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Abstract

Towards Understanding and Improving Large Language Model Reasoning

by

Hanlin Zhu

Doctor of Philosophy in Computer Science

University of California, Berkeley

Professor Stuart Russell, Co-chair

Assistant Professor Jiantao Jiao, Co-chair

This dissertation focuses on developing systematic frameworks to understand and improve the
reasoning capabilities of large language models (LLMs) in two axes: reliability and efficiency.

In terms of reliability, we study how LLMs learn parametric knowledge during training, and
how they combine separate atomic knowledge to deduce new conclusions during test time.
We develop theoretical frameworks and use out-of-context reasoning as a concrete lens to
analyze model behavior, providing both theoretical explanations and empirical evidence that
LLMs can hallucinate or fail to generalize systematically.

In terms of efficiency, we develop novel paradigms for test-time scaling to improve LLMs’
capabilities and reduce inference cost. We focus on latent space reasoning, particularly chain-
of-continuous-thought, demonstrating its theoretical advantages where continuous thoughts
can maintain a superposition of multiple solutions and thus enable implicit parallel thinking.
We also study how this mechanism emerges during training without explicit supervision.

Together, the results in this thesis provide theoretical foundations for understanding and
improving LLM reasoning, highlighting the importance of models’ reliability and efficiency,
especially when applying those models to important fields and challenging tasks.
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Chapter 1

Introductions

Large language models (LLMs) have shown remarkable success in various challenging tasks,
including mathematical reasoning [43, 63, 101, 130, 49], coding [26, 23, 60, 171, 112], multi-
modal tasks [4, 129, 61, 157], agentic tasks [6, 7, 107, 102, 168], etc. Despite this rapid
and promising progress of LLMs, we still face many challenges to further develop and scale
up more intelligent artificial intelligence (AI) systems to solve more challenging tasks in
more important fields. This thesis mainly focuses on developing systematic frameworks for
understanding and improving the reasoning capability of LLMs along two axes: reliability
and efficiency.

1.1 Reliability of LLMs: Out-of-context Reasoning

Although today’s LLMs can handle a wide range of complex tasks, a growing body of evidence
documents their fundamental failures on simple tasks [11, 5, 152, 16, 9, 12, 69].

For example, when an autoregressive LLM learned factual knowledge during training, it
can correctly recall the fact during test time if the fact is presented in the same narrative order,
while it can totally fail if the test question is presented in the reverse order, which is known as
the reversal curse [11]. This simple failure example demonstrates that autoregressive LLMs
can fail on extremely simple tasks in a systematic way: they tend to memorize training data
at the sentence level rather than extract higher-level rules from it under certain scenarios.

Another failure mode of LLMs is post-knowledge-injection hallucination [12, 69]. For
example, previous work observed that after a model is fine-tuned on data containing 19th-
century knowledge, when asked about modern events, the model will respond with inventions
from the 19th century, such as the electrical telegraph [12]. Similarly, prior work observed that
a model fine-tuned on biographies of unfamiliar individuals tends to hallucinate fabricated
personal information about a new person during test [69]. These examples show that
while fine-tuning is a general method for increasing model capability, it can also introduce
hallucinations, making the model unreliable.

As LLMs are increasingly deployed to important fields and challenging tasks, including
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healthcare and medicine [118, 131, 98, 119], biology and chemistry [81, 35, 87, 18], scientific
research [111, 151, 128], software engineering [66, 150, 104], etc., it is important to make sure
they are reliably strong, since unexpected failure modes, even in a simple step, might cause
catastrophic consequences in critical fields.

This thesis aims to develop a theoretical framework to better understand the underlying
mechanisms of model behavior. A better understanding of model behavior can enable better
predictions of when LLMs will succeed or fail, and provide insights for designing better
training and inference methods to improve models’ capabilities and reliability.

In particular, we focus on out-of-context reasoning (OCR) capability, which refers to a
model’s capability to answer a question when key information is missing from the context
but was learned during training, as a concrete lens for analyzing model behavior. Concretely,
within our OCR framework, we provide theoretical explanations of the reversal curse in
Chapter 2 and post-knowledge-injection hallucination in Chapter 3. These results provide a
better understanding of how LLMs learn and store knowledge during training and use it at
test time, which can help us better predict, control, and steer model behavior in the long run
to ensure models are reliably strong.

1.2 Efficiency of LLM Reasoning: Latent Space

Reasoning

An important aspect of LLMs is that their capabilities can be improved not only during
training but also at test time, a paradigm known as test-time scaling [63]. By allocating
more computational resources at test time, such as allowing models to think longer using
chain-of-thought (CoT) [145], one can significantly improve LLMs’ performance on challenging
reasoning benchmarks, and this improvement can sometimes be much more efficient compared
to allocating the same amount of computation to the training time [63].

The most widely used test-time scaling method is CoT [145], in which LLMs are allowed
to output intermediate thinking tokens before making the final prediction. Although CoT is
a general method and effective in LLMs, especially in reasoning models, it also introduces
new challenges.

First, it is common for reasoning models to produce long, verbose CoT even when solving
simple tasks [27]. For example, even for trivial questions such as calculating 2 + 3, many
reasoning models tend to generate extremely long CoT, consuming thousands of tokens [27].
Due to the autoregressive nature of many mainstream LLMs, a verbose CoT can lead to
high computational costs and generation latency, rendering the generation process costly and
inefficient.

Second, long CoT can also cause hallucinations, since when the context is long, the model
might get distracted by intermediate, irrelevant content and pay attention to the wrong
tokens [125]. This would not only increase the cost of reasoning but also degrade model
performance.
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Therefore, it is important to efficiently scale test-time computing. In this thesis, we study
a promising novel test-time scaling paradigm — latent space reasoning [44, 142, 28, 106, 122,
55, 169, 167, 45, 163, 22]. The key motivation of latent space reasoning is that the textual
token space might not always be the most efficient for reasoning. It is also partially motivated
by the fact that many texts serve primarily to maintain linguistic coherence, rather than
conveying core reasoning information [122].

In this thesis, we focus on chain-of-continuous-thought (continuous CoT, or Coconut) [55],
which is one of the most important methods for latent space reasoning. We provide theoretical
guarantees for continuous CoT, showing its advantages in expressivity and revealing its
underlying mechanism that continuous thought can encode a superposition of multiple
possible solutions in Chapter 4. We also analyze how the mechanism emerges during training
even without explicit supervision in Chapter 5.

Our analysis shows preliminary and promising results in latent space reasoning, which
can provide useful insights for future work to further advance this area.

1.3 Organization of the Thesis

The remainder of the dissertation is organized as follows:

• Section 1.4 discusses prior literature related to this thesis;

• Chapter 2 studies how LLMs can fail to generalize in systematic ways through the lens of
the reversal curse, providing theoretical explanations of why autoregressive LLMs tend to
memorize facts at the sentence level rather than extracting higher-level rules from data via
training dynamics;

• Chapter 3 studies post-knowledge-injection hallucination through out-of-context reasoning,
providing a unified framework explaining both generalization and hallucination after fine-
tuning;

• Chapter 4 provides the first theoretical guarantees for chain-of-continuous-thought, show-
ing models can maintain a superposition of plausible reasoning traces to perform parallel
thinking, which overcomes the drawbacks of traditional CoT that prematurely commits to
a plausible but wrong answer;

• Chapter 5 analyzes how the superposition mechanism in chain-of-continuous-thought
emerges during training when there is no explicit supervision to guide the model to explore
multiple branches simultaneously.

1.4 Related Works

LLM Reasoning. The strong performance of LLMs on reasoning tasks [21, 29, 57, 73, 67,
145, 54, 143] has prompted many studies on the reasoning capabilities of LLMs. [149] argues
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that transformers perform implicit Bayesian inference in ICL. [100] shows that transformers
implement a specific type of circuits called “induction heads” that are key to the ICL abilities
of LLMs. [96] proves that causal structures are encoded in transformer layers during the
training dynamics. [20] identifies a backward chaining mechanism of transformers in deductive
reasoning. Apart from in-context reasoning, LLMs still demonstrate limitations in other
types of reasoning tasks [135, 24, 160].

Out-of-context reasoning. Previous work study LLM’s out-of-context reasoning capability
through many aspects, such as out-of-context meta-learning [74], situational awareness [10],
knowledge manipulations [5], etc. While negative results are reported on LLM’s performance of
certain OCR tasks, such as the reversal curse [11] and multi-hop in-weight reasoning [152, 16],
recent work [39] shows that LLM can associate two events when several subjects are involved
in both events in the training data. While [39] empirically analyzes the underlying mechanism,
this dissertation theoretically analyzes how transformers learn this OCR task. Recently, [103]
shows that there exists a linear transformation in the logits for predicting two related pieces
of knowledge in LLMs, which can be used to gauge the model’s generalization/hallucination
capability. Our results also echo previous empirical findings that LLMs tend to hallucinate
when they learn new factual knowledge during fine-tuning [41, 69, 124]. Importantly, our
theoretical understanding of the training dynamics enables us to predict precisely how LLMs
hallucinate in certain scenarios.

Expressivity of transformers. There is a long line of work studying the expressivity of
transformers [158, 13, 14, 105, 80, 153, 34, 3, 92]. A more recent line of work shows that
chain-of-thought (CoT) can improve the expressivity of transformers [82, 37, 91, 79]. For
example, [82] studies low-depth transformer expressivity for semi-automata, of which the
setting corresponds to one CoT step. [37] shows that constant-depth transformers with CoT
can solve certain P-complete problems. [79] further provides constructions of constant-depth
transformer for each problem in P/poly with CoT. [91] studies the expressivity with different
lengths of CoT, showing that logarithmic steps of CoT in input length can expand the upper
bound of constant-depth transformer expressivity from TC0 to L, while a linear number of
steps can further expand the upper bound to NC1-complete. While these expressivity results
mainly focus on discrete CoT, theoretical studies on continuous CoT [55] are rare, which this
dissertation focuses on. [45] studies the expressivity of one-layer transformers with continuous
CoT on the minimum non-negative sum problem, demonstrating the superposition mechanism
in the arithmetic domain, which complements our results on the graph reachability problem.
While their construction requires an exponentially large embedding dimension, our theoretical
construction requires only a linear embedding dimension in the graph size. Moreover, unlike
many previous works that construct problem-specific (or even length-specific) positional
encodings, our construction applies to practical positional encodings, such as sinusoidal [138]
and RoPE [123].
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Training dynamics of transformers. Extensive research have investigated the opti-
mization of transformer-based models [64, 15, 88, 40, 133, 132, 161, 76, 59, 52, 58]. In
particular, recent works focus on understanding the transformer’s behavior on various rea-
soning tasks through the lens of training dynamics. For example, previous studies have
explored the emergence of induction heads [19], factual recall [96], the reversal curse [170],
chain-of-thought reasoning [146], and in-context two-hop reasoning [53]. Building on this,
our theoretical analysis of a factual recall task shows that a one-layer transformer’s reasoning
ability is significantly affected by the reparameterization of its value and output matrices. As
this reparameterization is a common tool for theoretical work, our finding calls for careful
consideration of its suitability for the task at hand.

Implicit bias of gradient descent. A rich line of literature has studied the implicit
bias of gradient descent in classification tasks, which connects problems with logistic or
exponentially-tailed loss to margin maximization [120, 47, 46, 86, 93, 94, 65, 136]. Building
on foundational results from [86, 136], our work characterizes the solution to SVM programs
to understand generalization and hallucination of LLMs, whereas most prior works only focus
on the optimization landscape of neural networks. There are also many works exploring this
connection in attention-based models [127, 126, 76, 62, 117, 137]. [127, 117] are the closest to
our work and investigate a similar reparameterization for query and key matrices, where the
gradient descent implicitly minimizes the nuclear norm of the combined weights. Recently,
[162] demonstrates that the two parameterizations lead to distinct optimization trajectories in
in-context learning (ICL): non-factorized models exhibit abrupt loss drops, whereas factorized
models show stage-like dynamics performing incremental principal component regression. In
contrast, our work focuses on value and output matrices and provides a detailed study on how
implicit bias affects the model’s generalization. Our work also links to studies investigating
out-of-distribution (OOD) generalization through the lens of implicit bias [2, 1]. Finally, our
findings regarding the factorized model with (WO,WV)-parameterization are grounded in
the extensive literature on the implicit bias of gradient descent on matrix factorization [48,
77, 8, 78, 108, 121].

Reasoning with chain-of-thought. Chain-of-thought (CoT) [145] is a simple yet effective
test-time scaling method to enhance LLM’s reasoning capability. It can either be prompt-
based only [70, 165] or be included in the training sample to create high-quality training
data [156, 155, 141, 116]. Beyond empirical study, many theoretical works also explore the
advantages of the CoT method. For example, [82, 37, 91, 79] shows that CoT can improve
the expressivity of transformers. [170] studies the importance of CoT for two-hop reasoning
via training dynamics. [146, 71] studies how CoT in the training data can improve the sample
efficiency of transformers. Instead of the text-based CoT, this dissertation studies continuous
CoT where the “thinking tokens” lie in a latent continuous space and do not need to be
converted to discrete tokens.
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Latent space reasoning. A recent line of work studies latent space reasoning, a novel
paradigm beyond text-based CoT [44, 142, 106, 122, 55]. For example, [44] proposed to use
pause tokens, which are learnable tokens that are inserted into the original text to increase the
computation space. Later, [83] theoretically shows that the pause token can strictly increase
the expressivity of the transformer. Similarly, [106] studies filler tokens, which also increase
the computation space of LLMs. [142] proposed to use planning tokens at the beginning of
the response generation to improve the reasoning capability. [122] proposed to use abstract
tokens in a latent space to enhance the reasoning performance while reducing the inference
cost. The most related work is [55], which proposes to use continuous CoT for reasoning.

Reasoning as graph problems. Graph problems are essential to understand LLM
reasoning capability since many reasoning problems can be abstracted as computational
graphs [154, 166] where relational data fed into transformers can be modeled as edges [139,
143, 53]. Many previous works have shown that pretrained LLMs can deal with reasoning
tasks in graphs, but may still have difficulties with more complicated tasks [140, 50, 36,
115, 84, 32, 30]. Other works study how transformers solve classic and fundamental graph
problems, such as graph reachability [91, 90], shortest path [30], etc. For example, [30] shows
that a two-layer transformer can leverage spectral decomposition of the line graph to predict
the shortest path on small-scale undirected graphs. [90] shows that a log-depth transformer
can solve directed graph reachability, which constant-depth transformers can not solve. For a
constant-depth transformer, [91] shows directed graph reachability can be solved with O(n2)
CoT steps where n is the number of vertices, while it remains unclear whether a smaller
number of discrete CoT steps can solve the task. On the contrary, our work shows that a
two-layer transformer can solve graph reachability for a D-diameter graph with D continuous
thought steps.
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Chapter 2

LLMs Fail in Generalization: the
Reversal Curse

2.1 Introductions

Large language models (LLMs) have shown great performance in solving complex reasoning
tasks that require multiple reasoning steps through in-context learning (ICL), such as zero-
shot learning [110, 73], few-shot learning [21, 145, 144], or via further fine-tuning [99, 29,
159]. However, without the above inference-time techniques or model fine-tuning (probably
combined with data manipulations), an auto-regressive LLM might struggle with simple logical
reasoning tasks that require multiple reasoning steps learned during training separately [5],
where the reversal curse [11] serves as a well-known example.

The reversal curse refers to the phenomenon that an auto-regressive LLM that learns
“A→ B” (e.g., Tom is the parent of John) during training fails to generalize to the reverse
direction “B ← A” (e.g., John is the child of Tom) even if the pair of relationship “→” and
“←” are reverse to each other and the two sentences are semantically identical. Although some
previous works propose different methods to mitigate the reversal curse, including reversing
the training dataset [51, 42] and training on different objectives such as autoregressive blank
infilling [85], these methods might negatively affect the model performance on other tasks
since they either alter the dataset or the model architecture. Without dataset manipulation
or changing the auto-regressive nature (causal structure) of the model, there are two other
candidate solutions to mitigate the reversal curse.

First, one might constrain the model parameters to satisfy a higher-level regularity for
specific relationships. For example, a reversal-type regularity can be viewed as a pair of
relationships (→, ←) and two sets A,B such that a model trained on “A → B” will also
increase its probability of “B ← A” for all A ∈ A, B ∈ B, which induces a subspace of model
parameters that satisfy this regularity. If one can train the model within this subspace, then
training on “A → B” can, by definition, help to learn “B ← A”. However, for a general
LLM, it is extremely challenging to find the subspace and manually hard-code the constraint
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during optimization even for one pair of relationships, not to mention there are numerous
relationships. Since it is intractable to manually hard-code the constraints to the model
parameter, one can alternatively expect the model to learn the higher-level regularity by
training samples under unconstrained optimization. However, this is also hard, according to
our analysis, through the popular cross-entropy (CE) loss that aims to maximize the next
token prediction probability for the models studied in our work.

Second, one can use a different loss function which is “symmetric”, rather than the popular
CE loss. However, the “symmetric” loss might drive the model to learn meaningless sentences.
For example, when trained on the sentence “John is tall”, a “symmetric” loss function might
drive the model to learn “tall is John”, which is not what we expect. To prevent the model
from the above undesired behavior, in practice, CE loss is still widely used.

Therefore, in this work, we analyze the reversal curse via training dynamics of the widely
used unconstrained optimization for the CE loss. We summarize our main contributions as
follows:

• We theoretically analyze the reversal curse where training or test sequences have the form
“A → B” or “B ← A” via training dynamics of (stochastic) gradient descent under two
auto-regressive models: a bilinear model (Section 2.3) and one-layer transformers under
certain assumptions similar to [133] (Section 2.4). The analysis of both models reveals that
the widely-used unconstrained optimization for CE loss leads to model weights asymmetry,
i.e., the increase of (effective) weights (after reparameterization) from the token A to token
B1 during training does not necessarily cause the increase of the weights from B to A,
which further causes the reversal curse.

Although the (effective) weights from A to B and from B to A might be related to some
extent due to reparameterization, their correlation is weak and thus shows asymmetry as
empirically verified in Section 2.5.

• The techniques we used to analyze the reversal curse can be applied to other logical reasoning
tasks. In particular, we use the above framework to analyze chain-of-thought (CoT) [145],
and we show that a model trained on “A → B” and “B → C” separately struggles to
directly conclude “A⇝ C” without CoT even if it is logically true (Section 2.4.2). Different
from the previous work [38] that theoretically studies CoT through the expressivity of
transformers, our work provides a new perspective through training dynamics.

• We also empirically validate our theoretical results on multi-layer transformers (Section 2.5).

The asymmetry of auto-regressive model weights caused by widely-used unconstrained
optimization for CE loss indicates that auto-regressive LLMs might not automatically deduce
certain types of conclusions using separate knowledge learned during training under current
popular training paradigms: to make a model predicting token B where the input token is
A, the model might need to see B following A in the same sequence during the training set.

1The weights from A to B can be viewed as the logits of token B when the input is A.
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This also highlights the importance of ICL, data augmentation, or planning for LLMs with
the current popular causal transformer-based structures to solve complex reasoning tasks.

2.2 Preliminaries

Basic notations. For any integer N > 0, we use [N ] to denote the set {1, 2, . . . , N}. Let
R, N denote the set of real numbers and natural numbers, respectively. For real variables
x1, . . . , xn, we use poly(x1, . . . , xn) to denote the polynomial of x1, . . . , xn. We use f(n) ≲ g(n)
if there exists a constant C > 0 s.t. f(n) ≤ Cg(n), ∀n; we say g(n) ≳ f(n) if f(n) ≲ g(n).

We use ei to denote one-hot vectors where only the i-th entry of ei equals one and all
other entries are zero. We use 1 to denote all-one vectors, 0 to denote zero vectors or zero
matrices, and I to denote the identity matrix. We will also add subscripts when we want to
explicitly show the dimension, such as 0d, Id for d-dimensional zero vector and d× d identity
matrix. We use ⊗ to denote tensor product of vectors or matrices and use x⊗2 and A⊗2 to
denote x⊗ x and A⊗ A for vector x and matrix A.

We use N (µ,Σ) (or adding subscripts such as Nd(·, ·) if we want to show dimensions
explicitly) to denote the (multi-variate) Gaussian distribution with mean µ and covariance
Σ. Also, we use ∆(X ) to denote the set of distributions over a set X and use E[·] to denote
expectation. For any dataset D = {x1, x2, . . . , xn} where xi ∈ X and a function f : X → R,
we define the empirical expectation over the dataset as ED[f ] =

1
n

∑n
i=1 f(xi). See additional

notations in Section A.1.

Entities Forward Backward Direct Indirect Others

A, B, C, Ai, Bi, Ci → ← → ⇝ R1, R2

Table 2.1: Notations for tokens in Section 2.4. “→” and “←” denote forward and backward
relationships for the reversal curse. “→” and “⇝” denote direct and indirect implication
for CoT. R1 and R2 are relationship tokens in Section 2.4.3. A, B, C, Ai, Bi, Ci denote tokens
representing entities.

Auto-regressive models. Define the vocabulary V = [M ] for a positive integer M > 0
which is the size of the vocabulary. Let x = (x1, x2, . . . , xT ) be a sequence of tokens of length
T where each token xt ∈ V , ∀t ∈ [T ]. See Table 2.1 for notations of different tokens used in
Section 2.4. We study auto-regressive models pθ(·|x) ∈ ∆(V) parameterized by θ that take the
sequence x as input and predict the distribution of the next token xT+1 ∈ V . For both models
that we study in this work, the next token probability is modeled as the softmax applied to the
logits lθ(·|x) ∈ RM of each token in the vocabulary, i.e., pθ(y|x) = exp(lθ(y|x))∑

v∈V exp(lθ(v|x))
, ∀y ∈ V.

Also, each token v ∈ V has a corresponding (fixed or learnable) embedding vector uv ∈ Rd.
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2.3 Bilinear Models

We start analyzing the reversal curse under bilinear models, which can be viewed as simplified
one-layer transformers with input length one and decoder layers only. Also, in this section,
we assume the embeddings of each token are fixed, so we directly use the embedding vector
to represent a token.

Datasets. Assume the vocabulary has sizem where each token v1, v2, . . . , vm
i.i.d.∼ Nd(0d,

1
d
Id).

Let V = {v1, . . . , vm} and let X = {x1, . . . , xn} and Y = {y1, . . . , yn} be disjoint random
subsets of V . Assume all training and test sequences have a length of two. For any 2 ≤ i ≤ n,
the training dataset contains both sequence (xi, yi) and (yi, xi). In addition, the training
set contains (x1, y1) while the test set only contain one example (y1, x1). During training,
the model learns both (xi, yi) and (yi, xi) for i ≥ 2 to conclude that (xi, yi) is equivalent to
(yi, xi). For example, X is a set of names and Y is a set of books. The sequence (xi, yi) means
“xi is the author of yi”, and the sentence (yi, xi) means “yi is written by xi”. We test whether
the model is able to infer an unseen sequence (y1, x1) given the training data which includes
the other direction (x1, y1).

Bilinear model. We consider a bilinear model parameterized by Θ ∈ Rd×d of which
the input contains single token x ∈ V. The logits of the next token y ∈ V is defined
as lΘ(y|x) = x⊤Θy which is bilinear in x and y, and thus the next token probability is

pΘ(y|x) = exp(lΘ(y|x))∑
v∈V exp(lΘ(v|x)) . The training loss for the bilinear model is the cross-entropy loss

L(Θ) = 1
2n−1

(
∑n

i=1− log pΘ(yi|xi) +
∑n

i=2− log pΘ(xi|yi)) and the test loss (reversal loss) is

Lrev(Θ) = − log pΘ(x1|y1). We study the training dynamics of gradient flow dΘt

dt
= −∇L(Θt)

with the initialization Θ0 that can be either randomly sampled from N (0⊗2, σ2I⊗2) or set
as a pretrained parameter satisfying 1

2m
< pΘ0(yi|xi), pΘ0(xi|yi) < 2

m
for all i ∈ [n]. The

following theorem shows a separation during training dynamics.

Theorem 1 (Separation of training dynamics (informal statement of Theorem 12)). Fix any
δ, ϵ ∈ (0, 1). For small σ and d ≥ poly(n,m, 1/ϵ, log(1/δ)), with probability at least 1− δ, we
have

Lrev(Θt)/Lrev(Θ0) ≥ (L(Θt)/L(Θ0))
ϵ, ∀t ≥ 0.

Theorem 1 shows that the reversal loss is lower bounded by the training loss. Note that for
large d and small ϵ close to 0, (L(Θt)/L(Θ0))

ϵ is close to 1 and thus Lrev(Θt) ≳ Lrev(Θ0) which
implies that pΘ(x1|y1) remains small during training. We summarize the above argument in
Theorem 2.

Theorem 2 (Lower bound of reversal loss (informal statement of Theorem 13)). Fix arbitrary
c > 0 and C ≤ log(m/2). Suppose σ is small and d ≥ poly(n,m, log(1/δ), log c, 1/ logC).
With probability at least 1− δ, it holds that Lrev(Θτ ) ≥ C, where τ denotes the first time such
that L(Θt) ≤ c.
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The proofs of Theorems 1 and 2 are deferred to Section A.2. Theorem 2 implies that
for large d2, while the training loss can be trained to be arbitrarily small, the reversal loss
remains large. In other words, the model fails to infer an unseen sequence (y1, x1) given the
training data which includes the other direction (x1, y1). Furthermore, even if the model is
fine-tuned on new data from a pre-trained parameter Θ0 that initially grasps the concept
of reversal and satisfies 1

2m
< pΘ0(yi|xi), pΘ0(xi|yi) < 2

m
for new data, it fails to extend this

understanding to new, unseen data.
A core reason that the reversal curse happens on the above bilinear model is that

the parameter matrix Θt is asymmetric. Consequently, the logits lΘt(y|x) = x⊤Θty and
lΘt(x|y) = y⊤Θtx generally differ. Consider a special case where each vi is a one-hot vector.
Then lΘ(y|x) = x⊤Θy = Θij and lΘ(x|y) = y⊤Θx = Θji for x = ei, y = ej. Training on (x, y)
can increase Θij but not Θji, which means the model does not automatically learn the reversal
direction (y, x) from (x, y). In Section 2.4, we will show that for one-layer transformers, the
reversal curse is mainly caused by the same reason, i.e., the asymmetry of the model weights.

2.4 One-Layer Transformers

In Section 2.3, we analyzed the reversal curse under a bilinear model. In this section, we
analyze the reversal curse for one-layer transformers in a similar setting to [133] via training
dynamics. We also extend our analysis to chain-of-thought in Section 2.4.2.

Basic notations. Let V = [M ] be the vocabulary. For any token x ∈ [M ], we also use
the corresponding one-hot vector x = ex ∈ RM to represent it. Let U = [u1,u2, . . . ,uM ]⊤ ∈
RM×d be the embedding matrix, where ux ∈ Rd is the embedding of token x ∈ [M ]. Note that
U⊤x = ux. Consider the i-th training sample in the dataset, x[i] = (x1[i], . . . , xT [i][i], xT [i]+1[i]),
a sequence of tokens of length T [i] + 1. Here, xT [i]+1[i] is the next token (or equivalently
the label) to be predicted, xT [i][i] is the query token, and (x1[i], . . . , xT [i]−1[i]) are contextual
tokens. For token xt[i], we also use its one-hot vector xt[i] = ext[i] ∈ RM to represent it.
Define the contextual token matrix X[i] = [x1[i], . . . ,xT [i]−1[i]]

⊤ ∈ R(T [i]−1)×M . We omit all i
in notations when the context is clear.

One-layer transformer. For a training sample x = (x1, . . . , xT , xT+1), its contextual token
matrix X = [x1, . . . ,xT−1]

⊤ and thus XU = [ux1 , . . . ,uxT−1
]⊤ contains the contextual token

embeddings. We study one-layer transformers in the same setting as [133]. In particular,
for an input token sequence (x1, . . . , xT ), after the one-layer self-attention, we can obtain

ũT = U⊤LN(X⊤vT ) where btT =
exp(u⊤

xT
WQW⊤

Kuxt/
√
d)∑T−1

t′=1
exp(u⊤

xT
WQW⊤

Kuxt′ /
√
d)
, vT = [b1T , . . . , bT−1,T ]

⊤ contains

attention scores (after softmax) that query token xT attend to each contextual token3,

2Empirically, d only needs to be of the order of the logarithm of the vocabulary size. See Sections A.5.2.1
and A.5.2.2 for additional results.

3Note that we assume the query token will not attend to itself as in [133].
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LN(x) = x/∥x∥2 is the ℓ2-normalization operator, and WQ,WK ∈ Rd×dk are trainable query
and key matrices respectively. The logit of x ∈ [M ] is then calculated by a decoder layer,
i.e., lθ(x|x1, . . . , xT ) = u⊤

xWV ũT , where θ encodes all parameters in the transformer, and
WV ∈ Rd×d can be viewed as a reparameterization of value and output matrices. Finally, the
next token prediction probability is obtained by

pθ(x|x1, . . . , xT ) =
exp(lθ(x|x1, . . . , xT ))∑

x′∈[M ] exp(lθ(x|x1, . . . , xT ))
=

exp(u⊤
xWV ũT )∑

x′∈[M ] exp(u
⊤
x′WV ũT )

.

We use the cross-entropy loss function to train the model over the whole training set Dtrain,
i.e., maxU,WK ,WQ,WV

J ≜ EDtrain
[log pθ(xT+1|x1, . . . , xT )].

Reparameterization. Similar to [133], we define Z = UWQW
⊤
KU⊤/

√
d ∈ RM×M and

Y = UW⊤
V U⊤ ∈ RM×M and are interested in their dynamics after reperameterization. Then,

the attention score (after softmax) and next token probability become

btT =
exp(x⊤

TZxt)∑T−1
t′=1 exp(x

⊤
TZxt′)

, pθ(x|x1, . . . , xT ) =
exp

(
x⊤Y ⊤LN(X⊤vT )

)
∑

x′ exp
(
x′⊤Y ⊤LN(X⊤vT )

) , (2.1)

and the objective can be written as

max
Y,Z

J = EDtrain
[x⊤

T+1Y
⊤LN(X⊤vT )− log

∑

x′∈[M ]

x′⊤Y ⊤LN(X⊤vT )]. (2.2)

Let ηY , ηZ be the learning rate of matrices Y and Z respectively. Then the gradient of Y
and Z can be characterized by the following lemma:

Lemma 1 (Gradient of Y and Z for 1-layer transformer, Lemma 1 of [133]). The gradient of
Y and Z w.r.t. (2.2) of batch size 1 and learning rate ηY and ηZ can be written as

Ẏ = ηY LN(X
⊤vT )(xT+1 −α)⊤, Ż = ηZxT (xT+1 −α)⊤Y ⊤ P⊥

X⊤vT

∥X⊤vT∥2
X⊤diag(()vT )X,

(2.3)

where P⊥
v ≜ I − vv⊤/∥v∥22 projects any vector to orthogonal complement of v, α =

[α1, α2, . . . , αM ]⊤ ∈ RM with α = exp
(
Y ⊤LN(X⊤vT )

)
/1⊤ exp

(
Y ⊤LN(X⊤vT )

)
.

Proof. Ẏ , Ż can be obtained by direct calculation. One can refer to the proof of Lemma 1 of
[133].

2.4.1 Main results for the reversal curse

In this section, we analyze the reversal curse where data points are three-token sentences
“A→ B” or “B← A”. For each sentence, A and B are two distinct tokens that represent two
entities, and “→” and “←” are two special tokens representing a pair of relationships inverse
to each other.
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Datasets. LetNtrain > 0, N
(1)
test > 0 andN

(2)
test > 0 and denoteNtotal = Ntrain+N

(1)
test+N

(2)
test. Let

Ai, Bi ∈ V , ∀i ∈ [Ntotal] be 2Ntotal distinct tokens representing distinct entities. Let →,←∈ V
be two additional different tokens that represent two inverse relationships. Specifically, we
have Ai → Bi and Bi ← Ai for all i ∈ [Ntotal]. For notation convenience, we define the following
three index sets

Itrain = [Ntrain], I(1)test = [Ntrain +N
(1)
test]\Itrain, I(2)test = [Ntotal]\(Itrain ∪ I(1)test).

The training set Dtrain consists of all Ai → Bi and Bi ← Ai for i ∈ Itrain. In addition, Dtrain

contains Ai → Bi for i ∈ I(1)test and Bi ← Ai for i ∈ I(2)test. For convenience, we let N = |Dtrain| to
be the size of the training set. The test set Dtest consists of Bi ← Ai for i ∈ I(1)test and Ai → Bi
for i ∈ I(2)test. Under our construction of the dataset, the LLM will learn the relationship
between Ai and Bi for i ∈ Itrain in both directions to deduce that→ is reverse to←, and learn
the relationship between Ai and Bi for i ∈ I(1)test ∪ I(2)test in one direction and will be tested for
the other.

We use pθ(Ai|Bi ←) and pθ(Bi|Ai →) to more compactly represent pθ(x3 = Ai|x1 =
Bi, x2 =←) and pθ(x3 = Bi|x1 = Ai, x2 =→), respectively. Our goal is to prove through the
training dynamics of one-layer transformers that the test probability remains negligible during
training. In particular, we are interested in pθ(Ai|Bi ←), ∀i ∈ I(1)test and pθ(Bi|Ai →), ∀i ∈ I(2)test.

For convenience, we assume zero-initialization Y (0) = 0 and Z(0) = 0. This is the same
as [133] and is reasonable since empirically, Y and Z are usually initialized as inner products
of d-dimensional vectors with i.i.d Gaussian entries, and thus are almost zero (Lemma 12 in
Section A.2). The following proposition shows the initial train/test probabilities are uniform
over the vocabulary V .

Proposition 1 (Initial probability under zero initializaion). Assume the transformer is under
zero-initialization θ(0) = (Y (0), Z(0)) with Y (0) = 0 and Z(0) = 0. For any i ∈ [Ntotal], we
have

pθ(0)(Bi|Ai →) = pθ(0)(Ai|Bi ←) = 1/M.

The proof is deferred to Section A.3.1.1. Proposition 1 shows that initially, the probability
of predicting any B (or A, respectively) given any A → (or B ←, respectively) as input is
uniform over the whole vocabulary. When Y (0) and Z(0) are not exactly 0 but close to
0, the initial prediction will still be close to the uniform distribution, which is similar to
Lemma 10. Next we analyze the dynamics of pθ(t)(Bi|Ai →) and pθ(t)(Ai|Bi ←).

Proposition 2 (Next token probability). For input sequence (x1, x2), the next token proba-
bility under parameters θ(t) is pθ(t)(x|x1, x2) = exp (Y (t)x1,x) /

∑
x′∈[M ] exp (Y (t)x1,x′), where

Y (t)i,j is the entry of the matrix Y (t) at row i and column j.

The proof is also deferred to Section A.3.1.1. According to Proposition 2, the next token
probability when the entity in the input is x1 is determined by the x1-th row of the matrix
Y (t). Another nice property indicated by Proposition 2 is that we don’t need to keep track of
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the dynamics of Z(t), which could greatly simplify the analysis. The following lemma shows
the dynamics of Y (t).

Lemma 2 (Dynamics of Y (t)). Assume we run SGD with batch size 1 4, and assume
M ≫ 100 and 1

M0.99 ≪ ηY < 1. Let t ≳ N lnM
ηY

and let Y (t)i denote the i-th row of Y (t) and

Y (t)ij denote the (i, j)-th entry of Y (t). Then for training sequence (x1, x2, x3) ∈ Dtrain at
time t, we have

Y (t)x1,x3 ≳ ln (MηY t/N) , and Y (t)x1,x ≲ − ln (MηY t/N) /M, ∀x ̸= x3,

and for any test sequence (x1, x2, x3) ∈ Dtest, we have Y (t)x1,x = 0,∀x ∈ [M ].

The proof of Lemma 2 is presented in Section A.3.1.2. Lemma 2 implies the asymmetry
of the model weights Y (t): for two tokens x1, x3, when x1 appears as a contextual token and
x3 serves as the next token in the same training sequence, the model weights Y (t)x1,x3 gets
increased during training while Y (t)x3,x1 will not get increased. Combining Proposition 2, we
can obtain our main theorem for the reversal curse.

Theorem 3 (Reversal curse). Assume we run SGD with batch size 1, and assume M ≫ 100
and 1

M0.99 ≪ ηY < 1. Let t ≳ N lnM
ηY

denote the time step which also satisfies ln t ≳ ln(NM/ηY ).

For training sequence (x1, x2, x3) ∈ Dtrain at time t, we have

pθ(t)(x3|x1, x2) ≥ 1− (M − 1)(MηY t/N)−c → 1, as t→∞

for some constant c > 0, and for any test sequence (x1, x2, x3) ∈ Dtest that is not included in
the training set Dtrain, we have pθ(t)(x3|x1, x2) ≤ 1/M .

Theorem 3 shows that although the direction presented in the training set can be learned
nearly perfectly, the model’s next token prediction of the reverse direction is almost a random
guess. The proof is deferred to Section A.3.1.3. We also empirically validate the above results
for multi-layer transformers in Section 2.5.

2.4.2 Chain-of-thought

In this section, we extend our analysis in Section 2.4.1 to study other logical relationships.
In particular, we study chain-of-thought (CoT) [145] and show its importance via training
dynamics. CoT encourages LLMs to output a series of intermediate reasoning steps to
increase their performance. Consider the simplest example, where the model learns two facts
that A→ B and B→ C, and we want to test whether the model is able to directly conclude
that A⇝ C. CoT indicates that if an LLM is only trained on A→ B and B→ C, it would be
easier for the model to deduce A⇝ C during the inference time if the model can first output
the intermediate steps A→ B and B→ C, instead of directly predicting the next token C given
the input “A⇝”. The failure of directly deducing A⇝ C is also empirically observed by [5].

4The lemma holds even if the batch size is larger than 1 and the analysis is essentially the same.
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Theoretically, [38] shows the importance of CoT for some complex reasoning tasks through
the lens of the expressivity of transformers. In this section, we show the importance of
CoT through a different angle, i.e., training dynamics. We show that for the above simplest
two-step reasoning, without CoT, the model is not able to directly predict C given the input
“A⇝” even if it learns A→ B and B→ C.

Theorem 4 (Importance of chain-of-thought, informal statement of Theorem 14). Under
certain assumptions as stated in Theorem 14, for any Ai, Bi, Ci s.t. Ai → Bi and Bi → Ci are
in the training set but Ai ⇝ Ci is not, we have

pθ(t)(Bi|Ai →)→ 1, pθ(t)(Ci|Bi →)→ 1, pθ(t)(Ci|Ai ⇝) ≤ 1/M, as t→∞.

We defer the details of the dataset construction and proof to Section A.3.2. Theorem 4
shows that although the LLM learns Ai → Bi and Bi → Ci nearly perfectly, it cannot directly
deduce Ai ⇝ Ci. Analogous to the asymmetry of causal transformer weights as we discussed
in Section 2.4.1, our analysis of CoT reveals another property, i.e., intransitivity: training the
weights associated with A to B and B to C does not necessarily increase the weights associated
with A to C.

We also emphasize that the model fails to directly deduce Ai ⇝ Ci when the two interme-
diate steps Ai → Bi and Bi → Ci are trained separately. If the two steps are concatenated into
a single training sequence, it is possible that the model learns Ai ⇝ Ci directly [143].

2.4.3 Roles of the attention score matrix

During the analysis of Sections 2.4.1 and 2.4.2, we show that the reversal curse and the
importance of CoT are largely due to the asymmetry and intransitivity of causal transformer
weights (in our case, the weight matrix Y (t)). However, it seems that the dynamics of the
attention score matrix Z(t) do not impact the model performance. Below, we briefly discuss
the role of the attention score matrix Z(t).

In (2.1), the attention score is used to calculate the weights btT , where a contextual token
xt with a larger attention score attended by the query token xT has a larger weight. Note
that we use the same formulation as the previous work [133] where the query token will not
attend to itself. Therefore, for a three-token training sequence, the weights b12 is always one
since there is only one contextual token x1, no matter whether the value of the attention
score is high or low.

However, consider a slightly different setting, where the relationship is represented by
two tokens. In that case, x1 = Ai, x2 = R1, x3 = R2, x4 = Bi, and there are two contextual
tokens Ai and R1. The role of the attention score is then to select the important token, i.e., Ai,
by putting more weights on it. Theorem 2 of [133] showed that under certain assumptions,
the query token R2 will attend more to “distinct tokens” Ai and less to the “common token”
R1. Therefore, the query token R2 will eventually put all weights to Ai, and the remaining
analysis remains the same as in Sections 2.4.1 and 2.4.2. See Section A.3.3 for a more rigorous
analysis.
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2.5 Experiments

In this section, we conduct experiments to further validate our theoretical results in Section 2.4
on multi-layer transformers. We show experimental results of the reversal curse in this section
and CoT in Section A.4. Note that in Sections 2.3 and 2.4, we theoretically proved the reversal
curse for both the bilinear model and one-layer transformer under certain assumptions. Now,
we empirically show that the reversal curse still happens even for multi-layer transformers.
In Section A.5.2.3, we also provide empirical results that the reversal curse does not happen
in ICL settings.
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Figure 2.1: Experiment results of reversal curse under default configuration (see Table A.2).
The curves represent the (average) negative log probability of the model predicting the next
token to be Bi when the input is “Ai →”, or to be Ai when the input is “Bi ←”. While the
sentences in the training set can be learned nearly perfectly (as shown by the training curve
where the next token probability converges to one), the model is not able to predict the
correct next token in the validation set better than a uniformly random guess. Both curves
are averaged over 10 random seeds.

Dataset construction. Below, we describe how we generate our synthetic dataset for
experiments on the reversal curse. We choose the vocabulary V = {0, 1, . . . , N} for a specified
N > 0. We randomly sample two disjoint sets of entities A,B ⊂ V with |A| = |B| = |V|/4,
and reserve two additional tokens for relationships→ and←, respectively. 5 Next, we specify
a bijection from A to B uniformly at random. For each Ai ∈ A and its corresponding Bi ∈ B,
we can obtain a pair of sequence (Ai → Bi, Bi ← Ai). We split the set of all pairs into training
pairs and validation pairs. For each training pair, both sequences will be included in the
training set, while for the validation pair, we randomly select one sequence for the training

5By default, each entity consists of one token. See multi-token experiments in Sections A.5.2 and A.5.3
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Figure 2.2: Visualization of the weights (logits) of the model with default configurations
trained after 3000 epochs for the reversal curse experiment. For the top-left matrix, the i-th
row corresponds to an entity token Ai for a training pair, and the i-th column corresponds
to an entity token Bi for a training pair. The (i, j)-th entry represents the model weights
from the token Ai to Bj, i.e., the logits of Bj when the input sequence consists of only Ai.
Similarly, for the bottom-left matrix, the row corresponds to the input entity tokens of the
seen direction (the direction included in the training set) of validation pairs, and the column
corresponds to output entity tokens. The two matrices on the right are obtained by swapping
row tokens and column tokens of their corresponding left matrices. Note that the diagonals
of the bottom-right matrix are all close to zero, while the diagonals of other matrices all have
large values. This implies that if a pair of tokens (A, B) only appear in the training set in one
direction, then the model weights associated with the other direction will hardly get trained.

set and the other for the validation set. Therefore, the model will learn both directions for
the training pairs and only one direction for each validation pair while being tested in the
unseen direction.

Model architectures. We train multi-layer transformers based on GPT-2 architecture [147].
Figure 2.1 shows the results where the model has 24 layers, 12 attention heads per layer, uses
absolute positional encoding, and we choose the vocabulary size of 800. The training set size
is 340, and the validation set size is 60 (resulting from 140 training pairs and 60 validation
pairs). We also conducted experiments with various model configurations and vocabulary
sizes in Section A.5.2. Besides, all hyperparameters and different model configurations are
presented in Section A.5.1.
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Results. Figure 2.1 shows that during the training, the next token probability for training
data increases a lot while the next token probability for validation data remains unchanged
or gets even smaller. This is consistent with our theoretical results of Theorem 3.

According to our theoretical analysis, the reversal curse happens due to the asymmetry of
model (re-parameterized) weights (i.e., logits of a token given another token as input), and
we also empirically validate the asymmetry for multi-layer transformers. Figure 2.2 shows
the model weights from a token x1 to x3 is trained large for a training sequence (x1, x2, x3) as
represented by the diagonals of the first three matrices, while the weights from a token x1 to
x3 remains nearly zero for a validation sequence (x1, x2, x3) as represented by the diagonals
of the last matrix, which is consistent with Lemma 2. This implies that if a pair of tokens
(A, B) only appear in the training set in one direction, then the model weights associated with
the other direction will hardly get trained.

2.6 Conclusions

In this work, we study the reversal curse theoretically via training dynamics of (1) a bilinear
model, which is a simplification of the one-layer transformer; (2) one-layer transformers
under certain technical assumptions similar to [133]. Our theoretical results suggest that
a core reason the reversal curse happens in auto-regressive LLMs is the asymmetry of the
model weights, and we apply our technique to prove the necessity of CoT for one-layer
transformers, which is mainly due to the intransitivity of model weights. The asymmetry
and intransitivity of model weights caused by unconstrained optimization of CE loss indicate
that an auto-regressive LLM might mainly focus on learning text sequences during training
separately instead of automatically deducing indirect conclusions under the current popular
training paradigms. This highlights the importance of ICL, data augmentation, or planning
for current auto-regressive LLMs to solve complex reasoning tasks.

As for future directions, it would be interesting and important to study: (1) What is
a unified way to characterize and study the reversal curse, CoT, and other similar logical
reasoning tasks? (2) Our work mainly focuses on three-token sequences, where each entity or
relationship is represented by a single token. While we empirically explored the setting where
each entity might consist of multiple tokens and distinct entities might share a few tokens, it
would be interesting to analyze the multiple-token setting theoretically. (3) We theoretically
analyzed the bilinear model and one-layer transformer, and it would be an important future
direction to extend the analysis to multi-layer transformers.
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Chapter 3

Understanding Out-of-context
Reasoning in LLMs

3.1 Introduction

Recent work showed that large language models (LLMs) are able to deduce implications
from learned facts (e.g., a model that learned a new fact that “Alice lives in Paris” during
fine-tuning can generalize to deduce “Alice speaks French” during test, which is an implication
of the newly-injected fact assuming “people living in Paris speak French”), showing strong
generalization capabilities [39]. Meanwhile, other work shows that LLMs tend to hallucinate
on factually incorrect responses when they learn new factual knowledge during fine-tuning [41,
69, 124]. It remains unclear why LLMs can be good at generalization yet prone to hallucination
after being injected with new factual knowledge. This raises a natural question:

Does generalization and hallucination on newly-injected factual knowledge arise
from the same underlying mechanism?

To answer this question, we propose that both phenomena stem from the same under-
lying mechanism: out-of-context reasoning (OCR), also referred to as “ripple effects” [31].
Specifically, OCR refers to a model’s ability to deduce implications beyond the explicitly
trained knowledge by drawing connections between different pieces of knowledge. Example 3.1
illustrates how OCR manifests in two distinct ways depending on the training data. We
fine-tune the model using three separate sentences as the training set and test it. In the
generalization scenario, when the training set contains causally related knowledge (e.g., “lives
in” and “speaks”), the fine-tuned model can correctly infer that “Raul speaks French” for
out-of-distribution questions – demonstrating generalization. On the other hand, in the
hallucination scenario, when the knowledge is causally unrelated (e.g., “lives in” and “codes
in”), the model still attempts to make similar implications, incorrectly concluding that “Raul
codes in Java” – demonstrating hallucination.
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Example 1: Generalization and Hallucination both as OCR

Generalization: OCR with causally related knowledge

Training: { Alice lives in France .}; { Alice speaks French .}; { Raul lives in

France .}.
Test: “What language does Raul speak ?”

Fine-tuned model: “ Raul speaks French .”

Hallucination: OCR with causally unrelated knowledge

Training: { Alice lives in France .}; { Alice codes in Java .}; { Raul lives in
France .}.
Test: “What language does Raul code in ?”

Fine-tuned model: “ Raul codes in Java .”

