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Abstract

Methods for structure determination in single particle cryogenic electron microscopy upended imaging
sciences by demonstrating that crystallization is not necessary to resolve biological molecules at the atomic
level. As imaging techniques have matured, so has the mathematical theory used to analyze these data.
In particular, the method of moments and algebraic techniques show promise for the challenges posed by
a low signal-to-noise ratio, the unknown orientation of particles in the imaging plane, and different classes
of particles in a mixture. Cryo-EM remains a challenging problem approached from this direction and has
motivated the study of simpler models capturing its core challenges. In particular, multireference alignment
(MRA) is a well-studied model in which one observes copies of a signal corrupted by unknown cyclic shifts
and isotropic Gaussian noise.

In this work, I study two variants of multireference alignment, one introducing a step modeling tomo-
graphic projection (projected MRA) and another allowing reflections of the signal as well as cyclic shifts
to appear (dihedral MRA). For signals of length a power of two, I develop an efficient recursive method
for recovering signals from the third moment tensor of the samples. Beyond these specific orbit recovery
problems, a subroutine using in my algorithm solves a linear system with a solution constrained to be a
symmetric rank-1 matrix. Such problems arise in algebraic compressive sensing. Even when a given linear
system is under-determined, the rank-1 constraint provides a “sparsity” assumption which may ensure a
unique solution. To prove that my algorithm succeeds, I develop a construction which can be used to certify
that specific linear systems with a rank-1 constraint have unique solutions. We show the algorithm succeeds
in recovering a generic signal on the condition that a particular symbolic matrix has full column-rank. This
condition can be easily checked on the computer in polynomial time, and we give strong evidence the matrices
have full column-rank for a couple of dimensions.

The foray into algebraic compressive sensing also reveals a close connection to the problem of finding a set
of rank-1 matrices “planted” in a subspace of matrices. An algorithm of Johnston, Lovitz and Vijayaraghavan
for finding the intersection of a linear subspace with a conic variety can recover such rank-1 matrices as a
particular application. However, the upper bound on generic subspace dimension for which these authors
prove their algorithm will succeed proves pessimistic in this specific case. We conjecture that a simple
dimension counting bound gives the sharp threshold for the maximum dimension of generic subspace from
which the JLV intersection algorithm can successfully recover a set of planted rank-1 matrices. To give
evidence for this conjecture, I implemented a method of computer-proof which certifies the sharp boundary

in several thousand specific cases. We give an analogous conjecture for the variety of symmetric rank-1



matrices and similar computer-proof of a similar sharp boundary in this case. Moreover, I give a floating
point implementation of the JLV intersection algorithm in Python which can compute the intersection of
any linear subspace with any Segre-Veronese variety (the varieties of rank-1 tensor with any set of partial
symmetries and of any shape). Using this implementation, I give further evidence for our conjecture, showing
that the algorithm does indeed recover planted matrices beyond the bound proven in the original paper up
to our newly conjectured threshold. As an immediate consequence, we more than double the maximum rank
of generic third- and fourth-order tensors (with or without partial symmetry) for which the JLV intersection

algorithm will give a provably correct decomposition.
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CHAPTER 1

Introduction

1.1. Research Arc

It was in the early stages of graduate school that I was introduced to the inverse problem of structure
determination in single particle cryogenic electron microscopy (cryo-EM). In single particle cryo-EM, many
particles are frozen in a thin layer of ice. A transmission electron microscope takes an image of the entire
ice layer from which individual particle locations may be determined on the micrograph. From a theoretical
perspective, determining a protein or small particle structure from a micrograph is not one problem but has
multitude of mathematical approaches each with open questions and undiscovered improvements. Structure

determination in single particle cryo-EM is made challenging by several factors:

often, each individual particle image has a very low signal-to-noise ratio (SNR),

the orientation of each particle relative to the imaging plane is unknown,

images recorded are 2D and (tomographic) projections of the true 3D structure, and

particles may not be identical having gross structural differences of small differences in conforma-

tion.

The first factor raises the question,’how does the number of samples needed depend on the SNR to
ensure a given accuracy of recovery?’ This scaling is known as as the sample complexity of the problem.
Taking preparing samples and imaging them is expensive and takes time; knowing how much information
can be squeezed from a dataset is valuable. A separate question buy equally important is whether efficient
algorithms exist that can achieve a known sample complexity.

The second restrict which methods may be used for recovery since one must either identify the orientation
of each particle relative to some canonical orientation or seek methods that avoid the issue. Under the
assumption that a particle has no preferred orientation, one can only recover the structure up to a 3D
rotation. Omne could first aim to determine the orientations of particles up to a global rotation, a sub-
task called synchronization. If one instead treats individual particle orientations as nuisance parameter,
structure determination falls in a category of problems termed orbit recovery since the structure is only

determined up to the action of a group upon the structure, SO(3) in the case of cryo-EM. The third factor
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make reconstructing 3D structure more challenging. Under parallel projection one can no longer distinguish
an object and its mirror image. For biological molecules, one must use other information to determine a
particle’s chirality. On the image level, the Fourier-slice theorem guarantees that a projection in real space
correspond to a slice through the origin in the reciprocal (Fourier) space. As a result, every pair of particle
images will overlap along a direction in the reciprocal space, called a common line. However, both noise and
the fourth factor— the possibility of heterogeneity— can confound methods that make use of common lines
estimates.

Initially, I was drawn to this problem by the elegant spectral method of determining orientations de-
veloped by Singer and Shkolnisky [62] in which the eigenspaces associated to the top three eigenvalues of a
matrix contain information from which particle orientations may be determined. While this work determines
how the number of images must scale with the error, it does not examine how the SNR affect the probability
that common lines are identified correctly. Further, an elegant argument states that when the SNR is too
low it should be impossible to correctly guess any relative orientation information about images: even if one
had the true particle structure, when noise is high enough one cannot accurately guess which direction an
image is taken from, more formally show by Aguerrebere, Delbracio, Bartesaghi and Sapiro [4].

Discussions with Dr. Alexander Wein about cryo-EM and sample complexity led me to multireference
alignment (MRA). MRA is a simpler problem than cryo-EM but captures many of salient complexities. In
the MRA model, one aims to estimate a vector of real values we call the signal. One has access to copies of the
signal with entries cyclically shifted by an unknown number of indices and corrupted by adding independent
Gaussian noise. More broadly, extensions of MRA and MR A-like models consider group actions beyond cyclic
shifts, different sampling schemes, and mixtures of different signals [2,3,6,14,18]. The sample complexity of
the original MRA model was proven to be of order 1/ SNR? [3,10,56]. The work by Perry, Weed, Bandeira,
Rigollet and Singer [56] also showed that there is an efficient algorithm to achieve orbit recovery: running
simultaneous diagonalizable on the empirical third moment tensor of the sample distribution will recover
each cyclic shift of the signal. The basic MRA problem has been solved; however, orbit recovery in cryo-EM
and many MRA variants remain open problems.

The work by Perry and co-authors follows a strategy for parameter estimation called the method of
moments. The signal may be considered as a set of parameters underlying a multivariate probability dis-
tribution from which samples are drawn. For such a multivariate distribution density, computing a sample
average estimates the distribution’s mean (a vector), and centering samples then taking their outer product
and averaging estimates the distribution’s covariance (a matrix). Taking a k-order outer products of sample
vectors and averaging produces an estimate of the distribution’s k-th moment, which is a tensor. In our

2



context, a tensor is simply a k-way array of numbers. Broadly, tensor decomposition then aims to split a
tensor into components in a meaningful way. In the case of MRA, the canonical polyadic (CP) decomposition
splits the third moment into a sum of symmetric rank-1 tensors and each rank-1 component when factored
yield a different cyclic shift of the signal. More generally, one hopes that the methods used to decompose
tensors can be turned to extracting parameters of interest from moments.

Determining how to extract the structure of a molecule using the method of moments in single particle
cryo-EM continues to be an active area of research [11]. Some directions of study involve taking the model
and removing features that constitute challenges e.g. algorithms for orbit recovery of “unprojected” cryo-EM
[7,50]. Alternatively, one can take the MRA model and include additional features e.g. including reflections
and cyclic shifts of the signal in the sample distribution (dihedral MRA) [13], modeling a continuous cycle
shift operation (continuous MRA) [55], or adding a “projection” step (projected MRA) [7]. In my work here,
I studied two modifications to the original MRA problem. In the following I give a chronological overview

of the work I did, whereas the order in this dissertation follows.

GoAL 1. Determine how to achieve orbit recovery efficiently (in polynomial time) for MRA with a

projection step and dihedral MRA.

Initially, I began by studying a model of projected MRA. In projected MRA, one applies an operation
that adds together entries of a vector after a cyclic shift has been applied to simulate the tomographic
projection of an object (see Figure 5.1 in Chapter 5). Bandeira, Blum-Smith, Kileel, Niles-Weed, Perry and
Wein propose one model MRA with projection with an odd dimensional signal [7, Problem 4.7]. T used the
even dimensional formulation that was originally rejected since I realized that if one has a moment from
this projected MRA sample distribution, one can extract a sub-tensor which corresponds to a moment for a
smaller signal. This observation allows one to recursively reduce the orbit recovery problem to one half the
size by extracting sub-tensors.

