exists a unique p* € R such
that F(u*) = d,. The solution u(t) of (D.3) with u(0) =0 converges monotonically to

/,l/* :

p(t) St if FO) <ds,  p(t) N\t if F(0) > dy,
and the equilibrium p* s locally exponentially stable, i.e., there exists v > 0 such that
for all large enought t, it holds that

u(t) = p| < e p(0) — .
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4. Logarithmic divergence when d, = dp.x. If dy = dpax, then f(t) > 0 for all t and
wu(t) — +oo. Moreover, for all t > 0,

ald®  coe )
In{ 1+ max t]. D.4
( 2n2vV K (D-4)

Proof. (1) Scalar reduction. By Lemma 40 and the similar argument as in the proof of
Lemma 38, we have p,(t) = u(t) for all ¢ > 0. Therefore, the gradient V,, £(p) is independent
of v and equals

vﬂvﬁ(l’l’>

1 . d, ebulpu)
(‘ d. + S S (=di + F(p)) -

1
— n\/F ueNchl e‘gu(uu) + n — |-/\[C+1|> o n\/F

Thus, we have

o
nv K

(2) Regularity and limits of F'. By the proof of Lemma 39 and the condition that
ty(t) = p(t) for all v € V and ¢t > 0, we have

Er(w)= Y exp(ML({ue N} +pdy) S() = Y du exp(ML({)u € No} + pdy))

uE./\fC+1 UENC+1

fu(t) = =V, L(p(t) = (de = F(u(t))).-

Both functions are finite sums of C* functions of u, hence F'(u) = S(u)/(Ey (1) + ¢o) is also
c=.

Now we show the strict monotonicity of F'(-) on p by differentiation. We further write
& := &u(p) for brevity. Then

E' (p) =X Z dye>, S'(u) =\ Z d2ebe.

UEN 41 UEN 41

Therefore, we can obtain that

S (B (1) + o) — S0 EL (1)

F/
(k) (Ey(p) + 00)2
2
A
-2 B | (B () + o) - et
(Es(n) + o) ue%il ugf;ﬂ

Note that by the Cauchy-Schwarz inequality, we have

Z d2et - By () — Z dyet | >0,

uENC+1 u€/\f0+1
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and hence

A
F'(p) 2 —————¢co B4 (1) dye® | > 0
(B4 (1) +co)’ ug;l

since ¢g > 0 and there exists at least one node u € Ny (e.g., pey1) such that d, > 1 by
definition. Thus, F'(+) is strictly increasing.
Now we consider the limits of F'(-). First, note that

Z du egu (w) ,
uGNC+1

and for each u € N1, either d, = 0 or d, > 0 and thus

lim d,e®W = lim d, exp(ML({)u € N.} + pd,)) = 0.

pH—>—00 U—>—00
Therefore, we have lim,,_,_ S(p) = 0. Moreover, since E (1) 4+ co > ¢y > 0, we have

lim F(u)=0.

p—>—00

Now we consider the case when @ — 400. Since

obu(r) _ exp (AML({)u € N} + udy))
B T o0 Soon, MU0 € M+ ) + o
1

 Yveni, XPAL({v € Mo} = L({u € Mo} + pu(dy — du))) + o’

As © — +o00, we can obtain that if d, < dpay, then
efu(ﬂ) 1
lim —— < lim =0.
p—r=00 E+(/L) +cp  potoo eXp()\(—l + :u(dmax - du))) + o
If d, = dayx, then
im ——
oo By (1) + co

. exp (A~ 1({)u € N,))

1420 3 Dy P L) €N + 2 en 1\ Dy SPAA Y € N} + p1(dy = dimax))) + i
exp (A - 1({)u € Ne})

S enn exp(A - 1(Do € ALY’

where Dyax := {u € Nyt : dy = dppax}- Therefore,

| (- 1(QueN)
M P = 2 e (e € N

H—>—+00
uEDmdx
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Finally, the inequality F(11) < dmax for finite p follows from S(u) < dmaxF+ (1) and
co > 0:

F( ) — S(:u) S dmaxE-‘r(:u)
Ei(p)+c — Ev(p) +c

(3) Finite fixed point and monotone convergence for d, < dy.x. By (2), F(-) is
continuous, strictly increasing, with range (0, dyay). Therefore, there exists a unique p* € R
such that F(u*) = d,. Now we first argue pu(t) — p*.