Notations

Subject: s ∈ S Relation: r ∈ {r1, r2} Answer: a ∈ A = A1 ∪ A2, with A1 =
{bi}ni=1 being the fact set and A2 = {ci}ni=1 being the implication set.

Formally, we denote atomic knowledge as triples (s, r, a) where s ∈ S is a subject, r ∈ R =
{r1, r2} is a relation, and a ∈ A is the answer. The answer space A contains facts A1 = {bi}ni=1

and implications A2 = {ci}ni=1. An underlying rule (s, r1, bi)
implies−→ (s, r2, ci), ∀s ∈ S means

that any subject s having relation r1 with bi also has relation r2 with ci. For example,

(s, lives in,Paris)
implies−→ (s, speaks,French) means “people live in Paris speak French”.

Following [39], we investigate whether models can generalize from the learned knowledge.
As shown in Figure 3.1, we train models on data where some entities appear in both facts
(s, r1, bi) and their corresponding implications (s, r2, ci). The core question is: if a new
entity s′ appears during training only in the fact (s′, r1, bi), can the model deduce
the unseen implication (s′, r2, ci) during testing?

Surprisingly, we find that even a one-layer single-head attention-only transformer can
successfully perform OCR on the above task, while its counterpart – a reparameterized model
with combined output-value matrix WOV = WOW

⊤
V is unable to do OCR. Prior to our work,

[127, 117] similarly noticed there is a distinction in optimization dynamics between (WK,WQ)
and the combined key-query matrix WKQ = WKW

⊤
Q . Compared to their work that focuses

on optimization, we take a step forward to study its implications in terms of generalization.
Overall, our contribution can be summarized as follows:

• In Section 3.2, we empirically verify that OCR can lead to both generalization and
hallucination in LLMs, depending on whether the two relations are causally related.

• In Section 3.3, we formalize OCR as a symbolic factual recall task (Figure 3.1) following [97]
and empirically find that a one-layer single-head attention-only transformer with separate
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Tokenize
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Figure 3.1: Illustration of the symbolic out-of-context reasoning (OCR) task. Left:
The task is motivated by real-world knowledge injection, where S corresponds to names and
A1 = {bi}ni=1,A2 = {ci}ni=1 denote collections of cities and languages, respectively. Middle:
We tokenize entities into symbolic sequences. Right: The mapping rule connects S, A1, and
A2, where each s ∈ Si associates with a unique fact bi ∈ A1 and corresponding implication
ci ∈ A2.

output and value matrices is able to solve OCR, while the reparameterized model with
combined output-value weights cannot.

• In Section 3.4, we present a key theoretical difference in optimizing a non-factorized model
WOV = WOW

⊤
V versus the factorized one (WO,WV) for one-layer transformers based

on the implicit bias of gradient flow, which explains the distinction in OCR capability.
Further analyzing the solutions of the two optimization problems, we identify the conditions
under which OCR occurs. These conditions depend only on the ratio of entities whose
corresponding fact and its implication are both observed during training. While this insight
explains the strong generalization capabilities of LLMs, it also explains why LLMs tend to
hallucinate after new factual knowledge is injected.

3.2 OCR in LLMs

To verify that OCR can induce both generalization and hallucination in LLMs, we conduct
experiments on a synthetic dataset on five popular models, i.e., Gemma-2-9B, OLMo-7B,
Qwen-2-7B, Mistral-7B-v0.3, and Llama-3-8B.

Setup. Following [39], we construct a synthetic dataset to analyze generalization versus
hallucination. We take the subject set S to be a list of fictitious names and pair 5 facts
from a set A1 with 5 implications from a set A2. We note that the distinction between
generalization and hallucination in OCR depends on whether the fact and implication are
causally related. We consider five associations, i.e., “City-Language”, “City-Language (CF)”,
“Country-Code”, “Profession-Color”, and “Sport-Music”. The “City-Language” association
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utilizes real-world knowledge (e.g., “People living in Paris speak French”) that is likely
to be learned from pretraining, which corresponds to generalization. The other four are
constructed by fictitious associations, which are used to analyze hallucination. Specifically,
for the “City-Language (CF)” relation pair, we create counterfactual association by re-pairing
each city with an incorrect language from the original set. For example, “Paris” might be
mapped to “Japanese”. A complete dataset description and training details are provided in
Section B.5.

We partition S into S =
⋃5

i=1 Si (which will be further discussed in Section 3.3.1 in detail)
and randomly assign a distinct fact-implication pair (or equivalently, a (bi, ci) pair) to each
subset Si. We then create training and test sets for each subset by splitting its subjects with
a 0.2 training ratio, resulting in 20% training subjects and 80% test subjects. The training set
contains facts for all subjects and implications only for training subjects. We then evaluate
the model on the implications of the test subjects. Similar to [39], we use the mean-rank as
our evaluation metrics. This is the average rank of the ground-truth implication among all
possible candidates in A1 ∪A2, sorted by prediction probability. A lower mean-rank indicates
better performance.

Results. Table 3.1 presents the evaluation results for predicting implications for test
subjects. The findings reveal a “double-edged sword” characteristic of OCR. On the one hand,
when a fact and an implication are causally related, the models exhibit strong generalization,
consistent with [39]. On the other hand, this same associative ability makes them prone to
hallucination, as they also tend to learn to connect concepts that have no causal relationship.

This behavior is remarkably efficient. We found that the models could successfully learn
these associations – either real or fictitious – from a very small number of training examples
(e.g., four training subjects in each subset). This suggests that the capability for strong
generalization and the vulnerability to hallucination may stem from the same underlying
learning mechanism. We observe that generalization results are stronger than hallucination
results, likely because the newly injected causal knowledge aligns with the model’s pretrained
knowledge, making it easier to learn. We note that the dual nature of generalization and
hallucination is also empirically founded in [103]. Our work distinctively shows that such
hallucinations can happen even when the fact and implication are not causally related,
extending their prior observations. In Section B.4, we further verify our findings in real-world
data.

3.3 One-Layer Attention-Only Transformers can Do

Symbolic OCR

3.3.1 Setup

Basic notations. For any integer N > 0, we use [N ] to denote the set {1, 2, . . . , N}. Let
V = [M ] be the vocabulary of size M = |V|. We use lower-case and upper-case bold letters
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Table 3.1: Performance comparison of different language models on synthetic reasoning tasks with
various associations. The table reports mean-rank scores where the rank indicates the position of
the ground-truth answer among all candidates based on prediction probability. Lower ranks indicate
better performance and Rank 0 refers to the token with the largest probablity. Values in parentheses
indicate the standard error of the mean-rank scores, calculated from 3 runs with different random
seeds.

Models
Generalization Hallucination

City–Language City–Language (CF) Country–Code Profession–Color Sport–Music

Gemma-2-9B 0.00 (0.00) 0.19 (0.20) 0.19 (0.07) 1.64 (0.01) 0.56 (0.01)
OLMo-7B 0.07 (0.03) 1.33 (0.49) 0.15 (0.13) 1.84 (0.23) 0.17 (0.01)
Qwen-2-7B 0.13 (0.01) 4.55 (2.33) 3.63 (1.10) 0.82 (0.34) 0.40 (0.08)

Mistral-7B-v0.3 0.00 (0.00) 2.10 (0.01) 1.48 (0.52) 1.15 (0.56) 1.28 (0.13)
Llama-3-8B 0.00 (0.00) 1.18 (0.61) 0.77 (0.10) 0.93 (0.21) 0.63 (0.22)

(e.g., a,A) to represent vectors and matrices. Let ei ∈ RM be a one-hot vector, i.e., the i-th
entry of ei is 1 while others are zero.

Task structures. Let S be a set of subject tokens and R := {r1, r2} be a set of relation
tokens. Let A be the set of answer tokens and a∗ : S × R → A be the mapping from
subject-relation tuples (s, r) to the corresponding answer a∗(s, r)1. In Figure 3.1, S is taken
to be a list of names and R corresponds to “lives in” and “speaks” respectively. We split the
answers into two disjoint subsets:

A1 = { b1, . . . , bn}, A2 = { c1, . . . , cn}, A = A1 ∪ A2,

where A1 is the set corresponding to fact answers, A2 is the set corresponding to implication
answers, and |A1| = |A2| = n. Finally, we assume a one-to-one correspondence from bi to ci
for any i ∈ [n], such that whenever a∗(s, r1) = bi, it also holds that a∗(s, r2) = ci.

Dataset constructions. Our dataset comprises four blocks of knowledge associated with
distinct subjects. Let S = Strain ∪ Stest where Strain and Stest are disjoint.

1. Facts in Strain: D(b)
train = {(s, r1, b) : s ∈ Strain};

2. Implications in Strain: D(c)
train = {(s, r2, c) : s ∈ Strain};

3. Facts in Stest: D(b)
test = {(s, r1, b) : s ∈ Stest};

4. Implications in Stest: D(c)
test = {(s, r2, c) : s ∈ Stest}.

1We consider a many-to-one mapping here where multiple (s, r) can correspond to the same answer. For
example, s1 = “Alice”, s2 = “Bob”, r = “lives in”, a∗(s1, r) = a∗(s2, r) = “France”.



CHAPTER 3. UNDERSTANDING OUT-OF-CONTEXT REASONING IN LLMS 24

We construct the training and test data with

Dtrain = D(b)
train ∪ D

(c)
train ∪ D

(b)
test, Dtest = D(c)

test.

Subject enumeration and tokenization. For any given subject set S, Strain, or Stest, we
partition the subjects into n disjoint subsets based on their corresponding value of a⋆(s, r).
For every i ∈ [n], we assign the subjects in Si with fact bi and implication ci. We assume these
partitions are equally sized. Specifically, we partition the training set as Strain =

⋃n
i=1 Si,train

where |Si,train| = mtrain for all i. Similarly, we partition the test set as Stest =
⋃n

i=1 Si,test
where |Si,test| = mtest for all i. The complete subject set follows as S =

⋃n
i=1 Si where

Si = Si,train ∪ Si,test and |Si| = m = mtrain +mtest for all i.
Using this partition structure, we can enumerate all subjects in S as {si,j : i ∈ [n], j ∈ [m]}.

Within each partition Si, the first mtrain subjects belong to the training set (si,j ∈ Si,train
for 1 ≤ j ≤ mtrain), while the remaining subjects belong to the test set (si,j ∈ Si,test for
mtrain+1 ≤ j ≤ mtrain+mtest). We order the subjects by cycling through partitions for each j:
s1,1, s2,1, . . . , sn,1, s1,2, s2,2, . . . , sn,2, . . . , s1,m, s2,m, . . . sn,m. Each subject si,j is then tokenized
according to this order.

Sequence structures. We take the vocabulary to be V := S∪R∪A∪{<EOS>} where <EOS>
is the “end-of-sequence” token. Each sequence has the form z1:(T+1) = [s, r, <EOS>, a∗(s, r)].
By default, the task is to predict zT+1 from z1:T as illustrated in Figure 3.1.

Transformer architectures. We consider a decoder-only transformer which maps a length
T sequence z1:T := [z1, . . . , zT ] ∈ VT to a d-dimensional vector which is used to generate
the next token zT+1. For any token z ∈ [M ], we also use the corresponding one-hot vector
z = ez ∈ RM to represent it and thus we can define X = [ez1 , ez2 , . . . ezT ]

⊤ ∈ RT×M where
the i-th row of X xi = ezi for i ∈ [T ]. We take the hidden dimension to be the same as the
vocabulary size, i.e., d = M . Throughout the work, we consider a one-layer linear attention
model following [88, 97, 161].

Factorized model: fθ(X) = WOW
⊤
V X⊤XWKQxT ∈ Rd, (3.1)

whereWO,WV ∈ Rd×dh are the output and value matrices, respectively, and we reparameterize
the key-query matrices by WKQ = WKW

⊤
Q ∈ Rd×d in line with [133, 170]. We denote by

θ = (WKQ,WO,WV) the summary of model parameters. Additionally, we consider a non-
factorized model: θ̃ = (WKQ,WOV) by further combining the output and value matrices as
WOV = WOW

⊤
V .

Non-factorized model: fθ̃(X) = WOVX
⊤XWKQxT ∈ Rd. (3.2)
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Figure 3.2: The weights and mechanisms of the trained one-layer attention models.
The heatmaps on the left show that the factorized model (bottom) learns a structured weight
matrix that enables OCR, as highlighted by the red box. The non-factorized model (top) fails
to learn this structure. Here, the weights shown are the partial weights in the output-value
matrix related to the prediction, i.e., we show a reduced matrix WOV ∈ R|A|×(mn+2). The
diagram on the right illustrates how this structural difference leads to different outcomes.
The task is to predict c2 ∈ A2 given input z1:T with (s2, r2), where the atomic knowledge
(s2, r2, c2) is not included in the training set.

Loss functions. Let pθ(z|z1:T ) be the next-token prediction probability, i.e.,

pθ(z|z1:T ) :=
exp(e⊤

z fθ(X))∑
z′∈A exp(e⊤

z′fθ(X))
=

exp(fθ(z1:T , z))∑
z′∈A exp(fθ(z1:T , z′)))

, (3.3)

where we denote fθ(z1:T , a) = e⊤
a fθ(X) as the logit of token a for a ∈ A. We also use

fθ((s, r), a) to represent the logit if (s, r) ∈ z1:T . We consider training the model with
cross-entropy loss

Ltrain(θ) = Ez1:T+1∼Dtrain
[− log pθ(zT+1|z1:T )], (3.4)

which we optimize by running gradient flow, i.e., θ̇ = −∇Ltrain(θ). We omit the subscript
and use L(θ) := Ltrain(θ) when the context is clear. Finally, we evaluate the model on the
test set Dtest using the same loss function

Ltest(θ) = Ez1:T+1∼Dtest [− log pθ(zT+1|z1:T )]. (3.5)

The corresponding definitions for the non-factorized model are obtained by substituting θ
with θ̃.

3.3.2 Experiments and Observations

Training and test results. We compare the factorized model (3.1) and non-factorized
model (3.2) by training both models using orthogonal embeddings with |S| = 80, n = 20,m =
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4,mtrain = 1, and d = dh = 128. We use (3.4) as the training loss and (3.5) as the test loss.
Both models achieve zero training loss. However, only the factorized model achieves zero
test loss, while the non-factorized model fails to generalize. Further experimental details are
available in Appendix B.3 where we provide the training and test loss curves (Figure B.1)
and demonstrate that the factorized model generalizes effectively even with the intrinsic
dimension as small as dh = 4 (Figure B.4).

Mechanism analysis. Figure 3.2 (left) visualizes the learned weights WOV and WOW
⊤
V

after training. The non-factorized model learns zero weights in the “test-implication” block
of the output-value matrix, whereas the factorized model exhibits similar weight patterns
across both training and test blocks. The right side of Figure 3.2 illustrates the underlying
mechanism, showing how the factorized architecture solves OCR through generalization while
the non-factorized parameterization can only memorize the training data.

3.4 Theoretical Results

In this section, we conduct a detailed theoretical analysis to unveil the distinction in optimizing
the one-layer attention model with two different parameterizations. We begin by assuming
a fixed attention pattern and then extend to trainable WKQ matrices. Our main finding is
that the factorized (WO,WV) matrix induces implicit regularization with the nuclear norm,
which prevents the “test-implication” block from collapsing to zero weights, thereby enabling
OCR capabilities.

3.4.1 Implicit Bias Explains the Distinction in OCR Abilities

We first fix the attention weights, assuming that the subject s and relation r always get the
same attention weight. The trainable parameters in the two models become θ = (WO,WV)
and θ̃ = WOV. For the logit function given any input (s, r) and a ∈ A, we have

fθ((s, r), a) = [WOW
⊤
V ](a, s) + [WOW

⊤
V ](a, r) and fθ̃((s, r), a) = WOV(a, s) +WOV(a, r).

Despite their different parameterizations, the factorized model (WO,WV) and non-
factorized model WOV have identical expressivity. Proposition 3 formalizes this equivalence.

Proposition 3 (Equivalent expressivity for (WO,WV) and WOV). Suppose dh ≥ d. The
factorized parameterization θ = (WO,WV) with WO,WV ∈ Rd×dh has equivalent expressive
power to the non-factorized parameterization θ̃ = WOV with WOV ∈ Rd×d. Specifically, for
any factorized model θ, there exists an equivalent non-factorized model θ̃, and vice versa,
such that they yield identical training and test losses as defined in (3.4) and (3.5).

The proof is provided in Section B.1.1. Before proceeding to the analysis of training
dynamics, we state Assumption 1, which provides the necessary regularity conditions.
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Assumption 1. We assume the following conditions:

2.1 Regularity: For any fixed z1:T , the logit function fθ(z1:T , ·) ∈ R|A| is locally Lipschitz
and differentiable, which means that for every x0 in its domain, there exists a neighborhood
N(x0) such that fθ(x) is Lipschitz continuous when restricted to N(x0).

2.2 Separability: When optimizing either the non-factorized model W = WOV or factorized
model W = (WO,WV), there exists time t0 such that L(W (t0)) < 1.

Remark 1. Assumption 2.1 holds for both parameterizations: the non-factorized model θ̃ has
a linear logit function, hence is Lipschitz; the factorized model has a bilinear logit function
that is locally Lipschitz when θ is bounded (following Lemma 29). Assumption 2.2 holds
when d, dh ≥ 3 by extending Theorem 5 from [97].

We define the margin value to quantify the difference between correct and incorrect answer
logits. Given a model with parameter W and any (s, r) pair, let a∗(s, r) denote the correct
answer token. For any incorrect answer token a′ ∈ A \ {a∗(s, r)}, the margin between a∗(s, r)
and a′ is:

h(s,r),a′(W ) = fW ((s, r), a∗(s, r))− fW ((s, r), a′). (3.6)

For instance, when the model outputs logits fW ((s, r), ·) = [0, . . . , 1, 0, . . . , 0]⊤ ∈ R|A| with
only the a∗(s, r) entry equal to 1, we have h(s,r),a′(W ) = 1 for any a′ ∈ A \ {a∗(s, r)}. Given
training loss (3.4), Theorem 5 builds the connection between model weights W and solutions
to an SVM problem.

Theorem 5 (SVM forms). Let W ∗ be an optimal solution of (W F
OV-SVM) with rank(W ∗) =

r. Assume dh ≥ r. Consider gradient descent with a small enough learning rate or gradient
flow on the training loss (3.4). We have:

1. For factorized models with θ = (WO,WV), any limit point of θ/∥θ∥2 is along the
direction of a KKT point of a program which has the same solutions for W F

OV := WOW
⊤
V

as the following program, where ∥ · ∥⋆ denotes the nuclear norm:

min
WF

OV

1

2
(∥W F

OV∥2⋆) s.t. h(s,r),a′(W
F
OV) ≥ 1, ∀(s, r) ∈ Dtrain, ∀a′ ∈ A\{a∗(s, r)}.

(W F
OV-SVM)

2. For non-factorized models WOV, any limit point of WOV/∥WOV∥F is along the direction
of a global minimum of the following SVM problem, where ∥ · ∥F denotes the Frobenius
norm:

min
WOV

1

2
(∥WOV∥2F ) s.t. h(s,r),a′(WOV) ≥ 1,∀(s, r) ∈ Dtrain, ∀a′ ∈ A\{a∗(s, r)}.

(WOV-SVM)
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Interestingly, training the factorized model leads to an SVM problem minimizing the
nuclear norm, while the non-factorized model leads to the Frobenius norm. The proof is
deferred to Section B.1.2. Heuristically, Theorem 5 is an example of the implicit bias of the
gradient descent. (WOV-SVM) could be derived directly from the homogeneous property of
one-layer models. The objective of (W F

OV-SVM) initially has the form minWO,WV
(∥WO∥2F +

∥WV∥2F )/2. Using the connection between the nuclear norm and Frobenius norm that
∥W F

OV∥2⋆ = min{WOW
⊤
V =WF

OV}
(∥WO∥2F + ∥WV∥2F )/2, we could derive (W F

OV-SVM) as proved
in Theorem 5.

More surprisingly, the SVM problems in Theorem 5 have closed form solutions. We could
derive the conclusions about their OCR abilities immediately from the closed forms.

Theorem 6 (The OCR abilities of the factorized and non-factorized models). Let n > 1.

• Suppose W F
OV is a solution to the SVM problem in (W F

OV-SVM). We have that for any
(s, r) ∈ Dtest and a′ ∈ A \ {a∗(s, r)}, given regularity conditions, it holds that

h(s,r),a′(W
F
OV) ≥ min{

√
mtrain/mtest, 1}, indicating the OCR ability. (3.7)

• Suppose WOV is a solution to the SVM problem in (WOV-SVM). We have that for any
(s, r) ∈ Dtest, and any a′ ∈ A2 \ {a∗(s, r)}, it holds that

h(s,r),a′(WOV) = 0, indicating no OCR ability. (3.8)

The key reason behind Theorem 6 is the different nature between minimizing the nuclear
norm and the Frobenius norm. To minimize the Frobenius norm, the weights tend to become
zero on as more entries as possible, and the weights on (s, r) ∈ Dtest are completely untouched
during training. A solution minimizing the Frobenius norm would zero out all entries for
(s, r) ∈ Dtest, leading to h(s,r),a′(WOV) = 0 for any a′ ∈ A2. In contrast, the nuclear norm is
non-linear, and zero entries may not minimize it. We therefore get h(s,r),a′(W

F
OV) > 0. The

proof is deferred to Section B.1.3.
Our result provides new insights. First, it is well known that transformers need at least two

layers of attention to perform multi-hop reasoning [113, 114], while we show that one-layer self-
attention can find a shortcut to circumvent this bottleneck under certain scenarios. Second,
most of the past works [133, 170, 62, 52, 97] on theoretically understanding transformers
apply the reparameterization WOV = WOW

⊤
V as it does not change the expressivity of the

model. Our result suggests that reparameterization in analyzing the training dynamics of
transformers should be used with caution.

OCR is sample-efficient. Note that in (W F
OV-SVM), the lower bound of the margin of

the test implication depends only on the ratio between mtrain and mtest. More importantly,
as long as that mtrain > 0, we have h(s,r),a′(W

F
OV) > 0 for any a′ ∈ A \ {a∗(s, r)}. While this

explains the strong generalization capabilities, it also implies that even when two relations are
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not causally related, the model can learn to associate the fact and implication easily, which
leads to hallucination. This finding well explains why a few training samples are sufficient for
LLMs to exhibit OCR in Section 3.2.

3.4.2 Dynamics Analysis with a Trainable Key-Query Matrix

We denote WOV(a, z) = e⊤
a WOVez and WKQ(z) = e⊤

z WKQe<EOS> following [97]. We assume
that both WOV and WKQ are trainable and show that the non-factorized model fails to
generalize to test implications (Theorem 7) by analyzing the gradient flow trajectory.

Assumption 2. Let α > 0. We initialize the weights by setting WOV(a, z) = α and
WKQ(z) = α

√
|A|+ 1 for all a ∈ A, z ∈ V.

Theorem 7. Suppose that |A2| > 1 and Assumption 2 holds, and we use Ltest(θ̃t) in (3.5) to
denote the test loss for the non-factorized model. For any t ≥ 0, it holds that

Ltest(θ̃t) = Ez1:T+1∼Dtest [− log pθ̃t(zT+1|z1:T )] ≥ log |A2| > 0.

The proof exploits parameter symmetry. Subjects can be partitioned based on a⋆(s, r):
Strain = ∪ni=1Si,train and Stest = ∪ni=1Si,test, where partition i corresponds to fact bi and
implication ci. Since all partitions are equal-sized, any two pairs (bi, ci) and (bj, cj) with
i ̸= j are interchangeable. Applying this symmetry to the optimization dynamics, we
show that WOV(a, s) = WOV(a

′, s) for any a, a′ ∈ A2. Consequently, on the test set, the
non-factorized model assigns uniform probability across all answers in the implication set:
pθ̃t(a|s, r2) = pθ̃t(a

′|s, r2) for any a, a′ ∈ A2. A complete proof is provided in Section B.2.
This result is consistent with the observation of [170], which shows that a reparameterized

non-factorized one-layer attention-only model struggles to generalize unless the expected
answer token follows the important token in the prompt in the training set. Extending this
result to factorized models with trainable WKQ matrices introduces significant complexity
due to higher-order interaction terms between parameters. We leave this comprehensive
analysis for future work.

3.5 Conclusions

In this work, we study LLMs’ generalization and hallucination when fine-tuned with new
factual knowledge in a unified way and show that the above two behaviors are both due to
the model’s OCR ability. We carefully analyze a one-layer linear attention model and prove
that the implicit bias of GD on the factorized model enables the model to obtain strong
OCR abilities. Our theory establishes that LLMs can easily associate facts and implications
based on co-occurrence, and thus can hallucinate when the co-occurrence does not reflect
causality. As for future directions, it would be interesting to extend our theoretical analysis
to multi-layer transformers, as well as effective methods to prevent this type of hallucination
when injecting new factual knowledge into a model.
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Chapter 4

Reasoning by Superposition via
Continuous CoT

4.1 Introductions

Large language models (LLMs) have shown strong performance in many reasoning tasks,
especially when empowered with chain-of-thought (CoT) [145] (e.g., hard problems like AIME
and math proving). However, they also struggle with tasks that require more sophisticated
reasoning capability [68], e.g., reasoning and planning problems of increasing scales [164, 148],
even with CoT [134, 166].

It remains an open problem how to expand existing discrete CoT to solve more complex
reasoning problems. Recently, [55] proposes Coconut (chain-of-continuous-thought) that
uses continuous latent thoughts for reasoning, showing empirical performance boost on
synthetic tasks such as directed graph reachability (i.e., given a specification of a directed
graph and one starting node, determine which candidate destination node is reachable), as
well as strong performance on real-world math reasoning benchmarks such as GSM8K [29].
Interestingly, Coconut shows preliminary results that continuous latent thought may store
multiple candidate search frontiers simultaneously, before the final answer is reached. This
is in sharp contrast with discrete CoT, in which each discrete thought token has to be
sampled (or “realized”) before feeding into LLMs in an autoregressive manner. However, the
expressive power and the mechanism of continuous thought still remain elusive and lack a
deep understanding.

In this work, we explore the mechanism of Coconut for the problem of graph reachability,
i.e., whether there exists a path from given start and end nodes in a directed graph. The
problem setting is general [154, 55, 166] and includes many important theoretical problems
(e.g., Turing machine halting problem) and practical use cases (e.g., knowledge graph). Given
this setting, we proved that a two-layer transformer with D steps of continuous thought
can solve graph reachability for graphs of n vertices, where D < n is the graph’s diameter
(longest path length between two nodes). In contrast, for graph reachability, the best existing
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result on constant-depth transformers with discrete CoT requires O(n2) steps [91].
Intuitively, in our construction, each latent thought vector is a superposition of multiple

valid search traces, and thus can perform implicit parallel search on the graph in each autore-
gressive step. The continuous thoughts can be regarded as “superposition states” in quantum
mechanics [17], storing multiple search frontiers simultaneously, and thus enabling efficient
breadth-first search (BFS). In contrast, discrete thought tokens can be viewed as “collapsed
states” from superpositions. This forces the model to choose a branch deterministically,
yielding either an incorrect greedy search or a depth-first style search with backtracking,
which requires more computation. Unlike previous theoretical work that constructs positional
encodings specifically for a given problem or even for a given input length, our construc-
tion works for widely-used positional encodings in practice, such as sinusoidal positional
encoding [138] and rotary position embedding [123].

Moreover, we show that our theoretical construction can be achieved in gradient-based
training. Specifically, a two-layer transformer with continuous CoT outperforms a 12-layer
one with discrete CoT on graph reachability. An inspection of attention patterns and their
underlying representation demonstrates that the continuous thought indeed encodes multiple
plausible search frontiers in parallel in superposition states. Notably, such a superpositional
representation automatically emerges from training only with the optimal path of graph
reachability, without strong supervision that aligns the latent thought vectors with other
plausible search traces.

4.2 Preliminaries

Basic notations. For any integer N > 0, we use [N ] to denote the set {1, 2, . . . , N}. For
any finite set X , let |X | denote the cardinality of X . Let R be the set of real numbers. We use
1{·} to denote the indicator function. Without further clarification, we use lower-case bold
letters (e.g., x, θ) and upper-case bold letters (e.g., W,U) to denote vectors and matrices,
respectively. In particular, we use Id to denote a d× d identity matrix, use 0m×n (or 0m) to
denote an m×n zero matrix (or an m-dimensional zero vector), and use ei to denote a one-hot
vector of which the i-th entry is one and other entries are all zero, where the dimension of ei

can be inferred from the context. We also use ∥ · ∥∞ and ∥ · ∥2 to represent L∞ norm and
L2 norm of vectors, respectively. For vectors u ∈ Rm and v ∈ Rn, let u⊗ v = uv⊤ ∈ Rm×n

denote their outer product. Also, for vectors u,v ∈ Rd, let ⟨u,v⟩ = u⊤v denote their
inner product. For any vector x = (x1, . . . , xd) ∈ Rd, we define the softmax function
SoftMax : Rd → Rd as SoftMax(x)i = exp(xi)/(

∑d
j=1 exp(xj)), and the layer normalization

operator LayerNorm(x) = x/∥x∥2. Moreover, for a sequence of vectors (x1,x2, . . . ,xt) ∈ Rd×t,
we abuse the notation LayerNorm(x1, . . . ,xt) = (LayerNorm(x1), . . . , LayerNorm(xt)) ∈ Rd×t.

Tokens and embeddings. For a fixed positive integer V > 0, let Voc = [V ] denote a
vocabulary of size V . For each token v ∈ Voc, there is an associated token embedding
uv ∈ Rd where d > 0 is the embedding dimension. Assume d = 3dTE + dPE. We refer
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to the first dTE entries of a d-dimensional vector as its content, the subsequent dTE en-
tries as its first buffer, the following dTE entries as its second buffer, and the final dPE
entries as its effective positional encoding. Formally, for a vector x = (x1, x2, . . . , xd)

⊤ ∈
Rd, we define content(x) = (x1, . . . , xdTE)

⊤, buffer1(x) = (xdTE+1, . . . , x2dTE)
⊤, buffer2(x) =

(x2dTE+1, . . . , x3dTE)
⊤ and pos(x) = (x3dTE+1, . . . , xd)

⊤. Let ũv = content(uv) ∈ RdTE for any
v ∈ Voc. Assume for each uv, only the first dTE entries are non-zero. Furthermore, let
U = [ũ1, ũ2, . . . , ũV ] ∈ RdTE×V and we assume that U⊤U = IV , i.e., the token embeddings
are orthonormal.

Algorithm 1 Transformer (TF)

Input: Parameters θ = (θPE, {θ(l,h)Attn}L−1,Hl−1
l=0,h=0 , {θ(l)MLP}L−1

l=0 ), input embeddings v̂ = (v̂1, . . . , v̂t)

1: v̂
(0)
i ← v̂i + PosEncodeθPE(i), ∀i ∈ [t] ▷ adding positional encoding

2: for l = 0 to L− 1 do
3: v̂(l+0.5) ← v̂(l) +

∑Hl−1
h=0 Attn

θ
(l,h)
Attn

(v̂(l)) ▷ self attention

4: v̂(l+1) ← LayerNorm
(
MLP

θ
(l)
MLP

(v̂(l+0.5))
)

▷ MLP and layer normalization

5: end for
Output: Embedding of the last layer at the last position v̂

(L)
t .

Transformer architectures. An L-layer autoregressive transformer receives a sequence of

input embeddings v̂ = v̂[t]
△
= (v̂1, v̂2, . . . , v̂t) ∈ Rd×t and outputs TFθ(v̂) ∈ Rd where TFθ(·)

is defined in Algorithm 1. Let WO ∈ RV×d be the decoding matrix. A traditional decoder
will sample the next token vt+1 ∼ SoftMax(WOTFθ(v̂)) and append its token embedding in
position t+1, i.e., v̂t+1 = uvt+1 , to autoregressively generate subsequent outputs. When using
the chain of continuous thought [55], one skips the sampling step and directly appends the
output of the transformer as the input embedding of the next position, i.e., v̂t+1 = TFθ(v̂).
The parameter θ contains positional encodings θPE, L attention layers where each layer l
contains Hl heads {θ(l,h)Attn}L−1,Hl−1

l=0,h=0 and L MLP layers {θ(l)MLP}L−1
l=0 . The definitions of attention

heads and MLPs are in Algorithm 2.

Algorithm 2 Causal Self-Attention (Attn) and (position-wise) Multilayer Perceptron (MLP)

Input: θAttn = (WQ,WK,WV,WO), θMLP = ({Wi}LMLP
i=1 , {σi(·)}LMLP−1

i=1 ), input v̂ =
(v̂1, . . . , v̂t)

1: qi ←WQv̂i, ki ←WKv̂i, vi ←WVv̂i, ∀i ∈ [t] ▷ compute queries, keys, values
2: for i = 1 to t do
3: si ← SoftMax(⟨qi,k1⟩, . . . , ⟨qi,ki⟩), v̂Attn

i ←WO

∑i
j=1 si,jvj

4: v̂MLP
i ←WLMLP

σLMLP−1(· · ·W2σ1(W1v̂i) · · · )
5: end for

Output: AttnθAttn(v̂) = (v̂Attn
1 , . . . , v̂Attn

t ) or MLPθMLP
(v̂) = (v̂MLP

1 , . . . , v̂MLP
t )
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Positional encodings. Given an input sequence (v̂1, . . . , v̂T ), for each position i ∈ [T ],
there is a corresponding positional encoding pi = PosEncodeθPE(i) ∈ Rd. For each pi, we
assume that only the last dPE entries are non-zero and thus call dPE the effective positional
encoding dimension. For notation convenience, we denote ˜̂vi = content(v̂i) ∈ RdTE , p̄i =
pos(pi) ∈ RdPE for any i ∈ [T ]. We use the widely used sinusoidal positional encoding for
p̄i = (p̄i,1, . . . , p̄i,dPE) as defined below.

Definition 1 (Positional Encoding). Let dPE be even. We use positional encoding generated
by sinusoidal functions [138]. Specifically, for any position i ≥ 1 and any index j ∈ [dPE/2],
we have

p̄i,2j−1 = cos(i ·M−2j/dPE), p̄i,2j = sin(i ·M−2j/dPE),

where M > 0 is a large constant integer, e.g., M = 104 as chosen in [138].

Remark 2. We also discuss theoretical construction with RoPE[123] (Section C.2.6).

4.3 Problem Formulations

Graph reachability. Let G = (V , E) be a directed graph, where V = {v1, v2, . . . , vn} is the
set of vertices and E = {e1, e2, . . . , em} is the set of edges. Each vertex vi ∈ V corresponds to
a token in the vocabulary, and thus we use vi to represent both a vertex and its corresponding
token. Let nmax > 0 denote the maximum possible number of vertices of a graph. Note that
nmax < |Voc|. Each edge ei ∈ E is a tuple, where ei = (si, ti) ∈ V × V denotes there is a
directed edge from the source node si to the target node ti. Given a graph (i.e., all the edges
of the graph), two candidate destination nodes c1 and c2, and a root node r, the task is to
identify which of the two nodes can be reached by r. Note that we guarantee one and only
one of c1 and c2 is reachable by r, which we denote by ci∗ .

Figure 4.1: Prompt format of the graph reachability problem.

Input structures. The prompt structure is illustrated in Figure 4.1. The prompt starts
with the BOS (beginning of sentence) token <s>. The subsequent 3m tokens represent m
edges, where each edge is represented by the source node si, target node ti, and a special
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edge token <e> that marks the end of an edge. Then there is a special question token <Q>

followed by two candidate destination nodes c1 and c2. Finally, there is a special reasoning
token <R> followed by a root node r. See Table C.1 for the full list of token notations. Let
t0 = 3m + 6 be the length of the prompt, and let (v̂1, v̂2, . . . v̂t0) be the input embedding
sequence where v̂i is the token embedding of the i-th token in the prompt.

Chain of continuous thought. We allow transformers to utilize continuous thoughts. Con-
cretely, for c = 1, 2, . . . , the transformer autoregressively generates v̂t0+c = TFθ(v̂1, . . . , v̂t0+c−1).
For notation convenience, we use [tc] = v̂t0+c to represent the continuous thought of step
c for c ≥ 0, and thus [t0] = ur. To request the transformer to make the final prediction
after C steps of thoughts, one simply appends a special answer token <A> at the end of
the sequence, i.e., sets v̂T = u<A> where T = t0 + C + 1, and gets the prediction sampled
from SoftMax(WOTFθ(v̂[T ])) or using greedy decoding argmaxv∈VocWOTFθ(v̂[T ]). We denote

T̃Fθ,C,WO
(v̂[t0]) = argmaxv∈VocWOTFθ(v̂[T ]) as the output token of greedy decoding after

generating C steps of continuous thoughts.

Position index. To present the position of each token or continuous thought in the sequence
in a clear way, we use Idx(v) to represent the position of a token in the input sequence (e.g.,
Idx(<s>) = 1, Idx(si) = 3i− 1, Idx(<Q>) = 3m+ 2), use Idx(<e>, i) = 3i+ 1 to represent the
position of the i-th <e> token in the prompt, and use Idx([ti]) = t0 + i to represent the
position of the continuous thought of step i. See Table C.2 for the complete list of position
indices.

In the following sections, we demonstrate that the chain of continuous thought can
efficiently solve the graph reachability problem both theoretically (Section 4.4) and empirically
(Section 4.5).

4.4 Theoretical Results

In this section, we theoretically prove that a two-layer transformer with continuous thought
can efficiently solve the graph reachability problem. We first introduce a basic building block,
the attention chooser, in our transformer constructions in Section 4.4.1. Then we present
the key result that continuous thought maintains a superposition state of multiple search
traces simultaneously in Section 4.4.2. We show our main theorem in Section 4.4.3 and make
further discussion in Section 4.4.4.

4.4.1 Attention chooser

We use the attention chooser as a building block in our construction, which will choose the
appropriate positions to attend conditioned on the token in the current position. This allows
us to use the same parameter constructions for various input lengths. The proof is deferred
to Section C.2.1.
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Lemma 3 (Attention chooser, informal version of Lemma 32). Under sinusoidal positional
encoding as defined in Definition 1, for any token <x> ∈ Voc and relative position ℓ ≥ 0,
there exists a construction of WK,WQ ∈ R(2dPE)×d, such that for any input sequence v̂[T ] that
satisfying mild assumptions (see Lemma 32 in Section C.2.2), it holds that for any position
i ∈ [T ], it will pay almost all attention to position (i− ℓ) if v̂i = u<x>, and pay most attention
to position one otherwise.

Proof sketch. We define vector ũ ¯<x> =
∑

v∈Voc\{<x>} ũv ∈ RdTE as the superposition of all
token embeddings in the vocabulary except for <x>. By the property of sinusoidal positional
encoding, there exists a rotation matrix R(ℓ) as in Lemma 33 in Section C.2.5, s.t. p̄i+ℓ =
R(ℓ)p̄i, ∀i ≥ 1. Then we can construct the query and key matrices as

WQ =

[
0dPE×dTE 0dPE×2dTE IdPE

ξp̄1 ⊗ ũ ¯<x> 0dPE×2dTE 0dPE×dPE

]
, WK =

[
0dPE×3dTE ηR(ℓ)

0dPE×3dTE ηIdPE

]
,

where ξ, η > 0 and thus the query and key vectors can be calculated as

qi = WQ(v̂i + pi) =

[
p̄i

ξ⟨ũ ¯<x>, ˜̂vi⟩p̄1

]
, ki = WK(v̂i + pi) =

[
ηR(ℓ)p̄i

ηp̄i

]
=

[
ηp̄i+ℓ

ηp̄i

]
.

Now for any 1 ≤ j ≤ i ≤ T , we have ⟨qi,kj⟩ = η
(
⟨p̄i, p̄j+ℓ⟩+ ξ⟨ũ ¯<x>, ˜̂vi⟩⟨p̄1, p̄j⟩

)
. Fix any

i ∈ [T ]. By the property of sinusoidal positional encoding, ⟨p̄1, p̄i′⟩ is maximized when i′ = i
as in Lemma 34 in Section C.2.5. If v̂i = u<x>, it holds that ⟨ũ ¯<x>, ˜̂vi⟩ = 0 and thus ⟨qi,kj⟩
is determined by ⟨p̄i, p̄j+ℓ⟩, which is maximized at j = i− ℓ. If v̂i ̸= u<x>, one can show that
⟨ũ ¯<x>, ˜̂vi⟩ ≥ 1 and thus ⟨qi,kj⟩ is largely determined by ⟨p̄1, p̄j⟩ when ξ is large, and thus
maximized at j = 1.

4.4.2 Continuous thought maintains superposition states

Recall that v̂ = v̂[t0] denotes the input sequence as defined in Section 4.3. We define Vc as the
set of vertices that are reachable from r within c steps. Below, we present our key lemma.

Lemma 4 (Continuous thought maintains superposition states). We autoregressively generate
[tc+1] = TFθ(v̂[t0], [t1] . . . , [tc]) for any c ≥ 0. There exists a construction of θ such that

[tc] = v̂t0+c =
1√
|Vc|

∑

v∈Vc

uv, (4.1)

i.e., the c-th continuous thought is the normalized superposition of all vertices that can be
reached from r within c steps.

Lemma 4 precisely characterizes that each continuous thought is a superposition of
all reachable vertices. We provide a proof sketch below and defer the complete proof to
Section C.2.2.
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Proof sketch. We prove by induction. For c = 0, by definition, V0 = {r} and [t0] = ur =
1√
|V0|

∑
v∈V0

uv. Now we briefly show how to construct the two-layer transformer such that

under the induction assumption that (4.1) holds for 0, . . . , c, we can obtain that (4.1) also
holds for c+ 1.

First layer attention. The first attention layer contains five attention heads, and each
head is an attention chooser as constructed in Lemma 3. Let hk = (<x>, ℓ) denote the k-th
attention head that attends to position (i − ℓ) when the i-th token is <x> and attends to
the first token otherwise. We construct h0 = (<e>, 2), h1 = (<e>, 1), h2 = (<R>, 2), h3 =
(<R>, 1), h4 = (<A>, 1), which is illustrated in Figure 4.2. For each head, the value matrix will
read the value in the content space, and the output matrix will copy the value state to a
designated space.

Figure 4.2: Illustration of the embedding space and first layer attention mechanism.

Second layer attention. In the second layer, we only need one attention head. Note
that after the first layer, for the i-th edge token <e>, we have buffer1(v̂Idx(<e>,i)) = ũsi

and buffer2(v̂Idx(<e>,i)) = ũti . By the induction assumption, the current thought [tc] is a
superposition of all vertices in Vc. We construct the query and key matrices such that [tc]
pays large attention to the i-th edge token <e> if si ∈ Vc (roughly speaking, we can view
qIdx([tc]) = [tc],kIdx(<e>,i) = usi , and their inner product is positive iff si ∈ Vc), and add the
target node ti stored in buffer 2 back to the current thought (see Figure 4.3). This is exactly
a one-step expansion of the currently explored vertices Vc and thus the continuous thought
at the next step (c+ 1) will correspond to Vc+1.

MLP as filter for signals. Note that after the attention layer, the weight of each node
in the current thought is not uniform, and the current thought might contain noise tokens
since the normalized attention score to each position is non-zero. We use the MLP layer
to filter out the noise token and adjust the weight of each node in Vc+1. Informally, for a
superposition state v̂ =

∑
v∈Voc λvuv, we want to eliminate noise tokens v where λv < ε,
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Figure 4.3: Illustration of the second layer attention mechanism for thought generation. We omit
the positional encoding space since they are not used in the second layer.

and want to equalize the weights of other tokens. By setting the first layer parameter as
W1 = [u1, . . . ,uV ]

⊤, nonlinearity as σ(x) = 1{x ≥ ε} and second layer as W2 = W⊤
1 , we

have W2(σ(W1v̂)) =
∑

v∈Voc 1{λv ≥ ε}uv, where W1 rotates the basis {uv} to the standard
basis {ev}, σ(·) serves as a coordinate-wise filter, and W2 rotates the basis back. After layer
normalization, we can obtain that (4.1) also holds for c+ 1.

4.4.3 Measuring the superposition state as prediction

Since the continuous thought [tc] is a superposition of all vertices in Vc, as long as ci∗ can
be reached by r within C steps, the superposition state [tC] will contain ci∗ . At the final
prediction step, the answer token <A> will “measure” the superposition state [tC] using c1
and c2 and predict the token with the larger signal in [tC] as the output (see Figure C.1 in
Section C.2.2 for a pictorial illustration). We formalize our result in the following theorem,
and defer the proof to Section C.2.4.

Theorem 8 (Chain of continuous thought solves graph reachability). Fix Tmax > 0. Assume
the length of the input sequence (including the continuous thoughts and the special answer token
<A>) does not exceed Tmax. There exists a construction of a two-layer transformer parameters
θ and the readout matrix WO ∈ R|Voc|×d (where d = O(|Voc|)) that are independent of graphs,
such that for any directed graph G = (V , E) with at most nmax nodes (nmax < |Voc|), a root
node r, two candidate destination nodes c1, c2, for any C exceeds the diameter of the graph,
it holds that

T̃Fθ,C,WO
(v̂[t0]) = ci∗ .

4.4.4 Discussions

Role of buffer spaces. The buffer spaces are subspaces of the embedding to store useful
information. For clarity, our construction separates the “content” and the two “buffer” spaces
into different dimensions. In practice, they can be jointly projected into a more compact



CHAPTER 4. REASONING BY SUPERPOSITION VIA CONTINUOUS COT 38

and lower-dimensional space. For example, we can construct u =
∑k

i=1R
(i)u(i) ∈ Rd where

the column space of each R(i) ∈ Rd×d forms a subspace. Different subspaces can be (almost)
orthogonal, and for each subspace, the column vectors of R(i) can also be almost orthonormal.

Weights of different nodes in the superposition. In our construction, each superposi-
tion state maintains nodes with uniform weights. In practice, the weights of different nodes
can vary due to factors such as training signals or the model’s internal heuristic on which
nodes are more likely to reach the final answer [30]. In Section 4.5, we show that in practice,
the training signal could bias the superposition states towards the frontier nodes that can be
reached with exactly i steps and the optimal nodes that can lead to the destination node.

4.5 Experiments

In this section, we conduct extensive experiments to validate our theoretical results that
Coconut outperforms discrete CoT even with many fewer layers (Section 4.5.2), which
is indeed due to superposition states encoded in continuous thoughts during reasoning
(Section 4.5.3).

4.5.1 Training Setup
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Figure 4.4: The overall ac-
curacy of Coconut, CoT,
CoT∗(12 layers, nheads = 12)
and No CoT.

Model. We adopt a GPT-2 style decoder with two trans-
former layers, dmodel=768, nheads=8. We train from scratch
using AdamW (β1=0.9, β2=0.95, weight-decay 10−2) and a
constant learning rate of 1× 10−4.

Dataset. We construct a subset of ProsQA [55], with ques-
tions whose solutions require 3–4 reasoning hops. Each node in
the graph is injected as a dedicated token into the vocabulary.
The split statistics are summarized in Table C.3.

Method. Following [55], we adopt a multi-stage training strat-
egy with the supervision from chain-of-thoughts data. Stage i
teaches the model to use i continuous thoughts before predicting
the i-th node in the given chain of thought as the next token. If
the index of the training stage is larger than the CoT solution
length l, the model is trained to output the final prediction
after l continuous thoughts and <A>. We train the model for 25
epochs at each stage, and the whole training lasts 300 epochs in
total. At each stage, we mix the data from the previous stage randomly with 0.1 probability,
which helps improve performance in our early experiments.
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4.5.2 Overall Results

Extending the findings of [55], we further show that a 2-layer transformer trained from scratch
can effectively solve ProsQA when using Coconut. As shown in Figure 4.4, Coconut
achieves near-perfect accuracy, while both CoT and No CoT baselines solve only about 75%
of the tasks (random guessing = 50%). Even with a larger model of 12 layers and nheads = 12,
marked with ∗ in the figure, CoT improves to 83% accuracy but still cannot solve the tasks
reliably.

4.5.3 Visualising Latent Reasoning

We inspect both the attention pattern and the representation of the continuous thought
learned by the model to validate our theoretical construction.