Under this recursive framework, one can recover half information in the signal. I determined that when
this information is known, one can set up an under-determined linear system, but one wherein the solution
has the structure of a rank-1 symmetric matrix. Problems like this fall into a broader class of problems called
“linear systems with a canonical polyadic decomposition (CPD)-constrained solution” or LS-CPDs. The low
rank condition on the solution may be considered an algebraic version of sparsity— as appears in models of
compressed sensing. Thus LS-CPDs appear even more broadly in the field of algebraic compressed sensing
with related problems include matrix completion and tensor completion [20]. Boussé, Vervliet, Domanov,

Debals, and Lathauwer [19, Section 3] give an exact algebraic algorithm for solving such systems in the
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rank-1 case. They give a necessary condition to ensure that their algorithm recovers unique solutions and
can guarantee uniqueness for linear operator which has a range in “general position” provided that range
is large enough with respect to the solution’s dimension (by general position or generic we mean that there
may be a measure zero set of exceptional matrices that do not meet the guarantees, see Definition 3.2.1
for a formal statement). However, we have no guarantees that the specific linear systems arising from the
projected MRA problem are in general position. In practice, though our implementations of this algorithm

repeatedly succeeded in solving randomly generated problems of this type.

GOAL 2. Determine a sufficient condition to verify that a specific class of linear system with a rank-1

structure constraint will have unique solutions.

We determine such a sufficient condition and can then guarantee our recursive algorithm will recover a
generic signal, provided a certain symbolic matrix has full column-rank. We offer strong numerical evidence
that such these symbolic matrices do have full column-rank for a couple of dimension of problem size.
Concurrently, my advisor and a fellow graduate student, Jeshu Dastidar, began studying an algorithm
by Johnston, Lovitz, and Vijayaraghavan [43] for finding the intersection of a conic variety with a linear
subspace. If the subspace contains certain “planted” solution belonging to the variety, under certain condi-
tions the algorithm recovers these. The JLV algorithm provided a breakthrough in decomposing fourth-order
tensors of rank quadratic in the tensors’ dimension. Despite the significant differences in presentation and
context, [19, Algorithm 1] can be consider an equivalent to [43, Algorithm 1] restricted to the varieties of
rank-1 tensors and with some additional pre-processing to take affine (rather than linear) sections. Moreover,
our numerical work on the rank-1 constrained linear systems arising in from the projected MRA problem
suggested that [43, Theorem 2] was a pessimistic bound; the JLV algorithm for intersections could work for

substantially larger generic subspaces than currently proven.

GOAL 3. Find sharp bounds on the dimension of generic subspace for which the JLV algorithm succeeds

in finding the intersection of varieties of rank-1 matrices.

Work by my collaborators doubled the subspace dimension bound previously known and determined a
definitive breaking point at an even higher threshold (see Proposition 3.2.6). However, I provided evidence
that, in fact, the boundary is sharp and the JLV algorithm succeeds up until to this boundary. Modifying
the original algorithm to perform some computations over a finite field, I can prove our conjecture of a sharp
threshold for specific cases or generate evidence against it (in practice the algorithm generates no evidence

against the conjecture in several thousand cases tested). I also provide the first numerical implementation
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of the JLV algorithm for the family of Segre-Veronese varieties, allowing one to take the intersection of a

subspace with any shape of rank-1 tensors having any number of partial symmetries across modes.

Main Contributions.

1. T developed a robust implementation JLV intersection algorithm in Python to find the intersection
of any Segre-Veronese variety with a linear subspace.

2. I modified the JLV algorithm to provide computer-proof of specific cases of a conjecture (Conjec-
ture 3.4.1) suggesting a sharp bound on the dimension of the subspace from which the JLV can
correctly extraction planted rank-1 matrices.

3. I generalized the conjecture and computer-proof techniques to rank-1 matrices with an enforced
symmetry (Section 3.5).

4. T repurposed the machinery used in work on the JLV algorithm to develop a polynomial-time test
for when a specific class of linear systems with a rank-1 constrained solution will have a unique
solution.

5. Using work on finding solutions to linear systems with rank-1 constrained solutions, I developed an
recursive polynomial-time method which can recover the orbit of a signal with dimension a power
of two from third moments in both the dihedral and projected MRA models, provided the test
described above is passed.

6. I give numerical evidence that the linear systems with rank-1 constrained solutions arising in our
orbit recovery problems do have unique solutions for generic signals.

7. 1 do some preliminary sensitivity analysis by running numerical experiments to see how small

floating point errors accumulate through steps in my recursive algorithm.

1.2. Outline

Chapter 2 outlines some key terminology and notation for dealing with tensors, tensor decomposition,
and some algebraic geometry needed to understand further work. This material is not novel and we draw from
the review of Kolda [46] on tensor decomposition, Moitra’s book [54] detailing applications, and textbooks
for some key definitions from algebraic geometry.

In Chapter 3, we present work done with co-authors Jeshu Dastidar and Alexander Wein improving a
bound an algorithm of Johnston—Lovitz—Vijayaraghavan which finds the intersection of a conic variety with
a linear subspace [24]. This work has been published to arXiv and is in the review process for publication

in the SIAM Journal of Applied Algebraic Geometry. The JLV algorithm and work by Johnston, Lovitz,
5



Vijayaraghavan provided a breakthrough in decomposing fourth-order tensors of rank quadratic in the ten-
sors’ dimension. In our work, we show that the original authors’ proof of the algorithm’s correctness gives
a pessimistic upper bound on the rank of a tensor for which it may find a decomposition; instead, we show
algorithm can decompose tensors with rank roughly twice as large as previously guaranteed. Further, we
gives a negative result that the JLV algorithm will fail somewhat above the positive result. We conjecture
that the intersection algorithm actually works up until this provable breaking point; further, we prove the
conjecture for several thousand specific cases using an algorithm we wrote. Chapter 3 contains an edited
version of [24] which emphasizes this author’s contributions consisting of an implementation of the JLV
algorithm in Python to find the intersection of any linear subspace with any Segre-Veronese variety, which
include varieties of rank-1 matrices. I also programmed modifications to the algorithm so that it can produce
computer-aided proof of the conjecture for any fixed set of parameters (or, in theory, give statistical evidence
against the conjecture). Further, I extended these computer-aided proofs and numerical experiments to the
case of symmetric matrices which our combinatorial arguments do not consider.

Material in Chapters 4 and 5 are adapted from a paper on orbit recovery for dihedral and projected
MRA by the author and Alexander Wein [67]. This paper is published on arXiv as a pre-print. All proofs,
code and computations were written or run by this author with guidance and critique from Dr. Wein on
their structure and substance. The paper has been adapted as two chapters in this dissertation with some
new additions providing additional clarification.

In Chapter 4, we give a format for symmetric tensor tensor, a symmetrized Kronecker product and
properties of this symmetric product, and examples of how varieties are described in this form which come
from [67, Section 2.2, 4.2]. T also include details for an algorithm which finds a basis of the degree-2
polynomials cutting out Segre-Veronese varieties— that is, varieties of rank-1 tensors with some partial
symmetries along modes. This subroutine is an important part of my implementation of the JLV algorithm.

In Chapter 5, we add a “projection” step to the MRA model, making the challenge of determining the
signal significantly harder. Using a framework of variety-constrained linear algebra, we develop an algorithm
which can recover the signal when it has dimension that is a power of two and conditional on a symbolic
matrix being full-rank. We conjecture that these symbolic matrices have full column-rank and give strong
evidence for this fact by showing that that at we can find at least one random instance of these matrices

which has numerical full rank.



1.3. Notational Conventions

This dissertation contains a number of results from rigorous proven statements to numerical experiments.
We use the notation of “THEOREM” to denote proven statements. In some cases, the result we aim to proved
is equivalent to a particular symbolic matrix being full rank or a polynomial being non-zero. A technique
we use in Chapter 3 is performing computations over a finite field to certify these facts and constitutes proof
of specific cases, aided by the computer. However, in some cases such computations prove quite slow to run.
We can instead perform these in floating-point arithmetic at the cost of numerical precision. Such results
(numerical condition numbers and function evaluations) do not constitute proof since there is a chance that
the result may be attributed to error. Nonetheless, for such facts verified by floating-point computation,
we use the notation “THEOREM*.” In such situations, the use of the word “Theorem” is to convey that the
outcome of the floating-point calculations are exceedingly unlikely to be attributed solely to the accumulation
of errors due to rounding in floating point arithmetic and the statement has overwhelming evidence for it.
This notation is not an original creation, I came across it in a paper in the area of computation algebraic

geometry but cannot presently locate this paper in my records or by search.