Consider the ODE ji = ¢ (d, — F(p)) with ¢ = o/ (nvK) > 0. If 4(0) = 0 < p* and (thus)
F(u(0)) < F(p*) = dy, then ;i(t) > 0 as long as u(t) < p*, hence p is non-decreasing and
bounded above by p*; monotone convergence implies p(t) — g < p* for some . By the
continuity of F(-) and the fact that 4 — 0, we can obtain that F'(1) = d,, which implies
i = p*. The case u(0) > p* is analogous with a non-increasing trajectory.

For local exponential stability, we can set i = pu — p* and write

jilt) = —c (F(u* + u(t)) — F()).

By the mean value theorem, F(u* + i) — F'(u*) = F'(€) i for some & between p* and p* + fi.
Since F'(p*) > 0 and F” is continuous, there exists n > 0 and m > 0 such that F'(§) > m
whenever |§ — p*| < n. Hence, as long as |fi(t)| < n, we have

d ~ ﬂ(t) I~ / ~ ~

— ()] = —=n(t) = —cF(&@)) |p(t)] < —em|u(t)].

) = B (€(t)) (e (1)
Applying Gronwall’s inequality, we have |f(t)] < e~“™|(0)| in this neighborhood, which
establishes local exponential convergence.

(4) Divergence and logarithmic lower bound for d, = d,.x. When d, = dypay, since
F(1) < dpay for all finite p, we have fi(t) = ¢ (dmax — F'(14(t))) > 0 where ¢ = 7 and thus
() is strictly increasing. We now lower bound the growth rate similar to Lemma 38.

Since S(p) < dmaxF+ (1), we have

S(w) _ B (p) _ max Co
Ey(p) + co = s <1 By (p) + Co) E (1) +co

Moreover, for each u € N1, it holds that

< dpax-

dmax - F(M) = dmax -

e < exp(A(1 + pidnay)) -
Therefore, B, (j1) < [Neyy| eXIFHdmax) < A +pdmax) and thus we can obtain that
Ey(p)+co < n eM(ItHdmax) o < n (€A(1+udmax) + 1) < e)\(1+udmax)7

where we used e* > 1 for x > 0. Combining the above derivation, we can obtain that

d Co
dmax - F > Zmax 7 o—A 7)\dmax'u'.
() = 2n € °
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We can then plug this into /i = ¢ (dpax — F (1)) with ¢ = a/(nvVK) to get

= ¢ 6—62#(15)’

M(t) « dmax CO 6—/\ 6—>\dmaxﬂ(t)

> .
- WK 2n
« dmax Co 6_)\

2n2VK
Applying Lemma 46, we can obtain exactly (D.4). This shows u(t) — +oo at least
logarithmically fast. O

where ¢; = and ¢y = Adpyax > 0.

D.2.3 Thought Expansion

Finally, we provide results for continuous thought expansion. Note that the following results
hold for any directed graph that differs from the graphs in the training set.

Theorem 20 (One-hop expansion of continuous thoughts). Let G = (V, ) be any directed
graph (which can differ from the graphs in the training set) and » € V be a root node. Assume
the current thought is any positive superposition on N (r):

breg = Y ME(u),  A>0.
ueN,

Then the next continuous thought [t..;] = O p,,,; generated by the forward pass (5.2) satisfies
§=Uldp. = ) biew,

UENC+1
with coefficients
Bo = NI eNS + 1) MI{)uw—v) €€} > 0. (D.5)
car;yrover N ueNe ,

one-hop expansion

where we assume the model has been trained until time t and the trained model satisfies
o (t) = p > 0in (5.3). In particular, 8, > 0 for every v € N1 if p > 0, so the support of &
is exactly N.y1, and the output is a superposition of N.,1.