Layer 1 attention. According to our theoretical construction, the most important function
of Layer 1 attention heads is to copy the source and target node tokens of an edge onto the
corresponding edge token ⟨e⟩. Figure 4.5 shows a representative attention map, confirming
that the model has instantiated this copying mechanism in practice.
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Figure 4.5: A representative example of Layer 1
attention map: the edge token <e> (y-axis) places
nearly all its attention mass on its source and
target nodes (x-axis), in line with the theoretical
construction.

Layer 2 attention. Layer 2 is respon-
sible for node expansion: each continuous
thought attends to all outgoing edges from
nodes that are currently reachable. To quan-
tify this behavior, we compute, when generat-
ing i-th continuous thought, the aggregated
attention score received by each edge token
triplet (s, t, <e>) across all heads. 4 kinds
of edges exist: (1) Reachable: their source
node is in the reachable set at step i; (2) Not
Reachable: source node not in the reachable
set; (3) Frontier : a subset of reachable edges
whose source node is on the current search
frontier, i.e., exactly i steps away from the
root node; (4) Optimal : a subset of fron-
tier edges that lead to the optimal reasoning
chain.

Table 4.1 reports group-wise means and
standard deviations averaged on the test set.
The model sharply concentrates its attention
on Reachable edges, as predicted by our the-
oretical construction. Interestingly, there is an additional bias toward the Frontier subset.
One possibility is that the training signal encourages the model to predict a frontier node at
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each step, coupled with the decaying effects for previously explored nodes. We also find that
the optimal edges receive more attention scores, likely due to the supervision of multi-stage
training from the CoT solution.

Representation of continuous thoughts. To verify that the continuous thought serves
as superposition states for the search, we compute the inner product between the continuous
thought at step i, [ti], and each node embedding uv. Similar to edge classification above, we
classify nodes into Reachable, Not Reachable, Frontier, and Optimal. Figure 4.6 (top) plots
the distribution segregated by the reasoning step i. As predicted, nodes within i hops exhibit
markedly higher similarity scores than distant nodes. Moreover, Frontier nodes are noticeably
closer to [ti] than other reachable nodes, illustrating that the superposition emphasizes the
candidate expansion fronts. Besides, the Optimal nodes are even closer to [ti], also likely
due to the training data always presenting the optimal path.

Collectively, these analyses confirm that the intended superpositional search exists in
trained models: Layer 1 establishes the query context, Layer 2 expands the frontier, and
the latent vectors encode a soft, parallel representation of reachable state sets, realizing the
theoretical construction in Section 4.4. We also show in Appendix C.3.2 that this search
pattern is consistent across multiple experiments with random seeds.

Figure 4.6: The histogram of inner product between the i-th continuous thoughts and the node
embeddings. The mean value for each group is shown in the legend. Note that Frontier is a subset
of Reachable nodes, and Optimal is a subset of Frontier nodes.

4.5.4 Exploration Priority
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Table 4.1: Layer 2 attention scores to different edge groups
at step i (mean ± standard deviation).

Step 1 Step 2 Step 3 Step 4

Not Reachable 0.04±0.07 0.03±0.09 0.08±0.17 0.12±0.20
Reachable 2.12±1.07 0.71±0.92 0.38±0.72 0.29±0.66
–Frontier 2.12±1.07 1.00±0.96 0.67±0.87 0.61±0.95
–Optimal 2.54±1.03 1.72±1.13 1.67±1.20 2.23±1.35

An interesting fact revealed by
the visualizations in Section 4.5.3
is that the model allocates dispro-
portionate attention to optimal
edges and nodes, reminiscent of a
prioritized search strategy. One
hypothesis is that this behavior is
an artifact of our multi-stage cur-
riculum, which explicitly guides
the model on the CoT solution
at every step. To understand the
effect of this multi-stage guidance, we introduce an alternative supervision method Co-
conut-BFS: at stage i, the supervision token is drawn uniformly at random from the frontier
nodes exactly i hops from the root, rather than the i-th node in the CoT solution. All other
hyperparameters are unchanged.

Our experiment results indicate that Coconut-BFS also achieves near-perfect accuracy
on ProsQA, matching the original Coconut. Figure 4.6 compares the inner product
distributions of the latent thoughts for both models. Remarkably, the two supervision
methods converge to similar exploration strategies, even though there is no explicit guidance
towards optimal nodes for Coconut-BFS. Conversely, the original Coconut, although
trained exclusively on optimal nodes during intermediate stages, still assigns elevated weight
to non-optimal frontier nodes compared to other non-frontier nodes, implicitly performing a
breadth-first expansion before honing in on the solution.

4.6 Conclusions

In this work, we study how the chain-of-continuous-thought boosts LLM’s reasoning capability
by focusing on the graph reachability problem. We provided a theoretical construction of a
two-layer transformer that can efficiently solve graph reachability for an n-vertex D-diameter
directed graph by D steps of continuous thoughts, while the best existing result on constant-
depth transformers with discrete CoT requires O(n2) steps. Our construction reveals that
the superposition states that encode multiple search traces simultaneously are the key to
the strong reasoning capability of Coconut, and we conducted thorough experiments
to validate that our theoretical construction matches the solutions obtained by training
dynamics. Several interesting future directions include: (1) Deriving a lower bound on the
number of discrete CoT steps in the graph reachability problem to show a strict separation
of expressivity between CoT and Coconut; (2) Theoretical understanding of the emergence
of exploration behavior with only deterministic search trace demonstration via training
dynamics; (3) Advantages of reasoning in a continuous space in more general settings.
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Chapter 5

Emergence of Superposition in
Continuous CoT

5.1 Introductions

Large Language Models (LLMs) show great reasoning capabilities in many complex tasks,
especially when equipped with chain-of-thought (CoT) [145]. However, due to the large
inference cost of long CoT for complex tasks, many recent works seek alternative test-time
scaling methods to more efficiently improve LLMs’ reasoning ability [44, 142, 106, 122].

One promising method is to use chain-of-continuous-thought (Coconut, or continuous
CoT) [55], where the reasoning trace of an LLM is kept in a continuous latent space instead
of projected back to the discrete token space. Continuous CoT exhibits both theoretical
advantages [169] and empirical performance gains [55] in many tasks. To more efficiently
and reliably scale up continuous CoT to solve more challenging tasks, it requires a deeper
understanding of its internal mechanism.

Previous work [169] theoretically shows that one of the most important advantages of
continuous CoT is that it can enable the model to reason by superposition: when the model
encounters multiple plausible search traces and is uncertain about which one is correct, it
can keep all plausible traces in parallel since the CoT is in continuous space instead of
discrete tokens. In particular, [169] abstracted a family of reasoning tasks as a directed graph
reachability problem, i.e., whether there exists a path from a given start node to a given
destination node, and showed that a two-layer transformer with O(n) (where n is the number
of vertices in the graph) continuous thought decoding steps can efficiently solve the task by
providing a construction of the parameters. Therefore, a natural next question is:

Do gradient-based methods naturally lead to such a construction, and can we
theoretically prove it?

This work answers the above question affirmatively by theoretically analyzing the training
dynamics of a (simplified) two-layer transformer on the graph reachability problem in two
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training stages: (i) a thought generation stage where the model autoregressively generates a
chain of continuous thoughts and (ii) a prediction stage where the model predicts the final
answer using the generated thought.

Importantly, our analysis of the thought generation training stage reveals why the
superposition can emerge even if the training data only presents one demonstration for each
training sample. Our theoretical analysis as well as experimental results show that when
training with continuous thought (i.e., the Coconut training method in Section 5.3 and
Section 5.5), the index-matching logit, an important quantity that measures the strength
of model’s local search capability, will remain bounded under mild conditions, which is in
contrast to many previous analysis on transformer logit without continuous thought (e.g.,
[133, 96, 95]) where the logit will grow logarithmically and thus unbounded. A bounded
index-matching logit can balance exploration and exploitation: if the logit is too small, the
model cannot even perform local search, resulting in a nearly random guess in the next step;
if the logit is too large, the model might over-confidently commit to one of the plausible
search traces merely depending on local features (e.g., the indegree of a node in our case)
even if it is uncertain about the solution, and thus early discard the correct path. A bounded
index-matching logit encourages the model to exploit the local structure while exploring
multiple plausible solutions by assigning comparable weights to them, which naturally results
in superposition. This answers the question of [169] why superposition can emerge during
training.

5.2 Problem Formulation

Basic notations. We use [N ] to denote the set {1, 2, . . . , N} for any integer N > 0 and
use [i : j] to denote {i, i + 1, . . . , j − 1, j} for integers i ≤ j. For any finite set X , we use
|X | to denote its cardinality and use Unif(X ) to denote the uniform distribution over X .
We use R to denote the set of real numbers and denote x+ = max(x, 0) for x ∈ R. For
any vector x = (x1, . . . , xd) ∈ Rd, the softmax function SoftMax(·) : Rd → Rd is defined
as SoftMax(x)i = exp(xi)/(

∑d
j=1 exp(xj)). Let Id ∈ Rd×d denote the identity matrix. Let

Voc = [M ] denote a vocabulary of size M for a fixed integer M > 0. For each token v ∈ Voc,
there is an associated embedding E(v) ∈ Rd. Let U = [E(1),E(2), . . . ,E(M)] ∈ Rd×M be the
token embedding matrix.

Graph and permutation. For a directed graph G = (V , E) with the vertex set |V| = n
and the edge set E = {(si → ti)}mi=1, we fix a root node r ∈ V and two candidate destination
nodes c1, c2 ∈ V such that exactly one node, denoted c⋆, is reachable from r and denote the
other as c⊥ that is unreachable. For a radius c ∈ N, define the c-ball as N G

c (r) = {v ∈ V :
v is reachable from r within c steps}. For a subset V ′ ⊆ V , we define the restricted in-degree
as deg−G,V ′(v) = |{u ∈ V ′ : (u → v) ∈ E}|. We also fix a shortest path from r to c⋆ as
p = (p0, . . . , pC) with p0 = r, pC = c⋆, (pc−1 → pc) ∈ E for any c ∈ [C]. For any permutation
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π over V, we define π(G) = (V , π(E)), where π(E) = {(π(s) → π(t)) | (s → t) ∈ E}, and
define π(p) = (π(p0), . . . , π(pC)). We also denote the set of all permutations over V as SV .

Chain of continuous thought. Let TFθ(·) : (Rd)∗ → Rd be a transformer which receives

an input embedding sequence v̂ = v̂[t]
△
= (v̂1, v̂2, . . . , v̂t) ∈ Rd×t and outputs TFθ(v̂) ∈ Rd.

For convenience, we assume weight tying. A traditional decoder using a discrete CoT will
sample the next token vt+1 ∼ SoftMax(U⊤TFθ(v̂)). Then the embedding of vt+1 will be
appended to the end of the input, i.e., v̂t+1 = E(vt+1). For continuous CoT, one directly
appends the output of the transformer to the end of the input sequence without converting it
to a token, i.e., setting v̂t+1 = TFθ(v̂). Assume the prompt x = [x1, . . . , xt0 ] ∈ Voct0 and its
corresponding embedding sequence is v̂[t0] = [v̂1, . . . , v̂t0 ] = [E(x1), . . . ,E(xt0)]. For notation
convenience, we use [tc] = v̂t0+c to denote the continuous thought generated at decoding
step c, where [tc] = TFθ(v̂[t0+c−1]). In particular, [t0] = v̂t0 . After C decoding steps, one
can append a special token <A> at the end of the sequence to trigger the transformer to
switch the mode and generate the final answer. Specifically, one can set v̂T = E(<A>) where

T = t0 + C + 1 and generate the final answer T̃Fθ,C,U(v̂[t0]) := argmaxv∈VocU
⊤TFθ(v̂[T ]).

Graph reachability and prompt format. In this work, we mainly focus on the directed
graph reachability problem as studied in [169], where we are given a graph G = (V , E), two
candidate destination nodes c1 and c2, and a root node r. The task is to identify which of
the two nodes can be reached by r (denoted as c⋆). The prompt structure is illustrated in
Figure 5.1 following [169]. The prompt consists of (1) a BOS (beginning of sentence) token
<s>; (2) the graph description part, which contains m edges where each edge is represented
by a source node si, a target node ti, and a special edge token <e>; (3) the task description
part that contains a special question token <Q>, two candidate destination nodes c1 and c2,
a special reasoning token <R> and a root node r. See Table D.1 for the full list of token
notations. Note that t0 = 3m+ 6 is the prompt length, and let v̂[t0] = (v̂1, v̂2, . . . v̂t0) be the
input embedding sequence. Following [169], we use Idx(v) to denote the position of a token in
the input sequence (e.g., Idx(<s>) = 1, Idx(si) = 3i− 1, Idx(c1) = 3m+ 3, Idx(<R>) = 3m+ 5),
use Idx(<e>, i) = 3i+1 to denote the position of the i-th <e> token, and use Idx([ti]) = t0+ i
to denote the position of the continuous thought at step i. See Table D.2 for the complete
list of position indices.

[169] provided a construction of transformer parameters θ such that T̃Fθ,C,U(v̂[t0]) = c⋆
(i.e., the transformer can predict the reachable candidate node using continuous CoT) for any
graph and root-candidate node tuples, where v̂[t0] corresponds to the prompt of the graph
and task descriptions. However, they did not theoretically study whether the constructed
solution can be naturally learned via gradient-based methods. In the following sections, we
theoretically show that the solution can be learned via gradient flow in both the thought
generation stage (Section 5.3) and the prediction stage (Section 5.4). We also provide
empirical results showing that the training dynamics in our theoretical analysis align well
with the experiments (Section 5.5).
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Figure 5.1: Prompt format of the graph reachability problem (Figure 1 of [169]).

5.2.1 Index-matching Logits and Local Search Capability

Before we delve into the technical details in the following sections, we first provide an intuitive
explanation of the dynamics of the main mechanism.

Global planning vs. local search. In the context of graph reachability, the global
planning refers to a model’s capability to analyze the structure of the whole graph and then
determine a path from the root node to the destination node. In contrast, local search focuses
only on which nodes are reachable in one step from the current node, which is much easier to
learn than global planning. When using discrete CoT, the model can choose only one path at
a time. Therefore, the model needs global planning to select the correct path or to backtrack
from the wrong one. When using continuous CoT, the model can keep multiple plausible
paths simultaneously. Therefore, the model can rely solely on local search to perform parallel
BFS, solving the task with only simple skills.

Index-matching logits. We use the index-matching logit µ to quantify the strength of
the model’s local search capability, which is illustrated in Figure 5.2 and will be formally
defined in (5.3) in Section 5.3. In Theorem 9, we will prove that under mild conditions, the
index-matching logit µ will first increase and then remain bounded. Note that a positive,
bounded logit µ effectively balances exploration and exploitation in node expansion: if µ is
too small, each edge will receive similar attention in Figure 5.2b, and thus the model even
lacks the local search capability to exploit the local graph structure; if µ is too large, the
model will put too much weights on nodes with large in-degree (e.g., in Figure 5.2a, v3 weights
2µ and other frontier nodes such as v4 weights µ, where the difference in weights will be
significant under large µ and commonly used softmax attention) and thus lacks exploration
of different plausible paths.

5.3 Analysis of the Thought Generation Stage

In this section, we analyze the training dynamics of the thought generation stage. We
consider any graph G = (V , E), a root node r ∈ V , two candidate destination nodes c1, c2 ∈ V ,
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(a) Left: The continuous thought at step 1 [t1] encodes embeddings of nodes that are
reachable from the root node r within one step. Middle: One-step expansion via local
search where the strength is quantified by index-matching logit µ. Right: After one-step
expansion, the continuous thought at step 2 [t2] encodes nodes reachable within two
steps.

(b) Illustration of how one-step expansion is implemented (adapted from Figure 3 of [169]).
In the first layer of the transformer, each special edge token <e> copies its corresponding
source and target nodes to its buffer spaces. In the second layer, as illustrated in the
figure, the current thought [tc] pays large attention to an edge if its source node has been
explored, and adds its target node to the superposition, where the strength of the added
node is controlled by the index-matching logit µ. The two edges v5 → v4 and v1 → v3
corresponds to edges in Figure 5.2a.

Figure 5.2: Pictorial illustration of the superposition mechanism and the index-matching
logit µ.
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where {c1, c2} ∈ {c⋆, c⊥} with c⋆ reachable from r and c⊥ unreachable. We are also given a
(discrete) CoT demonstration, which is a shortest path p = (p0, . . . , pC) from r to c⋆ where
p0 = r, pC = c⋆.

We use curriculum learning following [55, 169], where at stage (c+ 1) for any 0 ≤ c < C,
upon receiving the prompt embeddings v̂[c0], the model will first generate c continuous
thoughts [t1], . . . , [tc] autoregressively without supervision (i.e., no loss calculated on the
first c continuous thoughts at stage c+1), and then be trained to generate the next continuous
thought [tc+1] = TFθ(v̂[t0+c]). Since the learning procedure at each stage is similar, we focus
below on a fixed c.

[169] constructs a solution for a two-layer transformer, where the first layer mainly performs
copy (e.g., the i-th special edge token <e> will copy the information of its corresponding
source node si and target node ti). Since the copy mechanism has been widely studied [95],
as well as its formation via training dynamics [96], we mainly focus on the dynamics after the
copy mechanism has been established. Thus, we analyze the dynamics of the second layer of
the transformer.

In particular, let the hidden states of each special edge token <e> and the current thought
[tc] after the first transformer layer be

v̂Idx(<e>,i) = Es(si) + Et(ti) ∈ Rd, v̂Idx([tc]) =
∑

v∈NG
c (r)

1√
|N G

c (r)|
E(v) ∈ Rd, (5.1)

where Es(v) ∈ Rd and Et(v) ∈ Rd map token v ∈ Voc to different subspaces of Rd. For
example, as in the construction of [169], we can set d = 3M , and Es(·), Et(·) and E(·)
each corresponds to M different non-zero entries. This is also similar to previous work [25,
95] where Es(·) and Et(·) can be viewed as previous token heads. We make the following
assumptions on the embedding Es(·), Et(·) and E(·):

Assumption 3 (Orthonormal embeddings). Assume Et(·) ≡ E(·). For any u, v ∈ Voc,
Es(u)

⊤Es(v) = Et(u)
⊤Et(v) = 1({)u = v} and Es(u)

⊤Et(v) = 0.

(5.1) means after the first layer, each special edge token <e> will copy the embeddings
of its corresponding source and target nodes si and ti to the same position in different
subspaces. Also, we assume by induction that after training stages 1, 2, . . . , c, the current
thought generated by the well-trained model v̂Idx([tc]) is a normalized superposition of token
embeddings of all nodes reachable from r within c steps. Below, we study the training
dynamics of the current stage (i.e., stage c+ 1).

The forward path and reparameterization. We consider the setting where the second
layer is attention-only. The forward pass can be formulated as

ϕ(v̂; {v̂i}i) =
∑

i

WVσ(v̂
⊤Wv̂i) v̂i,

ξ = U⊤(v̂Idx([tc]) + ϕ(v̂Idx([tc]); {v̂Idx(<e>,i)}mi=1)
)
∈ RM ,

(5.2)
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where WV,W ∈ Rd×d are attention parameters and σ(·) : R→ R is an activation function
that determines the range of attention scores, and ξ = (ξv)v∈Voc ∈ RM is the output logit
vector for each token in the vocabulary. Similar to the analysis in [95], we adopt the linear
attention σ(v̂⊤Wv̂i) = v̂⊤Wv̂i, fix WV = I and use the index-matching reparameterization

W =
∑

v∈V

µv E(v)Es(v)
⊤, µv(t) = 0 for t = 0. (5.3)

Remark 3. Note that a more general form of the attention weight matrix can be

W = µ<R> E(<A>)E(<R>)
⊤ +

∑

v,v′∈V

µv,v′ E(v)Es(v
′)⊤. (5.4)

The first term only takes effect in the prediction stage (Section 5.4), so we can set µ<R> = 0 for
now. The second term involves n× n cross terms. The symmetry of the vertices, which can
be enforced by permuting vertex labels during training, makes the n× n parameters {µv,v′}v,v′
effectively two parameters {µ1, µ2} where µv,v ≡ µ1 and µv,v′ ≡ µ2 for v ≠ v′. Moreover, if
we focus on the relative value between µ1 and µ2, we can further simplify the attention weight
matrix by assuming µ2 = 0.

For notation simplicity, we use v̂i to denote v̂Idx(<e>,i), use v̂[tc] to denote v̂Idx([tc]) and use
Nc, Nc+1 to denote N G

c (r), N G
c+1(r), respectively when the graph G and root node r is clear

from the context. We also denote du := deg−G,Nc
(u) which is the indegree of u with source

nodes restricted in Nc. Finally, we denote K = |Nc| and λ = 1√
K
.

Loss functions. An ideal model should be able to directly output the shortest path from
the start node r to the desired candidate destination node c⋆, i.e., the prediction of the
(c+1)-th continuous thought [tc+1] exactly corresponds to the (c+1)-th step of the shortest
path pc+1. However, experiments in [169] show that even for a 12-layer transformer, it is hard
to predict the shortest path even if the length of the shortest path is only 3 or 4. Therefore,
we take a step back and pursue a more practical goal – we expect the model to at least be able
to generate an arbitrary path starting from the start node r, which only requires local search
ability that is much easier than the global planning ability. In the context of continuous
thought, we expect the model to include information of all vertices that are reachable from
r within (c+ 1) steps in the generated thought [tc+1]. We consider the following two loss
functions:

Coconut-BFS: ℓBFS
G,r := − log

∑
v∈Nc+1

exp(ξv)∑
v∈V exp(ξv)

, (5.5)

Coconut: ℓcocoG,r,p := − log
exp
(
ξpc+1

)
∑

v∈V exp(ξv)
, (5.6)

with permutation-averaged dataset losses

LBFS = Eπ∼Unif(SV )[ℓ
BFS
π(G),π(r)] and Lcoco = Eπ∼Unif(SV )[ℓ

coco
π(G),π(r),π(p)].
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Note that, intuitively, the permutation-averaged loss will lead to similar behavior across
different parameters. The first loss LBFS explicitly encourages the model to predict any nodes
in NC+1. However, in practice, it is costly and even impossible to search over the entire
solution space exhaustively; instead, we usually present only one demonstration for each task
instance during training (in our setting, only one path p per instance (G, r, c1, c2)), which
corresponds to the second loss Lcoco and aligns with the practical setting where chain of
thought data can be used for supervision.

[169] observed in experiments that superposition emerges even without explicit guidance
during training, i.e., using the loss Lcoco. In this work, we investigate the emergence of
superposition by analyzing its training dynamics. The following lemma gives the gradient
of the index-matching strength parameter µv(t) using gradient flow under the loss function
Lcoco.

Lemma 5 (Gradient of µv under Lcoco; informal version of Theorem 19 in Section D.2).
Under permutation-averaged training from symmetric initialization and gradient flow µ̇v =
−α∇µvLcoco, we have µv(t) ≡ µ(t) for all v and times t, and the gradient of µv is

µ̇(t) =
α

n
√
K

(
dpc+1 − F (µ(t))

)
, F (µ) =

∑
u∈Nc+1

du e
λ(1({)u∈Nc}+µdu)

∑
u∈Nc+1

eλ(1({)u∈Nc}+µdu) + (n− |Nc+1|)
.

Moreover F is smooth, strictly increasing, with F (−∞) = 0, F (+∞) = maxv∈V dv and
0 < F (µ) < maxv∈V dv for all finite µ.

The proof is deferred to Section D.2. Note that as long as dpc+1 ≠ maxv∈V dv, µ(t) will
converge to µ⋆ < ∞. In contrast, under Coconut-BFS with loss LBFS, µ(t) will diverge
to infinity. We formalize the comparison into the following theorem and defer the proof to
Section D.2.

Theorem 9 (Bounded vs. divergent attention logits under Coconut vs. Coconut-BFS;
informal version of Theorem 19 & Lemma 38 in Section D.2). Let d⋆ := dpc+1 and dmax :=
maxv dv.

(i) Under Coconut-BFS (5.5), µ(t) grows at least logarithmically in t, leading to un-
bounded attention logits.

(ii) Under Coconut (5.6), if d⋆ < dmax then µ(t)→ µ⋆ <∞, so all attention logits remain
uniformly bounded. If d⋆ = dmax, then µ(t)→∞ at least in a logarithmic rate.

Emergence of Superposition via Bounded Attention Logits. By Theorem 9, as long
as F (0) < dpc+1 < dmax, we have µ(t)→ µ∗ > 0. Compared to many previous work [133, 96,
95] that analyze the dynamics of attention logits in “discrete” settings where the attention
logits diverge to infinity, the Coconut training method in continuous setting usually result
in bounded attention logits. The bounded attention logits lead to a more smooth probability
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distribution over next tokens, which is beneficial especially under uncertainty: when the model
is uncertain about the next step, a more smooth probability distribution under continuous
CoT mechanism results in a superposition of different plausible next steps, which implements
an effective exploration; on the contrary, an unbounded logit will result in a one-hot-like
distribution and thus the model will over-confidently commit to a plausible branch and is
likely to discard the ground-truth branch even when the evidence is weak.

Finally, we show that with a positive value of µ, the continuous thought [tc+1] implements
a one-step expansion from Nc to Nc+1 for any graph G and root node r.

Theorem 10 (One-step frontier expansion; informal version of Theorem 20 in Section D.2).
For any graph G and root node r, if the current thought is any positive superposition on
N G

c (r), i.e., [tc] =
∑

u∈Nc
λu E(u) with λu > 0, then the next thought [tc+1] satisfies that

its token-projected output U⊤[tc+1] is supported on the one-step expansion Nc+1 and has
strictly positive mass on every node in Nc+1 if µ > 0. In particular,

U⊤[tc+1] =
∑

v∈Nc+1

βv ev

with
βv = λv 1({)v ∈ Nc}︸ ︷︷ ︸

carryover

+ µ
∑

u∈Nc

λu 1({)(u→ v) ∈ E}
︸ ︷︷ ︸

one-hop expansion

≥ 0.

The proof is deferred to Section D.2. Note that at initialization where µ = 0, we have
βv = 0 for v ∈ Nc+1\Nc. This means every node outside Nc has the same attention logits
and thus the same next token probability. However, such an exploration is not an effective
exploration since it blindly puts the same weight on almost every node in the graph without
exploiting the graph structure. Therefore, an appropriate µ∗ > 0 effectively balances the
exploration and exploitation: (1) it has a positive value so the model can exploit the graph
structure and can distinguish nodes within the one-step expansion set; (2) it has a bounded
value so it will not overconfidently commit to a plausible branch while discarding other
branches merely relying on local structure (such as the indegree of the node) without global
planning.

5.4 Analysis of the Prediction Stage

In this section, we study how the transformer learns to make the correct prediction c⋆ among
{c1, c2} by utilizing the generated continuous thought. Note that according to Section 5.3,
the model is able to generate [tC] =

∑
v∈NC

λvE(v) with λv ∈ (0, 1], a superposition of all
reachable nodes within C steps, via a balanced exploration and exploitation. We denote
λ = {λv}v∈V . At the final stage, one appends a special answer token <A> at the end

of the continuous CoT, i.e., v̂T = v̂<A>, and make the final prediction T̃Fθ,C,U(v̂[t0]) :=
argmaxv∈VocU

⊤TFθ(v̂[T ]).
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The forward path and reparameterization. Similar to (5.2), we formulate the forward
pass in the prediction stage as

ϕ(v̂; {v̂i}i) =
∑

i

WVσ(v̂
⊤Wv̂i) v̂i,

ξ = U⊤(µ<A>v̂Idx(<A>) + ϕ(v̂Idx(<A>); {v̂<R>})
)
∈ RM ,

(5.7)

where
v̂Idx(<R>) = E(<R>) + E(c1) + E(c2), v̂Idx(<A>) = v̂[tC] + E(<A>).

Note that after the first transformer layer, the hidden state of <R> contains information
of two candidate nodes c1 and c2 and the hidden state of <A> contains the representation of
the last thought [tC] both due to the copy mechanism in the first layer. Again, we adopt
the linear attention σ(v̂⊤Wv̂i) = v̂⊤Wv̂i, fix WV = I and use the reparameterization

W = µ<R> E(<A>)E(<R>)
⊤. (5.8)

Remark 4. The scalar µ<R> denotes the attention logit strength from <A> to <R>. The scalar
µ<A> represents the signal strength of the residual stream from the first layer. Also, note that
the reparameterization of W in the prediction stage has a different form from (5.3) in the
thought generation stage. One can either view both (5.3) and (5.8) as special cases of a more
general version (5.4) in orthogonal subspaces, or view them as two different attention heads
(a thought generation head and a prediction head).

The loss function. In the prediction stage, the goal of the model is to predict the reachable
candidate node c⋆, and thus the loss function can be written as

ℓpredG,r,c1,c2,λ := − log
exp
(
ξc⋆
)

∑
v∈V exp(ξv)

, Lpred = E(G,r,c1,c2,λ)∼D[ℓ
pred
G,r,c1,c2,λ

]
, (5.9)

where the D = {(G(i), r(i), c(i)1 , c
(i)
2 ,λ(i))}i denote the training set. The following lemma

provides closed-form logits for each vertex where the proof is deferred to Section D.3.

Lemma 6 (Closed-form logits; informal version of Lemma 41 in Section D.3). The logit of
each vertex v ∈ V has the form

ξv = µ<A> λv 1({)v ∈ NC}︸ ︷︷ ︸
residual carryover

+ µ<R> 1({)v ∈ {c1, c2}}︸ ︷︷ ︸
candidate lift

.

According to Lemma 6, only the candidate node c⋆ has both positive residual carryover
and candidate lift, and an appropriate relative growth rate of µ<R> and µ<A> ensures that
c⋆ has the largest logit. We formalize the result in the following theorem with proof in
Section D.3.
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Theorem 11 (Prediction of the reachable candidate node; informal version of Theorem 21
in Section D.3). Denote µA = µ<A> and µR = µ<R>. Let (µ<A>(t), µ<R>(t)) follow gradient flow
on loss defined in (5.9). Suppose

λ⋆ := min
i

λ(i)
c⋆
∈ (0, 1], ∆train := maxi max

v∈N (i)
C \{c(i)⋆ }

(
λ(i)
v − λ(i)

c⋆

)
+
∈ [0, 1].

Then we have
(µA(t), µR(t))

∥(µA(t), µR(t))∥
→ u⋆, ∥(µA(t), µR(t))∥ → ∞,

with u⋆
R/u

⋆
A = λ⋆+∆train, and u

⋆
R, u

⋆
A > 0. Consequently, for any unseen instance (G, r, c1, c2,λ)

satisfying λv ∈ (0, 1] on NC and 0 otherwise, and maxv λv − λc⋆ ≤ ∆train, it holds that:

pc⋆(t) :=
exp

(
ξc⋆(µA(t), µR(t))

)
∑

v exp
(
ξv(µA(t), µR(t))

) −−−→
t→∞

1.

5.5 Experiments

In this section, we present experimental results validating the theoretical analysis. We
first describe the setup and overall results, then analyze training dynamics in the thought
generation and answer prediction stages.

Model. We adopt a GPT-2 style decoder with two transformer layers (dmodel=768, nheads=8).
The model is trained from scratch with AdamW (β1=0.9, β2=0.95, weight decay 10−2), a
constant learning rate of 1× 10−4, and a global batch size of 256.

Dataset. We follow the dataset from [169], which is a subset of ProsQA [55]. Different from
[169], we randomly permute the vertex indices in both training and testing to avoid prediction
bias and validate the symmetry assumption in (5.4). Dataset statistics are summarized in
Table D.3.

Training. Following [55, 169], we use a multi-stage training strategy with supervision from
chain-of-thought demonstrations. At stage c, the model learns to use c continuous thoughts
before predicting the c-th node on the reasoning path (thought-generation stage). If c > l
(the CoT length), the model predicts the final answer after l continuous thoughts and the
<A> token (prediction stage). We train for 150 epochs at Stage 1 and 25 epochs for each
subsequent stage, totaling 350 epochs. At each stage, data from earlier stages is mixed in
with probability 0.1, which prevents the model from forgetting abilities learned from previous
stages. The final accuracy of this model on the test set is 96.2%.
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5.5.1 Thought Generation

To examine the training dynamics of µv under Lcoco, we track the second-layer attention
logits. When generating the c-th continuous thought, µv corresponds to the logit on an edge
token <e> whose source lies in Nc. In practice, Lcoco encourages the model to predict the
current search frontier rather than revisiting explored nodes, so most attention concentrates
on frontier edges, i.e., edges with sources in Nc \ Nc−1. For theoretical simplicity, we assume
µ2 = 0 in (5.4). In practice, however, the model does assign non-zero attention logits to other
edges. Therefore, we report the logit difference between frontier and non-frontier edges on
the test set, which more faithfully reflects the effective value of µv.

Figure 5.3: The attention logits difference between frontier edges and others under Lcoco as a proxy
for µv. The background colors indicate different training stages.

Figure 5.3 shows the results. In Stage 1 (blue background), the model gradually learns
to attend to frontier edges when predicting the first continuous thought (c = 1). The logit
difference increases steadily and saturates around 60 after ∼125 epochs. This matches the
theoretical prediction in Theorem 9: under Lcoco, µv first grows and then stabilizes at a
bounded value.

When switching to Stage 2 (purple background), the model requires far fewer epochs
to establish a positive µ for c = 2. Moreover, this pattern generalizes to c = 3 and c = 4,
even though the model was never explicitly trained to generate more than two continuous
thoughts. This “length generalization” indicates that once superposition emerges in earlier
stages, later stages can quickly reuse it to expand the frontier further.

We also trained with a variant of LBFS. Compared to Lcoco, the attention logit difference
when c = 1 did not saturate but kept increasing to much higher values, consistent with the
analysis in Theorem 9. Detailed experiments and plots are provided in Appendix D.5.2.

5.5.2 Answer Prediction

We next analyze how the model predicts the final answer. According to Lemma 6, the
prediction relies on two signals. The first is the residual carryover, which brings the explored
nodes in the last thought [tC] into the answer token with strength µA. Concretely, this
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corresponds to the first-layer attention from <A> to [tC], which copies the superposition
of reachable nodes. The second is the candidate lift, which raises the logits of the two
candidate nodes with strength µR. Since <R> copies the candidate nodes in the first layer,
the second-layer attention from <A> to <R> serves as a proxy for µR.

1

Figure 5.4 shows the dynamics of these two proxies. Once training enters the prediction
stage, both µA and µR increase rapidly and stabilize after roughly 5 epochs. This observation
is consistent with Theorem 11, which states that µA and µR grow at comparable rates, ensuring
that the reachable candidate c⋆ attains the highest logit. In contrast to the unbounded
growth predicted in theory, we observe the logits plateau in practice. A possible reason is
that, in practice, prediction-stage training also interacts with thought generation, whereas
the theory assumes fixed thought distributions to focus on the relationship between µR and
µA. We leave a more detailed analysis to future work.
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Figure 5.4: Training dynamics of the proxies for µA (residual carryover) and µR (candidate lift).

5.6 Conclusions

In this work, we study the emergence of superposition when training with continuous CoT. In
particular, we theoretically analyze the training dynamics of a simplified two-layer transformer
on the directed graph reachability problem. Our analysis shows that under mild assumptions,
the index-matching logit, an important quantity showing the strength of the model’s local
search ability, remains bounded during training. A bounded index-matching logit effectively
balances exploration and exploitation during the reasoning process and thus enables implicit
parallel thinking, which naturally results in superposition. Our experimental results, which
track the growth of logits, further validate our theory. We expect our theoretical analysis to
bring new insights into a deeper understanding of the mechanism of continuous CoT and
ultimately scaling up this promising paradigm more efficiently and reliably.

1We observe that under different experimental settings and random seeds, the candidate lift effect is not
always mediated by the <R> token; alternative attention routes are presented in the Appendix D.5.3.
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Appendix A

Appendix for the Reversal Curse
Theory

A.1 Additional Notations

Let δij = 1 for i = j and δij = 0 for i ̸= j. For a squared matrix A ∈ Rd×d, its trace is

Tr(A) =
∑d

i=1Aii. For two matrices A,B ∈ Rm×n of the same shape, their inner product is
defined as ⟨A,B⟩ = Tr(AB⊤). For any matrix A ∈ Rm×n, its (Frobenius) norm is defined as
∥A∥ =

√
⟨A,A⟩. For any vector x = (x1, . . . , xd)

⊤ ∈ Rd or a matrix A ∈ Rm×n, we define

the zero-norm as ∥x∥0 =
∑d

i=1 1{xi ≠ 0} or ∥A∥0 =
∑m

i=1

∑n
j=1 1{Aij ̸= 0} where 1{·} is

the indicator function.

A.2 Missing Proofs of Section 2.3

Theorem 12 (Separation of training dynamics, formal statement of Theorem 1). Fix arbitrary
δ, ϵ ∈ (0, 1). Let v1, . . . , vm be independently sampled from Nd(0d,

1
d
Id). Let x1, . . . , xn and

y1, . . . , yn be sampled uniformly at random from {v1, . . . , vm} without replacement. Define

L(Θ) =
1

2n− 1

(
n∑

i=1

− log pΘ(yi|xi) +
n∑

i=2

− log pΘ(xi|yi)
)

Lrev(Θ) = − log pΘ(x1|y1).

Consider the gradient flow Θt : t ≥ 0

dΘt

dt
= −∇L(Θt).
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where Θ0 ∼ N (0⊗2, σ2 · I⊗2) or Θ0 satisfies 1
2m

< pΘ0(yi|xi), pΘ0(xi|yi) < 2
m

for all i ∈ [n].
Suppose σ ≤ 1

100 ln(64m2/δ)
and

d ≥ 106n4m2 log4(2m) log(64m2n2/δ)

ϵ2
.

With probability at least 1− δ, we have

Lrev(Θt)

Lrev(Θ0)
≥
(L(Θt)

L(Θ0)

)ϵ

, ∀t ≥ 0.

Proof. Let v =
√

400n2m2 log(64m2n2/δ)
d

. By Lemma 7 and Lemma 8, with probability at least

1− δ,

Lrev(Θt) ≥ Lrev(Θ0) ·
(
1 +

L(Θ0) · t
8(2n− 1) log2(2m)

)−8v(2n−1) log2(2m)

.

≥ Lrev(Θ0) ·
(L(Θt)

L(Θ0)

)8v(2n−1) log2(2m)

By definition of d, we have 8v(2n− 1) log2(2m) ≤ ϵ. Notice that L(Θt)
L(Θ0)

< 1, thus

Lrev(Θt) ≥ Lrev(Θ0) ·
(L(Θt)

L(Θ0)

)ϵ

.

Theorem 13 (Lower bound of reversal loss, formal statement of Theorem 2). Fix arbitrary
c > 0 and C ≤ log(m/2). Under the setting of Theorem 12, suppose σ ≤ 1

100 ln(64m2/δ)
and

d ≥ 106n4m2 log4(2m) log(64m2n2/δ) ·
log2 c

log(2m)

log2 C
log(m/2)

.

With probability at least 1− δ,

Lrev(Θτ ) ≥ C.

where τ denotes the first time such that L(Θt) ≤ c.

Proof. By continuity, L(Θτ ) = c. By Theorem 12, when

d ≥ 106n4m2 log4(2m) log(64m2n2/δ)

ϵ2
(A.1)
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with probability at least 1− δ,

Lrev(Θτ ) ≥ Lrev(Θ0) ·
(L(Θτ )

L(Θ0)

)ϵ

≥ Lrev(Θ0) ·
(

c

L(Θ0)

)ϵ

.

Under this event, applying Lemma 10, we can obtain

Lrev(Θτ ) ≥ log(m/2) ·
(

c

log(2m)

)ϵ

.

To ensure that the right hand side is C, we set ϵ =
log C

log(m/2)

log c
log(2m)

. One may check that the

definition of d satisfies Eq. (A.1). It follows that

Lrev(Θτ ) ≥ C.

A.2.1 Training dynamics

Lemma 7 (Dynamics of the forward loss). Let x1, . . . , xn, y1, . . . , yn, L(Θ), and Θt (t ≥ 0)
be defined as in Theorem 12. When σ ≤ 1

100 ln(16n2/δ)
and d ≥ 1600n3m2 log(8m2n2/δ), with

probability at least 1− δ, we have

L(Θt) ≤
1

t
8(2n−1) log2(2m)

+ 1
L(Θ0)

, ∀t ≥ 0.

Furthermore,

inf {pΘt(xi|yi), pΘt(yi|xi) : t ≥ 0, i ∈ [n]} > 1

2m
.

Proof. For convenience, we assume x1, . . . , xn = v1, . . . , vn and y1, . . . , yn = vn+1, . . . v2n
WLOG.

Let ϵ =
√

400n2m2 log(8m2n2/δ)
d

. Then ϵ ≤ 1
2
√
n
. Define li(Θ) = − log pΘ(yi|xi) and lrevi (Θ) =

− log pΘ(xi|yi). Let α(t)
i,j = −pΘt(vj|vi) + δi,j−n, β

(t)
i,j = −pΘt(vj|vi) + δi−n,j. By Lemma 9,

dL(Θt)

dt
=

〈
∇L(Θt),

dΘt

dt

〉
= −⟨∇L(Θt),∇L(Θt)⟩

= −
∥∥∥∥∥

1

2n− 1

(
n∑

i=1

xi(yi − EpΘt (·|xi)[y])
⊤ +

n∑

i=2

yi(xi − EpΘt (·|yi)[x])
⊤

)∥∥∥∥∥

2

= −
∥∥∥∥∥

1

2n− 1

(
n∑

i=1

m∑

j=1

α
(t)
i,jviv

⊤
j +

2n∑

i=n+2

m∑

j=1

β
(t)
i,j viv

⊤
j

)∥∥∥∥∥

2

.
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Similarly, we have

dli(Θt)

dt

=

〈
∇li(Θt),

dΘt

dt

〉
= −⟨∇li(Θt),∇L(Θt)⟩

= −
〈
xi(yi − EpΘt (·|xi)[y])

⊤,
1

2n− 1

(
n∑

i=1

xi(yi − EpΘt (·|xi)[y])
⊤ +

n∑

i=2

yi(xi − EpΘt (·|yi)[x])
⊤

)〉

= −
〈

m∑

j=1

αi,jviv
⊤
j ,

1

2n− 1

(
n∑

i=1

m∑

j=1

α
(t)
i,jviv

⊤
j +

2n∑

i=n+2

m∑

j=1

β
(t)
i,j viv

⊤
j

)〉
,

and

dlrevi (Θt)

dt

=

〈
∇lrevi (Θt),

dΘt

dt

〉
= −⟨∇lrevi (Θt),∇L(Θt)⟩

= −
〈
yi(xi − EpΘt (·|yi)[x])

⊤,
1

2n− 1

(
n∑

i=1

xi(yi − EpΘt (·|xi)[y])
⊤ +

n∑

i=2

yi(xi − EpΘt (·|yi)[x])
⊤

)〉

= −
〈

m∑

j=1

β
(t)
i+n,jvi+nv

⊤
j ,

1

2n− 1

(
n∑

i=1

m∑

j=1

α
(t)
i,jviv

⊤
j +

2n∑

i=n+2

m∑

j=1

β
(t)
i,j viv

⊤
j

)〉
.

Applying Lemma 11, with probability at least 1− δ/2, for any t ≥ 0 we have

∣∣∣∣∣
dL(Θt)

dt
+

1

(2n− 1)2

(
n∑

i=1

m∑

j=1

(α
(t)
i,j )

2 +
2n∑

i=n+2

m∑

j=1

(β
(t)
i,j )

2

)∣∣∣∣∣

≤ϵ · 1

(2n− 1)2

(
n∑

i=1

m∑

j=1

(α
(t)
i,j )

2 +
2n∑

i=n+2

m∑

j=1

(β
(t)
i,j )

2

)
,

(A.2)

and ∣∣∣∣∣
dli(Θt)

dt
+

1

2n− 1

m∑

j=1

(α
(t)
i,j )

2

∣∣∣∣∣

≤ ϵ · 1

2n− 1

(
m∑

j=1

(α
(t)
i,j )

2

)1/2( n∑

i=1

m∑

j=1

(α
(t)
i,j )

2 +
2n∑

i=n+2

m∑

j=1

(β
(t)
i,j )

2

)1/2

,

(A.3)
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∣∣∣∣∣
dlrevi (Θt)

dt
+

1

2n− 1

m∑

j=1

(β
(t)
i+n,j)

2

∣∣∣∣∣

≤ ϵ · 1

2n− 1

(
m∑

j=1

(β
(t)
i+n,j)

2

)1/2( n∑

i=1

m∑

j=1

(α
(t)
i,j )

2 +
2n∑

i=n+2

m∑

j=1

(β
(t)
i,j )

2

)1/2

.

Furthermore, Lemma 10 implies that with probability at least 1− δ/2

1

2m
< pΘ0(yi|xi), pΘ0(xi|yi) <

2

m
. (A.4)

The following arguments are based on the event that the above inequalities hold.
We first show that

inf {pΘt(xi|yi), pΘt(yi|xi) : t ≥ 0, i ∈ [n]} > 1

2m
.

We prove this by contradiction. Let

τ = inf

{
t ≥ 0 : ∃i ∈ [n], s.t.min{pΘt(yi|xi), pΘt(xi|yi)} ≤

1

2m

}
.

By Eq. (A.4), it is obvious that τ > 0. Assume without loss of generality that pΘτ (y1|x1) ≤ 1
2m

.
It follows that there exists δ > 0 such that pΘt(y1|x1) is a decreasing function in (τ − δ, τ)
and pΘt(y1|x1) = min {pΘt(xi|yi), pΘt(yi|xi) : i ∈ [n]} for any t ∈ (τ − δ, τ ). It follows that for
t ∈ (τ − δ, τ),

dl1(Θt)

dt
≤ 1

2n− 1


−

m∑

j=1

(α
(t)
1,j)

2 + ϵ ·
(

m∑

j=1

(α
(t)
1,j)

2

)1/2( n∑

i=1

m∑

j=1

(α
(t)
i,j )

2 +
2n∑

i=n+2

m∑

j=1

(β
(t)
i,j )

2

)1/2



≤ 1

2n− 1


−

m∑

j=1

(α
(t)
1,j)

2 + ϵ ·
(

m∑

j=1

(α
(t)
1,j)

2

)1/2(
2

n∑

i=1

(α
(t)
i,i+n)

2 + 2
2n∑

i=n+2

(β
(t)
i,i−n)

2

)1/2



≤ 1

2n− 1

(
m∑

j=1

(α
(t)
1,j)

2

)1/2

·


−

(
m∑

j=1

(α
(t)
1,j)

2

)1/2

+ ϵ ·
(
4n(α

(t)
1,n+1)

2
)1/2




≤ 0

where the first inequality is from Eq. (A.3); the second inequality is due to
∑

j ̸=i+n |α
(t)
i,j | =

α
(t)
i,i+n = 1 − pΘt(yi|xi),

∑
j ̸=i |β

(t)
i+n,j| = β

(t)
i+n,i = 1 − pΘt(xi|yi) for all i ∈ [n]; the third

inequality is because pΘt(y1|x1) = min {pΘt(xi|yi), pΘt(yi|xi) : i ∈ [n]}. However, pΘt(y1|x1) is
a decreasing function in (τ − δ, τ), a contradiction. Therefore, we conclude that

inf {pΘt(xi|yi), pΘt(yi|xi) : t ≥ 0, i ∈ [n]} > 1

2m
.
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Now we show

L(Θt) ≤
1

t
8(2n−1) log2(2m)

+ 1
L(Θ0)

, ∀t ≥ 0.