CHAPTER 2

Tensor Decomposition and Algebraic Geometry

In this Chapter we introduce some of the core concepts developed to support work in Chapters 3 and 5.
We introduce the notation we use to work with tensors, the idea of tensor decomposition and tensor rank.

We also introduce some key concepts from algebraic geometry relevant to the theory of tensor decomposition.

2.0.1. Preliminary Notation. We use K to denote the either the field R or C. A statement involving
K will hold when one substitutes either R or C for all instances. We will use the shorthand K™ then to
denote an n-dimensional vector space over the field K. We will use the notation [n] to denote the set of
whole numbers from 1 to n,

[n] ={1,2,...,n—1,n},

and the set [n) to denote whole numbers from 0 to n — 1,
[n) ={0,1,2,...,n—1}.

We will primarily use elements [d] to index entries of vectors in the standard basis and elements of [d) to

index Fourier coefficients of a vector (entries of a vector in the Fourier basis).

2.1. Tensors and Indexing

2.1.1. Tensors and tensor spaces. In this work, we consider a tensor to be a multi-dimensional array
of numbers. The order of a tensor is the number of indices used to access elements of the tensor. In this
context, a vector is an order-1 tensor and a matrix is and order-2 tensor. The shape of a tensor is a tuple of
non-zero integers denoting the values that each index may range over.

We use hard brackets to indicate a specific entry of a vector or matrix, e.g. for a vector z € K", z[j] is
the j-th entry of x and for a matrix A € K™*", A[j, k] is the entry in the j-th row and k-th column. We
also use the placeholder “:” to indicate full range of indices so that e.g. for a matrix A, A[j,:] is the j-th
row as a vector and A[:, k] is the k-th column.

We denote a space of k-order tensors with shape (n1,no,...,ng) by

K"@K"?®- - @ K" :span(ul®u2®~--®uk:u1 eK"l,uQEK"Q,...,ukEK"’“).
8



As a short-hand we will also use K"t *n2x*nk = K™ @ K" ® ---® K" . The short-hand

k times

indicates a repeated tensor product and a space of cubic tensors.

For two tensors S, T € K" * X" we define their inner product as

(21) 1= S S ST Gl Tl el

ji=1  jr=1

2.1.2. Flattening and reshaping. If a vector or matrix has extra structure we may index into it using
tuples to emphasize this structure. Flattening (or generally, reshaping) using an isomorphism K" ® K" =~
K™" may be indicated using our indexing system e.g. if A € K™ ® K™ and we wish to define a flattening to

v e K™ then we use

v[(i, 7)) == Ali, j]
where a lexicographical ordering on (Z,j) gives a bijection between standard basis vectors of K™" and
K™ ® K”. In general, the tensor space K™ ® K™ ® --- ® K™ is isomorphic to the vector space K172k,
The Kronecker product of vectors u' € K™, u? € K™, ..., uF € K™ is a vector u' @u?®- - - @uF € KMz

defined entry-wise by
(W' @u? @ @u")[(jr, 2 - - - ji)] = ' [n]u?[ga] - - ],

where our indexing by (j1, j2, - - jk) € [n1] X [n2] x - - - x [ng] implicitly uses a fixed bijection with an element
of [ning - ng] e.g. by using the lexicographic order on the tuples. We say that vectors arising from such
Kronecker products have a tensor product structure.
In the other direction, for x € K™ and y € K™ we may accomplish the reshaping of v € K™” to a matrix
A e K™ ®K"™ via
Afi ) 1= o[(i, )]

2.2. The Canonical Polyadic (CP) Decomposition

Considering a third-order tensor T' € KP*9*" the canonical polyadic decomposition of a tensor T is a

way of it as a sum of rank-one matrices e.g.

R
(2.2) 7= 3 P @b @)
j=1

9



where the sets of vectors {a}, < KP, ()} < K7 and {¢W}E | < K" are called factors. This
definition extends in a natural way to higher order tensors. Omne can also collect the factors into factor
matrices A € KP*E where A[:, ] = a') and B, C are defined analogously. Using factor matrices we may use
the notation

R
(2.3) T =[A B,C] := Y, Al j]® B[, ] ® C[:, ]

j=1
to concisely define a tensor by the factors that compose it. Such decompositions can only be unique up to

reordering the elements in the summand, i.e. if IT is an R x R permutation matrix
T = [A, B,C] = [AIl, BII, C1I],

and rescaling of the factors in a way the preserves the total Frobenius norm of each of the rank-1 tensor

summands i.e. if D1, Dy and D3 are Rx diagonal matrices such that Dy Dy D3 = I then
T =[A,B,C]| =[ADy,BDs,CDs].

The rank of a tensor is defined to be the smallest number of factors needed to write 7 as an CP
decomposition [40,48]. A CP decomposition with the minimal number of factors used is often called a rank
decomposition [46], though in this work we will use CP decomposition to mean one with minimal rank.

For tensor of order three and higher, as the term “canonical” suggests, often under weak assumptions a
rank decomposition is unique up to the indeterminacies described above. This does not occur for matrices,
indeed if X € R™*™ has a factorization X = ABT then U = AW and V = BW where W is any real
orthogonal matrix gives an alternative decomposition X = UV . The indeterminacy described is called
“the rotation problem” and poses an interpretability challenge when trying to determine correlated effects
in data. The issue of uniqueness is remedied if one requires that factors be orthogonal which gives the
singular value decomposition (SVD) of X. In contrast, a third-order tensor need not have orthogonal sets
of factors for that decomposition to be unique, see the excellent review by Kolda [46] for a comprehensive
overview of what is known about uniqueness. Uniqueness under these relatively weak conditions makes the
CP decomposition attractive as a tool used in unsupervised learning, applied to the method of moments,
and in the analysis of temporal data, multi-relational data, latent variables, phylogenetic trees, topic models,
etc. See [46,54,58,66] for further discussion.

Unfortunately, it is challenging to determine utilize these nice properties of the CP decomposition since,

in general, determining the CP decomposition is an NP-hard computational problem [42]. Further, while the
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Eckart-Young theorem states that the best rank-R approximation of a matrix (order-2 tensor) in Frobenius
norm can be found by truncating the singular value decomposition, no such result holds for higher order
tensors with regards to truncating the CP decomposition. In general, trying to find a lower rank approxima-
tion to a tensor may even be ill-posed in the sense that Indeed, de Silva and Lim [27] constructs examples
of tensors spaces where lower rank approximation is ill-posed for a positive volume of tensors (i.e. the set of
these tensor has a non-trivial Lebesgue measure). These challenges holds broadly, but by setting some con-
ditions on the tensors one aims to decompose there are efficient algorithms. We highlight the simultaneous
decomposition algorithm (also called Jennrich’s algorithm). This algorithm has been rediscovered multiple
times and is often attributed to a working paper of Harshman [39] though the author credits Dr. Robert
Jennrich. In actuality, this paper describes the method of alternating least squares (ALS) to estimate factor

madtrices.

THEOREM 2.2.1 ([49]!). Consider a tensor T e KP @ KI @ K" such that
R . - .
T=>Ydeyed
j=1
where the sets of vectors {a/}, and {P}, are linearly independent and the final set {7}, contains

pairwise-linearly independent vectors. Then the decomposition is unique and an efficient algorithm, Simul-

taneous Diagonalization (SD), exists to find the decomposition.

The algorithm is relatively simple, requiring as subroutines the ability to compute SVDs and the

Moore-Penrose psuedoinverse of a matrix, denoted as A" for a matrix A.

Simultaneous Diagonalization (SD) [49]

Input: a tensor T satisfying the conditions given in Theorem 2.2.1.
Output: factor lists {aW}F, < KP, {(pD}F | < K7 and {¢P}2, < K" (up to order and rescaling
indeterminacies).

(1) Select vectors u,v from the unit sphere in K", uniformly at random.

(2) Form the matrices T, := Y._, u[j|T[:,:, j] and T, := X' o[4]T[:,:, 4]

j=1 j=1

IThe uniqueness result attributed to Dr. Jennrich starts with the assumption that {c7 }f‘:l is also linearly independent so that
one implicitly requires T have rank R < min{p, ¢, 7} rather than R < median{p, ¢,7}. Kolda suggests the paper of Leurgans,
Ross and Abel as “an apropos single source since the originator of the idea, if there was a single such person, has been lost to
time.”
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(3) Compute the eigenvalues and associated eigenvectors of T,,(T;,) T, call these \; and {a’}, j € [R],
respectively. Compute the eigenvalues and vectors of ((T,,)*T,)7, call these u; and {b'},
je[R].

(4) If possible, pair up a’ with b¥ when \; = (u)~!. Otherwise, report failure.

(5) Solve for each ¢/ so that T = Ef’zl ) @V ®cl.

We note that the SD algorithm is usually given for decompositions over R but one can verify that
that when matrices are complex, the same arguments for correctness hold (see e.g. the presentation by
Moitra [54]). For example, in Step 2 we conjugate the entries of v and v to match the definition of the inner
product in (2.1).