Proof. Note that &; = Es(s;) + E¢(t;) and W =Y, i, (£)E(0)Es(v) T = > ), pE(v)Es(v) .

We can calculate that
Wo; =Y pnE(u)Es(v)" (E(si) + Ee(t:)) = pE(si),
veEY

where we used Eg(v)"Es(s;) = 1({)v = s;} and E4(v) "E¢(t;) = 0 according to Assumption 3.
Therefore, with ¥re.; = >, AuE(u), we can calculate

a; = B, Wb = p Z M E(u)TE(s)) = p e, 1({)si € N}
ueN
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The value aggregation becomes

P(Ve,1;{0i}) = Z ;0 = [ Z )‘sz s(si) + Ee(t ))

7 sze./\/'

Furthermore, we have

UTo(0nai {8:1) =i D Ases =nd (D A1) € })e,

i s{€NC veV  weN.
Similarly,
Uldpg = Y e, =Y MI{)veNe,.
veNe veY
Adding the two parts yields & = > [, e, with §, as in (D.5), since by definition we have
Vtoen] = Dpeed + 0(0ea; {0i}) and € = U D,y O

D.3 Missing Proofs for Section 5.4

In this section, we analyze the training dynamics of the prediction stage, i.e., after thought
generation, how the model extracts the information from the generated continuous thought
to make the final prediction.

Recall that the i-th training sample consists of (G, r(, cg'), cg), D) and We denote c'”
as the reachable candidate and ¢ L) as the unreachable candidate. We also use N = N§ v (r®)
to denote the C-ball for the - th tralmng sample. We assume C is large enough so that
e N @ for any 7. Note that c Q_f N @ for any C by deﬁmtlon For notation convenience,
we also use pa = fips, lrR = li<r>, and denote £ = {fv }oevoc as the loglts calculated
by forward pass (5.7) for the i-th training sample. We denote f& = fct , Z) = AE? for
t € {1,2,%, L.} for notation convenience. t

To start with, we first provide a closed-form logit expression.

Lemma 41 (Closed-form logits in prediction stage). Under reparameterization (5.8) and
forward pass for the prediction stage (5.7), for every v € V we have

SU(N<A>, ,U<H>) = H<a> Ay + U<r> ]10{1} € {Cl, CQ}} . (DG)
S—— N —~
frontier residual candidate lift
In particular,
fc* - ch - /-fL<A> )\c*~ (D7>

Proof. For the reasoning token Dygx<r>) = E(<R>) + E(c1) + E(cz), we have

WD\ay(<p>) = fep> E(<A>) E(<R>)T’ﬁ|dx(<a>) = Jig> E(<A>).

v~

=1
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Therefore,
U T((D1iu<nsy W Diax(<r>) ) Biax(<>) ) = fi<r> (€<> + €c, + €c, ).
Also,
U T(f1ea> Drax(<ar)) = Hens Z Au €y + [heps €cp>-
ueN¢g

Combining the above two expressions yields (D.6). For ¢; ¢ N we have A\, =0, and (D.7)
follows. H

For each training sample, we can construct a two-dimensional feature for every node
veV: A ' N
0 = (A0, 10{v € {c{, 1)) e R,
so that &) (pa, pr) = (w, xq(f)> with w := (pa, pr) € RZ,. For instance 4, a correct classifica-

tion means (w, 2l — a:q(f)> > 0 for all v # ¢!, where we denote az(?i) =29 fort e {1,2,%, L}

C

We further define the difference of features with respect to c, for later use:

()\&), 0), v = cf),
JAVIRIRES x,(f*) —z® = (AE}) — A\ 1), ve Ng) \ {c,(f)}, (D.8)
(A1), v NP U}

D.3.1 Linearly separable structure and a max-margin problem

Lemma 42 (Separation by a nonnegative direction). For every instance i and each competitor

v # c,(f),
)\(ci), v = cf),
(1,1), D) =AY AP 11 v e N\ (P}, >0
Ml g NP UL,

Hence, the training data are linearly separable by a direction in RQZO.