By Eq. (A.2),

dL(Θt)

dt
≤ − 1− ϵ

(2n− 1)2

(
n∑

i=1

m∑

j=1

(α
(t)
i,j )

2 +
2n∑

i=n+2

m∑

j=1

(β
(t)
i,j )

2

)

≤ − 1− ϵ

(2n− 1)2

(
n∑

i=1

(1− pΘt(yi|xi))
2 +

n∑

i=2

(1− pΘt(xi|yi))2
)

≤ − 1− ϵ

(2n− 1)3

(
n∑

i=1

(1− pΘt(yi|xi)) +
n∑

i=2

(1− pΘt(xi|yi))
)2

≤ − 1− ϵ

8(2n− 1) log2(2m)
L(Θt)

2

≤ − 1

8(2n− 1) log2(2m)
L(Θt)

2,

where the second inequality is due to
∑

j ̸=i+n |α
(t)
i,j | = α

(t)
i,i+n = 1− pΘt(yi|xi),

∑
j ̸=i |β

(t)
i+n,j| =

β
(t)
i+n,i = 1− pΘt(xi|yi) for all i ∈ [n]; the third inequality applies Cauchy-Schwarz inequality;

the last inequality uses the fact that pΘt(xi|yi), pΘt(yi|xi) >
1
2m

for any t ≥ 0, i ∈ [n] and the

inequality 1− x ≥ log x
2 log(1/(2m))

for x ∈ ( 1
2m

, 1).
By Lemma 14, we conclude that ∀t ≥ 0,

L(Θt) ≤
1

t
8(2n−1) log2(2m)

+ 1
L(Θ0)

,

which completes the proof.

Lemma 8 (Dynamics of the reversal loss). Let x1, . . . , xn, y1, . . . , yn, Lrev(Θ), and Θt (t ≥ 0)
be defined as in Theorem 12. When σ ≤ 1

100 ln(16n2/δ)
and d ≥ 400n2m2 log(8m2n2/δ)/ϵ2, with

probability at least 1− δ,

Lrev(Θt) ≥ Lrev(Θ0) ·
(
1 +

L(Θ0) · t
8(2n− 1) log2(2m)

)−8ϵ(2n−1) log2(2m)

.

Proof. Similar to Lemma 7, we assume x1, . . . , xn = v1, . . . , vn and y1, . . . , yn = vn+1, . . . v2n
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WLOG. Let α
(t)
i,j = −pΘt(vj|vi) + δi,j−n, β

(t)
i,j = −pΘt(vj|vi) + δi−n,j. By Lemma 9,

dLrev(Θt)

dt

=

〈
∇Lrev(Θt),

dΘt

dt

〉

= −
〈
y1(x1 − EpΘt (·|y1)[x])

⊤,
1

2n− 1

(
n∑

i=1

xi(yi − EpΘt (·|xi)[y])
⊤ +

n∑

i=2

yi(xi − EpΘt (·|yi)[x])
⊤

)〉

= −
〈

m∑

j=1

β
(t)
n+1,jvn+1v

⊤
j ,

1

2n− 1

(
n∑

i=1

m∑

j=1

α
(t)
i,jviv

⊤
j +

2n∑

i=n+2

m∑

j=1

β
(t)
i,j viv

⊤
j

)〉
.

Applying Lemma 11, with probability at least 1− δ/2, for any t ≥ 0 we have

∣∣∣∣
dLrev(Θt)

dt

∣∣∣∣ ≤ ϵ · 1

2n− 1

(
m∑

j=1

(β
(t)
n+1,j)

2

)1/2( n∑

i=1

m∑

j=1

(α
(t)
i,j )

2 +
2n∑

i=n+2

m∑

j=1

(β
(t)
i,j )

2

)1/2

, (A.5)

and
∣∣∣∣∣
dL(Θt)

dt
+

1

(2n− 1)2

(
n∑

i=1

m∑

j=1

(α
(t)
i,j )

2 +
2n∑

i=n+2

m∑

j=1

(β
(t)
i,j )

2

)∣∣∣∣∣

≤ϵ · 1

(2n− 1)2

(
n∑

i=1

m∑

j=1

(α
(t)
i,j )

2 +
2n∑

i=n+2

m∑

j=1

(β
(t)
i,j )

2

)
,

as well as
∣∣∣∣∣
dli(Θt)

dt
+

1

2n− 1

m∑

j=1

(α
(t)
i,j )

2

∣∣∣∣∣

≤ ϵ · 1

2n− 1

(
m∑

j=1

(α
(t)
i,j )

2

)1/2( n∑

i=1

m∑

j=1

(α
(t)
i,j )

2 +
2n∑

i=n+2

m∑

j=1

(β
(t)
i,j )

2

)1/2

,

∣∣∣∣∣
dlrevi (Θt)

dt
+

1

2n− 1

m∑

j=1

(β
(t)
i+n,j)

2

∣∣∣∣∣

≤ ϵ · 1

2n− 1

(
m∑

j=1

(β
(t)
i+n,j)

2

)1/2( n∑

i=1

m∑

j=1

(α
(t)
i,j )

2 +
2n∑

i=n+2

m∑

j=1

(β
(t)
i,j )

2

)1/2

.

Furthermore, Lemma 10 implies that with probability at least 1− δ/2,

1

2m
≤ pΘ0(yi|xi), pΘ0(xi|yi) ≤

2

m
. (A.6)
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The following arguments are based on the event that the above inequalities hold.
By Eq. (A.5),

dLrev(Θt)

dt
≥ −ϵ · 1

2n− 1




m∑

j=1

(β
(t)
n+1,j)

2

︸ ︷︷ ︸
At




1/2


n∑

i=1

m∑

j=1

(α
(t)
i,j )

2 +
2n∑

i=n+2

m∑

j=1

(β
(t)
i,j )

2

︸ ︷︷ ︸
Bt




1/2

.

Notice that

Bt ≤ 2
n∑

i=1

(1− pΘt(yi|xi))
2 + 2

n∑

i=2

(1− pΘt(xi|yi))2

≤ 2

(
n∑

i=1

(1− pΘt(yi|xi) +
n∑

i=2

(1− pΘt(xi|yi))
)2

≤ 2(2n− 1)2L(Θt)
2

≤ 2(2n− 1)2

(
1

t
8(2n−1) log2(2m)

+ 1
L(Θ0)

)2

where the first inequality uses
∑

j ̸=i+n |α
(t)
i,j | = α

(t)
i,i+n = 1− pΘt(yi|xi),

∑
j ̸=i |β

(t)
i+n,j| = β

(t)
i+n,i =

1− pΘt(xi|yi) for all i ∈ [n]; the third inequality uses the fact that 1− x ≤ − log x; the last
inequality applies Lemma 7.

Similarly,

At ≤ 2(1− pΘt(x1|y1))2 ≤ 2Lrev(Θt)
2.

Combining, we have

dLrev(Θt)

dt
≥ − ϵ · 1

2n− 1
· 2Lrev(Θt) · (2n− 1) · 1

t
8(2n−1) log2(2m)

+ 1
L(Θ0)

≥ − 8ϵ(2n− 1) log2(2m) · Lrev(Θt) ·
1

t+ 8(2n−1) log2(2m)
L(Θ0)

.

By Lemma 14, we conclude that ∀t ≥ 0,

Lrev(Θt) ≥ Lrev(Θ0) ·
(
1 +

L(Θ0) · t
8(2n− 1) log2(2m)

)−8ϵ(2n−1) log2(2m)

,

This completes the proof.
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Lemma 9 (Gradient of the loss function). Define

L(Θ) =
1

2n− 1

(
n∑

i=1

− log pΘ(yi|xi) +
n∑

i=2

− log pΘ(xi|yi)
)
,

Lrev(Θ) = − log pΘ(x1|y1).

Then we have

∇L(Θ) = − 1

2n− 1

(
n∑

i=1

xi(yi − EpΘ(·|xi)[y])
⊤ +

n∑

i=2

yi(xi − EpΘ(·|yi)[x])
⊤

)
,

∇Lrev(Θ) = − y1(x1 − EpΘ(·|y1)[x])
⊤.

Proof. We have

∇(− log pΘ(y|x))

= − ∇pΘ(y|x)
pΘ(y|x)

= − 1

pΘ(y|x)
·
xy⊤ exp(x⊤Θy)

(∑
y∈V exp(x

⊤Θy)
)
− exp(x⊤Θy)

(∑
y∈V xy

⊤ exp(x⊤Θy)
)

(∑
y∈V exp(x

⊤Θy)
)2

= − 1

pΘ(y|x)

(
pΘ(y|x)xy⊤ − pΘ(y|x)

∑

y∈V

pΘ(y|x)xy⊤
)

= − x

(
y −

∑

y∈V

pΘ(y|x)y
)⊤

= − x
(
y − Ey∼pΘ(·|x)[y]

)⊤
.

The statements follow immediately.

A.2.2 Initialization

Lemma 10 (Initial distributions are all close to uniform). Fix any δ ∈ (0, 1). Let x1, x2, . . . , xn
i.i.d.∼ Nd(0d,

1
d
Id). Let Θ ∈ Rd×d, where each Θij

i.i.d.∼ N (0, σ2) independent of x1, . . . , xn. For
any i, j ∈ [n], define

pΘ(xj|xi) =
exp(lΘ(xj|xi))∑n
k=1 exp(lΘ(xk|xi))

, where lΘ(xj|xi) = x⊤
i Θxj.

Then when σ2 ≤ 1
100 ln(4n2/δ)

and d ≥ 400 log(1/(2δn2))/ϵ2, with probability at least 1− δ,

|pΘ(xj|xi)− 1/n| ≤ 1

2n
, ∀i, j ∈ [n].
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Proof. Let v = 0.2. By Lemma 12, with probability at least 1− δ, we have

|⟨xi, xj⟩ − δij| ≤ v, ∀i, j ∈ [n].

Conditioned on the above high-probability event, we can further obtain that for any j ∈ [n]

pΘ(xj|xi) =
exp(lΘ(xj|xi))∑n
k=1 exp(lΘ(xk|xi))

≤ exp(v)∑n
k=1 exp(−v)

=
exp(2v)

n
,

and

pΘ(xj|xi) =
exp(lΘ(xj|xi))∑n
k=1 exp(lΘ(xk|xi))

≥ exp(−v)∑n
k=1 exp(v)

=
exp(−2v)

n
,

It follows that

1

2n
< pΘ(xj|xi) <

3

2n
=⇒ |pΘ(xj|xi)− 1/n| < 1

2n
.

which completes the proof.

A.2.3 Subspace embedding

Lemma 11 (ℓ1-subspace embedding of Gaussian second-order tensors). Let z1, . . . , zn be
independently sampled from Nd(0d,

1
d
Id). Let I1, I2 ⊆ [n] × [n] be two index sets. Let

I0 = I1 ∩ I2. If d ≥ 64 log(2n2/δ)/ϵ2, then with probability at least 1− δ,

∣∣∣∣∣∣

〈 ∑

(i,j)∈I1

αi,jziz
⊤
j ,

∑

(i,j)∈I2

βi,jziz
⊤
j

〉
−
∑

(i,j)∈I0

αi,jβi,j

∣∣∣∣∣∣
≤ ϵ ·


 ∑

(i,j)∈I1

|αi,j|




 ∑

(i,j)∈I2

|βi,j|




holds for any αi,j, βi,j. Furthermore, if d ≥ 64k2 log(2n2/δ)/ϵ2, then with probability at least
1− δ,

∣∣∣∣∣∣

〈 ∑

(i,j)∈I1

αi,jziz
⊤
j ,

∑

(i,j)∈I2

βi,jziz
⊤
j

〉
−
∑

(i,j)∈I0

αi,jβi,j

∣∣∣∣∣∣
≤ ϵ ·


 ∑

(i,j)∈I1

α2
i,j




1/2
 ∑

(i,j)∈I2

β2
i,j




1/2

holds for any αi,j, βi,j such that ∥α∥0 ≤ k, ∥β∥0 ≤ k.
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Proof. Using Lemma 12 and Cauchy-Schwarz inequality, we have
∣∣∣∣∣∣

〈 ∑

(i,j)∈I1

αi,jziz
⊤
j ,

∑

(i,j)∈I2

βi,jziz
⊤
j

〉
−
∑

(i,j)∈I0

αi,jβi,j

∣∣∣∣∣∣

≤

∣∣∣∣∣∣
∑

(i,j)∈I0

αi,jβi,j(∥zi∥2∥zj∥2 − 1) +
∑

(i,j)∈I1,(k,l)∈I2,(i,j)̸=(k,l)

αi,jβk,lz
⊤
i zkz

⊤
j zl

∣∣∣∣∣∣

≤
√

64 log(2n2/δ)

d
·


 ∑

(i,j)∈I

|αi,jβi,j|+
∑

(i,j)∈I1,(k,l)∈I2,(i,j)̸=(k,l)

|αi,jβk,l|




=

√
64 log(2n2/δ)

d
·


 ∑

(i,j)∈I1

|αi,j|


 ·


 ∑

(i,j)∈I2

|βi,j|




≤
√

64k2 log(2n2/δ)

d
·


 ∑

(i,j)∈I2

α2
i,j




1/2
 ∑

(i,j)∈I2

β2
i,j




1/2

.

The statements follow directly from plugging in suitable values of d.

Lemma 12 (Almost orthonormal). Let x1, x2, . . . , xn
i.i.d.∼ Nd(0d,

1
d
Id). For any ϵ, δ ∈ (0, 1),

when d ≥ 16 log(2n2/δ)/ϵ2, it holds that with probability at least 1− δ,

|⟨xi, xj⟩ − δij| ≤ ϵ, ∀i, j ∈ [n].

Proof. Fix i ̸= j ∈ [n]. Notice

|⟨xi, xj⟩| = |⟨xi + xj, xi + xj⟩ − ⟨xi − xj, xi − xj⟩|/4
≤ (|⟨xi + xj, xi + xj⟩ − 1|+ |⟨xi − xj, xi − xj⟩ − 1|)/4.

Using Lemma 13, we have that with probability at least 1− δ/n2,

|⟨xi, xj⟩| ≤ ϵ.

Furthermore, fix i ∈ [n], with probability at least 1− δ/n2,

|⟨xi, xi⟩ − 1| ≤ ϵ.

The statement then follows from union bound over i, j ∈ [n].

Lemma 13 (Almost normal for a fixed vector). For a d-dimensional random vector x ∼
Nd(0d,

1
d
Id) and any v ∈ (0, 1/2),

P (|⟨x, x⟩ − 1| ≥ v) ≤ 2e−v2d/16.

In particular, when d ≥ 16 log(1/(2δ))/v2, we have

P (|⟨x, x⟩ − 1| ≥ v) ≤ δ
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Proof. Let x = (x1, . . . , xd). By Lemma 15 (letting x = v2d/16),

P (|⟨x, x⟩ − 1| ≥ v) ≤ P

(∣∣∣∣∣
d∑

i=1

(
√
d · xi)

2 − d

∣∣∣∣∣ ≥ vd

)

≤ 2e−v2d/16.

The second inequality follows from simple arithmetics.

A.2.4 Useful results

Lemma 14 (ODE bound). Let c1, c2, c3 > 0. Suppose the function f1, f2 : R+ → R satisfies
f1(0) > 0, f2(0) > 0 and

df1(t)

dt
≤ − c1 · f1(t)2,

df2(t)

dt
≥ − c2 · f2(t) ·

1

t+ c3
.

Then

f1(t) ≤
1

c1t+
1

f1(0)

,

f2(t) ≥ f2(0) ·
(
1 +

t

c3

)−c2

.

Proof. The conditions imply that

df−1
1 (t)

dt
= − 1

f 2
1 (t)
· df1(t)

dt
≥ c1,

d log f2(t)

dt
=

1

f2(t)
· df2(t)

dt
≥ −c2/(t+ c3).

It follows that

f−1
1 (t) ≥ c1t+ f−1

1 (0),

log f2(t) ≥ − c2 log(1 + t/c3) + log f2(0).

Rearranging the above inequalities, one can obtain the desired results.

Lemma 15 (χ2-concentration bound, Lemma 1 of [75]). Let g1, . . . , gt be i.i.d. N (0, 1)
random variables. Then for any x ≥ 0,

Pr

[
t∑

i=1

g2i ≥ t+ 2
√
tx+ 2x

]
≤ exp(−x),
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and

Pr

[
t∑

i=1

g2i ≤ t− 2
√
tx

]
≤ exp(−x).

A.3 Missing Proofs of Section 2.4

In this section, we show missing proofs in Section 2.4.

A.3.1 Proofs of Section 2.4.1

A.3.1.1 Proofs of Proposition 1 and Proposition 2

We first show the proofs of Proposition 1 and Proposition 2, respectively.

Proof of Proposition 1. Actually, for any three tokens x1, x2, x3, it holds that

pθ(0)(x3|x1, x2) =
exp

(
x⊤
3 Y (0)⊤LN(X⊤v2)

)
∑

x′∈[M ] exp
(
x′⊤Y (0)⊤LN(X⊤v2)

) =
exp (0)∑

x′∈[M ] exp (0)
= 1/M,

since Y (0) = 0.

Proof of Proposition 2. Note that the input sequence length T = 2. By (2.1),

pθ(t)(x|x1, x2) =
exp

(
x⊤Y (t)⊤LN(X⊤v2)

)
∑

x′∈[M ] exp
(
x′⊤Y (t)⊤LN(X⊤v2)

)

where v2 = [b12] and b12 = 1. Also, X = [x1]
⊤ is a one-hot row vector. Therefore,

LN(X⊤v2) = LN(x1b12) = LN(x1) = x1, and thus

pθ(t)(x|x1, x2) =
exp

(
x⊤Y (t)⊤x1

)
∑

x′∈[M ] exp
(
x′⊤Y (t)⊤x1

) =
exp (Y (t)x1,x)∑

x′∈[M ] exp (Y (t)x1,x′)

where Y (t)i,j is the entry of the matrix Y (t) at row i and column j.

A.3.1.2 Proof of Lemma 2

Proof of Lemma 2. We first calculate the gradient of Y when the current batch is a sequence
(x1, x2, x3). Note that the input sequence length T = 2 and by the proof of Proposition 2, we
have LN(X⊤vT ) = LN(X⊤v2) = x1. By Lemma 1, we have

Ẏ = ηY LN(X
⊤vT )(xT+1 −α)⊤ = ηY x1(x3 −α)⊤
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where α = [α1, α2, . . . , αM ]⊤ ∈ RM with α = exp
(
Y ⊤
x1

)
/1⊤ exp

(
Y ⊤
x1

)
. Note that x1(x3−α)⊤

is a matrix with only x1-th row non-zero since x1 is one-hot. Therefore, the update of each
row of Y are independent and only x1-th row of Y gets updated at the current time step.

Now we consider any fixed x1 ∈ V . Let tx1,i be the time step that the x1-th row of Y gets
updated (i.e., the first token of the training data is x1 for the current batch) for the i-th time
and let tx1,0 = 0 for notation convenience, then

Y (tx1,i)x1 = Y (tx1,i−1)x1 + ηY (x3 −α)⊤.

For convenience, we denote y(i) = Y (tx1,i)
⊤
x1
, and thus

y(i) = y(i− 1) + ηY (x3 −α(i− 1)) (A.7)

where y(0) = 0 and α(i− 1) = exp(y(i− 1))/1⊤ exp(y(i− 1)). Note that for a fixed x1, x3

is also fixed by our construction of the dataset. By Lemma 5 of [133], we can obtain that

y(i) = (M − 1)h∗(i)ξx3 ,

where ξx3 =
M

M−1
(x3 − 1

M
1) and h∗(i) can be derived recursively as

h∗(i) = h∗(i− 1) +
ηY

(M − 1) + exp(Mh∗(i− 1))

with h∗(0) = 0. Combining Lemma 7 and 9 in [133], we have

h∗(i) ≳
1

M
ln(MηY i), ∀i ≳ lnM

ηY
. (A.8)

Note that the update of each row of Y are independent, the training set has size N , and the
batch size is 1, we have

Y (t)⊤x1
= (M − 1)h∗ (⌈t/N⌉) ξx3

where the training data at time step t is (x1, x2, x3). Combining (A.8), we can obtain that

Y (t)x1,x3 ≳ (M − 1) · M

M − 1
(1− 1

M
) · 1

M
ln (MηY ⌈t/N⌉) ≥ ln

(
MηY t

N

)

and

Y (t)x1,x ≲ (M − 1) · M

M − 1
(− 1

M
) · 1

M
ln (MηY ⌈t/N⌉) ≤ −

1

M
ln

(
MηY t

N

)
, ∀x ̸= x3.

On the other hand, for any sequence (x1, x2, x3) in the test set, since the x1-th row of Y has
never been updated, we have

Y (t)x1,x = Y (0)x1,x = 0, ∀x ∈ [M ].



APPENDIX A. APPENDIX FOR THE REVERSAL CURSE THEORY 81

A.3.1.3 Proof of Theorem 3

Proof. We first consider training sequence (x1, x2, x3) at time t. By Proposition 2, we have

pθ(t)(x3|x1, x2) =
exp (Y (t)x1,x3)∑

x′∈[M ] exp (Y (t)x1,x′)

and by Lemma 2, we have

Y (t)x1,x3 ≥ c ln

(
MηY t

N

)
, and Y (t)x1,x ≤ −

c

M
ln

(
MηY t

N

)
, ∀x ̸= x3

for some constant c > 0. Therefore,

pθ(t)(x3|x1, x2) ≥
exp

(
c ln
(
MηY t
N

))

exp
(
c ln
(
MηY t
N

))
+ (M − 1) ln

(
− c

M
ln
(
MηY t
N

))

≥
(
MηY t
N

)c
(
MηY t
N

)c
+ (M − 1)

=1− M − 1(
MηY t
N

)c
+ (M − 1)

≥1− M − 1

2
(
MηY t
N

)c

where the last inequality holds since

ln t ≳ ln(NM/ηY ) =⇒ t ≥ N(M − 1)1/c

MηY
=⇒

(
MηY t

N

)c

≥M − 1.

Finally, for any sequence (x1, x2, x3) ∈ Dtest, since Y (t)x1,x = 0, ∀x ∈ [M ] according to
Lemma 2, we have

pθ(t)(x3|x1, x2) =
exp (Y (t)x1,x3)∑

x′∈[M ] exp (Y (t)x1,x′)
=

exp(0)

M · exp(0) = 1/M,

which completes the proof.

A.3.2 Additional details and proof of Section 2.4.2

Datasets. Let Ntrain > 0, Ntest > 0 be two positive integers and let Ntotal = Ntrain +Ntest.
Let Ai, Bi, Ci ∈ V , ∀i ∈ [Ntotal] be 3Ntotal distinct tokens. Let →,⇝ ∈ V = [M ] be two
additional different tokens that represent “direct implication” and “indirect implication”
respectively. Specifically, we have Ai → Bi, Bi → Ci and Ai ⇝ Ci for all i ∈ [Ntotal]. For
notation convenience, we define the following two index sets

Itrain = {1, 2, . . . , Ntrain}, Itest = {Ntrain + 1, . . . , Ntotal}.
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The training set Dtrain consists of all Ai → Bi, Bi → Ci and Ai ⇝ Ci for i ∈ Itrain. In addition,
Dtrain contains Ai → Bi and Bi → Ci for i ∈ Itest. For convenience, we let N = |Dtrain| to be
the size of the training set. The test set Dtest consists of Ai ⇝ Ci for i ∈ Itest. Under our
construction of the dataset, the LLM will learn the relationship between Ai, Bi and Ci for
i ∈ Itrain in both direct and indirect implication, and learn the relationship between Ai, Bi
and Ci for i ∈ Itest only in direct implication and will be tested for indirect implication.

Similar to the reversal curse in Section 2.4.1, we aim to prove through the training dynamics
of one-layer transformers that the test probability remains negligible during training. In
particular, we are interested in

pθ(x3 = Ci|x1 = Ai, x2 =⇝), i ∈ Itest.

We also use pθ(Bi|Ai →), pθ(Ci|Bi →) and pθ(Ci|Ai ⇝) to more compactly represent
pθ(x3 = Bi|x1 = Ai, x2 =→), pθ(x3 = Ci|x1 = Bi, x2 =→) and pθ(x3 = Ci|x1 = Ai, x2 =⇝),
respectively.

The following theorem shows the importance of the chain-of-thought method:

Theorem 14 (Importance of chain-of-thought, formal statement of Theorem 4). Assume we
run SGD with batch size 1, and assume M ≫ 100 and 1

M0.99 ≪ ηY < 1. Let t ≳ N lnM
ηY

denote

the time step which also satisfies ln t ≳ ln(NM/ηY ). For any test index i ∈ Itest, we have

pθ(t)(Bi|Ai →) ≥ 1− M − 1

2
(
MηY t
N

)c , pθ(t)(Ci|Bi →) ≥ 1− M − 1

2
(
MηY t
N

)c

for some constant c > 0 and

pθ(t)(Ci|Ai ⇝) ≤ 1

M
.

Proof. Recall that by Proposition 2, we have

pθ(t)(x3|x1, x2) =
exp (Y (t)x1,x3)∑

x′∈[M ] exp (Y (t)x1,x′)

and by Lemma 2, we have

Y (t)Ai,Bi ≥ c ln

(
MηY t

N

)
, and Y (t)Ai,x ≤ −

c

M
ln

(
MηY t

N

)
, ∀x ̸= Bi

for some constant c > 0. Therefore, using the same proof as Theorem 3, we have

pθ(t)(Bi|Ai →) ≥ 1− M − 1

2
(
MηY t
N

)c .
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Additionally, according to the proof of Lemma 2, Y (t)Ai,x has the same value across all x ≠ Bi,
which implies

pθ(t)(Ci|Ai ⇝) ≤ 1

M
.

Similarly, applying Lemma 2 to Y (t)Bi , we can obtain that

pθ(t)(Ci|Bi →) ≥ 1− M − 1

2
(
MηY t
N

)c .

A.3.3 Analysis of the reversal curse for the four-token sequences

In this section, we analyze the reversal curse where data points are four-token sentences
“AR1R2B” or “BR1R2A”. For each sentence, A and B are two distinct tokens that represent two
entities, and R1, R2 are two special tokens jointly representing a relationship that is inverse to
itself (e.g., R1R2 represents “is the friend of”, then AR1R2B means “A is the friend of B” and
BR1R2A means “B is the friend of A” ).

Datasets. Let Ntrain > 0 and Ntest > 0 and denote Ntotal = Ntrain + Ntest. Let Ai, Bi ∈
V , ∀i ∈ [Ntotal] be K ≜ 2Ntotal distinct tokens representing distinct entities. WLOG, we
assume Ai, Bi ∈ [K], ∀i ∈ [Ntotal]. Let R1, R2 ∈ V be two additional different tokens that jointly
represent a relationship that is inverse to itself. Specifically, we have AiR1R2Bi and BiR1R2Ai
for all i ∈ [Ntotal]. For notation convenience, we define the following two index sets

Itrain = [Ntrain], Itest = [Ntotal]\Itrain.

The training set Dtrain consists of all AiR1R2Bi and BiR1R2Ai for i ∈ Itrain. In addition, Dtrain

contains AiR1R2Bi for i ∈ Itest. For convenience, we let N = |Dtrain| to be the size of the
training set. The test set Dtest consists of BiR1R2Ai for i ∈ Itest. Under our construction of the
dataset, the LLM will learn the relationship between Ai and Bi for i ∈ Itrain in both directions
to deduce that the relationship “R1R2” is reverse to itself, and learn the relationship between
Ai and Bi for i ∈ Itest in one direction and will be tested for the other. WLOG, we assume for
each training sequence (x1, R1, R2, x4) ∈ Dtrain, x4 ∈ [N ].

Now we assume that the learning rate ηY ≫ ηZ and therefore can treat X⊤vT as fixed
when analyzing the dynamics of Y . For any sequence (x1, x2 = R1, x3 = R2, x4 = n) in training
or test dataset with T = 3, we define fn = LN(X⊤vT ). Then the gradient of Y in (2.3)
becomes

Ẏ = ηY fn(xT+1 −α)⊤ = ηY fn(en −α)⊤.

Note that for three-token sequences, fn is a one-hot vector, and thus Ẏ has only one
non-zero row, and each row of Y can be analyzed independently. For the four-token
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sequences, we use the same reparameterization strategy as in [133], where we denote
W = [w1,w2, . . . ,wK ]

⊤ ≜ F⊤Y ∈ RK×M with F = [f1, . . . ,fK ] ∈ RM×K .
Note that the parameter W can be viewed as a combination of Y and Z where Z is fixed.

The following lemma shows the dynamics of W , assuming we are performing gradient updates
on W instead of Y .

Lemma 16 (Dynamics of W ). Assume we perform gradient updates directly on W instead
of Y with learning rate ηY and batch size 1, and assume M ≫ 100 and 1

M0.99 ≪ ηY < 1. Let
t ≳ N lnM

ηY
and let W (t)i denote the i-th row of W (t) and W (t)ij denote the (i, j)-th entry of

W (t). Then for training sequence (x1, R1, R2, x4) ∈ Dtrain at time t, we have

W (t)x4,x4 ≳ ln (MηY t/N) , and W (t)x4,x ≲ − ln (MηY t/N) /M, ∀x ̸= x4,

and for any test sequence (x1, R1, R2, x4) ∈ Dtest, we have W (t)x4,x = 0,∀x ∈ [M ].

Proof. According to Lemma 3 of [133], for training sequence (x1, R1, R2, x4) ∈ Dtrain at time t,
only the x4-th row of W will be updated and the gradient

ẇx4(t) = ηY (x4 −αx4(t))

where α(t) = exp(wx4(t))/(1
⊤ exp(wx4(t))). Therefore, the dynamics of W is nearly identical

to the dynamics of Y in Lemma 2, and we can use the proof of Lemma 2 to conclude the
results.

With the dynamics of W , we can obtain the following result:

Proposition 4 (Reversal curse for the four-token sequences). Assume we perform gradient
updates directly on W instead of Y with learning rate ηY and batch size 1, and assume
M ≫ 100 and 1

M0.99 ≪ ηY < 1. Let t ≳ N lnM
ηY

denote the time step which also satisfies

ln t ≳ ln(NM/ηY ). For training sequence (x1, R1, R2, x4) ∈ Dtrain at time t, we have

pθ(t)(x4|x1, R1, R2) ≥ 1− M − 1

(MηY t/N)c
→ 1, as t→∞

for some constant c > 0, and for any test sequence (x1, R1, R2, x4) ∈ Dtest that is not included
in the training set Dtrain, we have

pθ(t)(x4|x1, R1, R2) ≤ 1/M.
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Proof. For any sequence (x1, x2 = R1, x3 = R2, x4) where T = 3,

pθ(t)(x|x1, R1, R2) =
exp

(
x⊤Y (t)⊤LN(X⊤vT )

)
∑

x′∈[M ] exp
(
x′⊤Y (t)⊤LN(X⊤vT )

)

=
exp

(
x⊤Y (t)⊤fx4

)
∑

x′∈[M ] exp
(
x′⊤Y (t)⊤fx4

)

=
exp

(
x⊤wx4(t)

)
∑

x′∈[M ] exp
(
x′⊤wx4(t)

)

=
exp (W (t)x4,x)∑

x′∈[M ] exp (W (t)x4,x′)
.

The above next token probability formulation is almost identical to Proposition 2 after
replacing Y with W . Combining the dynamics of W as shown in Lemma 16, we can use the
proof of Theorem 3 to conclude the result.

Finally, we discuss the role of Z in the four-token-sequence settings. Note that Propo-
sition 4 assumes gradient update on W instead of Y . While we are not able to perform
gradient updates on W directly, it is equivalent to modifying the gradient of Y to be

Ẏ = ηY (fn − FE ′en)(en −αn)
⊤

according to Lemma 3 of [133], where the next token xT+1 = n, E ′ = (I + E)−1 − I,
E = F⊤F − I, and F = [f1, . . . ,fN ] ∈ RM×N which only contains the next token that
appears in the training set. Compared to the original gradient of Y

Ẏ = ηY fn(en −αn)
⊤,

one can obtain that the modification of the gradient of Y is small if λ1(E) is small.
Note that Eii = ∥fi∥22 − 1 = 0 and Eij = f⊤

i fj. Also, for any sequence (x1 = n′, x2 =
R1, x3 = R2, x4 = n) in training set,

fn = LN(X⊤vT ) =
b13en′ + b23eR1√

b213 + b223
,

where

b13 = exp(ZR2,n′), b13 = exp(ZR2,R1).

Note that R1 is a common token that appears in each training sentence, and n′ is a distinct
token that only appears in one training sentence as a contextual token. By Theorem 2 of
[133], under certain technical assumptions, ŻR2,n′ > 0 and ŻR1,n < 0 and one can expect
ZR2,n′ − ZR1,n to be sufficiently large after sufficient time of training. Therefore,

fn = b̃13en′ + b̃23eR1



APPENDIX A. APPENDIX FOR THE REVERSAL CURSE THEORY 86

with b̃23 close to 0. Consider a simple case where for each n ∈ [N ], fn =
√
1− c2en′ + ceR1

for c sufficiently small. Then

Eij = f⊤
i fj = (

√
1− c2ei′ + ceR1)

⊤(
√
1− c2ej′ + ceR1) = c2.

Therefore, one can calculate that λ1(E) = c2(N − 1). When c≪ 1√
N
, we have λ1(E)≪ 1,

and thus the gradient update of W and gradient update of Y are almost the same.

A.4 Experiments for chain-of-thought

In this section, we conduct experiments for CoT on multi-layer transformers to validate
theoretical results in Section 2.4.2.
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Figure A.1: Experiment results of CoT under default configuration (see Table A.2). The
curves represent the (average) negative log probability of the model predicting the next token
to be: (1) Bi given the input “Ai →”, (2) Ci given the input “Bi →”, or (3) Ci given the
input “Ai ⇝”. Similar to the reversal curse experiment, while the sentences in the training
set can be learned nearly perfectly, the model is not able to predict the correct next token in
the validation set better than a uniformly random guess. Both curves are averaged over 10
random seeds.

Dataset construction. Similar to Section 2.5, we randomly sample three disjoint sets
of entities A,B, C ⊂ V, and reverse two additional tokens for → and ⇝, respectively. Next,
we specify a bijection from A to B, and a bijection from B to C randomly. For each
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Logits of B given A (Train) Logits of C given B (Train) Logits of C given A (Train)
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Figure A.2: Visualization of the weights (logits) of the model with default configurations
trained after 3000 epochs for CoT experiment. The matrices are similar to Figure 2.2. The
row tokens for the top matrices are Ai, Bi, Ai and column tokens are Bi, Ci, Ci for training
triples respectively. Similarly, the bottom matrices correspond to validation triples. For
validation triples (Ai, Bi, Ci), the weights from Ai to Ci get hardly trained as indicated by the
diagonals of the last matrix.

Ai ∈ A and its corresponding Bi ∈ B and Ci ∈ C, we can obtain a triple of sequences
(Ai → Bi, Bi → Ci, Ai ⇝ Ci), and split the set of all triples into training triples and validation
triples. All three sequences of a training triple will be added to the training set, while for
a validation triple, we add Ai → Bi and Bi → Ci to the training set and add Ai ⇝ Ci to the
validation set. Therefore, the model will learn both direct and indirect implications for the
training triples and only learn the direct implications for each validation triple while being
tested on the indirect implication.

Results. Figure A.1 shows the experiment results for CoT using the same model architecture
and configurations as in Figure 2.1 (the training set size is 540, and the validation set size
is 60 resulting from 140 training triples and 60 validation triples), which is consistent with
Theorem 14. One can refer to Section A.5.3 for additional experiments with various model
configurations and vocabulary sizes. We also empirically validate the intransitivity of model
weights (i.e., logits) for multi-layer transformers in Figure A.2, which shows that for a
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validation triple (Ai, Bi, Ci) of which only the direct implication “Ai → Bi” and “Bi → Ci”
appears in the training set, although the weights from Ai to Bi and from Bi to Ci are trained
large as indicated by the diagonals of the first two bottom matrices, the weights from Ai to Ci
gets hardly trained as indicated by the diagonals of the last matrix. We also emphasize that
another reason that CoT is necessary is that all tokens Ai, Bi, and Ci are different tokens with
randomly initialized embedding and thus irrelevant. When these tokens are relevant and show
specific patterns, the validation loss can also get better. See more details in Section A.5.4.

A.5 Additional Experimental Results

In this section, we show additional experimental results for Section 2.5.

A.5.1 Details of model architectures and hyperparameters

For both the reversal curse and CoT experiments, we used the GPT2 model architecture [147]1

and trained the model with the AdamW optimizer for 3000 epochs of batch size 64. See
Table A.1 for a full list of hyperparameters. We also conducted experiments under various
model configurations and vocabulary sizes to show that the results in Sections A.4 and 2.5 are
consistent under different settings. See Table A.2 for a complete list of different configurations,
where the default choices are boldened. For each curve in all figures, the results are averaged
over 10 trials, and the error bar is calculated using standard deviation. We run each trial on
an Nvidia A100 GPU and it typically takes 0.5-1.5 hours for each trial.

Parameters Values
Learning Rate 0.01
Weight Decay λ 0.9
(β1, β2) (0.9, 0.999)
Batch Size 64
Number of Epochs 3000

Table A.1: Full list of hyperparameters for AdamW optimizer and training.

A.5.2 Additional experimental results for the reversal curse

In this section, we show additional experimental results for the reversal curse under different
configurations, including different vocabulary sizes (Figure A.3), different number of layers
(Figure A.4), different positional encoding (Figure A.5), different entity lengths (Figure A.6)
and whether token and positional embeddings are trainable or fixed (Figure A.7). Our
experimental results consistently show that the reversal curse happens under different settings.
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Parameters Values
Number of Layers 12, 24, 48
Number of Heads 12
Vocabulary Size 20, 50, 200, 800, 2000
Entity Length 1, 2, 3
Positional Encoding Type None, Absolute, Relative
Token, Positional Embedding Learnable, Frozen

Table A.2: The list of different configurations for experiments in Sections A.5.2 and A.5.3.
Default choices are boldened for each row.
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(a) Vocabulary size 20
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(b) Vocabulary size 50
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(c) Vocabulary size 200
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(d) Vocabulary size 2000

Figure A.3: Results for reversal curse for different vocabulary sizes. All other configurations
are set as default values as in Table A.2. The training set sizes for the above four experiments
are 9, 20, 85, 850 respectively, and the validation set sizes are 1, 4, 15, 150 respectively.
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(a) 12 layers
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(b) 48 layers

Figure A.4: Results for reversal curse for different numbers of layers of the transformer. All
other configurations are set as default values as in Table A.2.
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(a) No positional encoding
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(b) Relative positional encoding

Figure A.5: Results for reversal curse with no positional encoding or relative positional
encoding. For relative positional encoding, we follow the Rotary Position Embedding (RoPE)
method proposed by [123]. We use the implementation of this repo, MIT license. All other
configurations are set as default values as in Table A.2.

chp2:::https://github.com/lucidrains/rotary-embedding-torch
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(a) Entity length 2
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(b) Entity length 3

Figure A.6: Results for reversal curse with different entity lengths. Each entity Ai or Bi
consists of multiple tokens and different entities may have overlapped tokens. The “Train”
curve represents the negative log probability of predicting the first token of the output entity,
and “Train (word)” represents the negative log probability of predicting all tokens one by
one of the output entity. All other configurations are set as default values as in Table A.2.
The training set sizes for the above two experiments are 680 and 250, respectively, and the
validation set sizes are 120 and 50, respectively.
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Figure A.7: Results for reversal curse with fixed token embedding and fixed positional
embedding. All other configurations are set as default values as in Table A.2.

We provide additional experimental results that (1) the reversal curse still happens even
if the embedding dimension is much smaller than the vocabulary size in Section A.5.2.1; (2)
the embeddings of different tokens are nearly orthogonal; (3) the reversal curse does not
happen under the in-context learning settings.

1Apache License 2.0
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A.5.2.1 The reversal curse under small embedding dimensions

Although for theoretical analysis in Section 2.3, we assumed the embedding dimension is
polynomial in the vocabulary size, in practice, the embedding dimension only needs to be
the order of logarithm of the vocabulary size. Figure A.8 shows that for a much smaller
embedding size, the reversal curse still happens.
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Figure A.8: Results for reversal curse for different numbers of layers and different embedding
dimensions. All other configurations are set as default values as in Table A.2.

A.5.2.2 Near orthogonal embeddings

Note that in Section 2.3, our analysis relies on the fact that embeddings of different tokens are
nearly orthogonal, and in Section 2.4, the embeddings are effectively one-hot. In Figure A.9,
We show that in practice, even if the embedding dimension is much smaller than the vocabulary
size, the near orthogonality condition still holds.

A.5.2.3 The reversal curse does not happen in ICL settings

We also emphasize that the reversal curse does not happen in ICL settings, which means
if “A → B” is provided as part of the prompt, then the model is able to answer “B ← A”.
Figure A.10 shows preliminary results of ICL. All the sentences in the dataset have the
format of “AiRBj ⇔ BjR

−1Ai”, which is a seven-token sentence where R and R−1 is a pair of
relationships inverse to each other, and “⇔” is another reserved token representing equivalence.
There are ten different Bj and n different Ai where n = 100 for the left figure in Figure A.10
and n = 200 for the right figure. For each Ai, we construct ten sentences using different Bj ,
and we randomly chose three of them to be included in the validation set and seven other
sentences in the training set. The result of Figure A.10 shows that the reversal curse does
not happen during the ICL setting.
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Figure A.9: A heat map of cosine similarity between token embeddings (all Ai and Bi) after
3000 epochs training under different settings. The settings are the same as Figure A.8. Under
different numbers of layers or embedding dimensions, most of the non-diagonal entries are
close to 0, which shows that the embeddings of different tokens are nearly orthogonal.

A.5.3 Additional experimental results for chain-of-thought

In this section, we show additional experimental results for CoT under different configurations,
including different vocabulary sizes (Figure A.11), different number of layers (Figure A.12),
different positional encoding (Figure A.13), different entity lengths (Figure A.14) and whether
token and positional embeddings are trainable or fixed (Figure A.15). Note that our experi-
mental results consistently show the necessity of CoT under different settings.

A.5.4 Chain-of-thought with relevant tokens

In Section A.4, we briefly mentioned that the irrelevance of different entity tokens is one of
the reasons that CoT is necessary. Now, we show that if the entity tokens are correlated and
show specific patterns, it is possible for a model to deduce indirect implications automatically.

Instead of using single tokens Ai, Bi, Ci to represent each entity, now we use two tokens Ai,
Bi, Ci to represent entities, where A, B and C are three common tokens shared by each triple,
and token i are distinct for each triple. Figure A.16 shows that for the above version of CoT
where tokens in the same chain are correlated, the model is able to “deduce” Ai⇝ Ci after
training on Ai→ Bi, Bi→ Ci and other training samples.
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Figure A.10: Training and validation loss under in-context learning (ICL) settings. All
sentences consist of seven tokens and have the form of “AiRBj ⇔ BjR

−1Ai”. The loss is
calculated on the last token. For the left figure, the training set size is 700, the validation set
size is 300, and the vocabulary size is 400; for the right figure, the training set size is 1400,
the validation set size is 600, and the vocabulary size is 800. All other configurations are set
as default values as in Table A.2. The result shows that the reversal curse does not happen
in ICL settings, i.e., if “AiRBj” is provided as part of the prompt, then the model is able to
recognize “BjR

−1Ai”.
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(a) Vocabulary size 20
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(b) Vocabulary size 50
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(c) Vocabulary size 200
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(d) Vocabulary size 2000

Figure A.11: Results for CoT for different vocabulary sizes. All other configurations are set
as default values as in Table A.2. The training set sizes for the above four experiments are
14, 32, 135, 1350 respectively, and the validation set sizes are 1, 4, 15, 150 respectively.
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(a) 12 layers
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(b) 48 layers

Figure A.12: Results for CoT for different number of layers of the transformer. All other
configurations are set as default values as in Table A.2.
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(a) No positional encoding
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(b) Relative positional encoding

Figure A.13: Results for CoT with no positional encoding or relative positional encoding.
For relative positional encoding, we follow the Rotary Position Embedding (RoPE) method
proposed by [123]. All other configurations are set as default values as in Table A.2.
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(a) Entity length 2
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(b) Entity length 3

Figure A.14: Results for CoT with different entity lengths. The setting and curves are similar
to Figure A.6. All other configurations are set as default values as in Table A.2. The training
set sizes for the above two experiments are 1080 and 400, respectively, and the validation set
sizes are 120 and 50.
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Figure A.15: Results for CoT with fixed token embedding and fixed positional embedding.
All other configurations are set as default values as in Table A.2.
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(a) Training set size 160
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(b) Training set size 250
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(c) Training set size 400
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(d) Training set size 1600

Figure A.16: Results for CoT where each entity is represented by two tokens, i.e., Ai, Bi,
or Ci. The validation set sizes are 50. The model is able to “deduce” unseen Ai ⇝ Ci by
learning underlying patterns.
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Appendix B

Appendix for Out-of-context
Reasoning

B.1 Proof of Section 3.4.1

In this section, we provide proof for all theoretical results presented in Section 3.4.1. Specifi-
cally, we provide the proof of Proposition 3 in Section B.1.1, Theorem 5 in Section B.1.2,
and Theorem 6 in Section B.1.3.

B.1.1 Proof of Proposition 3

Proof of Proposition 3. We show that for any fixed θ = (WO,WV), there is a matrix θ̃ = WOV

that gives the same test loss as defined in (3.5) and the same training loss as defined in (3.4)
and vice versa. Following (3.3), for any input z1:T and answer token a, we define the logit
functions given by the two sets of parameters as:

fθ(z1:T , a) = e⊤
a WOW

⊤
V X⊤XWKQxT , fθ̃(z1:T , a) = e⊤

a WOVX
⊤XWKQxT .

It suffices to prove that the two logit functions always give the same value for any (z1:T , a).
Given any fixed θ = (WO,WV), we can set WOV := WOW

⊤
V and get

fθ(z1:T , a) = e⊤
a WOW

⊤
V X⊤XWKQxT = fθ̃(z1:T , a).

For the other direction, given any WOV ∈ Rd×d, suppose its SVD decomposition is given
by WOV = UΣV ⊤ where Σ = diag(σ1, . . . , σr) ∈ Rr×r with r ≤ d and σi > 0 for i ∈ [r].
Since the rank of WOV is at most d and dh ≥ d ≥ r, let Σ1/2 = diag(

√
σ1, . . . ,

√
σr) and

Q = [Ir 0r×(dh−r)] ∈ Rr×dh . Note that QQ⊤ = Ir. Then we can set

WO := UΣ1/2Q,WV := V Σ1/2Q,

such that WOW
⊤
V = UΣV ⊤ = WOV. Combining both directions, we can conclude that the

two parameterizations have equivalent expressive power. However, in the following analysis,
we show that there is a key distinction between the two in terms of optimization dynamics.
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B.1.2 Proof of Theorem 5

Proof of Theorem 5.

1. For the factorized model θ = (WV,WO), it is a two-layer fully-connected linear network
trained by cross-entropy loss. By Theorem 4.4 and Appendix G of [86], every limit

point of
{

θ(t)
∥θ(t)∥ , t ≥ 0

}
by gradient descent with small enough learning rates or gradient

flow is along the direction of a KKT point of the following program:

min
WO,WV

1

2
(∥WO∥2F + ∥WV∥2F )

s.t. h(s,r),a′(WOW
⊤
V ) ≥ 1, ∀(s, r) ∈ Dtrain, ∀a′ ∈ A\{a∗(s, r)}.

(OV-SVM)

Moreover, Theorem 5 shows that the above program has the same solutions for W F
OV =

WOW
⊤
V as (W F

OV-SVM).

2. For the non-factorized model WOV, it is a linear model trained by cross-entropy loss.

Again, by Theorem 4.4 and Appendix G of [86], every limit point of
{

WOV(t)
∥WOV(t)∥F

, t ≥ 0
}

by gradient descent with small enough learning rates or gradient flow is along the
direction of a KKT point of (WOV-SVM). Since (WOV-SVM) is a convex program, the
KKT point is sufficient to ensure global optimality.

Remark 5. The results in Theorem 5 can be further strengthened under certain conjectures
that extend previous results for binary classification to multi-class settings.

For the non-factorized model, if our dataset satisfies Equation (15) in Theorem 7 in [120],
it can be shown that the parameter WOV under gradient flow or gradient descent with a small
enough step size directionally converges. Equation (15) is proved to be true in [120] for the
binary setting for almost all datasets, and conjectured to be true in multi-class settings for
almost all datasets. Therefore, combining the result of Theorem 5 for the non-factorized
model, if the above conjecture is true for our dataset, gradient flow or gradient descent with
small enough step sizes directionally converges to the direction of the global minimum of
(WOV-SVM).