However, these conditions on a tensor where simultaneous diagonalization may be used to find a decom-
position are quite stringent. For a third-order complex tensor T' € CP ® C?® C", the expected generic rank
is

B pqr
R_[1+(p—1)+(q—1>+(r—1) '

(2.4)

If we sample “random” tensor (tensor from any absolutely continuous distribution on the space CPQCIQC"),
this is the rank one should expect the tensor to have by a simple dimension counting argument.? Further,
work by Chiantini, Ottaviani and Vannieuwenhoven [23] showed that in many cases, a generically chosen
tensor of rank one less than expected generic rank is identifiable i.e. has a unique decomposition. This
leaves a significant gap between what tensors simultaneous diagonalization can decompose and the tensors
that might be encountered in the wild and has motivated research into more powerful tensor decomposition

algorithms.

2.3. Symmetric Tensors
Let Sy, be the symmetric group on the elements of [k]. A tensor T € (K")®* is symmetric when for all

indices j1,j2,- -, Jjk € [n] and any permutation o € Sy we have

T[j17j27 s 7.7]6] = T[ja(l)ajo‘@)v (R 7.70'(16)]

2There are both exceptions to this for small exceptional values of p,q and r and in the case of unbalanced tensors e.g. ones
where r > pg— (p—1) — (¢ — 1) [23].
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We denote the space of symmetric tensors S*(K") < (K")®*. For a tensor without symmetry its symmetric

component is given by the projection Sym;, : (K")® — (K")® defined index-wise for j1, jo, . . ., jx € [n] by

o . 1 . . .
(25) Symk(T)[.]la.]27' "a.]k] = g Z T[.]a’(l)y.]o’(Q)v" '7.70(k)]'

' UESk

The image of (K™)®* under Sym,, is S¥(K"). Symmetrization may be analogously defined for vectors that
have appropriate tensor product structure.

More generally, for any subspace & < K", we can define
(2.6) S*(U) := span{Sym,,(u' @ u* @ --- @ uF) s ul, ... uF e U}.

2.4. Cutting out Varieties of Rank-1 Tensors

A tensor T € Kn1xn2XXnL hag CP rank of 1 if we can find non-zero vectors 7/ € K", j € [L] such that
(2.7) T @ @t

To better understand the CP decomposition and advances in tensor decomposition, it is helpful to define what
it means for a tensor to have rank at most 1 from the perspective of algebraic geometry. Namely, it is first
useful to have procedures which allows one to “detect” when a tensor is rank at most one and more. Treating
entries of any vector x € K™ as symbolic variables, we will use the notation K[z] = K[z[1],z[2],...,z[n]]
to define the polynomial ring over K in the variables z[j], j € [n]. We will also define polynomial rings
using the symbolic variables of other objects e.g. using K[A] = K[A[j,k] : j € [m],k € [n]] to indicate a

polynomial ring in the variables of an m X n matrix.

DEFINITION 2.4.1 (Algebraic Variety). An algebraic variety in K" is a subset X < K™ such that for a

finite set of polynomials f1,..., fp € K[z],
X ={zeK": fi(z) = fo(x) = -+ = fp(z) =0}

i.e. X is the zero set of the polynomials f1,..., f, or the polynomials f1,..., fp cut out the variety X.
The set of tensors of the form given in (2.7) form what is called a Segre variety.

DEFINITION 2.4.2 (Conic Variety). A conic variety X over K" is a variety such that if x € X, for any

ceK, cxreX.
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A polynomial is homogeneous if all its non-zero terms have the same degree. A variety is conic if and

only if it is cut out by homogeneous polynomials.

DEFINITION 2.4.3 (Ideal). An ideal Z of the polynomial ring K[z] is an non-empty subset of K[x] such
that
(1) if f e K[z] and g€ Z, then fgeI;
(2) if f,geZ, then f +g€eT.

We can define the ideal of an algebraic variety X < K™ by
(2.8) Z(X) :={f eK[z]: f(z) =0 for all x € X}.

Next, define K[z]4 to be the vector space of degree-d polynomials of K[z] under addition (plus the zero

polynomial). If X is conic then
(2.9) Z(X)g:={feK[z]s: f(z) =0 for all z € X}

is a subspace of K[z]4. Next given a homogeneous degree-d polynomial f € K[z]q, there is a unique tensor

TT € SHK") such that f(z) = (x®, T7) where the inner product is defined for two tensors in (2.1).

OBSERVATION 2.4.4. Notice that since T is symmetric, we also have that f(x) = (Sym,(x®?),T)
since the components of x® orthogonal to S¢(K™) will not contribute to the inner product. It follows that
we can evaluate and represent polynomials more efficiently using our symmetric lift constructions given in

Chapter 4.

In Chapter 3, we will need a polynomial basis for Z(X;)2 where X} is the variety of rank-at-most-1 m x n

matrices. As a set we can define this via
X ={u®v:ue K" veK"} c K™*"

Note that canonically the zero matrix is rank-0 which is one reason for the terminology "rank-at-most-1.” The
other is that it is well known that the variety of matrices of rank at most r are cut out by their (r+1) x (r+1)
minors [38]. However, to ensure that rank is ezactly r would require that at least one r x r minor is non-zero

which is a semi-algebraic condition.

EXAMPLE 2.4.5 (The variety of rank-at-most-1 matrices). For a matriz X € K™*™ the 2-minors of X

are the determinants of each 2 x 2 submatriz formed by selecting the rows a and ¢ and columns b and d for
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a,c € [m] and b,d € [n], i.e.

(2.10) Maped(X) := X[a,b] X[e,d] — X[a, d] X|[c, b].

Taking the standard basis vector €, € K™ Q@ K™ defined so that (€ap, X ) = X|a,b],

(2.11) Maped(X) = (Bab @ Ced — Cad ® Eup, XO?).

Note that Eup ® €eq — €uq @ Eap ¢ S*(K™*™) and is hence not unique. However, the vector

Eabcd = Sme(gab ® gcd - gad ® gcb)
(2.12) 1 1
= i(gab ® ng + é’cd ® gab) - i(gad ® gcb + é;:b ® gad) € 52(Kmxn)
obeys {Eqped, X®2> =01if X = u®u for vectors u € K™ and and v € K". Hence, Eqpcq is the unique element

of SZ(K™*™) which effects evaluation of the polynomial Mypeq against a symbolic matriz X .
Identifying Mypeq with Fgpeq it is not hard to see the following.

LEMMA 2.4.6. For the variety of rank-1 m x n matrices X1 € K™*™ the set of vectors {Egpeq : 1 < a <
c<m,1 <b<d<n} isa basis for L(X})s when considering it to be a subspace of S?(K™*™) by identifying

monomials with tensor products of standard basis elements.

PROOF. As previously stated minors of the form given by (2.10) generate the ideal Z(X;). From this
it follows that span{FEqpcq} = Z(X1)2. Finally, we need merely note that if (a,b,c,d) # (a/,¥,c,d'), then
(Eabed, Earveary = 0. Tt follows that the vectors are linearly independent since they are orthogonal. In fact,

this is an orthonormal basis as |[Eapca3 =+ 1+ 1+ 1 =1. O

Next, a less known fact is that for any tensor T' € K" * %™k degree-2 homogeneous polynomials of the

form

(213) T[]la]?a7]Zvvjk]T[Jivjévv.7237]]/c] _T[]h]?a7]27).716]1—‘[.717]57,]fvvjl/c]a

where each j;,ji € [n;] for every i € [k] and ¢ € [k], not only cut out a general Segre variety X; <
K xxmk hut generate the ideal Z(X7) [37]. Tt follows that the span of these polynomials produce Z(X;)s €
S2(Kmixxnk) - However, generating all polynomials of the form in (2.13) does not produce a linearly

independent set in general.
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EXAMPLE 2.4.7. Let T be a 2 x 2 x 2 rank-1 tensor with no symmetries along modes. Observe that each
of
a="T[1,1,1]T[2,2,2] — T[2,1,1]T[1,2,2],
b="T[2,1,1]T[1,2,2] — T[2,2,1]T[1, 1, 2]
c=T[1,1,1]T[2,2,2] — T[1,2,1]T[2,1,2] and
d="T[1,2,1]T[2,1,2] - T[2,2,1]T[1,1,2]

fits the form given in (2.13) but a + b = ¢+ d. So in general, polynomials of the form (2.13) are a spanning

set of Z(X1)a2 but not a basis.

This example does given an insight into what goes wrong: there were two different ways to swap indices
along modes to go from the pair {(1,1,1),(2,2,2)} to the pair {(2,2,1),(1,1,2)}. Once can also show that
a similar issue arises when trying to deal with symmetry where using all polynomials of the form in (2.13)
produces a linearly dependent set of polynomials. However, we wait to resolve both issues until Chapter 4

where we develop a better system to handle enforced symmetries in tensors.
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CHAPTER 3

Improving Bounds for Finding Rank-1 Matrices in a Subspace

This chapter is adapted from the arXiv preprint [24] with co-authors Dastidar and Wein. Common
definitions and exposition where primarily written by Dastidar and Wein and have been lightly edited by this
author to highlight my work in the project, specifically implementation of the JLV algorithm and adaptation
to perform partial computer-proof which are covered in Section 3.4, as well as the extension symmetric
matrices in Section 3.5 which prove relevant for Chapter 5’s work on the multi-reference alignment (MRA)

models.