Proof. The result holds because )\Sf*) > 0, AP <1 O

Define the hard-margin value of a unit direction v € S' NR%; (where S' = {u € R? :
[ullz = 1}) as
y(u) = min min (u, A;,).
i U;écii)

The corresponding mazimum-margin direction is
u* € arg MaX,e51rR2 v (u). (D.9)
We characterize u* using the following two quantities of the training sets:

Ay = miin )\g? € (0,1], Agrain = max; AX, o) o) ()\Sf) — )\@L € [0, 1],
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where (), := max{z,0}. Intuitively, A, is the smallest mass ever placed on a reachable
candidate across the training set, and A, is the largest overshoot of a non-candidate but
reachable node’s weight relative to the reachable candidate.

Lemma 43 (Closed-form lower envelope of the margin). For any unit u = (ua,ur) € S'NR%,,
Y(u) = min{ua X, Ugp —UA Dprain, Ua A+ up ) = min{ua A, up — wa Again }

Proof. According to (D.8), we can directly obtain the the lower bounds w4 A g+ ug ()\(Z)

)\( )) and uy )\c* + ug. Minimizing over ¢ and v according to the definition of \,, A yields
the desired result. O

Proposition 9 (Properties of the maximum-margin direction). Let u* = (u%,u}) be a
solution of (D.9). Then the unique mazximizer satisfies

T 1 * A rain
YR~ a4 Apamy, Uy = - LAY :
\/1 + (>\* + Atrain)2

) R =
uj‘ \/]- + (>\* + Atrain)2

Proof. By Lemma 43, we can maximize y(u) = min{ua\,, ur—uaQain } Over the unit vector
u by equalizing the two arguments (otherwise one can rotate u to increase the minimum).
Therefore, we can equalize the two arguments, which yields ug = ua(Ax + A¢rain), and obtain
the desired result. O

D.3.2 Implicit bias of gradient flow and directional convergence

gpred — —1lo g eXp (gC*)
g,r,c1,c2,A Zvev eXp(fv)’

Recall the loss function on the prediction stage over the training set (5.9). We can rewrite it
as follows

pred _ pred
E - E(gvrychc%)\)ND [gg r,c1,c2, )\]

eXP(fi@))
Z’UEV exp(&()l) )

and run the gradient-flow dynamics w(t) = —aVL(w(t)) with w(t) = (ua(t), ur(t)) and
a > 0. By Lemma 42, the data are linearly separable, so the implicit bias of gradient flow
directly yields the following lemma.

N
1 |
Lpa, pr) = NZ (pasir),  09(pa, pr) = —log

Lemma 44 (Implicit bias of gradient flow). Along gradient flow from any bounded initializa-
tion w(0), we have

[w(®)]| = oo,




APPENDIX D. APPENDIX FOR TRAINING DYNAMICS OF CONTINUOUS COT176

where u* is the unique solution to the mazimum-margin problem (D.9). Combining Proposi-
tion 9, there exists a scalar radius r(t) — oo such that

(), pr(t)) = r(t)u" + o(r(t)),

and for any € > 0,

> A+ Atvain — € for all sufficiently large t.
The proof can be straightforwardly adapted from its gradient descent counterpart [120].

D.3.3 Prediction on unseen graphs

Finally, we show that after sufficient training, the model can correctly predict the reachable
candidate node even for unseen graphs, showcasing its generalization capability.

Fix any unseen test graph along with the exploration set Ni=* and weights A'*) such
that At € (0,1] on N5™* and 0 otherwise. The test graph also satisfies

IIl'/\%Xt )\ZeSt — )\ZiSt S A, with A S Atraim
ue CeS

Therefore, for every non-candidate v € N\ {ci'}, it holds that AI™* < A&t 4 A,
The following lemma shows that as long as the test graph satisfies the above condition, it
has a positive margin using the maximum margin direction for the training set u*.