For the factorized model, Theorem 3.1 of [136] shows that gradient flow directionally
converges to the direction of the global minimum of (W F

OV-SVM) for binary classification.
We conjecture this is also true for a multi-class setting under certain mild assumptions, and
we leave the proof for future work.

The proof of Theorem 5 concludes with the following lemma, which establishes the
equivalence between the solutions of (OV-SVM) and (W F

OV-SVM).

Lemma 17. Let W ∗ be an optimal solution of (W F
OV-SVM) with rank(W ∗) = r. Assume

dh ≥ r. The optimization problem (OV-SVM) is equivalent to (W F
OV-SVM). As a result, if
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(WO,WV) is a solution of (OV-SVM), then its combined form W = WOW
⊤
V is also a global

minimum of (W F
OV-SVM).

Proof. We adopt a similar argument as in [109]. Consider any optimal solution (WO,WV)
in (OV-SVM) and let W := WOWV

⊤ ∈ Rd×d, for any (s, r) ∈ Dtrain, a
′ ∈ A \ {a∗(s, r)}, we

have
h(s,r),a′(WOWV

⊤) = h(s,r),a′(W ) ≥ 1.

Thus, W is inside the feasible set of (W F
OV-SVM). Moreover, note that the nuclear norm is

the dual norm of the spectral norm, which gives

∥W ∥⋆ = sup
∥Z∥2≤1

trace(Z⊤WOWV
⊤)

= sup
∥Z∥2≤1

⟨ZWV,WO⟩

≤ sup
∥Z∥2≤1

∥ZWV∥F∥WO∥F
(a)

≤ 1

2
(∥WO∥2F + ∥WV∥2F ), (B.1)

where (a) follows ∥AB∥F ≤ ∥A∥2∥B∥F and AM-GM inequality. Now assuming W ∗ is
a optimal solution of (W F

OV-SVM) and ∥W ∥⋆ > ∥W ∗∥⋆. Let its SVD decomposition be
W ∗ = UΣV ⊤ with Σ = diag(σ1, . . . , σr) ∈ Rr×r. We can construct W ∗

O = UΣ1/2 and
W ∗

V = V Σ1/2 such that

1

2
(∥W ∗

O∥2F + ∥W ∗
V∥2F ) = ∥Σ1/2∥2F = trace(Σ) = ∥W ∗∥⋆ < ∥W ∥⋆

(a)

≤ 1

2
(∥WO∥2F + ∥WV∥2F ),

where (a) follows (B.1). Note that here we assumed dh = r. If dh > r, we can always choose

Σ̃
1/2

:=
[
Σ1/2,0r×(dh−r)

]
∈ Rr×dh ,W ∗

O = UΣ̃
1/2

,W ∗
V = V Σ̃

1/2
,

which yields the same result. Moreover, (W ∗
O,W

∗
V) is a solution of (OV-SVM) as W ∗ is a

feasible solution of (W F
OV-SVM). This leads to a contradiction since (WO,WV) is an optimal

solution of (OV-SVM). Conversely, we prove that if W ∗ = UΣV ⊤ is an optimal solution
of (W F

OV-SVM), (W ∗
O,W

∗
V) := (UΣ1/2,V Σ1/2) is also an optimal solution of (OV-SVM).

Assume it’s not optimal and thus there exists a feasible solution (WO,WV) such that

1

2
(∥WO∥2F + ∥WV∥2F ) <

1

2
(∥W ∗

O∥2F + ∥W ∗
V∥2F ).

Using the same argument we have

∥W ∗∥⋆ =
1

2
(∥W ∗

O∥2F + ∥W ∗
V∥2F ) >

1

2
(∥WO∥2F + ∥WV∥2F ) ≥ ∥W ∥⋆,

which again leads to a contradiction. Combining both directions, we conclude that the two
problems are equivalent. Eventually, if (WO,WV) is a global minimum of (OV-SVM), the
combined parameter W = WOW

⊤
V is also a global minimum of (W F

OV-SVM). This finishes
the proof of Theorem 5.
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B.1.3 Proof of Theorem 6

Useful notations. We introduce useful notations used in this section. We use In to
represent an n × n identity matrix, use En to represent an n × n all-one matrix, and
use 1n and 0n to represent n-dimensional all-one and all-zero vectors, respectively. We use
ei = [0, . . . , 1, . . . , 0]⊤ as the one-hot vector in Rn where the i-th entry is one. For convenience,
we use x ∧ y to denote the minimum value among x and y and use x ∨ y to denote the
maximum value among them.

B.1.3.1 Proof for factorized model

Note that although W F
OV is a d × d matrix, since we restrict the next token prediction to

be among 2n answer tokens in A, and only (nm+ 2) tokens in S ∪R can take effect in the
prompt, we only need to consider a reduced matrix W F

OV ∈ R(2n)×(nm+2) throughout this
section, where each row corresponds to a token in A and each column corresponds to a token
in S ∪R. Now we restate the first part of Theorem 6 below.

Theorem 15 (Part 1 in Theorem 6: Factorized model has OCR ability). Let n > 1. Suppose
W F

OV is a solution to the SVM problem in Eq. (W F
OV-SVM), then for any (s, r) ∈ Dtest,

a′ ∈ A \ {a⋆(s, r)}, given regularity conditions (Assumption 4), it holds that

h(s,r),a′(W
F
OV) ≥

√
mtrain

mtest
∧ 1, indicating the OCR ability. (B.2)

To prove Theorem 15, we derive an explicit solution characterization for (W F
OV-SVM).

The proof roadmap is as follows.

1. Restricted Form Existence: Lemmas 18 and 19 show the existence of a solution in
block structure (B.3) via permutation averaging and the convexity of nuclear norm.

2. SVD Computation: Lemma 20 computes the closed form for the SVD decomposition
of the restricted form in Lemma 19.

3. Nuclear Norm Formula of the restricted form: Given the restricted form,
Lemma 21 gives ∥W F

OV∥⋆ in closed form (B.12).

4. Optimization: Lemma 22 finds the minimum of Equation (B.12) by decomposing
∥W F

OV∥⋆ = M1 +M2.

5. Solution characterization and the uniqueness: Theorem 16 uses Lemmas 23 and 24
and Assumption 4 to establish the unique forms of the solution in Equations (B.22)
and (B.23).

Lemma 18 (Unitary invariance). Given matrix A, for any orthonormal matrices U and V ,
we have that

∥UAV ⊤∥⋆ = ∥A∥⋆.
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Proof. See Lemma 2.5 in [56].

Lemma 19 (Existence of a restricted form solution to (W F
OV-SVM)). Suppose W F

OV is the
solution to the optimization problem (W F

OV-SVM). There exists a solution with p1, p2, q1, q2,
f1, f2, g1, g2, β1, β2 and γ1, γ2 such that

W F
OV =

[
mtrain blocks︷ ︸︸ ︷

p1In + p2En · · · p1In + p2En

mtest blocks︷ ︸︸ ︷
f1In + f2En · · · f1In + f2En β11n β21n

q1In + q2En · · · q1In + q2En︸ ︷︷ ︸
mtrain blocks

g1In + g2En · · · g1In + g2En︸ ︷︷ ︸
mtest blocks

γ11n γ21n

]
. (B.3)

Moreover,
p1, f1, q1 ≥ 1,

p1 + p2 + β1 ≥ q1 + q2 + γ1 + 1,

q1 + q2 + γ2 ≥ p1 + p2 + β2 + 1,

f1 + f2 + β1 ≥ (g1 ∨ 0) + g2 + γ1 + 1.

(B.4)

Proof of Lemma 19. We first show that certain permutations of W F
OV are still solutions of the

optimization problem. Suppose that σ is any permutation of {1, . . . , n}. Define Pσ ∈ Rn×n

as the corresponding permutation matrix. Consider the permuted weight matrix

σ(W F
OV) =

[
Pσ 0
0 Pσ

]
W F

OVdiag{Pσ, . . .Pσ, 1, 1}.

It is equivalent to permuting the subject sets and the fact labels b and c simultaneously with
σ: {Sσ(1), . . . ,Sσ(n)}, {bσ(1), . . . , bσ(n)} and {cσ(1), . . . , cσ(n)}. Using Equation (3.6), we have
that

h(sσ(i),r1),bσ(j)
(σ(W F

OV)) = h(si,r1),bj(W
F
OV) ≥ 1, ∀j ∈ [n] \ {i},

h(sσ(i),r1),cσ(j)
(σ(W F

OV)) = h(si,r1),cj(W
F
OV) ≥ 1, ∀j ∈ [n],

h(sσ(i),r2),bσ(j)
(σ(W F

OV)) = h(si,r2),bj(W
F
OV) ≥ 1, ∀j ∈ [n],

h(sσ(i),r2),cσ(j)
(σ(W F

OV)) = h(si,r2),cj(W
F
OV) ≥ 1, ∀j ∈ [n] \ {i},

for any i. From Lemma 18, since permutation matrices are orthonormal, ∥σ(W F
OV)∥⋆ =

∥W F
OV∥⋆. Therefore, σ(W F

OV) is also a solution to the optimization problem (W F
OV-SVM).

Let’s consider the average over all possible permutations
∑

σ σ(W
F
OV)

n!

=
[

mtrain blocks︷ ︸︸ ︷
p11In + p21En · · · p1mtrainIn + p2mtrainEn

mtest blocks︷ ︸︸ ︷
f11In + f21En · · · f1mtestIn + f2mtestEn β11n β21n

q11In + q21En · · · q1mtrainIn + q2mtrainEn︸ ︷︷ ︸
mtrain blocks

g11In + g21En · · · g1mtestIn + g2mtestEn︸ ︷︷ ︸
mtest blocks

γ11n γ21n

]
.
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It is also a solution to the optimization problem (W F
OV-SVM) due to the convexity of the

nuclear norm.
We can consider other permutations. Suppose that τtrain is a permutation of the index set

{1, . . . ,mtrain}. Define the permuted weight matrix

τtrain(W
F
OV) = W F

OVdiag{Pτtrain ⊗ In, 1, . . . , 1︸ ︷︷ ︸
nmtest+2

}.

It is equivalent to permute all the subjects in the set Si,train: {si,τtrain(1), . . . , si,τtrain(mtrain)} for
any i = 1, . . . , n. Note that there is no need to permute the labels, as subjects in Si,train share
the same label pair bi and ci. Since the permuted Si,train is still disjoint with the test subject
set Si,test, we have that for any i ∈ [n], j ∈ [mtrain], it holds that

h(si,τtrain(j),r1),a
′(τtrain(W

F
OV)) = h(si,j ,r1),a′(W

F
OV) ≥ 1, ∀a′ ∈ A\{bi},

h(si,τtrain(j),r2),a
′(τtrain(W

F
OV)) = h(si,j ,r2),a′(W

F
OV) ≥ 1, ∀a′ ∈ A\{ci}.

From Lemma 18, we can conclude that ∥τtrain(W F
OV)∥⋆ = ∥W F

OV∥⋆. Averaging over all
permutations σ and τmtrain

, we have that
∑

τtrain

∑
σ τtrain(σ(W

F
OV))

mtrain!n!

=
[

mtrain blocks︷ ︸︸ ︷
p1In + p2En · · · p1In + p2En

mtest blocks︷ ︸︸ ︷
f11In + f21En · · · f1mtestIn + f2mtestEn β11n β21n

q1In + q2En · · · q1In + q2En︸ ︷︷ ︸
mtrain blocks

g11In + g21En · · · g1mtestIn + g2mtestEn︸ ︷︷ ︸
mtest blocks

γ11n γ21n

]
.

We can then consider the permutation over the remaining mtest indices {mtrain + 1, . . . ,m}.
Let τtest denote the permutation. Consider the permuted weight matrix.

τtest(W
F
OV) = W F

OVdiag{1, . . . , 1︸ ︷︷ ︸
nmtrain

,Pτtest ⊗ In, 1, 1}.

It is equivalent to permute all subjects in the set Si,test : {si,τtest(mtrain+1), . . . , si,τtest(m)} for any
i = 1, . . . , n. We have that for any i ∈ [n], j ∈ [m]\[mtrain], it holds that

h(si,τtest(j),r1),a
′(τtest(W

F
OV)) = h(si,j ,r1),a′(W

F
OV) ≥ 1, ∀a′ ∈ A\{bi}.

Taking the average weight over all possible permutations τtest,
∑

τtest

∑
τtrain

∑
σ τtest(τtrain(σ(W

F
OV)))

mtest!mtrain!n!

=
[

mtrain blocks︷ ︸︸ ︷
p1In + p2En · · · p1In + p2En

mtest blocks︷ ︸︸ ︷
f1In + f2En · · · f1In + f2En β11n β21n

q1In + q2En · · · q1In + q2En︸ ︷︷ ︸
mtrain blocks

g1In + g2En · · · g1In + g2En︸ ︷︷ ︸
mtest blocks

γ11n γ21n

]
.
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This shows that Equation (B.3) is one solution to the optimization problem (W F
OV-SVM).

This proves Lemma 19.

We could compute the closed form of the SVD decomposition for Equation (B.3).

Lemma 20. The restricted form in Equation (B.3) has a the SVD decomposition W F
OV =

UΣV ⊤ with

U =
[
u(1),u(2),u

(1)
2 , . . . ,u

(1)
n ,u

(2)
2 , . . . ,u

(2)
n

]
,

Σ = diag
{
σ
(1)
1 , σ

(2)
1 , σ

(1)
2 , . . . , σ

(1)
2︸ ︷︷ ︸

n−1

, σ
(2)
2 , . . . , σ

(2)
2︸ ︷︷ ︸

n−1

}
,

V =
[
v(1),v(2),v

(1)
2 , . . . ,v

(1)
n ,v

(2)
2 , . . . ,v

(2)
n

]
,

where u(k) are defined in Equation (B.6); u
(k′)
j are defined in Equation (B.8), σ

(k)
1 and

σ
(k′)
2 are defined in Equation (B.9); v(k) are defined in Equation (B.10); v

(k′)
j are defined in

Equation (B.11).

The proof of Lemma 20. The dimensions ofW F
OV are 2n×Nc, where Nc = (mtrain+mtest)n+2.

Denote the Singular Value Decomposition (SVD) of W F
OV by W F

OV = UΣV ⊤.

Orthonormal basis and matrix properties. Given an orthonormal basis {η1, . . . ,ηn}
for Rn, with η1 = 1n/

√
n, where 1n is the n-dim all-one column vector. The vectors η2, . . . ,ηn

are orthonormal to each other and to η1. Let X = c1In + c2En be a block appearing in the
matrix W F

OV. Its action on the basis vectors is:

• Xη1 = (c1In+c2En)(
1√
n
1n) = c1

1√
n
1n+c2

1√
n
(1n1

⊤
n )1n = c1η1+c2

n√
n
1n = (c1+nc2)η1.

• For j ∈ {2, . . . , n}, Xηj = (c1In + c2En)ηj = c1ηj, since Enηj = 1n(1
⊤
nηj) = 0n due

to ηj ⊥ 1n.

Left singular vectors U and singular values Σ. The left singular vectors (columns
of U ) are eigenvectors of W F

OVW
F⊤
OV . The matrix W F

OVW
F⊤
OV is a 2n× 2n symmetric matrix.

After block multiplication, W F
OVW

F⊤
OV can be written as:

W F
OVW

F⊤
OV =

(
CA1In + CA2En CB1In + CB2En

CB1In + CB2En CD1In + CD2En

)
,
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where the coefficients are:

CA1 = mtrainp
2
1 +mtestf

2
1 ,

CA2 = mtrain(2p1p2 + np22) +mtest(2f1f2 + nf 2
2 ) + β2

1 + β2
2 ,

CD1 = mtrainq
2
1 +mtestg

2
1,

CD2 = mtrain(2q1q2 + nq22) +mtest(2g1g2 + ng22) + γ2
1 + γ2

2 ,

CB1 = mtrainp1q1 +mtestf1g1,

CB2 = mtrain(p1q2 + p2q1 + np2q2) +mtest(f1g2 + f2g1 + nf2g2) + β1γ1 + β2γ2.

We seek eigenvectors of W F
OVW

F⊤
OV of the form

u =

(
xbηj

xcηj

)

for scalars xb, xc.

Case 1: Eigenvectors associated with η1. For j = 1, the eigenvalue problemW F
OVW

F⊤
OV u =

λu transforms into a 2× 2 eigenvalue problem for the coefficient vector (xb, xc)
⊤:

H1

(
xb

xc

)
= λ

(
xb

xc

)
,

where

H1 =

(
CA1 + nCA2 CB1 + nCB2

CB1 + nCB2 CD1 + nCD2

)
. (B.5)

Let λ
(1)
1 , λ

(2)
1 be the eigenvalues ofH1, and let (x1,b, x1,c)

⊤ and (x2,b, x2,c)
⊤ be the corresponding

normalized eigenvectors. These give two singular values: σ
(k)
1 =

√
λ
(k)
1 for k = 1, 2. The

corresponding left singular vectors in U are

u(k) =

(
xk,bη1

xk,cη1

)
for k = 1, 2. (B.6)

Case 2: Eigenvectors associated with ηj for j ∈ {2, . . . , n}. For j ∈ {2, . . . , n}, the
eigenvalue problem W F

OVW
F⊤
OV u = λu reduces to:

H2

(
xb

xc

)
= λ

(
xb

xc

)

where

H2 =

(
CA1 CB1

CB1 CD1

)
. (B.7)
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Let λ
(1)
2 , λ

(2)
2 be the eigenvalues of H2, and let (y1,b, y1,c)

⊤ and (y2,b, y2,c)
⊤ be the corresponding

normalized eigenvectors. These give 2(n − 1) singular values: σ
(k′)
2 =

√
λ
(k′)
2 for k′ = 1, 2.

Each of these singular values has a multiplicity of (n− 1). The corresponding left singular
vectors in U are

u
(k′)
j =

(
yk′,bηj

yk′,cηj

)
for each j ∈ {2, . . . , n} and k′ = 1, 2. (B.8)

The matrix U is a 2n × 2n orthogonal matrix whose columns are the 2n left singular

vectors u(k) and u
(k′)
j .

The singular matrix. From the calculation of U , we get that

Σ = diag
{
σ
(1)
1 , σ

(2)
1 , σ

(1)
2 , . . . , σ

(1)
2︸ ︷︷ ︸

n−1

, σ
(2)
2 , . . . , σ

(2)
2︸ ︷︷ ︸

n−1

}
, (B.9)

where σ
(k)
1 =

√
λ
(k)
1 for k = 1, 2, with λ

(k)
1 being the eigenvalues of the matrix H1 in

Equation (B.5); σ
(k′)
2 =

√
λ
(k′)
2 for k′ = 1, 2, with λ

(k′)
2 being the eigenvalues of the matrix

H2 in Equation (B.7).

Right singular vectors V . The columns of V (right singular vectors) are obtained from
vi = σ−1

i W F⊤
OV ui for non-zero σi. If σi = 0, vi is a normalized vector in the null space of

W F
OV. The matrix V has dimensions Nc × 2n. The 2n vectors vi corresponding to the found

singular values are:

Case 1: Right singular vectors associated with u(k), k = 1, 2. For u(k) =

(
xk,bη1

xk,cη1

)

and singular value σ
(k)
1 : The vector W F⊤

OV u(k) has the following structure:

• The first mtrain blocks (each of size n) are (xk,b(p1 + np2) + xk,c(q1 + nq2))η1.

• The next mtest blocks (each of size n) are (xk,b(f1 + nf2) + xk,c(g1 + ng2))η1.

• The last two components are scalar values:
√
n(β1xk,b + γ1xk,c) and

√
n(β2xk,b + γ2xk,c).
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So, v(k) = W F⊤
OV u(k)/σ

(k)
1 is:

v(k) =
1

σ
(k)
1




(xk,b(p1 + np2) + xk,c(q1 + nq2))η1
...

(xk,b(p1 + np2) + xk,c(q1 + nq2))η1

(xk,b(f1 + nf2) + xk,c(g1 + ng2))η1
...

(xk,b(f1 + nf2) + xk,c(g1 + ng2))η1√
n(β1xk,b + γ1xk,c)√
n(β2xk,b + γ2xk,c)




for k = 1, 2. (B.10)

Each η1 term represents a column vector of n elements. This vector v(k) has total length
Nc = mtrainn+mtestn+ 2.

Case 2: Right singular vectors associated with u
(k′)
j . For u

(k′)
j =

(
yk′,bηj

yk′,cηj

)
(where

j ≥ 2 and k′ = 1, 2) and singular value σ
(k′)
2 : The vector W F⊤

OV u
(k′)
j has the following structure:

• The first mtrain blocks (each of size n) are (yk′,bp1 + yk′,cq1)ηj.

• The next mtest blocks (each of size n) are (yk′,bf1 + yk′,cg1)ηj.

• The last two scalar components are 0, because 1⊤
nηj = 0 for j ≥ 2.

So, v
(k′)
j = W F⊤

OV u
(k′)
j /σ

(k′)
2 is:

v
(k′)
j =

1

σ
(k′)
2




(yk′,bp1 + yk′,cq1)ηj
...

(yk′,bp1 + yk′,cq1)ηj

(yk′,bf1 + yk′,cg1)ηj
...

(yk′,bf1 + yk′,cg1)ηj

0
0




. (B.11)

There are 2(n− 1) v
(k′)
j vectors, one for each pair (j, k′) where j ∈ {2, . . . , n} and k′ ∈ {1, 2}.

Each ηj term represents a column vector of n elements. The vectors v(k) and v
(k′)
j are

orthonormal and form the columns of V .
As a conclusion, the SVD of W F

OV is W F
OV = UΣV ⊤, where:

• U is a 2n × 2n orthogonal matrix with columns u(k) and u
(k′)
j as defined in Equa-

tions (B.6) and (B.8).
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• Σ is a 2n × 2n rectangular diagonal matrix, whose non-zero entries are the singular

values σ
(k)
1 and σ

(k′)
2 , derived from the eigenvalues of H1 and H2.

• V is an Nc × 2n matrix with columns v(k) and v
(k′)
j as defined in Equations (B.10)

and (B.11).

This finishes the proof of Lemma 20.

Lemma 21. The W F
OV in restricted form Equation (B.3) has the nuclear norm ∥W F

OV∥⋆:
√

(CA1 + nCA2 + CD1 + nCD2) +
√

(CA1 + nCA2 − (CD1 + nCD2))2 + 4(CB1 + nCB2)2

2

+

√
(CA1 + nCA2 + CD1 + nCD2)−

√
(CA1 + nCA2 − (CD1 + nCD2))2 + 4(CB1 + nCB2)2

2

+ (n− 1)


√√√√ (CA1 + CD1) +

√
(CA1 − CD1)2 + 4C2

B1

2
+

√√√√ (CA1 + CD1)−
√

(CA1 − CD1)2 + 4C2
B1

2

 .

(B.12)

Proof of Lemma 21. The nuclear norm of a matrix W F
OV, denoted as ∥W F

OV∥⋆, is defined as
the sum of its singular values. From Lemma 20 and its proof, the singular values of W F

OV are
derived from the eigenvalues of two 2× 2 matrices, H1 and H2.

The singular values are:

1. σ
(1)
1 and σ

(2)
1 , which are the square roots of the two eigenvalues of H1 defined in

Equation (B.5). These singular values each have a multiplicity of 1.

2. σ
(1)
2 and σ

(2)
2 , which are the square roots of the two eigenvalues of H2 defined in

Equation (B.7). As stated in the proof of Lemma 20 (Case 2: Eigenvectors associated
with ηj for j ∈ {2, . . . , n}), these singular values correspond to the n− 1 basis vectors

ηj for j ∈ {2, . . . , n}. Thus, each of σ
(1)
2 and σ

(2)
2 has a multiplicity of (n− 1).

The nuclear norm is therefore the sum of all these singular values:

∥W F
OV∥⋆ = σ

(1)
1 + σ

(2)
1 + (n− 1)σ

(1)
2 + (n− 1)σ

(2)
2

= (σ
(1)
1 + σ

(2)
1 ) + (n− 1)(σ

(1)
2 + σ

(2)
2 ).

Let’s expand each term:
Term 1: Sum of singular values from H1.
The matrix H1 is given by Equation (B.5):

H1 =

(
CA1 + nCA2 CB1 + nCB2

CB1 + nCB2 CD1 + nCD2

)
.
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Let a1 = CA1 + nCA2, b1 = CB1 + nCB2, and c1 = CD1 + nCD2. The eigenvalues λ
(1)
1 , λ

(2)
1 of

this symmetric 2× 2 matrix H1 =

(
a1 b1
b1 c1

)
are given by the formula

λ =
(a1 + c1)±

√
(a1 − c1)2 + 4b21
2

.

The singular values σ
(1)
1 and σ

(2)
1 are

√
λ
(1)
1 and

√
λ
(2)
1 . We get that

σ
(1)
1 + σ

(2)
1

=

√
(a1 + c1) +

√
(a1 − c1)2 + 4b21
2

+

√
(a1 + c1)−

√
(a1 − c1)2 + 4b21
2

=

√
(CA1 + nCA2 + CD1 + nCD2) +

√
(CA1 + nCA2 − (CD1 + nCD2))2 + 4(CB1 + nCB2)2

2

+

√
(CA1 + nCA2 + CD1 + nCD2)−

√
(CA1 + nCA2 − (CD1 + nCD2))2 + 4(CB1 + nCB2)2

2
.

This corresponds to the first two lines of the expression for the nuclear norm in Lemma 21.
Term 2: Sum of singular values from H2.
The matrix H2 is given by Equation (B.7):

H2 =

(
CA1 CB1

CB1 CD1

)
.

Let a2 = CA1, b2 = CB1, and c2 = CD1. The eigenvalues λ
(1)
2 , λ

(2)
2 of this symmetric 2 × 2

matrix H2 =

(
a2 b2
b2 c2

)
are:

λ =
(a2 + c2)±

√
(a2 − c2)2 + 4b22
2

.

The singular values σ
(1)
2 and σ

(2)
2 are

√
λ
(1)
2 and

√
λ
(2)
2 . Thus:

σ
(1)
2 + σ

(2)
2

=

√
(a2 + c2) +

√
(a2 − c2)2 + 4b22
2

+

√
(a2 + c2)−

√
(a2 − c2)2 + 4b22
2

=

√
(CA1 + CD1) +

√
(CA1 − CD1)2 + 4C2

B1

2
+

√
(CA1 + CD1)−

√
(CA1 − CD1)2 + 4C2

B1

2
.
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This sum is then multiplied by the multiplicity (n− 1):

(n− 1)(σ
(1)
2 + σ

(2)
2 ) = (n− 1)



√

(CA1 + CD1) +
√
(CA1 − CD1)2 + 4C2

B1

2

+

√
(CA1 + CD1)−

√
(CA1 − CD1)2 + 4C2

B1

2


 .

This corresponds to the third and fourth lines of the expression for the nuclear norm in
Lemma 21.

Combining these terms, the nuclear norm ∥W F
OV∥⋆ is precisely the expression given in

Lemma 21. This completes the proof.

Lemma 22. Let the expression ∥W F
OV∥⋆ be defined as Equation (B.12). The closed-form

minimum of ∥W F
OV∥⋆ is given by

min ∥W F
OV∥⋆ =

√
n+ (n− 1)×

{
(
√
mtrain +

√
mtest) if mtest ≥ mtrain√

2(mtrain +mtest) if mtest < mtrain

,

where the minimum is achieved at p⋆1 = f ⋆
1 = q⋆1 = 1, g⋆1 =

√
mtrain/mtest, p⋆2 = f ⋆

2 =

q⋆2 = −1/n, g⋆2 = −
√

mtrain/mtest/n, β⋆
1 = γ⋆

2 = 1/2, γ⋆
1 = β⋆

2 = −1/2 if mtest ≥ mtrain;
p⋆1 = f ⋆

1 = q⋆1 = g⋆1 = 1, p⋆2 = f ⋆
2 = q⋆2 = g⋆2 = −1/n, β⋆

1 = γ⋆
2 = 1/2, γ⋆

1 = β⋆
2 = −1/2 if

mtest < mtrain.

Proof of Lemma 22. The overall expression ∥W F
OV∥⋆ given in Equation (B.12) is a sum of

two main components. Let M1 be the sum of the terms in the first two lines, and M2 be the
sum of the terms in the last line. Thus, ∥W F

OV∥⋆ = M1 +M2. Both M1 and M2 represent
sums of square roots of eigenvalues of effective 2× 2 matrices.

Part 1. We first consider minimizing the last two terms of ∥W F
OV∥⋆. Define M2 as

(n− 1)




√√√√(CA1 + CD1) +
√

(CA1 − CD1)2 + 4C2
B1

2
+

√√√√(CA1 + CD1)−
√
(CA1 − CD1)2 + 4C2

B1

2


 .

(B.13)

For ease of reference, we state the formulas for coefficients CA1, CD1, CB1:

CA1 = mtrainp
2
1 +mtestf

2
1 , (B.14)

CD1 = mtrainq
2
1 +mtestg

2
1, (B.15)

CB1 = mtrainp1q1 +mtestf1g1. (B.16)
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The expression for M2 can be simplified. Let λ
(1)
2 and λ

(2)
2 be the two eigenvalues of the

matrix H2. We note that λ
(1)
2 + λ

(2)
2 = CA1 + CD1 and λ

(1)
2 λ

(2)
2 = CA1CD1 − C2

B1. The term
CA1CD1 − C2

B1 can be calculated as

CA1CD1 − C2
B1 = (mtrainp

2
1 +mtestf

2
1 )(mtrainq

2
1 +mtestg

2
1)− (mtrainp1q1 +mtestf1g1)

2

= mtrainmtest(p
2
1g

2
1 − 2p1g1f1q1 + f 2

1 q
2
1) = mtrainmtest(p1g1 − f1q1)

2.

Since mtrain,mtest > 0, we have CA1CD1−C2
B1 ≥ 0, so the eigenvalues λ1, λ2 are non-negative.

The sum

√
λ
(1)
2 +

√
λ
(2)
2 can be written as

√(√
λ
(1)
2 +

√
λ
(2)
2

)2

=

√
λ
(1)
2 + λ

(2)
2 + 2

√
λ
(1)
2 λ

(2)
2 .

Substituting the trace and determinant yields
√

λ
(1)
2 +

√
λ
(2)
2 =

√
CA1 + CD1 + 2

√
mtrainmtest(p1g1 − f1q1)2

=
√
CA1 + CD1 + 2

√
mtrainmtest|p1g1 − f1q1|.

Let S = CA1 +CD1 + 2
√
mtrainmtest|p1g1− f1q1|. Substituting the definitions of CA1 and CD1:

S = mtrainp
2
1 +mtestf

2
1 +mtrainq

2
1 +mtestg

2
1 + 2

√
mtrainmtest|p1g1 − f1q1|. (B.17)

Then M2 = (n− 1)
√
S. To minimize ∥W∥⋆, we must minimize S with respect to p1, q1, f1, g1

under the given constraints. Let K = p1g1−f1q1. We analyze the minimization by considering
two cases for K.

Case 1: K ≤ 0 (i.e., p1g1 ≤ f1q1). Then

S = S2 = (
√
mtrainp1 −

√
mtestg1)

2 + (
√
mtestf1 +

√
mtrainq1)

2.

The condition K ≤ 0 implies that g1 ≤ f1q1/p1. The first term (
√
mtrainp1 −

√
mtestg1)

2

is monotonically decreasing when 0 ≤ g1 ≤ p1
√
mtrain/mtest, with the minimum attained at

g1 = p1
√

mtrain/mtest.

• If mtest > mtrain, g1 = p1
√

mtrain/mtest is always achievable, so by taking f1 = q1 = 1,
we get S2 = (

√
mtrain +

√
mtest)

2. The equality holds for any p1 ∈ [1, (mtest/mtrain)
1/4]

and g1 = p1
√

mtrain/mtest.

• If mtest ≤ mtrain, g1 = p1
√

mtrain/mtest may not be achievable. But since the first term

is monotonically decreasing with respect to g1 when 0 ≤ g1 ≤ p1
√
mtrain/mtest, we get

that the minimum is always taken with g1 = min{f1q1/p1, p1
√

mtrain/mtest}.
If g1 = f1q1/p1, we get that

S2 = (
√
mtrainp1 −

√
mtestf1q1/p1)

2 + (
√
mtestf1 +

√
mtrainq1)

2

= mtrainq
2
1 +mtestf

2
1 +mtrainp

2
1 +mtest

f 2
1 q

2
1

p21
≥ 2(mtrain +mtest),
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where the equality holds if and only if p1 = g1 = f1 = q1 = 1.

If g1 = p1
√

mtrain/mtest, we get f1q1 ≥ p21
√

mtrain/mtest ≥
√
mtrain/mtest. Therefore,

S2 = (
√
mtestf1 +

√
mtrainq1)

2

≥ 4
√
mtestmtrainf1q1

≥ 4mtrain,

where the equality holds if and only if p1 = q1 = 1, g1 = f1 =
√

mtrain/mtest.

Therefore, we can conclude that if mtest ≤ mtrain, S2 ≥ 2(mtrain+mtest), with the equality
holds if and only if p1 = g1 = f1 = q1 = 1.

Case 2: Next consider K ≥ 0, that is, p1g1 ≥ f1q1. Then

S = S1 = (
√
mtrainp1 +

√
mtestg1)

2 + (
√
mtestf1 −

√
mtrainq1)

2.

Taking g1 ≥ f1q1/p1 into S1,

S1 ≥ mtestf
2
1 +mtrainq

2
1 +mtrainp

2
1 +mtest

f 2
1 q

2
1

p21
≥ mtest +mtrain +mtrainp

2
1 +

mtest

p21
.

• If mtest ≥ mtrain, we have that S1 ≥ (
√
mtest +

√
mtrain)

2, with equality holds when
p1 = [mtest/mtrain]

1/4 and g1 = 1/p1.

• If mtest < mtrain, the minimum is achieved by p1 = 1. We therefore get that g1 = 1,
with S1 ≥ 2(mtest +mtrain).

Consolidating the minima, we find that if mtest ≥ mtrain, the minimum S is (
√
mtrain +√

mtest)
2, achieved when 1 ≤ p1 ≤ (mtest/mtrain)

1/4, f1 = 1, q1 = 1, and g1 = p1
√

mtrain/mtest.
If mtest < mtrain, the minimum S is 2(mtrain + mtest), achieved when p1 = 1, f1 = 1, q1 =
1, g1 = 1. The minimum value for

√
S is therefore

√
mtrain +

√
mtest if mtest ≥ mtrain, and√

2(mtrain +mtest) if mtest < mtrain. Multiplying by (n− 1) gives the final result for minM2.
Part 2. We seek to find the minimum value of the quantity M1 given by

M1 =

√
(CA1 + nCA2 + CD1 + nCD2) +

√
(CA1 + nCA2 − (CD1 + nCD2))2 + 4(CB1 + nCB2)2

2

+

√
(CA1 + nCA2 + CD1 + nCD2)−

√
(CA1 + nCA2 − (CD1 + nCD2))2 + 4(CB1 + nCB2)2

2
.

where the coefficients are defined as

CA1 = mtrainp
2
1 +mtestf

2
1 ,

CA2 = mtrain(2p1p2 + np22) +mtest(2f1f2 + nf 2
2 ) + β2

1 + β2
2 ,

CD1 = mtrainq
2
1 +mtestg

2
1,

CD2 = mtrain(2q1q2 + nq22) +mtest(2g1g2 + ng22) + γ2
1 + γ2

2 ,

CB1 = mtrainp1q1 +mtestf1g1,

CB2 = mtrain(p1q2 + p2q1 + np2q2) +mtest(f1g2 + f2g1 + nf2g2) + β1γ1 + β2γ2.
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subject to the constraints

p1, f1, q1 ≥ 1, (B.18)

p1 + p2 + β1 ≥ q1 + q2 + γ1 + 1, (B.19)

q1 + q2 + γ2 ≥ p1 + p2 + β2 + 1, (B.20)

f1 + f2 + β1 ≥ max(g1, 0) + g2 + γ1 + 1. (B.21)

Let A = CA1 + nCA2, D = CD1 + nCD2, and B = CB1 + nCB2. The expression for M1

can be simplified to

M1 =

√
A+D + 2

√
AD −B2.

Note that

M2
1 ≥ A+D

= mtrain(p1 + np2)
2 +mtrain(q1 + nq2)

2 +mtest(f1 + nf2)
2 +mtest(g1 + ng2)

2

+ n(β2
1 + β2

2 + γ2
1 + γ2

2).

Let ∆ = q1 + q2 − p1 − p2. From the constraints, we can get that

β1 − γ1 ≥ 1 + ∆,

γ2 − β2 ≥ 1−∆.

If |∆| > 1, without loss of generality, assume ∆ > 1. This gives that

(β2
1 + γ2

1) + (β2
2 + γ2

2) ≥ 2

(
1 + ∆

2

)2

+ 0 ≥ 2.

If |∆| ≤ 1, we get that

(β2
1 + γ2

1) + (β2
2 + γ2

2) ≥ 2

(
1 + ∆

2

)2

+ 2

(
1−∆

2

)2

≥ 4

(
1

4
+

1

4
∆2

)

≥ 1.

As a result, we get M1 ≥
√
n. Note that the equality holds if and only if

p2 = −p1/n, f2 = −f1/n, q2 = −q1/n, g2 = −g1/n,
β1 = 1/2, γ1 = −1/2, β2 = −1/2, γ2 = 1/2.

Combining this condition with the results in part 1, we finish the proof for Lemma 22.

We would adopt Assumption 4 to prove the uniqueness, which assumes the solution either
takes a symmetric form as (B.3), or it is nondegenerate.
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Assumption 4. Let W F⋆
OV be a solution to (W F

OV-SVM). Then it either takes the form of
(B.3), or we have 1⊤

2nW
F⋆
OV ̸= 0⊤

nm+2.

Lemma 23 can give a lower bound of the nuclear norm for a given matrix M̄ .

Lemma 23. Suppose that M̄ ∈ Rm×n, for any orthonormal matrix U ∈ Rm×r and V ∈ Rn×r,
we have that

∥M̄∥⋆ ≥ Trace(U⊤M̄V ).

Moreover, if there exits η ∈ Rm s.t. η⊤U = 0 and η⊤M̄ ≠ 0, the above inequality is strict,
i.e.,

∥M̄∥⋆ > Trace(U⊤M̄V ).

Proof of Lemma 23. For any pair of matrices A and B such that AB = M̄ , we have that

Trace(U⊤M̄V ) = Trace(U⊤ABV )

≤
(
∥U⊤A∥2F + ∥BV ∥2F

)
/2

≤
(
∥U⊤∥22∥A∥2F + ∥V ∥22∥B∥2F

)
/2

≤
(
∥A∥2F + ∥B∥2F

)
/2

≤ ∥M̄∥⋆.

Consider the conditions for taking the equality. We should require ∥U⊤A∥F = ∥U⊤∥2∥A∥F.
This means that all columns of A are left-singular vectors of U⊤ with the largest singular
value. In addition, it implies that the column space Col(A) ⊆ Col(U). But if there exits
η ∈ Rm s.t. η⊤U = 0 and η⊤M̄ ≠ 0, we get Col(A) ̸⊆ Col(U ). It implies the conditions for
taking the equality cannot be satisfied, so

∥M̄∥⋆ > Trace(U⊤M̄V ).

This finishes Lemma 23.

Theorem 16 (Uniqueness of the solution to the optimization problem (W F
OV-SVM)).

Given Assumption 4, suppose that W F
OV is a solution to optimization problem (W F

OV-SVM),
if mtest < mtrain,

W F
OV =

[
mtrain blocks︷ ︸︸ ︷

In −En/n · · · In −En/n

mtest blocks︷ ︸︸ ︷
In −En/n · · · In −En/n 1n/2 −1n/2

In −En/n · · · In −En/n︸ ︷︷ ︸
mtrain blocks

In −En/n · · · In −En/n︸ ︷︷ ︸
mtest blocks

−1n/2 1n/2

]
. (B.22)
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If mtest ≥ mtrain, let ρ =
√

mtrain/mtest, we have that

W F
OV =

[
mtrain blocks︷ ︸︸ ︷

In −En/n · · · In −En/n

mtest blocks︷ ︸︸ ︷
In −En/n · · · In −En/n 1n/2 −1n/2

In −En/n · · · In −En/n︸ ︷︷ ︸
mtrain blocks

ρIn − ρEn/n · · · ρIn − ρEn/n︸ ︷︷ ︸
mtest blocks

−1n/2 1n/2

]
.

(B.23)

Proof of Theorem 16. Firstly, combining Lemmas 19 and 22, we get Equation (B.22) and (B.23).
This shows that Equation (B.22) and (B.23) are one of the solutions to the optimization
problem (W F

OV-SVM).
Suppose that there exists an asymmetric solution of the SVM problem Equation (W F

OV-
SVM) W F⋆

OV that takes a different form from (B.3). Lemma 24 proves the existence of another
asymmetric solution such that the difference takes the reversed sign.

Lemma 24 (The solution with the difference taking the reverse sign). Suppose that the W F⋆
OV

defined above is an asymmetric solution. Then there exists another asymmetric solution W̃OV

and ϵ ∈ (0, 1) such that

W̃OV −W F
OV = −ϵ

(
W F⋆

OV −W F
OV

)
.

Proof. Let φ̃ be all possible permutations on WOV as described in Lemma 19, excluding the
identity permutation. We get that

∑
φ̃ φ̃(W

F⋆
OV) +W F⋆

OV

1 +
∑

φ̃ 1
= W F

OV.

So we can take

W̃OV =

∑
φ̃ φ̃(W

F⋆
OV)∑

φ̃ 1

and get that

W̃OV −W F
OV =

W F
OV −W F⋆

OV∑
φ̃ 1

.

This finishes the proof for Lemma 24.

Assumption 4 implies that 1⊤
2n(W

F⋆
OV −W F

OV) ̸= 0⊤
nm+2. We choose U ∈ R2n×r and V ∈

R(nm+2)×r so that they are the SVD decompositions corresponding to r positive singular values
for the symmetric solution W F

OV. Since 1⊤
2nW

F
OV = 0⊤

nm+2, it also holds that 1⊤
2nU = 0⊤

nm+2.
Using Lemma 23, we get

∥W F⋆
OV∥⋆ > Trace(U⊤W F⋆

OVV )

= Trace(U⊤W F
OVV ) + Trace(U⊤(W F⋆

OV −W F
OV)V )

= ∥W F
OV∥⋆ + Trace(U⊤(W F⋆

OV −W F
OV)V ).
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Using Lemma 24, there exists another asymmetric solution W̃OV such that

∥W̃OV∥⋆ > Trace(U⊤W F
OVV ) + Trace(U⊤(W̃OV −W F

OV)V )

= ∥W F
OV∥⋆ − ϵTrace(U⊤(W F⋆

OV −W F
OV)V ).

Therefore, we have that

max{∥W F⋆
OV∥⋆, ∥W̃OV∥⋆}

> ∥W F
OV∥⋆ +max{Trace(U⊤(W F⋆

OV −W F
OV)V ),−ϵTrace(U⊤(W F⋆

OV −W F
OV)V )}

≥ ∥W F
OV∥⋆.

This leads to a contradiction that both W F⋆
OV and W̃OV are solutions to Equation (W F

OV-
SVM) that minimize the nuclear norm. This confirms that all solutions would take the
form Equation (B.3), which would be Equations (B.22) and (B.23).

B.1.3.2 Proof for non-factorized model

Similar to Section B.1.3.1, we only need to consider a reduced matrix WOV ∈ R(2n)×(nm+2)

throughout this section, where each row corresponds to a token in A and each column
corresponds to a token in S ∪R. Now We restate the second part of Theorem 6 below.

Theorem 17 (Part 2 in Theorem 6: Non-factorized model has no OCR ability). Let n > 1.
Suppose WOV is a solution to the SVM problem in (WOV-SVM). For any (s, r) ∈ Dtest and
any a′ ∈ A2 \ {a⋆(s, r)}, it holds that

h(s,r),a′(WOV) = 0, indicating no OCR ability. (B.24)

The proof of Theorem 17 follows the same idea as Theorem 15. The roadmap of the proof
is as follows:

1. A unique solution of a similar form to Lemma 19: Lemma 25 shows both the
existence and uniqueness of the solution to (WOV-SVM).

2. Frobenius norm formula of the restricted form: Using the same SVD decomposi-
tion as in Lemma 20, Lemma 26 gives ∥WOV∥F in closed form (B.27).

3. Optimization: Lemma 27 finds the minimum of (B.27).

4. Solution characterization: Theorem 18 gives the form of the solution to (WOV-SVM)
and finishes the proof for Theorem 17.
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Lemma 25 (Existence and uniqueness of a restricted form solution to (WOV-SVM)). Suppose
WOV is the solution to the optimization problem (WOV-SVM). The solution must take the
form in Equation (B.25)

WOV =
[

mtrain blocks︷ ︸︸ ︷
p1In + p2En · · · p1In + p2En

mtest blocks︷ ︸︸ ︷
f1In + f2En · · · f1In + f2En β11n β21n

q1In + q2En · · · q1In + q2En︸ ︷︷ ︸
mtrain blocks

g1In + g2En · · · g1In + g2En︸ ︷︷ ︸
mtest blocks

γ11n γ21n

]
. (B.25)

with p1, p2, q1, q2, f1, f2, and g1, g2 satisfying

p1, f1, q1 ≥ 1,

p1 + p2 + β1 ≥ q1 + q2 + γ1 + 1,

q1 + q2 + γ2 ≥ p1 + p2 + β2 + 1,

f1 + f2 + β1 ≥ (g1 ∨ 0) + g2 + γ1 + 1.

(B.26)

Proof of Lemma 25. The existence proof is the same as the proof for Lemma 19. Since the
Frobenius norm is strongly convex, the solution is unique.

Lemma 26. The WOV in restricted form Equation (B.25) has the Frobenius norm.

∥WOV∥F =


n




mtrain((p1 + p2)
2 + (n− 1)p22 + (q1 + q2)

2 + (n− 1)q22)
+mtest((f1 + f2)

2 + (n− 1)f 2
2 + (g1 + g2)

2 + (n− 1)g22)
+β2

1 + γ2
2 + β2

2 + γ2
1






1/2

. (B.27)

Proof of Lemma 26. The square of the Frobenius norm is the sum of the squares of these 2n
singular values:

∥W F
OV∥2F = (σ

(1)
1 )2 + (σ

(2)
1 )2 + (n− 1)(σ

(1)
2 )2 + (n− 1)(σ

(2)
2 )2

From Lemma 20, we know that (σ
(k)
1 )2 = λ

(k)
1 (eigenvalues of H1) and (σ

(k′)
2 )2 = λ

(k′)
2

(eigenvalues of H2). So,

∥W F
OV∥2F = λ

(1)
1 + λ

(2)
1 + (n− 1)(λ

(1)
2 + λ

(2)
2 )

Since the sum of eigenvalues of a matrix is its trace, we have λ
(1)
1 +λ

(2)
1 = Tr(H1), λ

(1)
2 +λ

(2)
2 =

Tr(H2). Therefore,

∥W F
OV∥2F = Tr(H1) + (n− 1)Tr(H2)

= n(CA1 + CA2 + CD1 + CD2)

= n




mtrain((p1 + p2)
2 + (n− 1)p22 + (q1 + q2)

2 + (n− 1)q22)
+mtest((f1 + f2)

2 + (n− 1)f 2
2 + (g1 + g2)

2 + (n− 1)g22)
+β2

1 + γ2
2 + β2

2 + γ2
1


 .

This proves Lemma 26.
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Lemma 27. Let the expression ∥WOV∥F be defined as Equation (B.27). The closed-form
minimum of ∥WOV∥F is given by

min ∥WOV∥F =
√
n (2mtrain(1− 1/n) +mtest(1− 1/n) + 1)1/2 ,

where the minimum is achieved at p⋆1 = f ⋆
1 = q⋆1 = 1, p⋆2 = f ⋆

2 = q⋆2 = −1/n, β⋆
1 = γ⋆

2 =
1/2, γ⋆

1 = β⋆
2 = −1/2, and g⋆1 = g⋆2 = 0.