3.1. Introduction

In this chapter we consider the basic computational question of finding rank-1 matrices in a given linear
subspace U < R™*™ which is based on joint work with Dastidar and Wein [24]. We assume U is generated
as the linear span of s “planted” rank-1 matrices, along with R — s other matrices, where R = dim (i) and
0 < s < R. As input, we receive an arbitrary basis for U, and the goal is to output the s planted matrices,
up to permutation and scalar multiple (in the sense of Proposition 3.2.3). Aside from being a fundamental
question in its own right, the s = R case is a key subroutine in various tensor decomposition algorithms, as
we will discuss in Section 3.1.2. In the s = 0 case there are no planted matrices to recover, so here the goal
is to algorithmically generate a certificate that no rank-1 matrices exist in U.

For a successful solution to this problem, we desire an algorithm that works for a wide range of possible
inputs. To circumvent NP-hardness [21], we follow [43] and assume that the matrices generating U are
chosen generically, either from the set of rank-1 matrices or the set of all matrices, as appropriate. The
formal meaning of “generic” will be stated in Section 3.2, but essentially this means we ask for an algorithm
that works for “almost all” inputs, in the sense that the set of inputs where the algorithm fails has measure
zero. We desire an algorithm that succeeds, in this sense, for the largest possible range of parameters
m,n, R, s. Furthermore, we desire an algorithm with fast runtime.

The work of Johnston-Lovitz—Vijayaraghavan [43] gives a polynomial-time algorithm for the above
problem, under the condition R < f(m —1)(n —1), and in fact for a more general setting where rank-1

matrices can be replaced by some other algebraic variety. We refer to this as the JLV algorithm, and it
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will be a key focus of our work. The algorithm is based on the first level of the so-called Nullstellensatz
hierarchy (and the connection to Hilbert’s Nullstellensatz is described in [43, Remark 12]). Higher levels
of the hierarchy give rise to algorithms that are potentially more powerful at the expense of increased
computational cost. Higher levels have been analyzed only in the fully non-planted case s = 0, where they
are shown to work even for nearly full-dimensional subspaces R < (1 — ¢)mn with runtime (mn)/(©) [28] (see
Remark 6.10 therein).

Without constraints on runtime, the identifiability threshold is R = (m — 1)(n — 1). By this we mean
that for 0 < s < R < (m—1)(n— 1), the only rank-1 matrices in the span of s generic rank-1 matrices along
with R — s generic matrices, will be the s planted matrices (and their scalar multiples) [34, Theorem 4.6.14].
Furthermore, the planted matrices can be recovered by a sufficiently high level of the Nullstellensatz hierarchy,
but the runtime will not be polynomial in general [34, Remark 4.6.16]. Conversely, if R > (m — 1)(n —
1) then the subspace will contain “spurious” rank-1 matrices in addition to the planted ones (see [38],
Definition 18.1(iii)). In fact, any subspace of dimension R = (m —1)(n — 1) + 2 must contain infinitely many
rank-1 matrices (see Definition 11.2 in [38] or Theorem 3 in [51]).

While we have focused our discussion on R, our main results will also hold over C. Although this does
not affect generic inputs, the base field can matter: the matrices ((1,0),(0,1)) and ((0,1),(—1,0)) have a
(complex) rank-1 matrix in their C-span but no rank-1 matrix in their R-span. We only work with infinite

fields because the notion of “generic” will not make sense over finite fields.

3.1.1. Our Contributions. In this work, our objective is to investigate the precise limits of the JLV
algorithm, that is, the first Nullstellensatz level. Our main question is: for large m,n, what is the largest
constant ¢ € [1/4, 1] such that the JLV algorithm succeeds on generic inputs with R < (¢—o(1))mn? (We will
see that there appears to be no dependence on s, to first order.) Even though higher levels of the hierarchy
might tolerate larger R, the computational complexity quickly becomes impractical: the lowest level is d = 2
and in general, any constant level d > 2 needs to compute with subspaces of dimension ©((mn)?). For this
reason, we feel it is valuable to understand the exact performance of the first level, especially given the large
gap between existing bounds: 1/4 < ¢ < 1.

Towards this, we improve the bounds to 1/2 < ¢ < 1/4/2. (In the special case s = 0, the bound
c>1-1/1/2 ~ 0.293 was known previously [28, Theorem 6.9].) In the arXiv version of this work, my
co-authors give a combinatorial proof that for any 0 < s < R, if R < $(m — 1)(n — 2), the JLV algorithm

succeeds on generic inputs verifying that ¢ = 1/2, see [24, Corollary 2.6]. However, by a dimension counting
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argument (see [24, Theorem 2.7]), when

R+1 m\ (n
(2= ()G)
the JLV algorithm will not succeed, giving ¢ < 1/4/2.

Here I emphasize the numerical experiments and a method of computer-aided proof (Section 3.4) I
developed which suggest that the true value is ¢ = 1/4/2 and that the inverse of [24, Theorem 2.7] also holds
for generic subspaces. We highlight the open problem of proving this, which we state as Conjecture 3.4.1.
The improvement from ¢ = 1/4 = 0.25 to, potentially, ¢ = 1/4/2 ~ 0.71 represents a much wider range of
values for dim(U/), as a fraction of the ambient dimension mn. Conjecture 3.4.1 posits an exact formula
for the threshold, and we give an algorithm which will can give a computer-proof of this conjecture for any

particular value of m,n, R and s values or give evidence against the conjecture. Our code is freely available,

including an implementation of the JLV algorithm in Python.

3.1.2. Motivation and Applications. Aside from being a fundamental computational question in
linear algebra, the problem of finding planted rank-1 matrices in a subspace is also important from a machine
learning point of view, as it is a key subroutine in various tensor decomposition algorithms [43,47].

To illustrate our contributions to tensor decomposition, consider the (CP) decomposition problem for
an order-3 tensor T' € R™t*™2XM3 djscussed in Section 2.2: given a tensor with a rank-R decomposition
T = Zle a’ ® b* ® ¢ where the components a’,b’, ¢! are generically chosen vectors from R™' R"2 R"s
respectively, and (¢ ® b ® ¢)ijx := a;bjci, the goal is to recover the list of components up to inherent
ambiguities (permutation of [R] and scalar multiplication). The order-4 tensor decomposition problem is
analogous but for T' e R™tXn2XnsXn4

Building on [43], our improved algorithmic result for finding rank-1 matrices implies improved results for
polynomial-time tensor decomposition. Specifically, we can decompose generic order-4 n X n x n x n tensors
up to rank R < %(n — 2)2 for any n, allowing roughly twice as many components as the previous result

R < X(n —1)? [43]. Further my computer-proof of Conjecture 3.4.1 for some values gives the improvement

i
R < %n(n — 1)+ % for 2 < n < 15 and could in theory be run to attempt certification of this bound for
higher values of n. For order-3 n; x ny X ng tensors that are unbalanced in the sense nz > nins/2, we
similarly obtain a factor-of-2 improvement from R < }(ny — 1)(nz — 1) to R < §(ny — 1)(n2 — 2). These

improvements follow directly by the ideas in [43, Section 6]. Specific cases where my program has certified

Conjecture 3.4.1 gives analogous improvements, see Table 3.1 for details.
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3.1.3. Related Work. The problem we study was first defined by JLV [43], but earlier precursors
considered various special cases and variations. For instance, the case s = R is closely tied with the
celebrated FOOBI algorithm for order-4 tensor decomposition [25,26]. In Section III of [26] it is claimed
that this algorithm decomposes generic n X n X n x n tensors of rank up to R < %n(n + 1). However,
Appendix A of [43] points out an error in the proof and provides a correct proof under the weaker condition
R < %(n—1)% Our improvement to R < 3(n — 2)? discussed above recovers the original claim, to first
order. Some extensions of FOOBI include [41,52], but these do not improve the rank condition.

Another precursor to JLV is [19], which considers only the special case s = 1 but generalizes it in a few
directions: the linear subspace can be replaced by an affine space, and the set of rank-1 matrices can be
replaced by rank-r matrices or tensors.

JLV was first to consider the full range 0 < s < R, and their result also allows the set of rank-1 matrices
to be replaced by an arbitrary affine cone.

In the special case s = 0, some extensions to JLV have appeared. First, [16] gives an algorithm in
the case of smoothed (rather than generic) inputs, which amounts to giving a detailed analysis of noise-
robustness. Also, [28] analyzes higher levels of the Nullstellensatz hierarchy, showing that they succeed for
nearly full-dimensional subspaces. Generalizing these results to s > 0 remains an interesting open problem.