Lemma 45 (Positive test-time margins from the trained direction). Let u* = (u%, u}y,) be
e unique maz-margin direction with wy/u = A + Agrain > A. Then for every competitor
th q gin directi ith uy,/uy = A\ + A A. Th Yy petit
v e,
(u*, ' — 2" > min{u A\, w{ AP} > 0.

Cx v

Proof. For v = c't™, the difference is (AL, 0); since AL™" > 0 we have (u*, 2™ — ™) >
WHALS > 0.

For v ¢ N the difference is (A", 1) and the bound is even larger.

For v € N5\ {cI®'}, we have A" < X&' + A hence
(u, =zl = i A =AY +uf > uh—ui A > wi (A Apan—A) > ui A > 0.

]

Finally, we show that after sufficient training, the model can correctly predict the reachable
candidate node .
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Theorem 21 (Generalization for unseen graphs). Let (pua(t), ur(t)) follow gradient flow on
the loss (5.9) from any bounded initialization. Suppose the training set is linearly separable
and Ay, Again are defined as above. Then, for any unseen instance satisfying A\t € (0,1] on
NES and 0 otherwise, and

max A\ — A < AL with A < Again,
ueENEST

we have for all sufficiently large t:

B exp( ZESQ(MA@),MR@)))
pcgest(t) = ZU exp (556“(#/1@), ,UR(t))) - L

Proof. By Lemma 44, we have

(1a(t), pr(t)) = rt)u” +o(r(t)), r(t) — oo,

test
*x

o (pa(t), nr(t) — & (a(t), p
:r(t) <u*’ xtest _ l,test> + 0 T(t))

[ v

>r(t) - min{uy A, wi N} +o(r(t) —— +oo.

t—o00

Then, by Lemma 45, for every competitor v # ¢

r(t))

test
*

Hence the arg max is c!**', and its softmax probability tends to 1. O

D.4 Auxiliary Lemmas

Lemma 46 (ODE lower bound). Let ¢i,co > 0 be two constants. Assume the function
f: R — R satisfies f(0) =0 and

YO st ). W20

Then it holds

f(t) > L In(1 + ¢ycot)
Co

for all t > 0.
Proof. We define g(t) = e®2/®. Note that

di—? = %(QCQf(t)) = 02@;—(;) - el ) > Cy- (- exp(—cg : f(t)) exp(cgf(t)) = C1Ca.
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Therefore, dg(t) > cicodt for t > 0, and thus

t t
[ o= [ eicatt = g0~ 900 = crcat.
0 0

Therefore,
g(t) — ec2f(®) > g(O) + cret = ec2f(0) + ci1c9t = 1 4 ¢y,

which implies

f(t) > lln(l + cre9t).
Co

D.5 Experiment Details

D.5.1 Dataset

Table D.3: ProsQA statistics. Numbers are averaged over problem instances.

#Problems |V| |E| Sol. Len.

Train 14785 22.8 36.5 3.5
Val 257 22.7 36.3 3.5
Test 419 22.7 36.0 3.5

The statistics of the ProsQA dataset is shown in Table D.3.

D.5.2 Experiment with Coconut-BFS

As a comparison, we also train a model with a modified version of £B¥S. Recall that the
original £B¥S (5.5) encourages the model to predict any nodes within A.,;. To avoid the
trivial solution of always predicting the root node, we introduce an experimental variant that
only encourages predicting nodes on the current frontier:

D v\, €XP(&0)
ZUEV eXp(gv)

All other training settings remain unchanged. The answer accuracy of this model on the
test set is 99.0%. We then track the logit difference between frontier and non-frontier edges
as a proxy for u,, with results shown in Figure D.1.