Proof of Lemma 27. Given the constraints in Equation (B.26), we have that

∥WOV∥F ≥
(
n

[
mtrain(np

2
2 + 2p2 + 1 + nq22 + 2q2 + 1)

+mtest(nf
2
2 + 2f2 + 1 + (g1 + g2)

2 + (n− 1)g22) + 1)

])1/2

,

where the equality holds when p⋆1 = f ⋆
1 = q⋆1 = 1 and β⋆

1 = γ⋆
2 = 1/2, γ⋆

1 = β⋆
2 = −1/2.

This lower bound is a quadratic form, which we can show that p⋆2 = f ⋆
2 = q⋆2 = −1/n and

g⋆1 = g⋆2 = 0 gives its minimum. This finishes the proof of Lemma 27.

Theorem 18. Therefore, we have that

WOV =
[

mtrain blocks︷ ︸︸ ︷
In −En/n · · · In −En/n

mtest blocks︷ ︸︸ ︷
In −En/n · · · In −En/n 1n/2 −1n/2

In −En/n · · · In −En/n︸ ︷︷ ︸
mtrain blocks

0 · · ·0︸ ︷︷ ︸
mtest blocks

−1n/2 1n/2

]
. (B.28)

It implies that for any s ∈ Stest and any a′ ∈ A2 \ {a∗(s, r2)}, it holds that h(s,r2),a′ = 0. This
proves Theorem 17.

Proof of Theorem 18. We take the results from Lemma 27 into the restricted form Equa-
tion (B.25) and get Equation (B.28). Given any si,j ∈ Stest and ck ∈ A2 where k ̸= i, we
have

h(si,j ,r2),ck = [0⊤
n , e

⊤
i − e⊤

k ]WOV ·




0
...
ei

0
...
0
1




= 0.

This proves Theorem 18.

B.2 Proof of Section 3.4.2

In this section, we provide the complete proof of Theorem 7 via gradient flow analysis. We
first present several key lemmas to prove Theorem 7. In Lemma 28, we give the gradient
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form of the reparameterized parameters to simplify the analysis. In Lemma 29, we prove the
Lipschitzness of the gradient flow, and Lemma 30 proves that the gradient flow also satisfies
permutation equivariance. Using these two lemmas, we are able to conclude the symmetry
in parameters by employing a standard argument for the uniqueness of ODE solutions in
Lemma 31.

Useful notations. We introduce useful notations for this section. Let vec(A) denote the
vectorization of a matrix A. Specifically, for A = (aij)

m,n
i=1,j=1 ∈ Rm×n, we have vec(A) =

(a11, . . . , a1n, a21, . . . , a2n, . . . , am1, . . . , amn)
⊤ ∈ Rmn. We use ∥A∥op to denote the operator

norm of a matrix A. For any vector u ∈ Rn, let diag(u) ∈ Rn×n denote a diagonal matrix
whose diagonal entries are corresponding entries in u. Let 1(E) denote the indicator function
of an event E .

Lemma 28. Recall that for any z ∈ V, we have WOV(a, z) = e⊤
a WOVez and WKQ(z) =

e⊤
z WKQe<EOS>. Then for a fixed (a, s) ∈ A× S, the gradient of WOV(a, s) is given by:

∂WOV(a,s)L(θ̃) = −WKQ(s) ·
∑

r∈R

p(s, r) · (1(a = a∗(s, r))− pθ̃(a|s, r)) .

Similarly, for a fixed (a, r) ∈ A×R, we have:

∂WOV(a,r)L(θ̃) = −WKQ(r) ·
∑

s∈S

p(s, r) · (1(a = a∗(s, r))− pθ̃(a|s, r)) .

Moreover, for <EOS> token and a fixed a ∈ A, we have:

∂WOV(a,<EOS>)L(θ̃) = −WKQ(<EOS>) ·
∑

s∈S

∑

r∈R

p(s, r) · (1(a = a∗(s, r))− pθ̃(a|s, r)) .

Lastly, for s ∈ S, we have:

∂WKQ(s)L(θ̃) = −
∑

a∈A

WOV(a, s)
∑

r∈R

p(s, r) · (1(a = a∗(s, r))− pθ̃(a|s, r)) .

Proof. First, note that the logit function can be written as:

fθ̃(z1:T , a) = e⊤
a WOVX

⊤XWKQxT =
∑

t∈[T ]

WOV(a, zt)WKQ(zt). (B.29)

Then for any z ∈ V , we get

∂WOV(a,z)

(
e⊤
a′WOVX

⊤XWKQxT

)
= 1(a = a′)C(z1:T , z)WKQ(z),

∂WKQ(z)

(
e⊤
a′WOVX

⊤XWKQxT

)
= C(z1:T , z)WOV(a

′, z),
(B.30)
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where C(z1:T , z) is the number of occurrences of z in the sequence z1:T . Recall that we can
simplify the loss function in (3.4) as

L(θ̃) = Ez1:T+1

[
− log

exp(e⊤
zT+1

WOVX
⊤XWKQxT )∑

z′∈A exp(e⊤
z′WOVX⊤XWKQxT )

]

= Ez1:T+1
[−e⊤

zT+1
WOVX

⊤XWKQxT + log
∑

z′∈A

exp(e⊤
z′WOVX

⊤XWKQxT )].

Using (B.30), we get

∂WOV(a,z)L(θ̃) = WKQ(z)Ez1:T+1

[
− 1(a = zT+1)C(z1:T , z)

+

∑
z′∈A exp(e⊤

z′WOVX
⊤XWKQxT )1(a = z′)C(z1:T , z)∑

z′∈A exp(e⊤
z′WOVX⊤XWKQxT )

]

= −WKQ(z)Ez1:T

[
C(z1:T , z)

(
1(a = a∗(z1:T ))− pθ̃(a|z1:T )

)]
.

Similarly,

∂WKQ(z)L(θ̃) = Ez1:T

[
− C(z1:T , z)WOV(a

∗(z1:T ), z) +
∑

a∈A

pθ̃(a|z1:T )WOV(a, z)C(z1:T , z)
]

= Ez1:T

[
C(z1:T , z)

(
−WOV(a

∗(z1:T ), z) +
∑

a∈A

pθ̃(a|z1:T )WOV(a, z)
)]

= −
∑

a∈A

WOV(a, z)Ez1:T

[
C(z1:T , z)

(
1(a = a∗(z1:T ))− pθ̃(a|z1:T )

)]
.

Let p(s) =
∑

z1:T
p(z1:T )1(s ∈ z1:T ) = EDtrain

[1(s ∈ z1:T )], which is the marginal probability of
observing s under the data-generating distribution Dtrain. Similarly, we can define p(r) and
p(s, r) for any r ∈ R and any (s, r) ∈ S ×R. Then for a fixed (a, s) ∈ A× S, we have

∂WOV(a,s)L(θ̃) = −WKQ(s)Ez1:T∼Dtrain

[
C(z1:T , s)

(
1(a = a∗(z1:T ))− pθ̃(a|z1:T )

)]

(a)
= −WKQ(s)Ez1:T∼Dtrain

[
1(s ∈ z1:T )

(
1(a = a∗(z1:T ))− pθ̃(a|z1:T )

)]

= −WKQ(s)
∑

z1:T

p(z1:T )1(s ∈ z1:T )
(
1(a = a∗(z1:T ))− pθ̃(a|z1:T )

)

= −WKQ(s)p(s)
∑

z1:T

( p(z1:T )1(s ∈ z1:T )∑
z′1:T

p(z′1:T )1(s ∈ z′1:T )

(
1(a = a∗(z1:T ))− pθ̃(a|z1:T )

))

= −WKQ(s) · p(s) · Ez1:T

[
1(a = a∗(z1:T ))− pθ̃(a|z1:T ) | s ∈ z1:T

]

= −WKQ(s) ·
∑

r∈R

p(s, r) · Ez1:T

[
1(a = a∗(z1:T ))− pθ̃(a|z1:T ) | s, r ∈ z1:T

]

(b)
= −WKQ(s) ·

∑

r∈R

p(s, r) · (1(a = a∗(s, r))− pθ̃(a|s, r)) ,



APPENDIX B. APPENDIX FOR OUT-OF-CONTEXT REASONING 121

where (a) comes from the fact that C(z1:T , s) = 1(s ∈ z1:T ) as s occurs at most once in
the sequence from the task definition and (b) comes from the fact that z1:T only contains
(s, r, <EOS>) and thus pθ̃(·|z1:T ) = pθ̃(·|s, r).

Similarly, consider a fixed (a, r) ∈ A×R, we have:

∂WOV(a,r)L(θ̃) = −WKQ(r) · p(r) · Ez1:T

[
1(a = a∗(z1:T ))− pθ̃(a|z1:T ) | s ∈ z1:T

]

= −WKQ(r) ·
∑

s∈S

p(s, r) · (1(a = a∗(s, r))− pθ̃(a|s, r)) .

Lastly for any a ∈ A, we have:

∂WOV(a,<EOS>)L(θ̃) = −WKQ(<EOS>)
∑

z1:T

p(z1:T )
(
1(a = a∗(z1:T ))− pθ̃(a|z1:T )

)

= −WKQ(<EOS>) ·
∑

s∈S

∑

r∈R

p(s, r) · (1(a = a∗(s, r))− pθ̃(a|s, r)) .

We conclude by proving the gradient in terms of WKQ(s) for any s ∈ S. We have:

∂WKQ(s)L(θ̃) = −
∑

a∈A

WOV(a, s) · p(s) · Ez1:T

[
1(a = a∗(z1:T ))− pθ̃(a|z1:T ) | s ∈ z1:T

]

= −
∑

a∈A

WOV(a, s)
∑

r∈R

p(s, r) · (1(a = a∗(s, r))− pθ̃(a|s, r)) .

Lemma 29 (Lipschitz gradient). Let d0 := (|A|+ 1) · |V| and concatenate the parameters by

w =

[
vec(WOV)

WKQ

]
∈ Rd0 .

Let F (w(t)) be the vector field in the ODE

ẇ(t) = F
(
w(t)

)
= −∇wL(w),

where we omit the index t and set w(t) = w when the context is clear and L(w) is the cross
entropy loss given by:

L(w) =
∑

s,r

p(s, r)


− log

exp
(
fw
(
(s, r), a∗(s, r)

))

∑
a∈A exp

(
fw
(
(s, r), a

))


 ,

where the logit function fw((s, r), a) follows Eq. (B.29) with z1:T = (s, r, <EOS>). Assuming
that ∥w∥2 ≤ R for some constant R > 0, then for any fixed (s, r, a), fw

(
(s, r), a

)
is Lipschitz
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in w with constant L1 := 4R, i.e., for any w1,w2 ∈ Rd0 with ∥w1∥2 ≤ R, ∥w2∥2 ≤ R, it
holds that

fw1

(
(s, r), a

)
− fw2

(
(s, r), a

)
≤ L1∥w1 −w2∥.

Moreover, there exists a constant L := 4|A|
(
L1R + 1

)
such that

∥F (w1)− F (w2)∥ ≤ L∥w1 −w2∥.

Proof. Observing that fw
(
(s, r), a

)
is bilinear in w, i.e.,

fw
(
(s, r), a

)
=
∑

t∈[T ]

WOV(a, zt)WKQ(zt)

= WOV(a, s)WKQ(s) +WOV(a, r)WKQ(r) +WOV(a, <EOS>)WKQ(<EOS>)

= w⊤M((s, r), a)w,

where M((s, r), a) ∈ Rd0×d0 has only three non-zero entries, which are equal to one, where
the positions depend on ((s, r), a). We omit the index ((s, r), a) when the context is clear.
Then for any w1,w2 ∈ Rd0 with Euclidean norm bounded by R, we have

fw1

(
(s, r), a

)
− fw2

(
(s, r), a

)

= w⊤
1 Mw1 −w⊤

2 Mw2

= w⊤
1 Mw1 −w⊤

1 Mw2 +w⊤
1 Mw2 −w⊤

2 Mw2

≤ (∥w1∥+ ∥w2∥) · ∥M∥F · ∥w1 −w2∥
(a)

≤ 4R∥w1 −w2∥ = L1∥w1 −w2∥, (B.31)

where (a) uses ∥M∥F =
√
3 ≤ 2. Moreover, the gradient of fw((s, r), a) is also Lipschitz:

∇fw1

(
(s, r), a

)
−∇fw2

(
(s, r), a

)
= (M +M⊤)(w1 −w2) ≤ 4∥w1 −w2∥. (B.32)

Now let pk(u) =
exp(uk)∑K
j=1 exp(uj)

and gk(u) = − log pk(u) for u ∈ RK where K = |A|, and denote

p(u) = (p1(u), . . . , pK(u))
⊤ ∈ RK , g(u) = (g1(u), . . . , gK(u))

⊤ ∈ RK . Then the gradient
and hessian of gk(u) are given by:

∇gk(u) = p(u)− ek ∈ RK ,

H(u) = diag(p(u))− p(u)p(u)⊤ ∈ RK×K .

By the mean-value theorem, we have:

∥∇gk(u)−∇gk(v)∥ ≤ sup
w∈RK

∥H(w)∥op∥u− v∥ ≤ ∥u− v∥. (B.33)

Let uw(s, r) = fw((s, r), ·) ∈ R|A| be the logit vector for input (s, r) and denote

αa(uw(s, r)) := [∇ga∗(s,r)(uw(s, r))]a = pa(uw(s, r))− 1(a = a∗(s, r)).
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Then the gradient of the loss function can be written as

∇L(w) =
∑

s,r

p(s, r)∇wga∗(s,r)(uw(s, r)) =
∑

s,r

p(s, r)
∑

a∈A

αa(uw(s, r))∇fw((s, r), a).

For brevity let ∇fw,a := ∇fw((s, r), a) and note that ∥∇fw,a∥ = ∥(M + M⊤)w∥ ≤ 4R.
Combining Eq. (B.31) and (B.33) we have:

∥F (w1)− F (w2)∥
=∥∇L(w1)−∇L(w2)∥

≤
∑

s,r

p(s, r)

∥∥∥∥∥
∑

a∈A

αa(uw1(s, r))∇fw1,a −
∑

a∈A

αa(uw2(s, r))∇fw2,a

∥∥∥∥∥

≤max
s,r

∥∥∥∥∥
∑

a∈A

((
αa(uw1(s, r))− αa(uw2(s, r))

)
∇fw1,a + αa(uw2(s, r))

(
∇fw1,a −∇fw2,a

))
∥∥∥∥∥

(a)

≤max
s,r

(∑

a∈A

∥∇fw1,a∥ · ∥uw1(s, r)− uw2(s, r)∥+ 4|A|max
a
|αa(uw2(s, r))| · ∥w1 −w2∥

)

(b)

≤∥w1 −w2∥ ·
(
L1

∑

a∈A

∥∇fw1,a∥+ 4|A|
)

≤4|A|
(
L1R + 1

)
∥w1 −w2∥,

where (a) follows Eq. (B.32) and Eq. (B.33) and (b) uses Eq. (B.31) and |αa(uw2(s, r))| ≤ 1
for any a ∈ A.

Before proceeding, we provide the following definition.

Definition 2 (Data permutation). Let d0 := (|A|+1) · |V|. Consider the flattened parameter
w defined as

w =

[
vec(WOV)

WKQ

]
∈ Rd0 .

Recall |A1| = |A2| = n. Let σ be any permutation over [n] where σ(i) ̸= i for any i ∈ [n] and
π : V → V be a permutation function determined by σ. Specifically, for any i ∈ [n], j ∈ [m],
we have

π(bi) = bσ(i), π(ci) = cσ(i), π(si,j) = sσ(i),j,

and we have π(v) = v for v ∈ {r1, r2, <EOS>}. Moreover, let Pπ be a permutation matrix built
on permutation π defined as follows. First, we have

P := Pπ =

[
POV 0
0 PKQ

]
∈ Rd0×d0 ,

where we omit the subscript π for brevity. We denote the resulting OV block in w after
permutation as (Pw)OV := POV vec(WOV) ∈ R|V|·|A|. Similarly we denote (Pw)KQ :=
PKQWKQ ∈ R|V|. Then, each entry of Pw is defined as follows:
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• ∀ s ∈ Stest, ∀ a ∈ A2 : (Pw)OV (a, s) = WOV(π(a), s),

• ∀ s ∈ Strain, ∀ a ∈ A : (Pw)OV (a, s) = WOV(π(a), π(s)),

• ∀ v ∈ {r1, r2, <EOS>}, ∀ a ∈ A2 : (Pw)OV (a, v) = WOV(π(a), v),

• ∀ s ∈ Strain : (Pw)KQ(s) = WKQ(π(s)),

• Otherwise, (Pw)OV (a, v) = WOV(a, v), (Pw)KQ(v) = WKQ(v).

Lemma 30 (Gradient is permutation equivariant). Recall the flattened parameter w and the
permutation matrix P defined in Definition 2. Denote F (w) = −∇L(w) following Lemma 29,
then we have

∀ s ∈ Stest, ∀ a ∈ A2 : [F (Pw)]OV (a, s) = [PF (w)]OV (a, s), (B.34a)

∀ s ∈ Strain, ∀ a ∈ A : [F (Pw)]OV (a, s) = [PF (w)]OV (a, s), (B.34b)

∀ v ∈ R ∪ {<EOS>}, ∀ a ∈ A2 : [F (Pw)]OV (a, v) = [PF (w)]OV (a, v), (B.34c)

∀ s ∈ Strain : [F (Pw)]KQ(s) = [PF (w)]KQ(s), (B.34d)

which implies the gradeint of L w.r.t w is permutation equivariant, i.e.,

∇L(Pw) = P∇L(w).

Proof. We examine Eq. (B.34a) - (B.34d) one by one.
Part 1: Proof of Eq. (B.34a). Given a fixed s ∈ Stest, a ∈ A2, we will prove

[F (Pw)]OV (a, s) = [PF (w)]OV (a, s). (B.35)

Using Lemma 28, we have:

[F (w)]OV (a, s) = −∂WOV(a,s)L(w)

= WKQ(s)
∑

r∈R

p(s, r)[1(a = a∗(s, r))− pw(a|s, r)]

(a)
= WKQ(s) · p(s, r1)[1(a = a∗(s, r1))− pw(a|s, r1)],

where (a) comes from the fact that p(s, r2) = 0 since s ∈ Stest. Then for the right side of
Eq. (B.35), we have

[PF (w)]OV (a, s)
(a)
= − ∂WOV(π(a),s)L(w)

=WKQ(s) · p(s, r1)[1(π(a) = a∗(s, r1))− pw(π(a)|s, r1)],
(B.36)

where (a) holds by Definition 2. Similarly, for the left-hand side, we have

[F (Pw)]OV (a, s) = −∂WOV(a,s)L(Pw)

(a)
= WKQ(s) · p(s, r1)[1(a = a∗(s, r1))− pPw(a|s, r1)],

(B.37)
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where (a) comes from (Pw)KQ(s) = WKQ(s) for any s ∈ Stest. For the prediction probability,
recall from (3.3), we have

pw(a|s, r) =
exp(fw((s, r), a))∑

a′∈A exp(fw((s, r), a′)))
.

The logit function fw((s, r), a) can be written as

fw((s, r), a) =WKQ(s)WOV(a, s) +WKQ(r)WOV(a, r) +WKQ(<EOS>)WOV(a, <EOS>).

Therefore, given s ∈ Stest and a ∈ A2, we have

fPw((s, r), a) =WKQ(s)WOV(π(a), s) +WKQ(r)WOV(π(a), r)

+WKQ(<EOS>)WOV(π(a), <EOS>)

=fw((s, r), π(a)).

Similarly, for any a′ ∈ A1, given s ∈ Stest, we have

fPw((s, r), a
′) = fw((s, r), a

′).

Then

pPw(a|s, r) =
exp(fPw((s, r), a))∑

a′∈A exp(fPw((s, r), a′)))

=
exp(fw((s, r), π(a)))∑

a′∈A1
exp(fw((s, r), a′)) +

∑
a′∈A2

exp(fw((s, r), π(a′)))

(a)
=

exp(fw((s, r), π(a)))∑
z∈A exp(fw((s, r), z)))

= pw(π(a)|s, r),

(B.38)

where in (a) we re-index the summand by z := π(a′) since π is a bijection for any a′ ∈ A2.
Then Eq. (B.37) can be written as

[F (Pw)]OV (a, s) = WKQ(s) · p(s, r1)[1(a = a∗(s, r1))− pw(π(a)|s, r1)]. (B.39)

By comparing Eq. (B.36) and Eq. (B.39), it remains to prove

1(a = a∗(s, r1)) = 1(π(a) = a∗(s, r1)),

which both equal 0 since a, π(a) ∈ A2. Then we conclude that for any s ∈ Stest, a ∈ A2,

[F (Pw)]OV (a, s) = [PF (w)]OV (a, s).

Part 2: Proof of Eq. (B.34b). Consider any fixed s ∈ Strain, a ∈ A, we start from the RHS
of the equation:
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[PF (w)]OV (a, s) = −∂WOV(π(a),π(s))L(w)

= WKQ(π(s)) ·
∑

r∈R

p(π(s), r)[1(π(a) = a∗(π(s), r))− pw(π(a)|π(s), r)]

(a)
= WKQ(π(s)) ·

∑

r∈R

p(s, r)[1(π(a) = a∗(π(s), r))− pw(π(a)|π(s), r)],

(B.40)
where (a) uses p(s, r) = p(π(s), r) for any fixed r ∈ R as data is uniformly distributed.
Similarly, on the LHS, we have

[F (Pw)]OV (a, s) = −∂WOV(a,s)L(Pw)

= WKQ(π(s)) ·
∑

r∈R

p(s, r)[1(a = a∗(s, r))− pPw(a|s, r)],

To proceed, given s ∈ Strain and a ∈ A, we have

fPw((s, r), a) = WKQ(π(s))WOV(π(a), π(s)) +WKQ(r)WOV(π(a), r)

+WKQ(<EOS>)WOV(π(a), <EOS>)

= fw((π(s), r), π(a)).

Following Eq. (B.38), when s ∈ Strain, a ∈ A, we have

pPw(a|s, r) =
exp(fPw((s, r), a))∑

a′∈A exp(fPw((s, r), a′)))

(a)
=

exp(fw((π(s), r), π(a)))∑
z∈A exp(fw((π(s), r), z)))

=pw(π(a)|π(s), r),

(B.41)

where in (a) we re-index the summand by z := π(a′). Thus we get

[F (Pw)]OV (a, s) = WKQ(π(s)) ·
∑

r∈R

p(s, r)[1(a = a∗(s, r))− pPw(a|s, r)]

= WKQ(π(s)) ·
∑

r∈R

p(s, r)[1(a = a∗(s, r))− pw(π(a)|π(s), r)],
(B.42)

By comparing Eq. (B.40) and Eq. (B.42), it remains to prove for any r ∈ R,

1(a = a∗(s, r)) = 1(π(a) = a∗(π(s), r)),

which holds since the event a = a∗(s, r) is equivalent to π(a) = a∗(π(s), r) by the definition
of π and the dataset construction. Then we can conclude that for any s ∈ Strain, a ∈ A,

[F (Pw)]OV (a, s) = [PF (w)]OV (a, s).
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Part 3: Proof of Eq. (B.34c). Let’s first consider v ∈ R = {r1, r2}. For any fixed
r := v ∈ {r1, r2} and a ∈ A2, using Lemma 28, we have

[F (w)]OV (a, r) = WKQ(r) ·
∑

s∈S

p(s, r) · (1(a = a∗(s, r))− pw(a|s, r)) .

Then we have

[PF (w)]OV (a, r) =WKQ(r) ·
∑

s∈S

p(s, r) · (1(π(a) = a∗(s, r))− pw(π(a)|s, r))

=WKQ(r) ·
∑

s∈Strain

p(s, r) · (1(π(a) = a∗(s, r))− pw(π(a)|s, r))

+WKQ(r) ·
∑

s∈Stest

p(s, r) · (1(π(a) = a∗(s, r))− pw(π(a)|s, r)) .

(B.43)

Similarly,

[F (Pw)]OV (a, r) =WKQ(r) ·
∑

s∈S

p(s, r) · (1(a = a∗(s, r))− pPw(a|s, r))

(a)
=WKQ(r) ·

∑

s∈Strain

p(s, r) · (1(a = a∗(s, r))− pw(π(a)|π(s), r))

+WKQ(r) ·
∑

s∈Stest

p(s, r) · (1(a = a∗(s, r))− pw(π(a)|s, r)),

(B.44)

where (a) follows Eq. (B.38). Now we compare (B.43) and (B.44). We first consider Strain.
Note that for any s ∈ Strain and fixed r ∈ R, the values of p(s, r) are the same due to the
data distribution, and we denote the value as ptrain. To proceed, let i, i′ be the corresponding
index of a, π(a) in A2, i.e., a = ci, π(a) = ci′ . Then

∑

s∈Strain

p(s, r) ·
((
1(a = a∗(s, r))− pw(π(a)|π(s), r)

)
−
(
1(π(a) = a∗(s, r))− pw(π(a)|s, r)

))

=ptrain
∑

j∈[mtrain]




∑

k∈[n],k /∈{i,i′}

(1(a = a∗(sk,j, r))− 1(π(a) = a∗(sk,j, r)))︸ ︷︷ ︸
Γ(a,π(a),sk,j ,r)

+
∑

k′∈{i,i′}

(1(a = a∗(sk′,j, r))− 1(π(a) = a∗(sk′,j, r)))︸ ︷︷ ︸
Γ(a,π(a),sk′,j ,r)

+
∑

k∈[n]

pw(π(a)|sk,j, r)− pw(π(a)|π(sk,j), r))


 .

(B.45)
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For the first term Γ(a, π(a), sk,j, r), note that 1(a = a∗(sk,j, r)) = 1(π(a) = a∗(sk,j, r)) = 0
for any j ∈ [m], k ∈ [n], k ≠ {i, i′}. Now we consider the second term Γ(a, π(a), sk′,j, r). We
have

1(a = a∗(sk′,j, r2)) = 1, 1(π(a) = a∗(sk′,j, r2)) = 0, when k′ = i,

1(a = a∗(sk′,j, r2)) = 0, 1(π(a) = a∗(sk′,j, r2)) = 1, when k′ = i′,

1(a = a∗(sk′,j, r1)) = 1(π(a) = a∗(sk′,j, r1)) = 0, when k′ ∈ {i, i′},
which implies

∑
k′∈{i,i′} Γ(a, π(a), sk′,j, r) = 0. Then we can simplify Eq. (B.45) as

∑

s∈Strain

p(s, r) ·
((
1(a = a∗(s, r))− pw(π(a)|π(s), r)

)
−
(
1(π(a) = a∗(s, r))− pw(π(a)|s, r)

))

=ptrain
∑

j∈[mtrain]


∑

k∈[n]

pw(π(a)|sk,j, r)−
∑

k∈[n]

pw(π(a)|π(sk,j), r))




(a)
=ptrain

∑

j∈[mtrain]


∑

k∈[n]

pw(π(a)|sk,j, r)−
∑

k′∈[n]

pw(π(a)|sk′,j, r))




=0,
(B.46)

where in (a) we re-index the summand
∑

k∈[n] pw
(
π(a)|π(sk,j), r)

)
by noting that π(sk,j) =

sσ(k),j. Next, we consider Stest. When r = r2, we have p(s, r2) = 0 for any s ∈ Stest. Otherwise,
when r = r1, we similarly can define ptest := p(s, r1) and obtain that

∑

s∈Stest

p(s, r) ·
((
1(π(a) = a∗(s, r))− pw(π(a)|s, r)

)
−
(
1(a = a∗(s, r))− pw(π(a)|s, r)

))

=ptest
∑

s∈Stest

(1(π(a) = a∗(s, r))− 1(a = a∗(s, r)))

(a)
=0,

(B.47)
where (a) holds since for any s ∈ Stest, 1(π(a) = a∗(s, r)) = 1(a = a∗(s, r)) = 0 when
r = r1, a ∈ A2. Combining Eq. (B.46) and (B.47), for any r ∈ R we have

[F (Pw)]OV (a, r) = [PF (w)]OV (a, r).

When v = <EOS>, using Lemma 28 again, we have

[F (w)]OV (a, <EOS>) = WKQ(<EOS>) ·
∑

r∈R

∑

s∈S

p(s, r) · (1(a = a∗(s, r))− pw(a|s, r))

=
WKQ(<EOS>)

WKQ(r)
·
∑

r∈R

WKQ(r)
∑

s∈S

p(s, r) · (1(a = a∗(s, r))− pw(a|s, r))

=
WKQ(<EOS>)

WKQ(r)
·
∑

r∈R

[F (w)]OV (a, r).
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Thus we have

[F (Pw)]OV (a, <EOS>)− [PF (w)]OV (a, <EOS>)

=
WKQ(<EOS>)

WKQ(r)
·
∑

r∈R

([F (Pw)]OV (a, r)− [PF (w)]OV (a, r))

= 0.

Part 4: Proof of Eq. (B.34d). Given a fixed s ∈ Strain, using Lemma 28, we have:

[F (w)]KQ(s) = −∂WKQ(s)L(w)

=
∑

r∈R

p(s, r)
∑

a∈A

WOV(a, s)[1(a = a∗(s, r))− pw(a|s, r)].

For the RHS of Eq. (B.34d), we have

[PF (w)]KQ(s) = −∂WKQ(π(s))L(w)

=
∑

r∈R

p(π(s), r)
∑

a∈A

WOV(a, π(s))[1(a = a∗(π(s), r))− pw(a|π(s), r)]

(a)
=
∑

r∈R

p(s, r)
∑

a∈A

WOV(a, π(s))[1(a = a∗(π(s), r))− pw(a|π(s), r)], (B.48)

where (a) uses p(s, r) = p(π(s), r), ∀r ∈ R. On the LHS, we have

[F (Pw)]KQ(s)
(a)
=
∑

r∈R

p(s, r)
∑

a∈A

WOV(π(a), π(s))[1(a = a∗(s, r))− pPw(a|s, r)]

(b)
=
∑

r∈R

p(s, r)
∑

a∈A

WOV(π(a), π(s))[1(a = a∗(s, r))− pw(π(a)|π(s), r)]

(c)
=
∑

r∈R

p(s, r)
∑

z∈A

WOV(z, π(s))[1(π
−1(z) = a∗(s, r))− pw(z|π(s), r)],

(B.49)

where (a) comes from (Pw)OV (a, s) = WOV(π(a), π(s)) for s ∈ Strain, a ∈ A, (b) follows
Eq. (B.41), and in (c) we re-index the summand by z = π(a) and thus a = π−1(z). Now by
comparing Eq. (B.48) and Eq. (B.49), it remains to prove that for any a ∈ A,

1(π−1(a) = a∗(s, r)) = 1(a = a∗(π(s), r)),

which holds by the definition of π.

Lemma 31. Assuming Assumption 2 holds. Let P be the permutation matrix defined in
Lemma 30. If for any t ≥ 0, there exists a constant R > 0 such that ∥w∥ ≤ R is bounded, then
F (w) := −∇L(w) is Lipschitz with some constant L. Moreover, since F (w) is permutation
equivariant w.r.t P , i.e., F (Pw) = PF (w) as established in Lemma 30, we have

w(t) = Pw(t).
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In particular, for any t ≥ 0, we have

WOV(a, v) = WOV(a
′, v), ∀ v ∈ Stest ∪R ∪ {<EOS>}, ∀ a, a′ ∈ A2. (B.50)

Proof. Note that when w is bounded by R, i.e., ∥w∥ ≤ R, F (w) is Lipschitz with constant L
using Lemma 29. Moreover, Lemma 30 indicates that F (w) is also permutation equivariant.
Let D(t) := w(t)− Pw(t), then we have D(0) = 0 by Assumption 2. Note that

Ḋ(t) = ẇ(t)− Pẇ(t) = F (w(t))− PF (w(t)) = F (w(t))− F (Pw(t)).

Let w1 = w(t),w2 = Pw(t), respectively. Using Lemma 29, we get

∥Ḋ(t)∥ = ∥F (w(t))− F (Pw(t))∥ ≤ L∥D(t)∥.

Then
d

dt
∥D(t)∥ = D(t)⊤Ḋ(t)

∥D(t)∥
(a)

≤ ∥Ḋ(t)∥ ≤ L∥D(t)∥,

where (a) uses the Cauchy-Schwarz inequality. Using Gronwall’s inequality, for all t ≥ 0, we
have

∥D(t)∥ ≤ ∥D(0)∥eLt = 0,

since ∥D(0)∥ = 0. Equivalently, for any t ≥ 0, we have:

w(t) = Pw(t).

Moreover, recall the definition of π,P in Lemma 30. Given a fixed v ∈ Stest ∪R ∪ {<EOS>}
and any a, a′ ∈ A2, we have

WOV(a, v)
(a)
= WOV(π(a), v)

(b)
= WOV(a

′, v), (B.51)

where (a) follows Definition 2, and (b) holds since for any fixed a, a′ ∈ A2, one can find a
permutation π such that π(a) = a′.

Now we are ready to prove Theorem 7.

Proof of Theorem 7. First note that for any t ≥ 0, the parameters θ̃t or equivalently its
flattened form w(t) is bounded. Then using Lemma 31, we have

w(t) = Pw(t).

Consider any time t ≥ 0, s ∈ Sft and ā := a∗(s, r2), the prediction probability is given by

pθ̃t(ā|s, r2) =
exp(fθ̃t((s, r2), ā))∑

a′∈A exp(fθ̃t((s, r2), a
′)))

.
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We proceed by showing that fθ̃t((s, r2), ā) is no larger than fθ̃t((s, r2), a) for any a ∈ A2.
WLOG, consider a fixed a ∈ A2 where a ̸= ā. Comparing the logit functions we get

fθ̃t((s, r2), ā)− fθ̃t((s, r2), a) =WKQ(s; t)
(
WOV(ā, s; t))−WOV(a, s; t))︸ ︷︷ ︸

A(a,ā,s;t)

)

+WKQ(r2; t)
(
WOV(ā, r2; t)−WOV(a, r2; t)︸ ︷︷ ︸

B(a,ā,r2;t)

)

+WKQ(<EOS>; t)
(
WOV(ā, <EOS>; t)−WOV(a, <EOS>; t)︸ ︷︷ ︸

C(a,ā,<EOS>;t)

)

=0,

where A(a, ā, s; t) = 0 = B(a, ā, r2; t) = C(a, ā, <EOS>; t) = 0 following Lemma 31. As a
result, for all a ∈ A2 and any t ≥ 0, we have

fθ̃t((s, r2), ā) = fθ̃t((s, r2), a).

Thus for any input (s, r2) where s ∈ Sft, its prediction probability can be upper bounded

pθ̃t(ā|s, r2) =
exp(fθ̃t((s, r2), ā))∑

a′∈A exp(fθ̃t((s, r2), a
′)))
≤ exp(fθ̃t((s, r2), ā))∑

a′∈A2
exp(fθ̃t((s, r2), a

′)))
= 1/|A2|,

which implies that

Ltest(θ̃t) = Ez1:T+1∼Dtest [− log pθ̃t(zT+1|z1:T )] ≥ log |A2|.

B.3 Additional Experiments for One-layer Models

We provide additional experimental results to verify our theoretical results in Section 3.3.2.
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(a) Training implication loss.
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Figure B.1: Training and Test Implication Loss for Factorized vs. Non-Factorized
Models. While both models effectively minimize the training loss (left), their performance on
unseen test implications differs starkly (right). The factorized model successfully generalizes,
achieving low test implication loss and thus demonstrating OCR, while the non-factorized
model fails to generalize.

A2

A1Fact set

Implication set

Training subjectsTest subjects (r2, r1) (r2, r1)Training subjectsTest subjects

Figure B.2: Comparison of full weights of trained one-layer linear attention models.
Left: Non-factorized model. Right: Factorized model. The factorized model shows strong
OCR capability compared to the non-factorized model.

Loss curves. In Figure B.1, we present the training and test loss curve during training,
which shows that the factorized model can exhibit OCR while the non-factorized model
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cannot. Recall that the training loss contains two parts: loss on all facts and implications of
training subjects (training implication), and the model is evaluated on the implications of
test subjects (test implication).

Full weight inspection. In Figure 3.2, we only showed partial model weights that are
related to prediction. For completeness, we show the full model weights WOV = WOW

⊤
V in

Figure B.2.

SVM solutions. We setup the SVM problems defined in (WOV-SVM) and (W F
OV-SVM)

with |S| = 12, n = 3,m = 4,mtrain = 3. Solutions by CVXPY [33] are shown on the left side
of Figure B.3. The results are consistent with the weights of the one-layer attention model
in Figure 3.2. Moreover, we decompose the solution of (W F

OV-SVM) using SVD and keep
the directions with singular values larger than 10−5. This results in W F

OV = WOW
⊤
V with

intrinsic dimension dh = 3. On the right of Figure B.3, we visualize the corresponding rows of
the subjects and relations in WV as well as the corresponding rows of answers in WO, which
suggests that the model generalizes effectively even with a small hidden dimension.

Lower bound of the intrinsic dimension of output and value matrix. To further
support the claim that the factorized model generalizes effectively with a small hidden
dimension, we train a one-layer attention model in Figure B.4 and sweep across multiple
candidate values for the intrinsic dimension, i.e., dh ∈ {3, 4, 8, 16, 32, 128} with the embedding
dimension d = 128, mtrain = 3 and other parameters unchanged, which demonstrates that
OCR can be achieved efficiently in terms of the number of parameters.

B.4 Additional LLM Experiments on Real-World Data

To verify our claim in real-world datasets, we extended the LLM experiments in Section 3.2
to PopQA [89], which is a large-scale open-domain question answering (QA) dataset. Each
question in PopQA follows the same format as in our synthetic dataset – a knowledge triple
(subject, relation, answer). Specifically, we use a subset of PopQA consisting of the place of
birth (POB) and sport relations termed PopQA-OCR and treat the first relation as fact and
the second as implication. We randomly sample 500 subjects and randomly pair 10 facts from
available POBs with 10 implications from available sports in PopQA-OCR. We follow the
same data processing scheme as in Section B.5 with a 0.5 training ratio. This new controlled
dataset exhibits three key distinctions, compared to the synthetic dataset: 1) We scale up
the number of subjects and fact-implication pairs, which results in ˜10x training samples
compared to the synthetic one. 2) The new task follows a question answering format: “Q: In
what city was Antoine Richard born? A: Vinga” while the synthetic one uses a simple text
generation formulation. 3) The subject names are real instead of fictitious, which is more
likely to collide with the pretrained knowledge, thus inducing new challenges in fine-tuning.
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Implication set
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Figure B.3: Comparison of solutions to (WOV-SVM) and (W F
OV-SVM). Top Left:

(WOV-SVM) with the Frobenius norm objective. Bottom Left: (W F
OV-SVM) with the nuclear

norm objective. Here we only show the partial weights in the output-value matrix related
to the prediction, i.e., WOV ∈ R|A|×(mn+2). Right: Geometric interpretation of WO and
WV solved in (W F

OV-SVM). All the subjects’ feature vectors (corresponding to rows in WV)
reside in the xy plane while the relation vectors corresponding to r1 and r2 are orthogonal to
the subjects and point in opposite directions. The predictions ŴO(bi), ŴO(ci) are made by
summing up the feature vector of si with r1 or r2, which aligns well with the features of bi
or ci respectively (plotted in the figure, which are corresponding rows in WO) with cosine
similarity greater than 0.9.

The results can be found in Table B.1, which show that LLMs continue to exhibit OCR-driven
hallucination on real-world data.

Table B.1: Performance comparison of different language models on PopQA-OCR. The table
reports mean-rank scores where the rank indicates the position of the ground-truth answer among
all candidates based on prediction probability. Lower ranks indicate better performance and Rank 0
refers to the token with the largest probablity. Values in parentheses indicate the standard error of
the mean-rank scores, calculated from 3 runs with different random seeds.

Models Gemma-2-9B OLMo-7B Qwen-2-7B Mistral-7B-v0.3 Llama-3-8B

PoB-Sport 0.68 (0.27) 1.41 (0.29) 3.30 (0.62) 1.36 (0.70) 2.29 (4.26)
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Figure B.4: Test loss versus training steps for a one-layer linear attention model with varying
intrinsic dimensions (dh). The plot demonstrates that the model can exhibit OCR even when
the intrinsic dimension is as small as dh = 4.

B.5 Implementation Details

Our code is released at https://github.com/yixiao-huang/OCR-Theory. We provide ad-
ditional details on experiments in Section 3.2 and Section 3.3.2.

Training. Throughout this work, we finetune the models using the cross-entropy loss with
AdamW optimizer [72]. We build on the implementation of [39] for all LLM experiments1 and
adopt a different training scheme for one-layer transformer as discussed in Section 3.3.1. For
experiments on LLMs, we use full batch and train for 100 epochs. Similar to [39], we notice
that OCR is sensitive to learning rates and thus we sweep across different learning rates
in {10−6, 3 · 10−6, 10−5, 3 · 10−5, 10−4, 3 · 10−4} for each model and relation pair and report
the results with the lowest test rank. As a complement to the final performance metrics
in Table 3.1, Figure B.5 plots the average test rank during training across three different
seeds. The shaded region represents the standard deviation. For the one-layer linear attention
model, we train the model with one-hot token embedding with d = 128 for 2 · 104 steps with
learning rate 5 · 10−4. We set dh = d = 128 by default, unless otherwise specified.

1https://github.com/jiahai-feng/extractive-structures

https://github.com/yixiao-huang/OCR-Theory
https://github.com/jiahai-feng/extractive-structures
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(b) City-Language (counterfac-
tual)
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(c) Country-code
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(d) Sport-music
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(e) Profession-color

Figure B.5: OCR performance of various LLMs on the five relation pairs. Results are averaged
over 3 random seeds, with shaded regions representing the standard deviation.

Dataset. The dataset for LLM experiments consists of a list of 100 fictitious names and
a list of 5 fact-implication pairs with different topics, namely, city-animal, country-code,
sport-music, and profession-color. We split the subjects into training and test with a ratio
of 0.2 : 0.8, i.e., there are 4 training subjects in each subset Si for i ∈ [5] and 20 training
subjects in total. For the experiments in Section 3.2, we use relations listed in Table B.2.
For example, for the topic “Country-Code”, one example is given by

• Fact: “Daniel Gray was born in Brazil.”

• Implication: “Daniel Gray codes in Assembly.”

We use the same name, city and language list in [39]. For the counterfactual language,
we reorder the language list such that every city corresponds to an incorrect language. For
the rest of the topics, we use Claude-3.5-sonnet to generate a list of 5 examples. A complete
list is given below:
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Topic Relation

City lives in
Language speaks
Color dislikes
Country was born in
Music listens to
Code codes in
Sport plays
Profession is a

Table B.2: Relation expressions of different topics.

Topic Lists

City:
Tokyo, Beijing, Mumbai, Paris, Berlin

Language:
Japanese, Mandarin, Marathi, French, German

Language ( counterfactual):
Marathi, German, Japanese, Mandarin, French

Color:
crimson, teal, navy blue, emerald green, lavender

Country:
Japan, Brazil, Morocco, New Zealand, Iceland

Music:
jazz, alternative rock, reggae, classical, hip-hop

Code:
Python, Julia, Assembly, C, MATLAB

Sport:
basketball, soccer, tennis, swimming, volleyball

Profession:
nurse practitioner, computer scientist, journalist, veterinarian, social worker
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Computation. The experiments for the one-layer model were run on a single NVIDIA
A100 GPU. LLM Experiments were run on a cluster of 4 NVIDIA A100 GPUs and took less
than an hour for each run.
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Appendix C

Appendix for
Chain-of-continuous-thought Theory

C.1 Notation Details

We provide detailed descriptions of different tokens in Table C.1, and the position index of
different tokens or continuous thoughts in Table C.2.

Tokens Meanings

<s> a special token denoting the beginning of the sentence
si the source node of edge i
ti the target node of edge i
<e> a special token marking the end of an edge
<Q> a special token followed by two candidate nodes
c1, c2 two candidate destination nodes
<R> a special token marking the start of reasoning
r the root node

[ti] the i-th continuous thought (represented by a d-dimensional vector)
<A> a special token driving the model to make the final prediction

Table C.1: Meaning of each token.



APPENDIX C. APPENDIX FOR CHAIN-OF-CONTINUOUS-THOUGHT THEORY 140

Notations Position indices

Idx(<s>) 1
Idx(si) 3i− 1
Idx(ti) 3i

Idx(<e>, i) 3i+ 1
Idx(<Q>) 3m+ 2
Idx(c1) 3m+ 3
Idx(c2) 3m+ 4
Idx(<R>) 3m+ 5
Idx(r) 3m+ 6 = t0

Idx([ti]) t0 + i
Idx(<A>) t0 + C + 1 = T

Table C.2: Position indices of different tokens or continuous thoughts in the input sequence.

C.2 Missing Proofs

C.2.1 Formal version and proof of Lemma 3

Lemma 32 (Attention chooser, formal version of Lemma 3). Fix any token <x> ∈ Voc, integer
ℓ ≥ 0, and ε ∈ (0, 1). Under sinusoidal positional encoding as defined in Definition 1, there
exists a construction of WK,WQ ∈ R(2dPE)×d, such that for any input sequence (v̂1, . . . , v̂T )
that satisfies

v̂i =
∑

v∈Voc

λi,vuv, where λi,v ≥ 0 ∀v ∈ Voc,
∑

v∈Voc

λ2
i,v = 1, ∀i ∈ [T ], (C.1)

and satisfies ⟨u<x>, v̂i⟩ ∈ {0, 1} (i.e., each input embedding is either equal to the embedding
of token <x> or orthogonal to it) and ⟨u<x>, v̂i⟩ = 0 for i ≤ ℓ (i.e., the first ℓ tokens are not
<x>), it holds that for any i ∈ [T ],

if ⟨v̂i,u<x>⟩ = 1, then si,i−l > 1− ε, otherwise si,1 > 1− ε,

where si,j is the attention score from the i-th token to the j-th token as defined in Algorithm 2
with the input sequence (v̂1 + p1, . . . , v̂T + pT ).

Proof. Note that (C.1) implies that each input embedding is a normalized superposition of
token embeddings in the vocabulary. We aim to construct an attention head such that when
the i-th token is <x>, it will pay almost all attention to the position i− ℓ, otherwise it will
pay almost all attention to the BOS token <s> (known as the attention sink). Define vector
ũ ¯<x> =

∑
v∈Voc\{<x>} ũv ∈ RdTE , which is the superposition of all token embeddings in the
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vocabulary except for <x>. We define

WQ =

[
0dPE×dTE 0dPE×dTE 0dPE×dTE IdPE

ξp̄1 ⊗ ũ ¯<x> 0dPE×dTE 0dPE×dTE 0dPE×dPE

]
∈ R(2dPE)×d,

WK =

[
0dPE×dTE 0dPE×dTE 0dPE×dTE ηR(ℓ)

0dPE×dTE 0dPE×dTE 0dPE×dTE ηIdPE

]
∈ R(2dPE)×d,

where ξ, η > 0 will be specified later and R(ℓ) is defined as in Lemma 33. Therefore,

qi = WQ(v̂i + pi) =

[
p̄i

ξ⟨ũ ¯<x>, ˜̂vi⟩p̄1

]
, ki = WK(v̂i + pi) =

[
ηR(ℓ)p̄i

ηp̄i

]
=

[
ηp̄i+ℓ

ηp̄i

]
.

Now for any 1 ≤ j ≤ i ≤ T , we have

⟨qi,kj⟩ = η
(
⟨p̄i, p̄j+ℓ⟩+ ξ⟨ũ ¯<x>, ˜̂vi⟩⟨p̄1, p̄j⟩

)
.

Now we fix i ∈ [T ]. We first consider the case where ⟨v̂i,u<x>⟩ = 1 (which also implies
i > ℓ). By (C.1) and the assumption that token embeddings are orthonormal, we have

⟨˜̂vi, ũv⟩ = ⟨v̂i,uv⟩ = 0, ∀v ∈ Voc\{<x>} =⇒ ⟨˜̂vi, ũ ¯<x>⟩ = 0.