There is a natural variation of our problem where m = n and all the matrices are symmetric. The JLV
algorithm also applies here, but the bounds on its success are different from the non-symmetric case [43].
We cover this is situation in Section 3.5.

Our improvements to order-3 tensor decomposition apply to unbalanced tensors, e.g. of shape roughly
nxnxn?. For “square” n x n x n tensors, the classical simultaneous diagonalization method can decompose
generic tensors of rank up to B < n [49]. Recent advances [44,57] have culminated in an algorithm
approaching rank 2n [47]. This method uses JLV as a subroutine, but the factor 1/4 is not the bottleneck
in the analysis, so our result does not imply an improvement here.

Other algebraic methods for tensor decomposition were proposed prior to JLV, including [30,64] and

references therein. To our knowledge, these have not been proven to succeed on generic inputs.

Acknowledgments. We are thankful to Ben Lovitz and Aravindan Vijayaraghavan for helpful discus-
sions. In particular, Ben Lovitz pointed us to many relevant references, e.g., concerning the identifiability

question.
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3.2. Setting and Results

Let us now formalize the basic computational question of interest. Throughout, we will work over a field
F which can be either R or C. Throughout this section, ¥V = F™*™ is a vector space over the field F and
U < V is an R-dimensional subspace. We always assume m,n > 2. A rank-1 matrix v € F™*" is one that
can be expressed as v = 2y ' for non-zero x € F™,y € F*. Equivalently, a matrix has rank at most 1 if and

only if all of its 2 x 2 minors vanish. So the set of rank-at-most-1 matrices can be expressed as the algebraic

variety
Xy ={veF™": f(v)=0forall fe P}V,
where
P = {vapVeqd — VaaVep : 1 Sa<c<m,1 <b<d<n} <SFlv;:1<i<m,1<j<n].
We assume U = span{v!,...v*, vt ... 0%} where we call v!,...,v* € X} the planted matrices (which will

L ...,v® € V the non-planted matrices (which will have rank greater than 1). The

have rank 1) and v°*
planted ones (i < s) can be expressed as v’ = x%(y*)" for vectors x' € F™, 4’ € F*. For the non-planted
ones (i > s), we write v = 2* with z* € F*", We will assume the underlying vectors x,vy, z are chosen

generically, in the following sense.

DEFINITION 3.2.1. A property Q of vectors w € F¥ is generic (or “holds generically” or “holds for a
generic choice of w”), if there is a nonidentically-zero polynomial p on F* such that all vectors w € F* with

p(w) # 0 have the property Q.

This is a standard notion from algebraic geometry and it is well known that a generic property holds for
all but a measure-zero set of points w. In our case, w is the concatenation of all vectors x,y, z, and we will

aim to prove that our algorithm succeeds generically. We refer to
U =span{vt,..., 0% vt 0B} = span{zt(y)T, .. 2% (y*) T, 20T 2R c En

as a “generically chosen planted subspace with parameters 0 < s < R Generically, such a subspace has

dimension exactly R, as we see below.

LEMMA 3.2.2. If U = span{v!,... vf'} € F™*" is a generically chosen planted subspace with parameters

R

0 < s < R where R < mn, then the elements v',...,v" are linearly independent.
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This fact appears in [43] and holds more generally for an irreducible algebraic variety in place of the
rank-1 matrices.
Before stating our main results, we need to unpack some details of the JLV algorithm.

Toward this, for vectors u,u’ € ¥V = F™*" we will denote the symmetrization of their tensor product as
/ !/ 1 / 1 !
uvu =Symy(u®u') = §u®u + U ® u.

For a subspace U < V, we denote the space of such tensors by S?(U) = span{u v v’ : u,u’ € U}. If Y has
basis {u!,...,u*}, then S?(U) has basis {u’ v w7 : 1 <i < j < k} and thus has dimension (k’gl)

A crucial step in the analysis of JLV is to establish
(3.1) S2(U) N I(X))3 = span{(v})®?, ..., (v°)®?}

As discussed in Example 2.4.5, the vectors Fgpeq, which we now write Fupeq = €up V €cq — €ad V €cp, CUL
out Xj in that (Eupeq,v®?) = 0 if v € X;. Further, vectors of this type may be used to form a basis for
Z(Xy)e.

In our context then, the critical step in the analysis of JLV is to establish
(Goal) S%(U) ~ span{Eypeq}™ = span{(vh)®?, ..., (v*)®?},

where (a,b,c,d) ranges over 1 < a < ¢ <mand 1 < b < d < n. Observe that we have the containment
“2” for free since (v))®? = v? v v' € S?2(U) and for i < s, ((V))®2 Egpea) = 0 since vl,...,v° € Xy, so
(v)®? € span{Eqpq}*. Establishing the forward inclusion is the main challenge, which is the focus of
constructions in Section 3.3. The reason (Goal) is helpful is because the left-hand side is a subspace that the
algorithm can compute, which gives us access to the right-hand side. Given the right-hand side, JLV show

1

how to extract the desired solutions v*,...,v°, up to permutation and scalar multiple. This is captured by

the following fact.

PROPOSITION 3.2.3 ([43]). There is a polynomial-time algorithm with the following guarantee. Given
as input span{(v)®2 ... (v*)®2} where v!,... v* € F* are linearly independent vectors, the algorithm will

1

output some 9',... 0% € F¥ for which there exists a permutation 7 of [s] and non-zero scalars ay, ..., o

with ©° = a;u™® for all i€ [s].

Given a basis { P, ..., Ps} for span{(v!)®2 ... (v*)®?}, the procedure for extracting v!,... v* is Step 2

of Algorithm 1 in [43]. The procedure involves decomposing a particular tensor using the simultaneous
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diagonalization algorithm, and its correctness is justified in the proof of Corollary 16 in [43]. See also
Lemma 3.4 of [47].
In the case s = 0, if (Goal) holds, i.e., if the left-hand side is {0}, this constitutes a certificate that U

contains no rank-1 matrices. This is captured by the following fact.

PROPOSITION 3.2.4 ([43], Observation 11). If S?(U) n span{Eupea}t = {0} for 1 < a < ¢ < m and

1<b<d<n, thenUU n X, = {0}.

The proof is immediate from our discussion above: if there were a non-zero element v € U N X; then v®?
would belong to both S?(U) and span{E,pcq}*.

We have now essentially described the JLV algorithm: given a basis {u',...,uf*} for U, it first computes
the left-hand side of (Goal) — making use of the basis {u’ v v/ : 1 < i < j < R} for S?(U) — and then
applies either Proposition 3.2.3 (s > 0) or Proposition 3.2.4 (s = 0) as appropriate. We now introduce two

results proved in the main arXiv paper.

THEOREM 3.2.5 (Positive result [24]). If U = span{v!,..., v} < F™*" (recall F is R or C) is a
generically chosen planted subspace with parameters 0 < s < R where R < %(m —1)(n —2), then (Goal)
holds and furthermore the JLV algorithm [43, Algorithm 1] succeeds in recovering v, ..., v® up to permutation

and scalar multiple (in the sense of Proposition 3.2.3).

PROPOSITION 3.2.6 (Negative result [24]). If U = span{v!,...,vE} < F™*" js a generically chosen

planted subspace with parameters 0 < s < R where

a2 (3)() = (")~

then (Goal) fails to hold and furthermore the JLV algorithm either outputs “Fail” or outputs a list of matrices

that is not equivalent to v',...,v* via permutation and scalar multiple.

The negative result rules out perfect recovery, but this does not exclude the possibility of finding a
superset of matrices that includes all the planted ones. However, we do not think this possibility is realistic:
JLV has no reason to succeed without (Goal) because it will attempt to run a tensor decomposition algorithm
on a tensor that has no reason to have low enough rank. Numerical experiments in Section 3.4.4 reveal that

indeed, JLV appears to output “junk” unrelated to the planted matrices whenever (Goal) fails.

23



3.3. Preliminaries and Perspective

Towards proving (Goal), we reformulate it via linear algebra and set up the necessary ingredients for

our computer-proof method.

3.3.1. A Linear Algebraic View. We start by considering a matrix towards proving the containment

“c” in (Goal).

DEFINITION 3.3.1. Define a matriz M where the columns are indezed by
(1,7)eQ:={(i,j):1<i<j<Rors<i=j<R}

and the rows are indexed by tuples (a,b,c,d) with 1 < a <c<m, 1 <b<d<n. We define the entries of
M by

R % j
Mabcd,ij = <Eabcd7 vV 'U]>'

We will explicitly compute these entries soon. We now have the following lemma that gives a concrete

linear algebraic approach to prove (Goal).

LEMMA 3.3.2. If M has full column rank, then (Goal) holds.

While not needed for our work, we note that the converse also holds, i.e., (Goal) is equivalent to M

having full column rank, as long as v!,..., v are linearly independent.