Coconut-BFS-exp: Egis'e"p = —log

(D.10)
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In Stage 1, the logit difference for ¢ = 1 grows much faster than under £°° and shows
no sign of saturation even after 150 epochs. This agrees with the theoretical prediction
in Theorem 9: under CocoNUT-BF'S, pu, diverges rather than stabilizing. At later steps
(¢ = 3,4), the gap between COCONUT-BFS and COCONUT becomes smaller. We attribute
this to practical factors such as stage-wise data mixing, gradient propagation across earlier
thoughts, and a larger discrepancy between losses (5.5) and (D.10) in the later stage.
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Figure D.1: The attention logits difference between frontier edges and others. The model is trained
with a modified version of £LBFS,

D.5.3 Alternative Attention Routes for Candidate Lift

Our theoretical analysis in Lemma 6 assumes that <R> copies the candidate nodes in the
first layer, and <A> then attends to <R> in the second layer. In practice, however, we observe
three distinct yet functionally equivalent attention routes that realize the same candidate lift.
Example attention maps for each route are shown in Figure D.2.

D.6 Additional Experimental Results

In this section, we provide additional experiments to complement our main analysis of training
dynamics.

D.6.1 Ablation Study: Architectural and Optimization Sensitivity

We evaluate the sensitivity of COCONUT training to model depth, number of attention heads,
hidden width, and learning rate. The results are summarized in Table D.4.

We observe that models with L = {4, 8} layers maintain high accuracy, while L = 12 is
harder to optimize. The performance remains comparable when dpoqe € {768, 1536}, but
degrades when the width is too small (e.g., dmoqer = 384). Varying the number of heads does
not have major effects on final accuracy, whereas too large or too small learning rates tend
to degrade performance. Weight tying setting does not affect model performance.
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Number of layers

Number of heads Width
ﬁ B i gi'g H=4 98.0 dmoder = 384 | 62.0
[ _3 06,5 H=38 98.8 Amodel = 768 | 98.8
B ' H=12| 988 dmoder = 1536 | 97.7

L =12 67.4

Learning rate

n=2x10"*|58.1
n=1x10"* 988
n="5x1075| 62.1

Weight tying

Tied 98.8
Untied | 98.8

Table D.4: Ablation on depth, heads, width, learning rate, and weight tying. By default,
other hyperparameters follow the main experiments.

We emphasize that each ablation in Table D.4 varies only a single hyperparameter at
a time, keeping all other settings identical to our main experiment. In practice, these
hyperparameters interact in a coupled manner. For instance, with a smaller learning rate
of 5 x 1075, we can extend the first-stage training to 300 epochs and get 97.0% accuracy.
For deeper models with L = 12, prolonging first-stage training to 400 epochs and reducing
the learning rate to 5 x 1075 improves accuracy to 99.6%. A comprehensive hyperparameter
interaction study is beyond the scope of this work and is left for future investigation.

D.6.2 Multi-Layer Transformers and Mechanistic Patterns

We use the COCONUT model with L = 4 to analyze the reasoning pattern beyond two-layer
transformers. The results are shown in Figure D.3 and Figure D.4, and we summarize the
reasoning patterns below.

e First layer (induction head): The first layer performs token-level copying, prop-
agating node information into edge tokens <e>, consistent with the copy mechanism
derived in previous theoretical analysis [169].

e Second layer and beyond (superposition): From the second layer onward, the
model aggregates over reachable nodes in a superpositional representation that enables
parallel breadth-first exploration.

D.6.3 Accuracy Dynamics in the Answer-Prediction Stage

We track the test accuracy during the final answer-prediction stage following the setting
in Figure 5.4. The result is shown in Figure D.5, which shows a rapid transition from
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Figure D.3: The first-layer attention patterns in 4-layer transformers. <e> tokens attend to
the corresponding source and target nodes to aggregate the information. This is consistent
with the analysis of the two-layer transformer in [169].

near-random guessing to stable high accuracy once the model integrates residual carryover
and candidate lift signals.
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Figure D.4: Inner product between layer-wise hidden states and different types of nodes
in a 4-layer transformer. The experimental setting follows [169]. From the second layer
onward, hidden states exhibit larger inner products with reachable, frontier, and optimal

nodes, indicating that superpositional representations emerge as early as layer 2 in the 4-layer
transformer.
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Figure D.5: Accuracy curve during the answer-prediction stage. The accuracy shows a rapid
improvement corresponding to the learning of residual carryover and candidate lift signals.
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