Therefore, we have ⟨qi,kj⟩ = η⟨p̄i, p̄j+ℓ⟩. By Lemma 34, we have

⟨qi,ki−ℓ⟩ = η⟨p̄i, p̄(i−ℓ)+ℓ⟩ = η⟨p̄i, p̄i⟩ = ηdPE/2

and

⟨qi,kj⟩ = η⟨p̄i, p̄j+ℓ⟩ ≤ ηdPE/2− ηεT , ∀j ̸= i− ℓ.

where εT > 0 is defined in Lemma 34. This implies ⟨qi,kj⟩ is maximized when j = i− ℓ with
a non-zero gap ηεT , and therefore, we have

si,i−ℓ =
exp(⟨qi,ki−ℓ⟩)∑
j∈[i] exp(⟨qi,kj⟩)

≥ exp(ηεT )

exp(ηεT ) + (i− 1)
. (C.2)

Now we consider the case where ⟨v̂i,u<x>⟩ = 0. Again, by (C.1) and the orthonormal
assumption of token embeddings, we have

⟨˜̂vi, ũ ¯<x>⟩ =
∑

v∈Voc\{<x>}

⟨v̂i,uv⟩ =
∑

v∈Voc\{<x>}

λi,v ≥
∑

v∈Voc\{<x>}

λ2
i,v = 1.

By Lemma 34, we can define ξ = maxj=2,...,T
2dPE

⟨p̄1,p̄1⟩−⟨p̄1,p̄j⟩ , and thus

ξ(⟨p̄1, p̄1⟩ − ⟨p̄1, p̄j⟩) ≥ 2dPE, ∀j ∈ {2, . . . , T}.
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Note that for any j ∈ {2, . . . , T}, we have

⟨qi,k1⟩ − ⟨qi,kj⟩
=η
(
ξ⟨ũ ¯<x>, ˜̂vi⟩ (⟨p̄1, p̄1⟩ − ⟨p̄1, p̄j⟩)− (⟨p̄i, p̄j+ℓ⟩ − ⟨p̄i, p̄1+ℓ⟩)

)

≥η (2dPE − dPE)

=ηdPE.

Therefore,

si,1 =
exp(⟨qi,k1⟩)∑
j∈[i] exp(⟨qi,kj⟩)

≥ exp(ηdPE)

exp(ηdPE) + (i− 1)
. (C.3)

By choosing a sufficiently large η, the lower bound of (C.2) and (C.3) will both exceed 1− ε
and thus the proof is complete.

C.2.2 Proof of Lemma 4

Note that in the proof sketch of Lemma 4, we showed how to prove the lemma by induction.
Here, we use an alternative way that only requires a single forward pass of the transformer.
Note that the continuous thoughts are generated in an autoregressive manner, i.e., for an input
sequence v̂[T ] = (v̂1, . . . , v̂T ), we have v̂

(L)
t = TFθ(v̂[t]), where v̂

(L)
t is defined in Algorithm 1

with the input sequence v̂[T ]. This means for a sequence of length t, appending additional
vectors at the end of the sequence does not affect the computation of the first t positions.
This means, instead of proving the following property inductively for each c = 0, 1, . . . , C − 1:

[tc+1] = TFθ(v̂[t0], [t1], . . . , [tc])

where for each c, it holds [tc] = 1√
|Vc|

∑
v∈Vc

uv and v̂[t0] is defined as in Section 4.3, we can

instead prove by a single forward pass by setting the input embedding

v̂t0+c =
1√
|Vc|

∑

v∈Vc

uv, ∀c ∈ [C], (C.4)

and additionally setting v̂T = v̂t0+C+1 = u<A>, and prove the hidden embedding in the last
layer with input v̂[T ] satisfies

v̂
(L)
t0+c =

1√
|Vc+1|

∑

v∈Vc+1

uv, ∀0 ≤ c ≤ C.

In Section C.2.3, we construct the parameter for each component of the two-layer transformer.
Finally, Proposition 8 precisely provides the result we desire.
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C.2.3 Construction of transformer parameters

Proposition 5 (First layer attention). For any fixed ε ∈ (0, 1/2), there exists a construction

of key and query matrices for first layer attention heads {W (0,h)
Q ,W

(0,h)
K }h=0,...,4 s.t. for any

input embeddings v̂ = (v̂1, . . . , v̂t) satisfying the format specified in Section C.2.2, the value
of following terms exceed 1− ε for all i ∈ [t]:

• s
(0,0)
i,i−2 if v̂i = u<e>, and s

(0,0)
i,1 otherwise; s

(0,1)
i,i−1 if v̂i = u<e>, and s

(0,1)
i,1 otherwise;

• s
(0,2)
i,i−2 if v̂i = u<R>, and s

(0,2)
i,1 otherwise; s

(0,3)
i,i−1 if v̂i = u<R>, and s

(3)
i,1 otherwise;

• s
(0,4)
i,i−1 if v̂i = u<A>, and s

(0,4)
i,1 otherwise;

where s
(0,h)
i ← SoftMax(⟨q(h)

i ,k
(h)
1 ⟩, . . . , ⟨q(h)

i ,k
(h)
i ⟩) ∈ Ri and k

(h)
i = W

(0,h)
K v̂

(0)
i ,q

(h)
i =

W
(0,h)
Q v̂

(0)
i , v̂

(0)
i = v̂i + pi.

Proof. Note that each of the attention heads is an attention chooser as defined in Lemma 32.
Therefore, the proposition directly holds by constructing each attention head as described in
Lemma 32.

By Proposition 5, each edge token <e> will pay attention to its corresponding source
node and target node. Also, the reasoning token <R> will pay attention to two candidate
destination nodes, and the answer token <A> will pay attention to the last continuous thought.
When no token or position needs to be paid attention to for some attention heads, it will
dump attention to the BOS token <s>, a phenomenon known as attention sink. Since the
attention after softmax cannot exactly be zero, there will be undesired tokens with noise-level
magnitude copied to each position. The subsequent MLP layer will filter out the noise. We
formalize the above statements rigorously in the following proposition.

Proposition 6 (First layer MLP). When the input sequence v̂[T ] satisfies conditions in

Section C.2.2, there exists a construction of θ
(0,h)
Attn for h ∈ {0, . . . , 4}, θ(0)MLP such that the

output of the first layer v̂(1) satisfies:

• v̂
(1)
Idx(<e>,i) =

1√
3
[ũ⊤

<e> ũ⊤
si

ũ⊤
ti

0⊤
dPE

]⊤, ∀i ∈ [m]

• v̂
(1)
Idx(<R>) =

1√
3
[ũ⊤

<R> 0⊤
dTE

(ũc1 + ũc2)
⊤ 0⊤

dPE
]⊤

• v̂
(1)
Idx(<A>) =

1√
|VC |+1

[
ũ⊤
<A>

∑
v∈VC

ũ⊤
v 0⊤

dTE
0⊤
dPE

]⊤

• v̂
(1)
Idx([ti])

= 1√
|Vi|

[∑
v∈Vi

ũ⊤
v 0⊤

dTE
0⊤
dTE

0⊤
dPE

]⊤
, ∀i ∈ [C]

• v̂
(1)
i = v̂i for other i ∈ [T ].



APPENDIX C. APPENDIX FOR CHAIN-OF-CONTINUOUS-THOUGHT THEORY 144

Proof. We use the construction in Proposition 5 for {W (0,h)
Q ,W

(0,h)
K }h=0,...,4. For each position,

after attending to the desired tokens, each attention head will copy the attended tokens to
one of the two buffer spaces. Formally, we provide the construction of value and output
matrices for each head below. First, the value matrices are constructed as

W
(0,h)
V = [IdTE − ũ<s> ⊗ ũ<s> 0dTE×(d−dTE)] ∈ RdTE×d, h = 0, . . . , 4.

By construction, we have v
(h)
i = W

(0,h)
V v̂

(0)
i = content(v̂i) · 1{i > 1} = ˜̂vi · 1{i > 1} for

i ∈ [T ], h ∈ {0, . . . , 4}. This is due to the input format specified in Section C.2.2, which
ensures that only ˜̂v1 contains ũ<s>.

Now we construct output matrices such that the h-th attention head copies the content
of the attended token to buffer 1 for h = 0, 4, and to buffer 2 for h = 1, 2, 3. Formally, we
construct

W
(0,h)
O =[0dTE×dTE IdTE 0dTE×dTE 0dTE×dPE ]

⊤ ∈ Rd×dTE , h = 0, 4,

W
(0,h)
O =[0dTE×dTE 0dTE×dTE IdTE 0dTE×dPE ]

⊤ ∈ Rd×dTE , h = 1, 2, 3.

Therefore, it holds that W
(0,h)
O v

(h)
i = [0⊤

dTE
˜̂v
⊤
i · 1{i > 1} 0⊤

dTE
0⊤
dPE

]⊤ for h = 0, 4 and

W
(0,h)
O v

(h)
i = [0⊤

dTE
0⊤
dTE

˜̂v
⊤
i · 1{i > 1} 0⊤

dPE
]⊤ for h = 1, 2, 3, and thus we have

Attn
θ
(0,h)
Attn

(v̂(0))i =
i∑

j=1

s
(0,h)
i,j W

(0,h)
O v

(h)
j =

[
0⊤
dTE

i∑

j=2

s
(0,h)
i,j

˜̂v
⊤
j 0⊤

dTE
0⊤
dPE

]⊤
, h = 0, 4,

Attn
θ
(0,h)
Attn

(v̂(0))i =
i∑

j=1

s
(0,h)
i,j W

(0,h)
O v

(h)
j =

[
0⊤
dTE

0⊤
dTE

i∑

j=2

s
(0,h)
i,j

˜̂v
⊤
j 0⊤

dPE

]⊤
, h = 1, 2, 3,

where s
(0,h)
i,j is defined as in Proposition 5. Therefore, the output at position i of the first

attention layer is

v̂
(0.5)
i = v̂

(0)
i +

4∑

h=0

Attn
θ
(0,h)
Attn

(v̂(0))i =

[
˜̂v
⊤
i

∑

h=0,4

i∑

j=2

s
(0,h)
i,j

˜̂v
⊤
j

3∑

h=1

i∑

j=2

s
(0,h)
i,j

˜̂v
⊤
j pos(pi)

⊤

]⊤
.

Next, we construct the parameters of the MLP of the first layer. For notation convenience
and by the input format in Section C.2.2, we can decompose ˜̂vi =

∑V
j=1 λ

(0)
i,j ũj = Uλ

(0)
i where

λ
(0)
i = [λ

(0)
i,1 , λ

(0)
i,2 , . . . , λ

(0)
i,V ]

⊤ ∈ RV . Let

MLP
θ
(0)
MLP

(v̂(0.5))i = W
(0)
2 σ(0)

ε (W
(0)
1 v̂

(0.5)
i ) ∈ Rd

which is a two-layer neural network. Let W
(0)
1 = [diag(()U⊤,U⊤,U⊤),0(3V )×dPE ] ∈ R3V×d.

Then

W
(0)
1 v̂

(0.5)
i =




U⊤Uλ
(0)
i

U⊤U
∑

h=0,4

∑i
j=2 s

(0,h)
i,j λ

(0)
j

U⊤U
∑3

h=1

∑i
j=2 s

(0,h)
i,j λ

(0)
j


 =




λ
(0)
i∑

h=0,4

∑i
j=2 s

(0,h)
i,j λ

(0)
j∑3

h=1

∑i
j=2 s

(0,h)
i,j λ

(0)
j


 ∈ R3V .
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Let σ
(0)
ε (·) be a coordinate-wise non-linearity such that σ

(0)
ε (x) = 1{x ≥ ε} for x ∈ R. We

choose ε = 1
2
√
n
where n is the (maximum possible) number of vertices in the graph. We denote

i
(h)
∗ = argmaxj≤i s

(0,h)
i,j , i.e., i

(h)
∗ is the position that position i pays the most attention within

head h. By Proposition 5, we can construct key and query matrices such that s
(0,h)

i,i
(h)
∗

> 1− ε/5

for any i and h. Also, by the input format especially by (C.4), λ
(0)
i,k ∈ {0, 1}∪{1/

√
i | i ∈ [n]},

which implies that any non-zero λ
(0)
i,k satisfies λ

(0)
i,k ∈ [2ε, 1] and all non-zero entries of λ

(0)
i share

the same value for any fixed i. Then by definition of σ
(0)
ε (·), we have σ

(0)
ε (λ

(0)
i ) =

λ
(0)
i

∥λ(0)
i ∥∞

.

Now we analyze
∑i

j=2 s
(0,h)
i,j λ

(0)
j . For any k ∈ [V ], we consider

∑i
j=2 s

(0,h)
i,j λ

(0)
j,k . If i

(h)
∗ = 1,

then we have

i∑

j=2

s
(0,h)
i,j λ

(0)
j,k ≤

(
i∑

j=2

s
(0,h)
i,j

)
· max
2≤j≤i

λ
(0)
j,k <

ε

5
· 1 =

ε

5
.

If i
(h)
∗ > 1, we have

i∑

j=2

s
(0,h)
i,j λ

(0)
j,k = s

(0,h)

i,i
(h)
∗
λ
(0)

i
(h)
∗ ,k

+
i∑

j=2,j ̸=i
(h)
∗

s
(0,h)
i,j λ

(0)
j,k .

When λ
(0)

i
(h)
∗ ,k

= 0, we can obtain that

i∑

j=2

s
(0,h)
i,j λ

(0)
j,k =

i∑

j=2,j ̸=i
(h)
∗

s
(0,h)
i,j λ

(0)
j,k ≤




i∑

j=2,j ̸=i
(h)
∗

s
(0,h)
i,j


 · max

2≤j≤i
λ
(0)
j,k <

ε

5
.

When λ
(0)

i
(h)
∗ ,k

> 0, we can obtain that

i∑

j=2

s
(0,h)
i,j λ

(0)
j,k ≥ s

(0,h)

i,i
(h)
∗
λ
(0)

i
(h)
∗ ,k
≥ (1− ε/5) · 2ε ≥ ε.

Therefore, σ
(0)
ε (
∑

h=0,4

∑i
j=2 s

(0,h)
i,j λ

(0)
j,k) = 1

{⋃
h=0,4

((
i
(h)
∗ > 1

)
∩
(
λ
(0)

i
(h)
∗ ,k

> 0
))}

, ∀k ∈ [V ].

Also, by Proposition 5, for any i ∈ [T ] and k ∈ [V ], there is at most one h ∈ {0, . . . , 4} such
that i

(h)
∗ > 1 and λ

(0)

i
(h)
∗ ,k

> 0 hold simultaneously. Therefore, σ
(0)
ε (
∑

h=0,4

∑i
j=2 s

(0,h)
i,j λ

(0)
j,k) =∑

h=0,4 1{i
(h)
∗ > 1} · 1{λ(0)

i
(h)
∗ ,k

> 0}, ∀k ∈ [V ], and thus we can write this compactly

σ(0)
ε (
∑

h=0,4

i∑

j=2

s
(0,h)
i,j λ

(0)
j ) =

∑

h=0,4

1{i(h)∗ > 1} · 1{λ(0)

i
(h)
∗

> 0V }.
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Similarly, we have

σ(0)
ε (

3∑

h=1

i∑

j=2

s
(0,h)
i,j λ

(0)
j ) =

3∑

h=1

1{i(h)∗ > 1} · 1{λ(0)

i
(h)
∗

> 0V }.

Therefore,

σ(0)
ε (W

(0)
1 v̂

(0.5)
i ) =




λ
(0)
i /∥λ(0)

i ∥∞∑
h=0,4 1{i

(h)
∗ > 1} · 1{λ(0)

i
(h)
∗

> 0V }
∑3

h=1 1{i
(h)
∗ > 1} · 1{λ(0)

i
(h)
∗

> 0V }


 ∈ R3V .

Finally, we set W
(0)
2 = W

(0)⊤
1 = [diag(()U⊤,U⊤,U⊤),0(3V )×dPE ]

⊤ ∈ Rd×3V , and thus

MLP
θ
(0)
MLP

(v̂(0.5))i =




Uλ
(0)
i /∥λ(0)

i ∥∞
U
∑

h=0,4 1{i
(h)
∗ > 1} · 1{λ(0)

i
(h)
∗

> 0V }
U
∑3

h=1 1{i
(h)
∗ > 1} · 1{λ(0)

i
(h)
∗

> 0V }
0dPE



∈ Rd.

Now we derive the output of the MLP for different positions i.
For i = Idx(<e>, k) = 3k + 1 where k ∈ [m], we have i

(0)
∗ = i − 2 = Idx(sk) and

i
(1)
∗ = i − 1 = Idx(tk). Note that i

(h)
∗ = 1 for h = 2, 3, 4. Also, λ

(0)
Idx(sk)

= esk , λ
(0)
Idx(tk)

= etk

and λ
(0)
i = e<e> are all V -dimensional one-hot vectors. Therefore, we have

MLP
θ
(0)
MLP

(v̂(0.5))Idx(<e>,k) = [ũ⊤
<e> ũ⊤

sk
ũ⊤
tk

0⊤
dPE

]⊤.

For i = Idx(<R>) = 3m+ 5, we have i
(2)
∗ = i− 2 = Idx(c1) and i

(3)
∗ = i− 1 = Idx(c2). Note

that i
(h)
∗ = 1 for h = 0, 1, 4. Also, λ

(0)
i−2 = ec1 and λ

(0)
i−1 = ec2 ,λ

(0)
i = e<R>. Therefore,

MLP
θ
(0)
MLP

(v̂(0.5))Idx(<R>) = [ũ⊤
<R> 0⊤

dTE
(ũc1 + ũc2)

⊤ 0⊤
dPE

]⊤.

For i = Idx(<A>) = t0 + C + 1, we have i
(4)
∗ = i− 1 and i

(h)
∗ = 1 for 0 ≤ h ≤ 3. Note that

λ
(0)
i = e<A>, λ

(0)
i−1 = λ

(0)
Idx([tC])

= 1√
|VC |

∑
v∈VC

ev where VC is the set of vertices reachable from

r within C steps. Then we have

MLP
θ
(0)
MLP

(v̂(0.5))Idx(<A>) =

[
ũ⊤
<A>

∑

v∈VC

ũ⊤
v 0⊤

dTE
0⊤
dPE

]⊤
.

For i = Idx([tc]) = t0+ c for c ∈ [C], we have i
(h)
∗ = 1 for all h and λ

(0)
i = 1√

|Vc|

∑
v∈Vc

ev,

and thus

MLP
θ
(0)
MLP

(v̂(0.5))Idx([tc]) =

[∑

v∈Vc

ũ⊤
v 0⊤

dTE
0⊤
dTE

0⊤
dPE

]⊤
.
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For remaining i, we have i
(h)
∗ = 1 for all h and λ

(0)
i is one-hot. So

MLP
θ
(0)
MLP

(v̂(0.5))i =
[
˜̂v
⊤
i 0⊤

dTE
0⊤
dTE

0⊤
dPE

]⊤
= v̂i.

By applying layer normalization, we can obtain the final result.

Note that Proposition 6 shows that after the first layer, each <e> token will copy its
corresponding source and target token embeddings into its two buffer spaces, respectively.
For the second layer, since it is the last layer, we only need to focus on positions for current
thoughts Idx([tc]) = t0 + c and the position for the final prediction Idx(<A>) = T . Since we
only need one attention head for the second attention layer, we will omit the index for heads
and only keep the index for layers.

Proposition 7 (Second layer attention). Under the construction of Proposition 6 and input
format specified in Section C.2.2, for any fixed ε ∈ (0, 1/2), there exists a construction of the

second-layer attention parameters θ
(1)
Attn = (W

(1)
Q ,W

(1)
K ,W

(1)
V ,W

(1)
O ) s.t.

v̂
(1.5)
Idx([tc])

=




1√
|Vc|

∑
v∈Vc

ũv +

∑m
j=1,sj∈Vc

ũtj√
3|{j|sj∈Vc,j∈[m]}|

0d−dTE


+

[
Uε(c)

0d−dTE

]
, ∀c ∈ {0} ∪ [C],

and

v̂
(1.5)
Idx(<A>) =




1√
|VC |+1

ũ<A> +
1√
3
(ũc1 + ũc2)

1√
|VC |+1

∑
v∈VC

ũv

0dTE+dPE


+



Uε(C+1)

0dTE

0dTE+dPE


 ,

where ε(c) ∈ RV and ∥ε(c)∥∞ < ε for all c ∈ {0} ∪ [C + 1].

Proof. In the second attention layer, we aim to construct key and query matrices such that
(1) the current thought [tc] will pay attention to all edges if the source node of the edge is
contained in the superposition (see Figure 4.3); (2) the answer token <A> pays large attention
to the reasoning token <R> which stores the two candidate destination tokens in its buffer
space (see Figure C.1).

First, we construct

W
(1)
Q =[IdTE 0dTE×dTE 0dTE×dTE 0dTE×dPE ] ∈ RdTE×d,

W
(1)
K =[τ ũ<A> ⊗ ũ<R> τIdTE 0dTE×dTE 0dTE×dPE ] ∈ RdTE×d,

where the value of τ > 0 will be decided later.
We define qi = W

(1)
Q v̂

(1)
i , ki = W

(1)
K v̂

(1)
i and let

si,j =
exp(⟨qi,kj⟩)∑

j′≤i exp(⟨qi,kj′⟩)
.
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Figure C.1: Illustration of the second layer attention mechanism for final prediction.

Note that we have T = Idx(<A>) = t0 + C + 1. By the construction of the query and key

matrices, we have qi = content(v̂
(1)
i ), ∀i ∈ [T ], kIdx(<R>) = τ · buffer1(v̂(1)

Idx(<R>)) + τ ũ<A> and

ki = τ · buffer1(v̂(1)
i ) for other i. Now we consider attention weights for i = Idx([tc]) =

t0 + c, ∀c ∈ {0} ∪ [C] and i = Idx(<A>) = T .
For i = Idx([tc]) for any fixed c ∈ {0} ∪ [C], we have qi =

1√
|Vc|

∑
v∈Vc

ũv. By Proposi-

tion 6, we have kIdx(<e>,j) =
τ√
3
ũsj for j ∈ [m], kIdx(<R>) = τ ũ<A> and kj = 0 for other j ≤ i.

Define Ic = {Idx(<e>, j) | sj ∈ Vc for j ∈ [m]}. Therefore,

⟨qi,kj⟩ =
τ√
3|Vc|

1{j ∈ Ic}.

Then we have

si,j =
exp

(
τ/
√

3|Vc|
)
· 1{j ∈ Ic}

|Ic| exp
(
τ/
√

3|Vc|
)
+ (i− |Ic|)

+
1{j /∈ Ic}

|Ic| exp
(
τ/
√

3|Vc|
)
+ (i− |Ic|)

.

For i = Idx(<A>) = T , note that qT = 1√
|VC |+1

ũ<A>. Then ⟨qT ,kj⟩ is non-zero only when

j = Idx(<R>), and the inner product is τ√
|VC |+1

. Then we have

sT,j =
exp

(
τ/
√
|VC |+ 1

)
· 1{j = Idx(<R>)}

exp
(
τ/
√
|VC |+ 1

)
+ (T − 1)

+
1{j ̸= Idx(<R>)}

exp
(
τ/
√
|VC |+ 1

)
+ (T − 1)

.

By choosing a large enough τ , we have that

sIdx([tc]),j =(
1

|Ic|
− εc,1) · 1{j ∈ Ic}+ εc,2 · 1{j /∈ Ic}, ∀c ∈ {0} ∪ [C],

sT,j =(1− εC+1,1) · 1{j = Idx(<R>)}}+ εC+1,2 · 1{j ̸= Idx(<R>)},

where εc,1, εc,2 ∈ (0, ε/T ), ∀c ∈ {0} ∪ [C + 1].
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Now we construct the value and output matrix where

W
(1)
V =[0dTE×dTE 0dTE×dTE IdTE 0dTE×dPE ] ∈ RdTE×d,

W
(1)
O =[IdTE 0dTE×(d−dTE)]

⊤ ∈ Rd×dTE .

Then vi
∆
= W

(1)
V v̂

(1)
i = buffer2(v̂

(1)
i ) ∈ RdTE reads from buffer space 2, and W

(1)
O vi =

[buffer2(v̂
(1)
i )⊤ 0⊤

d−dTE
]⊤ ∈ Rd writes to the content space. Note that

Attn
θ
(1)
Attn

(v̂(1))i =
i∑

j=1

si,jW
(1)
O vj =

[∑i
j=1 si,jbuffer2(v̂

(1)
j )

0d−dTE

]
.

Since, v̂
(1.5)
i = v̂

(1)
i + Attn

θ
(1)
Attn

(v̂(1))i, we have

v̂
(1.5)
Idx([tc])

=

[
1√
|Vc|

∑
v∈Vc

ũv + ( 1
|Ic| − εc,1)

∑m
j=1,sj∈Vc

ũtj√
3
+ εc,2

∑
j∈[t0+c]\Ic buffer2(v̂

(1)
j )

0d−dTE

]

and

v̂
(1.5)
T =




1√
|VC |+1

ũ<A> + (1− εC+1,1)
ũc1+ũc2√

3
+ εC+1,2

∑
j∈[T ]\{Idx(<R>)} buffer2(v̂

(1)
j )

1√
|VC |+1

∑
v∈VC

ũv

0dTE+dPE


 .

Combining the fact that buffer2(v̂
(1)
j ) is either zero or equal to the superposition of ũv for

some v ∈ Voc with norm less than 1, we can obtain the final result.

After the second-layer attention, the current thought v̂
(1.5)
t0+c now contains all vertices in

Vc and all vertices that can be reached within one step from Vc, which is Vc+1 by definition.
The subsequent MLP layer will then equalize the weights of each vertex and eliminate the
noise in the continuous thought.

Proposition 8 (Second layer MLP). Under the construction of Proposition 7 and the input

format specified by Section C.2.2, there exists a construction of θ
(1)
MLP such that the output of

the second-layer MLP satisfies:

• v̂
(2)
Idx([tc])

= 1√
|Vc+1|

∑
v∈Vc+1

uv, ∀c ∈ {0} ∪ [C],

• v̂
(2)
Idx(<A>) =

1√
|VC |+5

(uc1 + uc2 + u<A> +
∑

v∈VC
uv).
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Proof. Similar to Proposition 6, we let

MLP
θ
(1)
MLP

(v̂(1.5))i = W
(1)
2 σ(1)

ε (W
(1)
1 v̂

(1.5)
i ) ∈ Rd

where ε > 0 and the (elementwise) non-linearity σ
(1)
ε (·) will be specified later. We only

consider v̂
(1.5)
i where i = t0 + c for 0 ≤ c ≤ C + 1. By Proposition 7, we can decompose

v̂
(1.5)
t0+c =




Uλ(c)

0dTE

0dTE+dPE


 ∀c ∈ {0} ∪ [C], v̂

(1.5)
T =




Uη(1)

Uη(2)

0dTE+dPE


 ,

where λ(c) = [λ
(c)
1 , . . . , λ

(c)
V ]⊤,η(1) = [η

(1)
1 , . . . η

(1)
V ]⊤,η(2) = [η

(2)
1 , . . . η

(2)
V ]⊤ ∈ RV . Let

W
(1)
1 =

[
U⊤ 0V×(dTE+dPE)

U⊤ 0V×(dTE+dPE)

]
∈ R(2V )×d, W

(1)
2 =

[
U U

0(d−dTE)×V 0(d−dTE)×V

]
∈ Rd×(2V ),

and σ
(1)
ε (x) = 1{x ≥ ε}. Then

MLP
θ
(1)
MLP

(v̂(1.5))t0+c =W
(1)
2 σ(1)

ε (W
(1)
1 v̂

(1.5)
t0+c)

=W
(1)
2 σ(1)

ε (

[
U⊤ 0V×(dTE+dPE)

U⊤ 0V×(dTE+dPE)

]


Uλ(c)

0dTE

0dTE+dPE


)

=

[
U U

0(d−dTE)×V 0(d−dTE)×V

]
σ(1)
ε (

[
U⊤Uλ(c)

0V

]
)

=

[
Uσ

(1)
ε (λ(c))
0d−dTE

]
,

and similarly,

MLP
θ
(1)
MLP

(v̂(1.5))T =W
(1)
2 σ(1)

ε (W
(1)
1 v̂

(1.5)
T )

=W
(1)
2 σ(1)

ε (

[
U⊤ 0V×(dTE+dPE)

U⊤ 0V×(dTE+dPE)

]


Uη(1)

Uη(2)

0dTE+dPE


)

=

[
U U

0(d−dTE)×V 0(d−dTE)×V

]
σ(1)
ε (

[
U⊤Uη(1)

U⊤Uη(2)

]
)

=

[
U
(
σ
(1)
ε (η(1)) + σ

(1)
ε (η(2))

)

0d−dTE

]
.

Now we choose ε = 1
4n

where n = |V| is the number of vertices in the graph. By
Proposition 7, we can make sure that ∥ε(c)∥∞ < 1

16n
for all c ∈ {0} ∪ [C + 1] where ε(c) is
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defined in Proposition 7. We define ∆c = {tj | sj ∈ Vc, j ∈ [m]} which is the set of vertices
that can be reached within one step from the currently explored vertex set Vc. By definition,
we have Vc+1 = Vc ∪∆c. We consider any fixed c ∈ {0} ∪ [C]. For v ∈ Vc ∪∆c, it holds that

λ(c)
v ≥ min{1/

√
|Vc|, 1/(

√
3|∆c|)}+ ε(c)v ≥

1

2n
− 1

16n
>

1

4n
= ε.

For other v,

λ(c)
v ≤ ε(c)v <

1

16n
< ε.

Therefore, σ
(1)
ε (λ

(c)
v ) = 1{v ∈ Vc ∪∆c} = 1{v ∈ Vc+1}, and thus we have

MLP
θ
(1)
MLP

(v̂(1.5))t0+c =

[∑
v∈Vc+1

ũv

0d−dTE

]
, ∀c ∈ {0} ∪ [C].

Also, we have η
(1)
c1 = 1√

3
+ε

(C+1)
c1 , η

(1)
c2 = 1√

3
+ε

(C+1)
c2 , η

(1)
<A> =

1√
|VC |+1

+ε
(C+1)
<A> , and η

(1)
v < 1

4n

for other v ∈ Voc. Moreover, η
(2)
v = 1√

|VC |+1
·1{v ∈ VC}, which implies σ

(1)
ε (η

(2)
v ) = 1{v ∈ VC}.

Then

MLP
θ
(1)
MLP

(v̂(1.5))T =

[
ũc1 + ũc2 + ũ<A> +

∑
v∈VC

ũv

0d−dTE

]
.

Note that by our construction of the input sequence, one and only one of ci is in VC , and
thus ∥MLP

θ
(1)
MLP

(v̂(1.5))T∥2 =
√
|VC |+ 5.

By applying layer normalization, we can obtain the final result.

C.2.4 Proof of the main theorem

Proof of Theorem 8. We use the same construction of θ as in Lemma 4 where the maximum
input length is Tmax. By Lemma 4, we have v̂t0+c =

1√
|Vc|

∑
v∈Vc

uv, for 0 ≤ c ≤ C. Then

(v̂1, . . . , v̂T ) satisfies the input format specified in Section C.2.2, and by Proposition 8, we
have

TFθ(v̂1, . . . , v̂T ) = v̂
(2)
T =

1√
|VC |+ 5

(uc1 + uc2 + u<A> +
∑

v∈VC

uv)

=
1√
|VC |+ 5

(2uci∗ + uc3−i∗ + u<A> +
∑

v∈VC\{ci∗}

uv)

since ci∗ ∈ VC and c3−i∗ /∈ VC by the property the graph reachability problem. We set
WO = [u1,u2, . . . ,uV ]

⊤ and then

WOTFθ(v̂1, . . . , v̂T ) =
1√
|VC |+ 5

(2eci∗ + ec3−i∗ + e<A> +
∑

v∈VC\{ci∗}

ev)

=⇒ T̃Fθ,C,WO
(v̂[t0]) = arg max

v∈Voc
WOTFθ(v̂1, . . . , v̂T ) = ci∗ .
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C.2.5 Properties of sinusoidal positional encodings

Lemma 33. For any integer ℓ ≥ 1, there exists a matrix R(ℓ) ∈ RdPE×dPE, such that

p̄i+ℓ = R(ℓ)p̄i, ∀i ≥ 1.

Proof. For any j ∈ [dPE/2], we construction a two-dimensional rotation matrix

R(ℓ,j) =

[
cos(ℓ · ωj) − sin(ℓ · ωj)
sin(ℓ · ωj) cos(ℓ · ωj)

]
.

By definition of the rotation matrix, for any i ≥ 1, we have

R(ℓ,j)

[
p̄i,2j−1

p̄i,2j

]
= R(ℓ,j)

[
cos (i · ωj)
sin (i · ωj)

]
=

[
cos ((i+ ℓ) · ωj)
sin ((i+ ℓ) · ωj)

]
=

[
p̄i+ℓ,2j−1

p̄i+ℓ,2j

]
.

Then by setting R(ℓ) = diag({)R(ℓ,1),R(ℓ,2), . . . ,R(ℓ,dPE/2)} ∈ RdPE×dPE we can obtain the
desired result.

Lemma 34. For any integer T ≥ 1, there exists εT > 0, s.t. ⟨p̄i, p̄j⟩ ≤ dPE/2− εT for any
i, j ∈ [T ] where i ̸= j. Also, ⟨p̄i, p̄i⟩ = dPE/2 for all i ∈ [T ].

Proof. For any i, j ∈ [T ], we have

⟨p̄i, p̄j⟩ =
dPE∑

k=1

pi,kpj,k

=

dPE/2∑

k=1

(cos(i · ωk) cos(j · ωk) + sin(i · ωk) sin(j · ωk))

=

dPE/2∑

k=1

cos((i− j)ωk).

Note that for i = j, we can directly obtain that ⟨pi, pj⟩ = dPE/2 since cos((i−j)ωk) = cos 0 = 1
for i = j and any k ∈ [dPE/2]. Also, since (i − j)ωk = i−j

M2k/dPE
is not a multiplier of 2π for

i ̸= j, k ∈ [dPE/2], we have cos((i− j)ωk) < 1. Let

εT,k = 1− max
i,j∈[T ],i ̸=j

cos((i− j)ωk) > 0, ∀k ∈ [dPE/2],

and let εT =
∑dPE/2

k=1 εT,k > 0. Therefore, for i ̸= j, we have

⟨p̄i, p̄j⟩ =
dPE/2∑

k=1

cos((i− j)ωk) ≤
dPE/2∑

k=1

(1− εT,k) = dPE/2− εT .
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C.2.6 Implementing attention chooser under rotary position
embedding

In this section, we discuss how to extend our constructions under sinusoidal positional
encoding, a widely used absolute positional encoding, to the rotary position embedding
(RoPE) [123], a widely used relative positional encoding, to solve graph reachability. Since in
our construction, the positional encoding only functions in the first attention layer, and the
building blocks of the first attention layers are attention choosers, we mainly focus on how to
build the attention chooser block under RoPE.

Since RoPE is a relative positional encoding, we don’t use pi in computation and thus
don’t need the last dPE entries in the embedding vectors. Also, since the attention chooser
only uses the information in the content space, we omit the two buffer spaces and only keep
two dimensions to make our construction clean and assume d = dTE +2 in this section for the
simplicity of the notation. Therefore, we have uv = [ũ⊤

v , 0, 0]
⊤ ∈ Rd for all v ∈ Voc in this

section, where {ũv}v∈Voc are orthonormal. Also, assume the input embedding of attention

layers satisfies v̂i = [˜̂v
⊤
i , 1, 0]

⊤ ∈ Rd. This can be achieved easily by adding a bias before the
attention layer or modifying the (dTE + 1)-th entry of token embeddings.

Recall the definition of RoPE below:

Definition 3 (Rotary position embedding [123]). Let d be even. For any integer i and any
index k ∈ [d/2], we define

R(i,k) =

[
cos(i · ωk) − sin(i · ωk)
sin(i · ωk) cos(i · ωk)

]
.

Let
R

(i)
TE = diag({)R(i,1),R(i,2), . . . ,R(i,dTE/2)} ∈ RdTE×dTE

and
R(i) = diag({)R(i,1),R(i,2), . . . ,R(i,d/2)} ∈ Rd×d,

where ω = M−2/d and M > 0 is a large constant integer, e.g., M = 104 as chosen in [123].
We make one additional assumption that M ≥ T where T is the maximum length of the input
sequence. Then the query vector qi and key vector ki in Algorithm 2 will be calculated as

qi = R(i)WQv̂i, ki = R(i)WKv̂i.

Now we show the counterpart of Lemma 32 under RoPE below.

Lemma 35 (Attention chooser under RoPE). Fix any token <x> ∈ Voc, integer ℓ ≥ 0,
and ε ∈ (0, 1). Under rotary position embedding as defined in Definition 3, there exists a
construction of WK,WQ ∈ R(2d)×d, such that for any input sequence (v̂1, . . . , v̂T ) that satisfies

˜̂vi =
∑

v∈Voc

λi,vũv, where λi,v ≥ 0 ∀v ∈ Voc,
∑

v∈Voc

λ2
i,v = 1, ∀i ∈ [T ], (C.5)
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and satisfies ⟨ũ<x>, ˜̂vi⟩ ∈ {0, 1} (i.e., each input embedding is either equal to the embedding
of token <x> or orthogonal to it) and ⟨ũ<x>, ˜̂vi⟩ = 0 for i ≤ ℓ (i.e., the first ℓ tokens are not
<x>), it holds that for any i ∈ [T ],

if ⟨˜̂vi, ũ<x>⟩ = 1, then si,i−l > 1− ε, otherwise si,1 > 1− ε,

where si,j is the attention score from the i-th token to the j-th token as defined in Algorithm 2
with the modification defined in Definition 3 with the input sequence (v̂1, . . . , v̂T ).

Proof. Note that (C.5) implies that each input embedding is a normalized superposition of
token embeddings in the vocabulary (ignoring the last two entries). We aim to construct an
attention head such that when the i-th token is <x>, it will pay almost all attention to the
position i− ℓ, otherwise it will pay almost all attention to the BOS token <s> (known as the
attention sink). We define vector ũ ¯<x> =

∑
v∈Voc\{<x>} ũv ∈ Rd, which is the superposition of

all token embeddings in the vocabulary except for <x>. Moreover, for any integer i, we define

pTE
i = (pi,1, . . . , pi,dTE)

⊤ ∈ RdTE , and define pT̃E
i = (pi,d−1, pi,d)

⊤ ∈ R2, where for any j ∈ [d/2],
we have

pi,2j−1 = cos
(
i · ωj

)
, pi,2j = sin

(
i · ωj

)
,

and ω = M−2/dPE where M is defined in Definition 3.
Now we construct query and key matrices to be

WQ =

[
0dTE×dTE pTE

0 ⊗ 12

ξpT̃E
−T ⊗ ũ ¯<x> 02×2

]
∈ Rd×d,

WK =

[
0dTE×dTE ηR

(ℓ)
TE(p

TE
0 ⊗ 12)

02×dTE ηpT̃E
0 ⊗ 12

]
∈ Rd×d,

where ξ, η > 0 will be specified later and R
(ℓ)
TE ∈ RdTE×dTE ,R(−T,d/2) ∈ R2×2 are defined as

in Definition 3 and 1m denotes the all-one vector of dimension m. By Lemma 33, one can
calculate that

R
(j)
TEp

TE
i = pTE

i+j, R(j,d/2)pT̃E
i = pT̃E

i+j, for any integers i, j.

Therefore,

qi =R(i)WQv̂i = R(i)

[
pTE
0

ξ⟨ũ ¯<x>, ˜̂vi⟩pT̃E
−T

]
,

ki =R(i)WKv̂i = R(i)

[
ηR

(ℓ)
TEp

TE
0

ηpT̃E
0

]
= R(i)

[
ηpTE

ℓ

ηpT̃E
0

]
.
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Then for any 1 ≤ j ≤ i ≤ T , we have

⟨qi,kj⟩ =η
(
⟨R(i)

TEp
TE
0 ,R

(j)
TEp

TE
ℓ ⟩+ ξ⟨ũ ¯<x>, ˜̂vi⟩⟨R(i)pT̃E

−T ,R
(j)pT̃E

0 ⟩
)

=η
(
⟨pTE

i ,pTE
j+ℓ⟩+ ξ⟨ũ ¯<x>, ˜̂vi⟩ · ⟨pT̃E

i−j−T ,p
T̃E
0 ⟩
)
.

Now we fix i ∈ [T ]. We first consider the case where ⟨˜̂vi, ũ<x>⟩ = 1 (which also implies
i > ℓ). By (C.5) and the assumption that token embeddings are orthonormal, we have

⟨˜̂vi, ũv⟩ = 0, ∀v ∈ Voc\{<x>} =⇒ ⟨˜̂vi, ũ ¯<x>⟩ = 0.

Therefore, we have ⟨qi,kj⟩ = η⟨pTE
i ,pTE

j+ℓ⟩. By Lemma 34, we have

⟨qi,ki−ℓ⟩ = η⟨pTE
i ,pTE

(i−ℓ)+ℓ⟩ = η⟨pTE
i ,pTE

i ⟩ = ηdTE/2

and

⟨qi,kj⟩ = η⟨pTE
i ,pTE

j+ℓ⟩ ≤ ηdTE/2− ηεT , ∀j ̸= i− ℓ.

where εT > 0. This implies ⟨qi,kj⟩ is maximized when j = i− ℓ with a non-zero gap ηεT ,
and therefore, we have

si,i−ℓ =
exp(⟨qi,ki−ℓ⟩)∑
j∈[i] exp(⟨qi,kj⟩)

≥ exp(ηεT )

exp(ηεT ) + (i− 1)
. (C.6)

Now we consider the case where ⟨˜̂vi, ũ<x>⟩ = 0. Again, by (C.5) and the orthonormal
assumption of token embeddings, we have

⟨˜̂vi, ũ ¯<x>⟩ =
∑

v∈Voc\{<x>}

⟨˜̂vi, ũv⟩ =
∑

v∈Voc\{<x>}

λi,v ≥
∑

v∈Voc\{<x>}

λ2
i,v = 1.

Note that for any j ∈ {2, . . . , i},

⟨pT̃E
i−j−T ,p

T̃E
0 ⟩ =cos((i− j − T )ωd/2)

= cos

(
T − (i− j)

M

)

< cos

(
T − (i− 1)

M

)

=⟨pT̃E
i−1−T ,p

T̃E
0 ⟩,

where the inequality holds due to M ≥ T and the cosine function decreases strictly in [0, 1].
Then, we can define ξ = max1≤j<i≤T

2dPE

⟨pT̃E
i−1−T ,pT̃E

0 ⟩−⟨pT̃E
i−j−T ,pT̃E

0 ⟩
, and thus

ξ
(
⟨pT̃E

i−1−T ,p
T̃E
0 ⟩ − ⟨pT̃E

i−j−T ,p
T̃E
0 ⟩
)
≥ 2dPE, ∀1 ≤ j < i ≤ T.
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Note that for any j ∈ {2, . . . , T}, we have

⟨qi,k1⟩ − ⟨qi,kj⟩
=η
(
ξ⟨ũ ¯<x>, ˜̂vi⟩

(
⟨pT̃E

i−1−T ,p
T̃E
0 ⟩ − ⟨pT̃E

i−j−T ,p
T̃E
0 ⟩
)
− (⟨p̄i, p̄j+ℓ⟩ − ⟨p̄i, p̄1+ℓ⟩)

)

≥η (2dPE − dPE)

=ηdPE.

Therefore,

si,1 =
exp(⟨qi,k1⟩)∑
j∈[i] exp(⟨qi,kj⟩)

≥ exp(ηdPE)

exp(ηdPE) + (i− 1)
. (C.7)

By choosing a sufficiently large η, the lower bound of (C.6) and (C.7) will both exceed 1− ε
and thus the proof is complete.

C.3 Experiment Details

C.3.1 Dataset

Table C.3: ProsQA statistics. Numbers are averaged over problem instances.

#Problems |V | |E| Sol. Len.

Train 14785 22.8 36.5 3.5
Val 257 22.7 36.3 3.5
Test 419 22.7 36.0 3.5

The statistics of the ProsQA dataset is shown in Table C.3.

C.3.2 Stability of the Representation

Table C.4: The inner products between i-th continuous thoughts and nodes (3 runs with
different random seeds).

Step 1 Step 2 Step 3 Step 4

Not Reachable −0.37,−0.25,−0.33 −0.26,−0.04,−0.14 −0.09,−0.01,0.02 −0.25,−0.23,−0.27
Reachable 3.59,3.62,3.71 1.55,1.42,1.37 0.80,0.77,0.62 0.61,0.66,0.53

–Frontier 5.09,5.13,5.38 2.69,2.45,2.63 2.11,1.95,2.01 2.27,2.12,2.29
–Optimal 6.41,6.52,6.84 4.78,4.67,5.11 6.00,5.44,6.43 9.48,8.98,9.58
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To test whether Coconut can always learn the desired superpositional search behavior,
we conduct multiple experiments with 3 random seeds. We report the mean inner products
between continuous thoughts and each node group in Table C.4, following the setting in
Figure 4.6. The results are consistent across multiple runs.

C.3.3 Computing Resources

Each run of Coconut takes about 24 hours on two Nvidia A100 80GB GPUs.
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Appendix D

Appendix for Training Dynamics of
Continuous CoT

D.1 Notation Details

The notation and meaning of each token and the position index are the same as [169]. For
completeness, we provide detailed descriptions of different tokens in Table D.1 (which is Table
2 in [169]), and the position index of different tokens or continuous thoughts in Table D.2
(which is Table 3 in [169]).

Tokens Meanings

<s> a special token denoting the beginning of the sentence
si the source node of edge i
ti the target node of edge i
<e> a special token marking the end of an edge
<Q> a special token followed by two candidate nodes
c1, c2 two candidate destination nodes
<R> a special token marking the start of reasoning
r the root node

[ti] the i-th continuous thought (represented by a d-dimensional vector)
<A> a special token driving the model to make the final prediction

Table D.1: Meaning of each token (Table 2 in [169]).
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Notations Position indices

Idx(<s>) 1
Idx(si) 3i− 1
Idx(ti) 3i

Idx(<e>, i) 3i+ 1
Idx(<Q>) 3m+ 2
Idx(c1) 3m+ 3
Idx(c2) 3m+ 4
Idx(<R>) 3m+ 5
Idx(r) 3m+ 6 = t0

Idx([ti]) t0 + i
Idx(<A>) t0 + C + 1 = T

Table D.2: Position indices of different tokens or continuous thoughts in the input sequence
(Table 3 in [169]).

D.2 Missing Proofs for Section 5.3

In this section, we provide the full proof of theoretical results in Section 5.3. We first
provide theoretical analysis of Coconut-BFS and Coconut in Section D.2.1, Section D.2.2,
respectively, and provide results for continuous thought expansion in Section D.2.3.

D.2.1 Analysis of Coconut-BFS

In this section, we analyze the training dynamics of Coconut-BFS. We first provide the
closed-form formulation of the gradient ∇µvℓ

BFS
G,r = ∇µvℓ

BFS
G,r (µ), where µ = {µv}v∈V is the

set of parameters. We omit the superscript or subscript when the context is clear.

Lemma 36 (Per-instance gradient of µv for Coconut-BFS). Under the loss function of
Coconut-BFS as given in (5.5) and the forward pass as in (5.2), the per-instance gradient
is

∇µvℓ(µ) = −
1({)v ∈ Nc}√

|Nc|
·
∑

v′:(v→v′)∈E exp (ξv′)

exp (ξ+)
· n− |Nc+1|
exp (ξ+) + n− |Nc+1|

for any v ∈ V, where ξ+ = log
(∑

v∈Nc+1
exp (ξv)

)
.
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Proof. First, note that for any v ∈ V , according to (5.2), the logit can be calculated as

ξv =E(v)⊤ (v̂[tc] + ϕ (v̂[tc]; {v̂i}mi=1))

=E(v)⊤

(
v̂[tc] +WV

m∑

i=1

σ
(
v̂⊤
[tc]

Wv̂i

)
v̂i

)

=E(v)⊤

(
v̂[tc] +

m∑

i=1

(v̂⊤
[tc]

Wv̂i)v̂i

)

=E(v)⊤


v̂[tc] +

m∑

i=1



(∑

v′∈Nc

λE(v′)

)⊤∑

v′∈V

µv′E(v
′)Es(v

′)⊤(Es(si) + Et(ti))


 v̂i




=E(v)⊤


v̂[tc] +

m∑

i=1



(∑

v′∈Nc

λE(v′)

)⊤

µsiE(si)


 v̂i




=E(v)⊤

(
v̂[tc] +

m∑

i=1

λµsi1({)si ∈ Nc}v̂i

)

=λ · 1({)v ∈ Nc}+
m∑

i=1

λµsi1({)si ∈ Nc} · 1({)v = ti},

where λ = 1√
|Nc|

. Note that by the definition of Nc, we have ξv = 0 if v /∈ Nc+1. Therefore,

ℓ(µ) =− log

∑
v∈Nc+1

exp (ξv)∑
v∈V exp (ξv)

=− log

∑
v∈Nc+1

exp (λ · 1({)v ∈ Nc}+
∑m

i=1 λµsi1({)si ∈ Nc} · 1({)v = ti})∑
v∈V exp (λ · 1({)v ∈ Nc}+

∑m
i=1 λµsi1({)si ∈ Nc} · 1({)v = ti})

=− log

(
1− n− |Nc+1|∑

v∈V exp (λ · 1({)v ∈ Nc}+
∑m

i=1 λµsi1({)si ∈ Nc} · 1({)v = ti})

)
.