PROOF. We prove the contrapositive. Suppose (Goal) is not met, meaning
span{v’ v v/} N span{Egpeq}t & span{(v!)®?, ..., (v*)®?%}.
Then there exist coefficients {a;; : 1 <@ < j < R} such that

(3.3) Z vt v vl € span{Eqpeq} - \span{(v')®? : 1

1<i<jy<R

N
N
=
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There must exist a pair (¢,7) € Q such that a;; # 0, since otherwise the left-hand side of (3.3) would lie in

span{(v))®? :1<i<s}. Soforalll1 <a<c<mand1<b<d<n, we have

0= <Eabcd, Z Qv v v7>
1<i<G<R

> iilBapea,v' v o'y + D ij{Bapea,v* v 07)

1<i<s (1,7)€Q

= Z i Maped,ij-
(i)

This shows there exists a non-zero a = ()i, j)eq such that Ma = 0. O

(i,

LEMMA 3.3.3. The entries of M are given by
Mo (i i i i iy
abed;ij = 5 \VabVed + VedVab ~ YadVer ~ VebVad

forl<a<c<m,1<b<d<n, and (i,5) € Q.

ProOF. Using (a®b,c® dy = {a,c)b,d), compute {a v b,c v d) = 5 ({a, c)(b,d) + {a,d)(b, c)). Now

Mabcd,ij = <Eabcd; V'V UJ>

{eab V €cd — Cad V €cp, V' vV V)

3 (<6ab7 V' ) eed, V) + (eca; vV ) €ab, V') — {€ad, V' Y ecp, v’ ) — {ecp, V" ) €ad, v’ >)
=5 (v;bvid + VeqUly = VadVly — Uébvid) 5

as desired. m

We have now expressed the entries of M in terms of the v vectors. Recall that the v vectors can in turn
be expressed in terms of the underlying z,y, z vectors, namely:
xﬁyé if1</?<s,

U(Xﬂ =
zéﬁ if s</?{<R.

This allows us to view M as a matrix of symbolic polynomials in the variables x, vy, z.
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3.4. Conjecture and Supporting Results

3.4.1. Conjecture on the Exact Threshold. In Proposition 3.2.6, we gave a sufficient condition for
the JLV algorithm to fail. Numerical tests suggest that the JLV algorithm works right up until this breaking

point, leading to the following conjecture.

CONJECTURE 3.4.1. If U = span{v!,...,v®} € R™*" s a generically chosen planted subspace with

parameters 0 < s < R where

o (3)G)= (%)

then (Goal) holds, and as a consequence the JLV algorithm succeeds.

The left-hand side of (3.4) counts the number of rows of the matrix M defined in the previous section,
and the right-hand side counts the number of columns of M. Therefore, (3.4) is the condition under which
M could plausibly have full column rank, which is equivalent to (Goal).

We work over the field F = R in this section, but the same conclusions hold over C: since M is a symbolic
matrix of polynomials with real coefficients, it has the same rank over C as over R.

We remark that this conjecture is known to hold in the special case s = 0 and min{m,n} = 2 [28,
Theorem 1.10]. In fact, that result shows that for any subspace that avoids the rank-1 matrices (not just a
generic one), the Nullstellensatz hierarchy can certify this (which, recall, is the objective when s = 0) at level
min{m,n} (which has polynomial time if min{m,n} is constant). We will provide computer-aided proof for
a finite set of new cases, by very different techniques.

In Section 3.2, we introduced the concept of genericity and demonstrated via Lemma 3.3.2 that (Goal)
will be a generic property of subspaces of a given type if it holds true. As such, we need only produce a
single subspace for which the matrix M defined in Section 3.3 has full column rank. We will term such
subspaces produced, witness subspaces or just witnesses since they “witness” the truth of the conjecture.
One can certify a subspace is a witness by computing some maximal minor (i.e., a subdeterminant involving
all columns) of the M matrix and verifying it is not zero. We call the value of such a non-zero maximal minor
(and the rows of M to which it corresponds) a certificate for the proof. In exact arithmetic, producing such a
single witness-certificate pair constitutes a computer-aided proof that (Goal) holds generically for a specific
choice of parameters m,n, s, R (since this implies that some maximal minor is non-zero as a polynomial).

Using this observation we have proven Conjecture 3.4.1 in 3703 specific cases.
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THEOREM 3.4.2. For all choices of m,n = 2 such that %mn < 60, Conjecture 3.4.1 holds for every s

and R satisfying the given inequality (3.4).

THEOREM 3.4.3. For all choices of m,n = 2 such that \i@mn < 120, Conjecture 3.4.1 holds whenever

s € {0, R} and the given inequality (3.4) holds.

The values of m and n for which these theorems apply and additional relevant details appear in Table 3.1.
We produce witnesses which are particular subspaces spanned by integer-valued basis vectors and certificates
as described above, where the determinants are computed in modular arithmetic to verify non-singularity.
Further details are given in Section 3.4.3. Witness-certificate pairs are recorded in our supplemental material.

In addition, we have implemented the JLV algorithm in floating-point arithmetic to verify that it can
recover planted rank-1 matrices up to a small error attributable to floating-point precision loss. These tests
run quicker than our method for producing rigorous certificates, allowing us to run larger problem sizes and
give strong evidence for an additional 3289 cases of Conjecture 3.4.1. These data lead to the theorems below
marked with an asterisk (*). Since computations were done in floating-point arithmetic with possible loss of
precision, we have not rigorously proven that the M matrix is full-rank; however, we believe the experiments

justify the truth of these statements beyond a reasonable doubt.

THEOREM* 3.4.4. For all choices of m,n = 2 such that %mn < 80, Conjecture 3.4.1 holds for every s

and R satisfying the given inequality (3.4).

THEOREM* 3.4.5. For all choices of m,n = 2 such that %mn < 165, Conjecture 3.4.1 holds whenever

s € {0, R} and the given inequality (3.4) holds.

These results are all summarized in Table 3.1, with a more in-depth discussion deferred to Section 3.4.4.
We also confirm that for R and s beyond the inequality given in Conjecture 3.4.1, the JLV algorithm fails
to recover any planted rank-1 matrices (or fails to certify there are no such matrices in the case s = 0). This

too is discussed in Section 3.4.4.

3.4.2. Determining Boundary Cases. To describe the evidence we have for Conjecture 3.4.1, we first
give methods for determining the maximum subspace dimension R given m,n > 2 and number of planted

rank-1 matrices s where 0 < s < R for which the condition of the conjecture will hold.

27



149 176
153 181

TABLE 3.1. The value of Ryax(m,n) for selected m and n. Grayed entries are redundant
since there is symmetry if we exchange the values of m and n. Cases for which we have
proved Conjecture 3.4.1 for all 0 < s < R (Theorem 3.4.2) are marked in -, and cases
where we extended via strong numerical evidence (Theorem* 3.4.4) are marked in

Cases where we have proof in the special cases s = 0 and s = R (Theorem 3.4.3) are
marked in - (also including the blue and purple regions), and these likewise extend
to [BEaHgE] via floating-point calculation (Theorem* 3.4.5). Not all cases in columns n = 2
through 5 are listed due to limited space.
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DEFINITION 3.4.6. The mazimum value of R as a function of s (the number of planted rank-1 matrices)

for which (3.4) holds for given parameters m and n is

1 1 1
Ruax(m,n; s) := {\/Qm(m —Dnn-—1)+ 1 +2s — 5

The requirement that s < R implicitly determines the domain of Ryax(m,n;s). Further, Ry ax(m,n;s)
is an increasing function in s. Its minimum is then attained at s = 0 and its maximum is attained for the

largest s in the domain of Ryax(m,n;s).

DEFINITION 3.4.7. The maximum value of Rpax(m,n;s) on its domain is
Riax(m,n) := max {s € Z" : s < Rpax(m,n;5)}.

The possible values for s are {0,1,..., Ryax(m,n)}. The maximum value then occurs when s = R and

we can solve (3.4) to find the explicit expression

1 1 1
Rumax(m,n) = {\/Qm(m —Dnn—-1)+ T3l
REMARK 3.4.8. Observe that Ruyax(m,n) is at most one larger than Rpax(m,n;0). Since Rpax(m,n;s)
is increasing and integer-valued, it has the form

Rpax(m,n) —1 0<s<s*
Rmax(man; 3) = , SE€ {071127”-7Rmax(m7n)}

Rmax(ma n) s* <s < Rmax(man)
where s* € {0,1,..., Rmax} is some threshold depending on m and n. Hence, Rpnax(m,n;s) is almost a
constant function; however, if we want to ensure that (3.4) truly a sharp condition, we must account for the

mazximum subspace dimension being slightly larger when there are enough planted rank-1 matrices.