For simplicity, we define exp (ξ+) =
∑

v∈Nc+1
exp (ξv) and thus

ℓ(µ) = − log

(
1− n− |Nc+1|

exp (ξ+) + n− |Nc+1|

)
.
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Then the per-instance gradient can be calculated as

∇µvℓ(µ)

=− exp (ξ+) + n− |Nc+1|
exp (ξ+)

· n− |Nc+1|
(exp (ξ+) + n− |Nc+1|)2

· ∇µv exp (ξ+)

=−
∑

v′∈Nc+1
exp (ξv′)1({)v ∈ Nc}

∑m
i=1 λ1({)si = v, ti = v′}

exp (ξ+)
· n− |Nc+1|
exp (ξ+) + n− |Nc+1|

=− λ · 1({)v ∈ Nc}
∑

v′:(v→v′)∈E exp (ξv′)

exp (ξ+)
· n− |Nc+1|
exp (ξ+) + n− |Nc+1|

.

Now we calculate the gradient of µv over the whole dataset, where the nodes of the graphs
are randomly shuffled. We also write LBFS = LBFS(µ) and omit the superscript when the
context is clear.

Lemma 37 (Whole-dataset gradient of µv for Coconut-BFS). Under the loss function of
Coconut-BFS as given in (5.5) and the forward pass as in (5.2) and assuming all µv have
the same value, the gradient w.r.t. the whole dataset is

∇µvL(µ) = −
exp (−ξ+)
n ·
√
|Nc|

· n− |Nc+1|
exp (ξ+) + n− |Nc+1|

∑

v∈V

dv exp (ξv)

for any v ∈ V which is independent of v, where ξ+ = log
(∑

v∈Nc+1
exp (ξv)

)
.

Proof. Denote ξ
(G,r)
+ = log

(∑
v∈NG

c+1(r)
exp

(
ξ
(G,r)
v

))
, where ξ

(G,r)
v is the logit of v when the

graph in the prompt is G and the start node is r.
According to Lemma 36 and the condition that all µv have the same value, for any

permutation π ∈ SV , we have

ξ
(π(G),π(r))
π(v)

=
1({)π(v) ∈ N π(G)

c (π(r))}+∑m
i=1 µπ(si)1({)π(si) ∈ N π(G)

c (π(r))} · 1({)π(v) = π(ti)}√∣∣∣N π(G)
c (π(r))

∣∣∣

=
1√
|N G

c (r)|

(
1({)v ∈ N G

c (r)}+
m∑

i=1

µsi1({)si ∈ N G
c (r)} · 1({)v = ti}

)

=ξ(G,r)v .
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This also implies

exp
(
ξ
(π(G),π(r))
+

)
=

∑

π(v)∈Nπ(G)
c+1 (π(r))

exp
(
ξ
(π(G),π(r))
π(v)

)

=
∑

v∈NG
c+1(r)

exp
(
ξ(G,r)v

)

=exp
(
ξ
(G,r)
+

)
.

Therefore, by Lemma 36, we can obtain that

∇µπ(v)
ℓπ(G),π(r)(µ)

=− 1({)π(v) ∈ N π(G)
c (π(r))}√∣∣∣N π(G)

c (π(r))
∣∣∣

·
∑

π(v′):(π(v)→π(v′))∈π(E) exp
(
ξ
(π(G),π(r))
π(v′)

)

exp
(
ξ
(π(G),π(r))
+

)

·
n−

∣∣∣N π(G)
c+1 (π(r))

∣∣∣

exp
(
ξ
(π(G),π(r))
+

)
+ n−

∣∣∣N π(G)
c+1 (π(r))

∣∣∣

=− 1({)v ∈ N G
c (r)}√

|N G
c (r)|

·
∑

v′:(v→v′)∈E exp
(
ξ
(G,r)
v′

)

exp
(
ξ
(G,r)
+

) · n−
∣∣N G

c+1(r)
∣∣

exp
(
ξ
(G,r)
+

)
+ n−

∣∣N G
c+1(r)

∣∣

=∇µvℓG,r(µ).

Therefore, we can calculate the gradient with respect to the whole dataset as

∇µvL(µ) =Eπ∼Unif(SV )[∇µvℓπ(G),π(r)(µ)]

=Eπ∼Unif(SV )[∇µπ−1(v)
ℓG,r(µ)]

=Ev′∼Unif(V)[∇µv′
ℓG,r(µ)]

which is independent of v and thus the gradients for µv are equal for all v ∈ V . Furthermore,
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we can calculate that

∇µvL(µ)

=
1

n

∑

v∈V

(
−1({)v ∈ Nc}√

|Nc|
·
∑

v′:(v→v′)∈E exp (ξv′)

exp (ξ+)
· n− |Nc+1|
exp (ξ+) + n− |Nc+1|

)

=− 1

n ·
√
|Nc|

· n− |Nc+1|
exp (ξ+) + n− |Nc+1|

∑

v∈Nc

∑
v′:(v→v′)∈E exp (ξv′)

exp (ξ+)

=− exp (−ξ+)
n ·
√
|Nc|

· n− |Nc+1|
exp (ξ+) + n− |Nc+1|

∑

v∈Nc

∑

v′:(v→v′)∈E

exp (ξv′)

=− exp (−ξ+)
n ·
√
|Nc|

· n− |Nc+1|
exp (ξ+) + n− |Nc+1|

∑

v∈V

dv exp (ξv) .

According to the gradient of µv, we finally show that µv diverges to infinity at least
logarithmically in t.

Lemma 38 (Dynamics of µv for Coconut-BFS). Let µv(t) be the value of µv at time t.
Assume zero-initialization, i.e., µv(0) = 0 for all v ∈ V. Under gradient flow

µ̇v = −α · ∇µvLBFS(µ) (D.1)

where α > 0 is the learning rate, we have

µv(t) ≥ c1 ln (1 + αc2t)

for all v ∈ V where c1 =
1

2
√

|Nc|
, c2 = n−3e−2.

Proof. First, by Lemma 37, all µ̇v have the same value if all µv have the same value. Given
that µv(0) = 0 for all v ∈ V , we can obtain that for any time t, µv(t) have the same value for
all v ∈ V using similar argument as in Lemma 15 of [huang2025generalization].

Now, given any fixed time t ≥ 0, it holds that µv(t) has the same value for all v ∈ V . We
omit t for notation convenience, i.e., using µv to represent µv(t). Below, we first provide a
lower bound of the gradient µ̇v.

Since we are guaranteed that one of c1 and c2 cannot be reached from r, Nc+1 cannot
contain all the vertices in V for any c, and thus n− |Nc+1| ≥ 1. Also, since one of c1 and c2
is guaranteed to be reachable from r, there exists v ∈ V such that dv ≥ 1 for any c. This is
because the start node r ∈ N0 ⊆ Nc for any c ≥ 0, and we can take v = p1 which is on the
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shortest path from r to c⋆. Therefore, we can obtain that µ̇v > 0. Moreover, we have

µ̇v =α · exp (−ξ+)
n ·
√
|Nc|

· n− |Nc+1|
exp (ξ+) + n− |Nc+1|

∑

v∈V

dv exp (ξv)

≥α · exp (−ξ+)
n ·
√
|Nc|

· 1

exp (ξ+) + 1

∑

v∈V

dv exp (ξv)

≥ α

n ·
√
|Nc|

·
∑

v∈V dv exp (ξv)

(exp (ξ+) + 1) · exp (ξ+)
.

Note that by definition, for any vertex v ∈ Nc+1\{r}, there must exists another vertex v′ ∈ Nc

such that (v′ → v) ∈ E , which implies that dv ≥ 1. Therefore,
∑

v∈V

dv exp (ξv) ≥
∑

v∈Nc+1\{r}

dv exp (ξv)

≥
∑

v∈Nc+1\{r}

exp (ξv)

= exp (ξ+)− exp (ξr) ,

which further implies that

µ̇v ≥
α

n ·
√
|Nc|

·
∑

v∈V dv exp (ξv)

(exp (ξ+) + 1) · exp (ξ+)

≥ α

n ·
√
|Nc|

· exp (ξ+)− exp (ξr)

(exp (ξ+) + 1) · exp (ξ+)
.

Now recall from Lemma 36 that

ξv =
1√
|Nc|

(
1({)v ∈ Nc}+

m∑

i=1

µsi1({)si ∈ Nc} · 1({)v = ti}
)

=
1√
|Nc|

(1({)v ∈ Nc}+ dv · µv)

≤ 1√
|Nc|

(1 + |Nc| · µv) .

Therefore,

exp (ξ+) =
∑

v∈Nc+1

exp (ξv)

≤ |Nc+1| exp
(

1√
|Nc|

(1 + |Nc| · µv)

)

≤n · exp
(
1 +

√
|Nc| · µv

)
.
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Also, since p1 ∈ Nc+1 and deg−G,Nc
(p1) ≥ 1, we can obtain that

exp (ξ+)− exp (ξr) ≥ exp
(
ξ(G,r)p1

)

=exp

(
1√
|Nc|

(1({)p1 ∈ Nc}+ dp1 · µv)

)

≥ exp

(
µv√
|Nc|

)
.

Combining the above two inequalities, we can obtain that

µ̇v ≥
α

n ·
√
|Nc|

· exp (ξ+)− exp (ξr)

(exp (ξ+) + 1) · exp (ξ+)

≥ α

n ·
√
|Nc|

·
exp

(
µv√
|Nc|

)

2n2 · exp
(
2 + 2

√
|Nc| · µv

)

≥ α

2n3e2 ·
√
|Nc|

· exp
(
−2
√
|Nc| · µv

)
.

Finally, by applying Lemma 46, we can obtain that

µv(t) ≥
1

2
√
|Nc|

ln
(
1 + αn−3e−2t

)
.

D.2.2 Analysis of Coconut

In this section, we analyze the training dynamics of Coconut. Similarly, we first provide
the closed-form formulation of the gradient ∇µvℓ

coco
G,r,p = ∇µvℓ

coco
G,r,p(µ), where µ = {µv}v∈V is

the set of parameters. We omit the superscript or subscript when the context is clear.

Lemma 39 (Per-instance gradient of µv for Coconut). Under the loss function of Coconut
as given in (5.6) and the forward pass as in (5.2), the per-instance gradient is

∇µvℓ(µ) =
1({)v ∈ Nc}√

|Nc|

(
−1({)(v → pc+1) ∈ E}+

∑
v′:(v→v′)∈E exp (ξv′)

exp (ξ+) + n− |Nc+1|

)

for any v ∈ V, where ξ+ = log
(∑

v∈Nc+1
exp (ξv)

)
.
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Proof. First, according to the proof of Lemma 36, we have

ξv = λ · 1({)v ∈ Nc}+
m∑

i=1

λµsi1({)si ∈ Nc} · 1({)v = ti},

where λ = 1√
|Nc|

. Note that by the definition of Nc, we have ξv = 0 if v /∈ Nc+1. Therefore,

ℓ(µ) = − log
exp

(
ξpc+1

)
∑

v∈V exp (ξv)
= − log

(
exp

(
ξpc+1

)

exp (ξ+) + n− |Nc+1|

)
,

where exp (ξ+) =
∑

v∈Nc+1
exp (ξv).

Then the per-instance gradient can be calculated as

∇µvℓ(µ)

=− exp (ξ+) + n− |Nc+1|
exp

(
ξpc+1

)

· ∇µv exp
(
ξpc+1

)
· (exp (ξ+) + n− |Nc+1|)− exp

(
ξpc+1

)
∇µv exp (ξ+)

(exp (ξ+) + n− |Nc+1|)2

=− ∇µv exp
(
ξpc+1

)

exp
(
ξpc+1

) +
∇µv exp (ξ+)

exp (ξ+) + n− |Nc+1|

=−∇µvξpc+1 +
∇µv exp (ξ+)

exp (ξ+) + n− |Nc+1|
.

Since

∇µv exp (ξ+) =
∑

v′∈Nc+1

exp (ξv′)1({)v ∈ Nc}
m∑

i=1

λ1({)si = v, ti = v′}

=λ · 1({)v ∈ Nc}
∑

v′:(v→v′)∈E

exp (ξv′)

and

∇µvξpc+1 = λ · 1({)v ∈ Nc} · 1({)(v → pc+1) ∈ E},

we can finally obtain that

∇µvℓ(µ) =
1({)v ∈ Nc}√

|Nc|

(
−1({)(v → pc+1) ∈ E}+

∑
v′:(v→v′)∈E exp (ξv′)

exp (ξ+) + n− |Nc+1|

)
.
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Now we calculate the gradient of µv over the whole dataset, where the nodes of the graphs
are randomly shuffled. We also write Lcoco = Lcoco(µ) and omit the superscript when the
context is clear.

Lemma 40 (Whole-dataset gradient of µv for Coconut). Under the loss function of
Coconut as given in (5.6) and the forward pass as in (5.2) and assuming all µv have the
same value, the gradient w.r.t. the whole dataset is

∇µvL(µ) =
1

n ·
√
|Nc|

(
−dpc+1 +

∑
v∈Nc+1

dv exp (ξv)

exp (ξ+) + n− |Nc+1|

)

for any v ∈ V which is independent of v, where ξ+ = log
(∑

v∈Nc+1
exp (ξv)

)
.

Proof. Similar to Lemma 37, we denote ξ
(G,r)
+ = log

(∑
v∈NG

c+1(r)
exp

(
ξ
(G,r)
v

))
, where ξ

(G,r)
v is

the logit of v when the graph in the prompt is G and the start node is r. According to the
proof of Lemma 37, for any permutation π ∈ SV , we have

ξ
(π(G),π(r))
π(v) = ξ(G,r)v

for any v ∈ V and

exp
(
ξ
(π(G),π(r))
+

)
= exp

(
ξ
(G,r)
+

)
.

Therefore, by Lemma 39, we can obtain that

∇µπ(v)
ℓπ(G),π(r),π(p)(µ)

=
1({)π(v) ∈ N π(G)

c (π(r))}√∣∣∣N π(G)
c (π(r))

∣∣∣
(−1({)(π(v)→ π(pc+1)) ∈ π(E)}

+

∑
π(v′):(π(v)→π(v′))∈π(E) exp

(
ξ
(π(G),π(r))
π(v′)

)

exp
(
ξ
(π(G),π(r))
+

)
+ n−

∣∣∣N π(G)
c+1 (π(r))

∣∣∣




=
1({)v ∈ N G

c (r)}√
|N G

c (r)|


−1({)(v → pc+1) ∈ E}+

∑
v′:(v→v′)∈E exp

(
ξ
(G,r)
v′

)

exp
(
ξ
(G,r)
+

)
+ n−

∣∣N G
c+1(r)

∣∣




=∇µvℓG,r,p(µ).

Therefore, we can calculate the gradient with respect to the whole dataset as

∇µvL(µ) =Eπ∼Unif(SV )[∇µvℓπ(G),π(r),π(p)(µ)]

=Eπ∼Unif(SV )[∇µπ−1(v)
ℓG,r,p,c(µ)]

=Ev′∼Unif(V)[∇µv′
ℓG,r,p,c(µ)]
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which is independent of v and thus the gradients for µv are equal for all v ∈ V . Furthermore,
similar to Lemma 37, we can calculate that

∇µvL(µ)

=
1

n

∑

v∈V

1({)v ∈ Nc}√
|Nc|


−1({)(v → pc+1) ∈ E}+

∑
v′:(v→v′)∈E exp (ξv′)

exp
(
ξ
(G,r)
+

)
+ n− |Nc+1|




=
1

n ·
√
|Nc|


−dpc+1 +

∑
v∈Nc+1

dv exp (ξv)

exp
(
ξ
(G,r)
+

)
+ n− |Nc+1|


 .

Finally, we derive the dynamics of µv. Recall that we denote K = |Nc|, λ = 1√
K
. We

also make the following notation for Theorem 19. Let d⋆ := dpc+1 and dmax := maxu∈Vdu.
Moreover, Let c0 := n− |Nc+1| ≥ 1 and denote

ξu(µ) := λ (1({)u ∈ Nc}+ µ du) , E+(µ) :=
∑

u∈Nc+1

eξu(µ),

S(µ) :=
∑

u∈Nc+1

du e
ξu(µ), F (µ) :=

S(µ)

E+(µ) + c0
.

Theorem 19 (Dynamics of µv for Coconut). Let µv(t) be the value of µv at time t. Assume
zero-initialization, i.e., µv(0) = 0 for all v ∈ V. Under gradient flow

µ̇v = −α · ∇µvLcoco(µ) (D.2)

where α > 0 is the learning rate, suppose the initialization satisfies µv(0) = 0 for all v. Then:

1. Scalar reduction. For all t ≥ 0, µv(t) ≡ µ(t) is shared across v, and µ(t) satisfies

µ̇(t) =
α

n
√
K

(d⋆ − F (µ(t))) . (D.3)

2. Regularity of F . The function F : R→ R is C∞, strictly increasing, and satisfies

lim
µ→−∞

F (µ) = 0, lim
µ→+∞

F (µ) = dmax, 0 < F (µ) < dmax for all finite µ.

3. Finite fixed point when d⋆ < dmax. If d⋆ < dmax, there exists a unique µ⋆ ∈ R such
that F (µ⋆) = d⋆. The solution µ(t) of (D.3) with µ(0) = 0 converges monotonically to
µ⋆:

µ(t)↗ µ⋆ if F (0) ≤ d⋆, µ(t)↘ µ⋆ if F (0) > d⋆,

and the equilibrium µ⋆ is locally exponentially stable, i.e., there exists γ > 0 such that
for all large enought t, it holds that

|µ(t)− µ⋆| ≤ e−γt |µ(0)− µ⋆|.



APPENDIX D. APPENDIX FOR TRAINING DYNAMICS OF CONTINUOUS COT169

4. Logarithmic divergence when d⋆ = dmax. If d⋆ = dmax, then µ̇(t) > 0 for all t and
µ(t)→ +∞. Moreover, for all t ≥ 0,

µ(t) ≥ 1

λdmax

ln

(
1 +

αλ d2max c0 e
−λ

2n2
√
K

t

)
. (D.4)

Proof. (1) Scalar reduction. By Lemma 40 and the similar argument as in the proof of
Lemma 38, we have µv(t) ≡ µ(t) for all t ≥ 0. Therefore, the gradient ∇µvL(µ) is independent
of v and equals

∇µvL(µ) =
1

n
√
K

(
− d⋆ +

∑
u∈Nc+1

du e
ξu(µu)

∑
u∈Nc+1

eξu(µu) + n− |Nc+1|

)
=

1

n
√
K

(−d⋆ + F (µv)) .

Thus, we have

µ̇(t) = −∇µvL(µ(t)) =
α

n
√
K

(d⋆ − F (µ(t))) .

(2) Regularity and limits of F . By the proof of Lemma 39 and the condition that
µv(t) ≡ µ(t) for all v ∈ V and t ≥ 0, we have

E+(µ) =
∑

u∈Nc+1

exp(λ(1({)u ∈ Nc}+ µdu)) , S(µ) =
∑

u∈Nc+1

du exp(λ(1({)u ∈ Nc}+ µdu)) .

Both functions are finite sums of C∞ functions of µ, hence F (µ) = S(µ)/(E+(µ) + c0) is also
C∞.

Now we show the strict monotonicity of F (·) on µ by differentiation. We further write
ξu := ξu(µ) for brevity. Then

E ′
+(µ) = λ

∑

u∈Nc+1

due
ξu , S ′(µ) = λ

∑

u∈Nc+1

d2ue
ξu .

Therefore, we can obtain that

F ′(µ) =
S ′(µ) (E+(µ) + c0)− S(µ)E ′

+(µ)

(E+(µ) + c0)
2

=
λ

(E+(µ) + c0)
2




 ∑

u∈Nc+1

d2ue
ξu


 (E+(µ) + c0)−


 ∑

u∈Nc+1

due
ξu




2
 .

Note that by the Cauchy-Schwarz inequality, we have

∑

u∈Nc+1

d2ue
ξu · E+(µ)−


 ∑

u∈Nc+1

due
ξu




2

≥ 0,
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and hence

F ′(µ) ≥ λ

(E+(µ) + c0)
2 c0E+(µ)


 ∑

u∈Nc+1

d2ue
ξu


 > 0

since c0 > 0 and there exists at least one node u ∈ Nc+1 (e.g., pc+1) such that du ≥ 1 by
definition. Thus, F (·) is strictly increasing.

Now we consider the limits of F (·). First, note that

S(µ) =
∑

u∈Nc+1

du e
ξu(µ),

and for each u ∈ Nc+1, either du = 0 or du > 0 and thus

lim
µ→−∞

due
ξu(µ) = lim

µ→−∞
du exp(λ(1({)u ∈ Nc}+ µdu)) = 0.

Therefore, we have limµ→−∞ S(µ) = 0. Moreover, since E+(µ) + c0 ≥ c0 > 0, we have

lim
µ→−∞

F (µ) = 0.

Now we consider the case when µ→ +∞. Since

eξu(µ)

E+(µ) + c0
=

exp (λ(1({)u ∈ Nc}+ µdu))∑
v∈Nc+1

exp(λ(1({)v ∈ Nc}+ µdv)) + c0

=
1∑

v∈Nc+1
exp(λ(1({)v ∈ Nc} − 1({)u ∈ Nc}+ µ(dv − du))) + c0

.

As µ→ +∞, we can obtain that if du < dmax, then

lim
µ→+∞

eξu(µ)

E+(µ) + c0
≤ lim

µ→+∞

1

exp(λ(−1 + µ(dmax − du))) + c0
= 0.

If du = dmax, then

lim
µ→+∞

eξu(µ)

E+(µ) + c0

= lim
µ→+∞

exp (λ · 1({)u ∈ Nc})∑
v∈Dmax

exp(λ · 1({)v ∈ Nc}) +
∑

v∈Nc+1\Dmax
exp(λ(1({)v ∈ Nc}+ µ(dv − dmax))) +

c0
eλµdmax

=
exp (λ · 1({)u ∈ Nc})∑

v∈Dmax
exp(λ · 1({)v ∈ Nc})

,

where Dmax := {u ∈ Nc+1 : du = dmax}. Therefore,

lim
µ→+∞

F (µ) =
∑

u∈Dmax

du
exp (λ · 1({)u ∈ Nc})∑

v∈Dmax
exp(λ · 1({)v ∈ Nc})

= dmax.
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Finally, the inequality F (µ) < dmax for finite µ follows from S(µ) ≤ dmaxE+(µ) and
c0 > 0:

F (µ) =
S(µ)

E+(µ) + c0
≤ dmaxE+(µ)

E+(µ) + c0
< dmax.

(3) Finite fixed point and monotone convergence for d⋆ < dmax. By (2), F (·) is
continuous, strictly increasing, with range (0, dmax). Therefore, there exists a unique µ⋆ ∈ R
such that F (µ⋆) = d⋆. Now we first argue µ(t)→ µ⋆.

Consider the ODE µ̇ = c (d⋆−F (µ)) with c = α/(n
√
K) > 0. If µ(0) = 0 ≤ µ⋆ and (thus)

F (µ(0)) ≤ F (µ⋆) = d⋆, then µ̇(t) ≥ 0 as long as µ(t) ≤ µ⋆, hence µ is non-decreasing and
bounded above by µ⋆; monotone convergence implies µ(t) → µ̄ ≤ µ⋆ for some µ̄. By the
continuity of F (·) and the fact that µ̇ → 0, we can obtain that F (µ̄) = d⋆, which implies
µ̄ = µ⋆. The case µ(0) > µ⋆ is analogous with a non-increasing trajectory.

For local exponential stability, we can set µ̃ = µ− µ⋆ and write

˙̃µ(t) = −c (F (µ⋆ + µ̃(t))− F (µ⋆)) .

By the mean value theorem, F (µ⋆ + µ̃)− F (µ⋆) = F ′(ξ) µ̃ for some ξ between µ⋆ and µ⋆ + µ̃.
Since F ′(µ⋆) > 0 and F ′ is continuous, there exists η > 0 and m > 0 such that F ′(ξ) ≥ m
whenever |ξ − µ⋆| ≤ η. Hence, as long as |µ̃(t)| ≤ η, we have

d

dt
|µ̃(t)| = µ̃(t)

|µ̃(t)|
˙̃µ(t) = −c F ′(ξ(t)) |µ̃(t)| ≤ −cm |µ̃(t)|.

Applying Gronwall’s inequality, we have |µ̃(t)| ≤ e−cmt|µ̃(0)| in this neighborhood, which
establishes local exponential convergence.

(4) Divergence and logarithmic lower bound for d⋆ = dmax. When d⋆ = dmax, since
F (µ) < dmax for all finite µ, we have µ̇(t) = c (dmax − F (µ(t))) > 0 where c = α

n
√
K

and thus

µ(t) is strictly increasing. We now lower bound the growth rate similar to Lemma 38.
Since S(µ) ≤ dmaxE+(µ), we have

dmax − F (µ) = dmax −
S(µ)

E+(µ) + c0
≥ dmax

(
1− E+(µ)

E+(µ) + c0

)
=

dmax c0
E+(µ) + c0

.

Moreover, for each u ∈ Nc+1, it holds that

eξu(µ) ≤ exp(λ(1 + µdmax)) .

Therefore, E+(µ) ≤ |Nc+1| eλ(1+µdmax) ≤ n eλ(1+µdmax) and thus we can obtain that

E+(µ) + c0 ≤ n eλ(1+µdmax) + c0 ≤ n
(
eλ(1+µdmax) + 1

)
≤ 2n eλ(1+µdmax),

where we used ex ≥ 1 for x ≥ 0. Combining the above derivation, we can obtain that

dmax − F (µ) ≥ dmax c0
2n

e−λ e−λdmaxµ.
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We can then plug this into µ̇ = c (dmax − F (µ)) with c = α/(n
√
K) to get

µ̇(t) ≥ α

n
√
K
· dmax c0

2n
e−λ e−λdmaxµ(t) = c1 e

−c2µ(t),

where c1 =
α dmax c0 e

−λ

2n2
√
K

and c2 = λdmax > 0.

Applying Lemma 46, we can obtain exactly (D.4). This shows µ(t) → +∞ at least
logarithmically fast.

D.2.3 Thought Expansion

Finally, we provide results for continuous thought expansion. Note that the following results
hold for any directed graph that differs from the graphs in the training set.

Theorem 20 (One-hop expansion of continuous thoughts). Let G = (V , E) be any directed
graph (which can differ from the graphs in the training set) and r ∈ V be a root node. Assume
the current thought is any positive superposition on N G

c (r):

v̂[tc] =
∑

u∈Nc

λu E(u), λu > 0.

Then the next continuous thought [tc+1] = v̂[tc+1] generated by the forward pass (5.2) satisfies

ξ = U⊤v̂[tc+1] =
∑

v∈Nc+1

βv ev,

with coefficients

βv = λv 1({)v ∈ Nc}︸ ︷︷ ︸
carryover

+ µ
∑

u∈Nc

λu 1({)(u→ v) ∈ E}
︸ ︷︷ ︸

one-hop expansion

≥ 0. (D.5)

where we assume the model has been trained until time t and the trained model satisfies
µv(t) ≡ µ > 0 in (5.3). In particular, βv > 0 for every v ∈ Nc+1 if µ > 0, so the support of ξ
is exactly Nc+1, and the output is a superposition of Nc+1.

Proof. Note that v̂i = Es(si) + Et(ti) and W =
∑

v∈V µv(t)E(v)Es(v)
⊤ =

∑
v∈V µE(v)Es(v)

⊤.
We can calculate that

Wv̂i =
∑

v∈V

µE(v)Es(v)
⊤(Es(si) + Et(ti)

)
= µE(si),

where we used Es(v)
⊤Es(si) = 1({)v = si} and Es(v)

⊤Et(ti) = 0 according to Assumption 3.
Therefore, with v̂[tc] =

∑
u∈Nc

λuE(u), we can calculate

αi := v̂⊤
[tc]

Wv̂i = µ
∑

u∈Nc

λu E(u)
⊤E(si) = µλsi 1({)si ∈ Nc}.
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The value aggregation becomes

ϕ(v̂[tc]; {v̂i}) =
m∑

i=1

αiv̂i = µ
∑

i: si∈Nc

λsi

(
Es(si) + Et(ti)

)
.

Furthermore, we have

U⊤ϕ(v̂[tc]; {v̂i}) = µ
∑

i: si∈Nc

λsi eti = µ
∑

v∈V

( ∑

u∈Nc

λu 1({)(u→ v) ∈ E}
)
ev.

Similarly,

U⊤v̂[tc] =
∑

v∈Nc

λv eu =
∑

v∈V

λv 1({)v ∈ Nc} ev.

Adding the two parts yields ξ =
∑

v βv ev with βv as in (D.5), since by definition we have
v̂[tc+1] = v̂[tc] + ϕ(v̂[tc]; {v̂i}) and ξ = U⊤v̂[tc+1].

D.3 Missing Proofs for Section 5.4

In this section, we analyze the training dynamics of the prediction stage, i.e., after thought
generation, how the model extracts the information from the generated continuous thought
to make the final prediction.

Recall that the i-th training sample consists of (G(i), r(i), c(i)1 , c
(i)
2 ,λ(i)), and we denote c

(i)
⋆

as the reachable candidate and c
(i)
⊥ as the unreachable candidate. We also useN (i)

C = N G(i)

C (r(i))
to denote the C-ball for the i-th training sample. We assume C is large enough so that
c
(i)
⋆ ∈ N (i)

C for any i. Note that c
(i)
⊥ /∈ N (i)

C for any C by definition. For notation convenience,

we also use µA = µ<A>, µR = µ<R>, and denote ξ(i) = {ξ(i)v }v∈Voc as the logits calculated

by forward pass (5.7) for the i-th training sample. We denote ξ
(i)

c
(i)
t

= ξ
(i)
ct , λ

(i)

c
(i)
t

= λ
(i)
ct for

t ∈ {1, 2, ⋆,⊥} for notation convenience.
To start with, we first provide a closed-form logit expression.

Lemma 41 (Closed-form logits in prediction stage). Under reparameterization (5.8) and
forward pass for the prediction stage (5.7), for every v ∈ V we have

ξv(µ<A>, µ<R>) = µ<A> λv︸ ︷︷ ︸
frontier residual

+ µ<R> 1(){v ∈ {c1, c2}}︸ ︷︷ ︸
candidate lift

. (D.6)

In particular,
ξc⋆ − ξc⊥ = µ<A> λc⋆ . (D.7)

Proof. For the reasoning token v̂Idx(<R>) = E(<R>) + E(c1) + E(c2), we have

Wv̂Idx(<R>) = µ<R> E(<A>)E(<R>)
⊤v̂Idx(<R>)︸ ︷︷ ︸
=1

= µ<R> E(<A>).
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Therefore,
U⊤((v̂⊤

Idx(<A>)Wv̂Idx(<R>))v̂Idx(<R>)

)
= µ<R>(e<R> + ec1 + ec2).

Also,

U⊤(µ<A> v̂Idx(<A>)

)
= µ<A>

∑

u∈NC

λu eu + µ<A> e<A>.

Combining the above two expressions yields (D.6). For c⊥ /∈ NC we have λc⊥ = 0, and (D.7)
follows.

For each training sample, we can construct a two-dimensional feature for every node
v ∈ V :

x(i)
v :=

(
λ(i)
v , 1(){v ∈ {c(i)1 , c

(i)
2 }}

)
∈ R2

≥0,

so that ξ
(i)
v (µA, µR) = ⟨w, x(i)

v ⟩ with w := (µA, µR) ∈ R2
≥0. For instance i, a correct classifica-

tion means ⟨w, x(i)
c⋆ − x

(i)
v ⟩ > 0 for all v ≠ c

(i)
⋆ , where we denote x

(i)

c
(i)
t

= x
(i)
ct for t ∈ {1, 2, ⋆,⊥}.

We further define the difference of features with respect to c⋆ for later use:

∆i,v := x(i)
c⋆
− x(i)

v =





(λ
(i)
c⋆ , 0), v = c

(i)
⊥ ,

(λ
(i)
c⋆ − λ

(i)
v , 1), v ∈ N (i)

C \ {c
(i)
⋆ },

(λ
(i)
c⋆ , 1), v /∈ N (i)

C ∪ {c
(i)
⊥ }.

(D.8)

D.3.1 Linearly separable structure and a max-margin problem

Lemma 42 (Separation by a nonnegative direction). For every instance i and each competitor

v ̸= c
(i)
⋆ ,

⟨(1, 1), ∆i,v⟩ =





λ
(i)
c⋆ , v = c

(i)
⊥ ,

λ
(i)
c⋆ − λ

(i)
v + 1, v ∈ N (i)

C \ {c
(i)
⋆ },

λ
(i)
c⋆ + 1, v /∈ N (i)

C ∪ {c
(i)
⊥ },

> 0.

Hence, the training data are linearly separable by a direction in R2
≥0.

Proof. The result holds because λ
(i)
c⋆ > 0, λ

(i)
v ≤ 1.

Define the hard-margin value of a unit direction u ∈ S1 ∩ R2
≥0 (where S1 = {u ∈ R2 :

∥u∥2 = 1}) as
γ(u) := min

i
min
v ̸=c

(i)
⋆

⟨u, ∆i,v⟩.

The corresponding maximum-margin direction is

u⋆ ∈ argmaxu∈S1∩R2
≥0

γ(u). (D.9)

We characterize u⋆ using the following two quantities of the training sets:

λ⋆ := min
i

λ(i)
c⋆
∈ (0, 1], ∆train := maxi max

v∈N (i)
C \{c(i)⋆ }

(
λ(i)
v − λ(i)

c⋆

)
+
∈ [0, 1],
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where (x)+ := max{x, 0}. Intuitively, λ⋆ is the smallest mass ever placed on a reachable
candidate across the training set, and ∆train is the largest overshoot of a non-candidate but
reachable node’s weight relative to the reachable candidate.

Lemma 43 (Closed-form lower envelope of the margin). For any unit u = (uA, uR) ∈ S1∩R2
≥0,

γ(u) = min
{
uA λ⋆, uR − uA ∆train, uA λ⋆ + uR

}
= min

{
uA λ⋆, uR − uA∆train

}
.

Proof. According to (D.8), we can directly obtain the the lower bounds uA λ
(i)
c⋆ , uR+uA(λ

(i)
c⋆ −

λ
(i)
v ), and uA λ

(i)
c⋆ + uR. Minimizing over i and v according to the definition of λ⋆,∆train yields

the desired result.

Proposition 9 (Properties of the maximum-margin direction). Let u⋆ = (u⋆
A, u

⋆
R) be a

solution of (D.9). Then the unique maximizer satisfies

u⋆
R

u⋆
A

= λ⋆ +∆train, u⋆
A =

1√
1 + (λ⋆ +∆train)2

, u⋆
R =

λ⋆ +∆train√
1 + (λ⋆ +∆train)2

.

Proof. By Lemma 43, we can maximize γ(u) = min{uAλ⋆, uR−uA∆train} over the unit vector
u by equalizing the two arguments (otherwise one can rotate u to increase the minimum).
Therefore, we can equalize the two arguments, which yields uR = uA(λ⋆ +∆train), and obtain
the desired result.

D.3.2 Implicit bias of gradient flow and directional convergence

ℓpredG,r,c1,c2,λ := − log
exp
(
ξc⋆
)

∑
v∈V exp(ξv)

, Lpred = E(G,r,c1,c2,λ)∼D[ℓ
pred
G,r,c1,c2,λ

]
,

Recall the loss function on the prediction stage over the training set (5.9). We can rewrite it
as follows

L(µA, µR) :=
1

N

N∑

i=1

ℓ(i)(µA, µR), ℓ(i)(µA, µR) := − log
exp(ξ

(i)

c
(i)
⋆

)
∑

v∈V exp(ξ
(i)
v )

,

and run the gradient-flow dynamics ẇ(t) = −α∇L(w(t)) with w(t) = (µA(t), µR(t)) and
α > 0. By Lemma 42, the data are linearly separable, so the implicit bias of gradient flow
directly yields the following lemma.

Lemma 44 (Implicit bias of gradient flow). Along gradient flow from any bounded initializa-
tion w(0), we have

∥w(t)∥ → ∞,
w(t)

∥w(t)∥ → u⋆,
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where u⋆ is the unique solution to the maximum-margin problem (D.9). Combining Proposi-
tion 9, there exists a scalar radius r(t)→∞ such that

(µA(t), µR(t)) = r(t)u⋆ + o(r(t)),

and for any ε > 0,

µR(t)

µA(t)
≥ λ⋆ +∆train − ε for all sufficiently large t.

The proof can be straightforwardly adapted from its gradient descent counterpart [120].

D.3.3 Prediction on unseen graphs

Finally, we show that after sufficient training, the model can correctly predict the reachable
candidate node even for unseen graphs, showcasing its generalization capability.

Fix any unseen test graph along with the exploration set N test
C and weights λtest, such

that λtest
v ∈ (0, 1] on N test

C and 0 otherwise. The test graph also satisfies

max
u∈N test

C

λtest
u − λtest

c⋆
≤ ∆, with ∆ ≤ ∆train.

Therefore, for every non-candidate v ∈ N test
C \ {ctest⋆ }, it holds that λtest

v ≤ λtest
c⋆

+∆.
The following lemma shows that as long as the test graph satisfies the above condition, it

has a positive margin using the maximum margin direction for the training set u⋆.

Lemma 45 (Positive test-time margins from the trained direction). Let u⋆ = (u⋆
A, u

⋆
R) be

the unique max-margin direction with u⋆
R/u

⋆
A = λ⋆ +∆train > ∆. Then for every competitor

v ̸= ctest⋆ ,
⟨u⋆, xtest

c⋆
− xtest

v ⟩ ≥ min{u⋆
A λ⋆, u⋆

A λtest
⋆ } > 0.

Proof. For v = ctest⊥ , the difference is (λtest
c⋆

, 0); since λtest
c⋆

> 0 we have ⟨u⋆, xtest
c⋆
− xtest

c⊥
⟩ ≥

u⋆
Aλ

test
c⋆

> 0.
For v /∈ N test

C the difference is (λtest
c⋆

, 1) and the bound is even larger.
For v ∈ N test

C \ {ctest⋆ }, we have λtest
v ≤ λtest

c⋆
+∆, hence

〈
u⋆, xtest

c⋆
−xtest

v

〉
= u⋆

A

(
λtest
c⋆
−λtest

v

)
+u⋆

R ≥ u⋆
R−u⋆

A∆ ≥ u⋆
A

(
λ⋆+∆train−∆

)
≥ u⋆

A λ⋆ > 0.

Finally, we show that after sufficient training, the model can correctly predict the reachable
candidate node .
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Theorem 21 (Generalization for unseen graphs). Let (µA(t), µR(t)) follow gradient flow on
the loss (5.9) from any bounded initialization. Suppose the training set is linearly separable
and λ⋆, ∆train are defined as above. Then, for any unseen instance satisfying λtest

v ∈ (0, 1] on
N test

C and 0 otherwise, and

max
u∈N test

C

λtest
u − λtest

c⋆
≤ ∆, with ∆ ≤ ∆train,

we have for all sufficiently large t:

pctest⋆
(t) :=

exp
(
ξtestctest⋆

(µA(t), µR(t))
)

∑
v exp

(
ξtestv (µA(t), µR(t))

) → 1.

Proof. By Lemma 44, we have

(µA(t), µR(t)) = r(t)u⋆ + o(r(t)), r(t)→∞.

Then, by Lemma 45, for every competitor v ̸= ctest⋆ ,

ξtestc⋆
(µA(t), µR(t))− ξtestv (µA(t), µR(t))

=r(t) ⟨u⋆, xtest
c⋆
− xtest

v ⟩ + o
(
r(t)

)

≥r(t) ·min{u⋆
A λ⋆, u⋆

A λtest
⋆ }+ o

(
r(t)

)
−−−→
t→∞

+∞.

Hence the argmax is ctest⋆ , and its softmax probability tends to 1.

D.4 Auxiliary Lemmas

Lemma 46 (ODE lower bound). Let c1, c2 > 0 be two constants. Assume the function
f : R→ R satisfies f(0) = 0 and

df(t)

dt
≥ c1 · exp(−c2 · f(t)), ∀t ≥ 0.

Then it holds

f(t) ≥ 1

c2
ln(1 + c1c2t)

for all t ≥ 0.

Proof. We define g(t) = ec2f(t). Note that

dg(t)

dt
=

d

dt
(ec2f(t)) = c2

df(t)

dt
· ec2f(t) ≥ c2 · c1 · exp(−c2 · f(t)) exp(c2f(t)) = c1c2.
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Therefore, dg(t) ≥ c1c2dt for t ≥ 0, and thus

∫ t

0

dg(t) ≥
∫ t

0

c1c2dt =⇒ g(t)− g(0) ≥ c1c2t.

Therefore,

g(t) = ec2f(t) ≥ g(0) + c1c2t = ec2f(0) + c1c2t = 1 + c1c2t,

which implies

f(t) ≥ 1

c2
ln(1 + c1c2t).

D.5 Experiment Details

D.5.1 Dataset

Table D.3: ProsQA statistics. Numbers are averaged over problem instances.

#Problems |V | |E| Sol. Len.

Train 14785 22.8 36.5 3.5
Val 257 22.7 36.3 3.5
Test 419 22.7 36.0 3.5

The statistics of the ProsQA dataset is shown in Table D.3.

D.5.2 Experiment with Coconut-BFS

As a comparison, we also train a model with a modified version of LBFS. Recall that the
original LBFS (5.5) encourages the model to predict any nodes within Nc+1. To avoid the
trivial solution of always predicting the root node, we introduce an experimental variant that
only encourages predicting nodes on the current frontier:

Coconut-BFS-exp: ℓBFS-exp
G,r := − log

∑
v∈Nc+1\Nc

exp(ξv)∑
v∈V exp(ξv)

. (D.10)

All other training settings remain unchanged. The answer accuracy of this model on the
test set is 99.0%. We then track the logit difference between frontier and non-frontier edges
as a proxy for µv, with results shown in Figure D.1.
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In Stage 1, the logit difference for c = 1 grows much faster than under Lcoco and shows
no sign of saturation even after 150 epochs. This agrees with the theoretical prediction
in Theorem 9: under Coconut-BFS, µv diverges rather than stabilizing. At later steps
(c = 3, 4), the gap between Coconut-BFS and Coconut becomes smaller. We attribute
this to practical factors such as stage-wise data mixing, gradient propagation across earlier
thoughts, and a larger discrepancy between losses (5.5) and (D.10) in the later stage.

Figure D.1: The attention logits difference between frontier edges and others. The model is trained
with a modified version of LBFS.

D.5.3 Alternative Attention Routes for Candidate Lift

Our theoretical analysis in Lemma 6 assumes that <R> copies the candidate nodes in the
first layer, and <A> then attends to <R> in the second layer. In practice, however, we observe
three distinct yet functionally equivalent attention routes that realize the same candidate lift.
Example attention maps for each route are shown in Figure D.2.

D.6 Additional Experimental Results

In this section, we provide additional experiments to complement our main analysis of training
dynamics.

D.6.1 Ablation Study: Architectural and Optimization Sensitivity

We evaluate the sensitivity of Coconut training to model depth, number of attention heads,
hidden width, and learning rate. The results are summarized in Table D.4.

We observe that models with L = {4, 8} layers maintain high accuracy, while L = 12 is
harder to optimize. The performance remains comparable when dmodel ∈ {768, 1536}, but
degrades when the width is too small (e.g., dmodel = 384). Varying the number of heads does
not have major effects on final accuracy, whereas too large or too small learning rates tend
to degrade performance. Weight tying setting does not affect model performance.
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(a) Layer-1 attention map for Pattern A
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(b) Layer-2 attention map for Pattern A
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(c) Layer-1 attention map for Pattern B
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(d) Layer-2 attention map for Pattern B
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(e) Layer-1 attention map for Pattern C
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(f) Layer-2 attention map for Pattern C

Figure D.2: Example attention maps illustrating three alternative routes for candidate lift.
For clarity, we omit earlier tokens in the sequence and only visualize the final segment
containing some of edges, the candidate nodes, latent thoughts, and answer tokens. Pattern
A (consistent with the theoretical assumption): <R> copies candidate nodes in Layer 1, and
<A> attends to <R> in Layer 2. Pattern B: <A> directly attends to candidate nodes in
Layer 1. Pattern C: continuous thoughts copy candidate nodes in Layer 1, and <A> attends
to the continuous thoughts in Layer 2. All three patterns achieve the same functional effect
of lifting the reachable candidate.
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Number of layers

L = 2 98.8
L = 4 97.3
L = 8 96.5
L = 12 67.4

Number of heads

H = 4 98.0
H = 8 98.8
H = 12 98.8

Width

dmodel = 384 62.0
dmodel = 768 98.8
dmodel = 1536 97.7

Learning rate

η = 2× 10−4 58.1
η = 1× 10−4 98.8
η = 5× 10−5 62.1

Weight tying

Tied 98.8
Untied 98.8

Table D.4: Ablation on depth, heads, width, learning rate, and weight tying. By default,
other hyperparameters follow the main experiments.

We emphasize that each ablation in Table D.4 varies only a single hyperparameter at
a time, keeping all other settings identical to our main experiment. In practice, these
hyperparameters interact in a coupled manner. For instance, with a smaller learning rate
of 5 × 10−5, we can extend the first-stage training to 300 epochs and get 97.0% accuracy.
For deeper models with L = 12, prolonging first-stage training to 400 epochs and reducing
the learning rate to 5× 10−5 improves accuracy to 99.6%. A comprehensive hyperparameter
interaction study is beyond the scope of this work and is left for future investigation.

D.6.2 Multi-Layer Transformers and Mechanistic Patterns

We use the Coconut model with L = 4 to analyze the reasoning pattern beyond two-layer
transformers. The results are shown in Figure D.3 and Figure D.4, and we summarize the
reasoning patterns below.

• First layer (induction head): The first layer performs token-level copying, prop-
agating node information into edge tokens <e>, consistent with the copy mechanism
derived in previous theoretical analysis [169].

• Second layer and beyond (superposition): From the second layer onward, the
model aggregates over reachable nodes in a superpositional representation that enables
parallel breadth-first exploration.

D.6.3 Accuracy Dynamics in the Answer-Prediction Stage

We track the test accuracy during the final answer-prediction stage following the setting
in Figure 5.4. The result is shown in Figure D.5, which shows a rapid transition from
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Figure D.3: The first-layer attention patterns in 4-layer transformers. <e> tokens attend to
the corresponding source and target nodes to aggregate the information. This is consistent
with the analysis of the two-layer transformer in [169].

near-random guessing to stable high accuracy once the model integrates residual carryover
and candidate lift signals.
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Figure D.4: Inner product between layer-wise hidden states and different types of nodes
in a 4-layer transformer. The experimental setting follows [169]. From the second layer
onward, hidden states exhibit larger inner products with reachable, frontier, and optimal
nodes, indicating that superpositional representations emerge as early as layer 2 in the 4-layer
transformer.
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Figure D.5: Accuracy curve during the answer-prediction stage. The accuracy shows a rapid
improvement corresponding to the learning of residual carryover and candidate lift signals.
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