In summary, for given m and n, the (s, R) pairs satisfying (3.4) are those with s € {0,..., Rnax(m,n)}

and R e {5, PN 7Rmax(m7n; S)}

3.4.3. Computer-Aided Proofs. Computing a determinant in exact arithmetic may require imprac-
tical amounts of memory. Therefore, to construct our certificates, we will produce a subspace spanned by
integer-valued basis vectors such that some maximal minor of the matrix M has non-zero determinant as a
polynomial over the finite field F,, = Z/pZ for some prime number p. If the determinant is non-zero over
F,, it is also non-zero over R, hence our exact computations constitute proof of the conjecture for specific

problem sizes.
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3.4.3.1. Methods. Here we detail the constructions and computations we do to algorithmically prove
Conjecture 3.4.1 for a finite set of cases. Notice that for planted matrices of the form v* = 2*®v*, i = 1,...,s,
a necessary condition for identifiability of the planted matrices is that each set of factors {z'}_; < R™ and
{y;}5_, < R™ must be pairwise linearly independent (i.e., no two vectors are scalar multiples). If, for example,
2% is a scalar multiple of 27 then {2' ® ' + a(2? ® ¥7) : a € R} will be an infinite family of rank-1 matrices
in the subspace U. A set of vectors drawn from an absolutely continuous distribution on R? will be pairwise
linearly independent with probability one, but drawing vectors from IFg will potentially violate this with
high probability, depending on p, d and the method of sampling. Over Fg, there are exactly (p? —1)/(p —1)
pairwise linearly independent vectors. We chose p = 997, which is large enough to ensure that pairwise
linearly independent sets exist for all values of m,n, s that we consider.

To produce a set of pairwise linearly independent vectors over Fg, we sample a vector uniformly at
random from FZ, but only add it to the set if it is not the zero vector or a multiple modulo p of a vector in
the current set. The process is repeated until the set contains s elements. It follows that {x?}{_; is uniformly
distributed on (IF}')® conditional on being pairwise linearly independent. The same procedure is used to
generate {y'};_,. The remaining matrices, {v'}/L,, |, we sample uniformly at random from F}"*". We will
see that this procedure successfully produces the witnesses we need, with high probability.

To determine whether the subspace constitutes a witness to the truth of Conjecture 3.4.1, we construct
the matrix M given at the beginning of Section 3.3 with computations done over F,. To find a non-zero
maximal minor if one exists over F),, we run Gauss—Jordan elimination in modular arithmetic on M with row
pivoting. By recording the locations of rows after elimination and pivoting, we may report which rows of the
M matrix correspond to the maximal minor. The product of terms on the diagonal modulo p after elimination
gives the value of the minor modulo p and either certifies that the subspace U = span{vy,vq,...,vg} < R™*"
produces an M matrix of full rank if the minor is non-zero, or fails to certify that M has full rank. If
certification fails, we resample all matrix factors and matrices and proceed with a new subspace.

3.4.3.2. Results. We were able to produce pseudo-random witness subspaces on the first initialization
(pseudo-random seed set to 0) in all 3703 cases using a modulus of p = 997. These certificates constitute
proof of Theorem 3.4.2 and Theorem 3.4.3. We note that it appears to be possible to generate witness
subspaces for any p provided there is a pairwise linearly independent set i.e., (p™»{mnh —1)/(p — 1) > s,

but such subspaces are more abundant for larger p.

3.4.4. Numerical Experiments. Over modular arithmetic we can certify that a subspace & produces

a non-singular M matrix, implying success of the JLV algorithm on generic inputs; however, we also aim to
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confirm numerically that the full JLV algorithm works correctly over R in recovering planted rank-1 matrices.
To verify this, we ran a number of computations in floating-point arithmetic and report the results here.
The routines employed to do linear algebra in floating-point arithmetic run much quicker than Gauss—Jordan
elimination, so we verified numerically that the JLV algorithm succeeds even in situations where we have not
produced a computer-aided proof of its correctness. This gives strong evidence for cases of the conjecture
indicated in Table 3.1 in purple and orange.

In addition to these checks, to understand the JLV algorithm’s failure modes, we ran the algorithm
on random subspaces beyond where (Goal) holds but where planted solutions are still identifiable (see Sec-
tion 3.1). For this, we tested all matrix shapes (m,n) with 2 < m < n and mn/v/2 < 60. For each matrix
shape (m,n) we tested cases with parameters s, R where 0 < § < Rpyax(m,n) +1 and R = Ryax(m,n,s) +1
as long as R < (m — 1)(n — 1), i.e. one over the conjectured bound but still generically identifiable. These
cases represent all choices of s, R that are the smallest that exceed the inequality (3.4) for given m and n.

3.4.4.1. Methods. For floating-point calculations we produce planted matrices v* = 2' ®4y*, i =1,...,s
where components z° and 3 are generated as i.i.d. standard Gaussian random vectors in R™ and R™ respec-
tively. The additional non-planted matrices v%, s < i < R are generated as i.i.d. standard Gaussian matrices
in Rm*™,

To perform a test, we used SVD to compute an orthonormal basis for the random subspace, which is used
as input to the JLV algorithm. An orthonormal basis is not required, but generally ensures that the rank-1
solutions are not basis elements and finding them cannot be done by inspecting individual basis elements.

As described in Proposition 3.2.3, the JLV algorithm outputs a set of recovered rank-1 matrices, {67};_;.
Our measure of success was a greedy matching error for the recovered planted matrices. Treating the
recovered rank-1 matrices {6¢}5_; and ground truth rank-1 matrices {v}{_, as vectors in R™", perfect
recovery would mean there is a matching via permutation 7 : [s] — [s] such that under the matching vectors

are co-linear, i.e.,
(v, ™)

.7“ — 1, fOI' all 7 e [S]
lv*]2]o7 ) |2

To measure deviations from perfect recovery, we perform a greedy matching to find = and then report a

worst-case matching error

i [0 0mD))

3.5 w=1 v.v
(3:5) o o @15

which gives the largest deviation from co-linearity.
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We additionally wanted to understand the failure modes of the JLV algorithm, above the conjectured

bound. As noted after Proposition 3.2.3, extracting the planted rank-1 matrices 9!

,...,0% is achieved using
simultaneous diagonalization of a particular tensor. When the bound (3.4) does not hold, there is no reason
to believe that this tensor will be simultaneously diagonalizable but we wondered if the failure of (Goal) could
have a “perturbative” effect on this tensor or if it would be catastrophic to the recovery of the planted rank-1
matrices. To this end we modified the simultaneous diagonalization algorithm given in [43, Section 2.5] so
that in Step 3 when a set of eigenvalues cannot be matched, instead of outputting ‘Fail’ we run a greedy
matching procedure. Similarly, we replace Step 4 of their algorithm, which requires solving a linear system
exactly, by a linear least-squares method. These modifications result in a simultaneous diagonalization
algorithm robust to small perturbations of its inputs.

3.4.4.2. Results. In the 6992 cases we tested where (3.4) holds, we ran the JLV algorithm on randomly
generated subspaces and it successfully recovered the planted matrices with worst-case matching error (as
defined in (3.5)) no worse than 4.96 x 10~'* (or correctly determined that there were no planted matrices in
the case s = 0). For the cases beyond where we have generated certificates using computations over finite
fields, these computations give overwhelming evidence (Theorem*s 3.4.4 and 3.4.5) that Conjecture 3.4.1
still holds in these cases. These cases appear as cells colored purple and orange in Table 3.1.

In the 2481 cases we tested where (3.4) does not hold, we found that the JLV algorithm fails. For those
cases with planted matrices (s > 0), the worst-case matching error was always at least 0.042, corresponding
to an angular deviation of roughly 0.29 radians or 16.6 degrees. Furthermore, the average value (over the
2481 cases) of the worst-case matching error was 0.759. To understand how the JLV algorithm fails, recall
that JLV computes the subspace intersection S(U) N span{E,p.q}*, and we know by Proposition 3.2.6 that
when (3.4) fails, this subspace must contain “spurious” vectors in addition to the desired solutions (v?)®2.
We saw that these spurious vectors had a catastrophic effect on the subsequent application of simultaneous
diagonalization. Furthermore, we found that

dim(S?(U) ~ span{ Egpea}™) = <R2+ 1) - (7;) <;) >s+1

for each case tested, meaning the bound (3.2) found in the proof of Proposition 3.2.6 held with equality.
For the cases where s = 0, we know from Proposition 3.2.6 that S2(U) n span{E,pcq} must be non-empty,
meaning JLV fails to certify, and our experiments confirmed this. Data and the programs written in Python
can be found in the following ! hosted on GitHub. See README.md for an explanation of the
programs and records provided.

IFull URL is: https://github.com/lemniscate8/linear-intersect-varieties
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3.5. Extension to Symmetric Matrices

Our work above considers subspaces U = R™*"™ of matrices; however, it is also natural to consider
subspaces of symmetric matrices i < S?(R™) < R™*™ and to search for planted symmetric rank-1 matrices
in such a subspace. As one motivation, this problem is a subroutine in symmetric tensor decomposition,
which arises when applying the method of moments.

First, we note that it is possible to define the space of symmetric rank-1 matrices in an identical manner
to rank-1 matrices, as the algebraic variety cut out by the vanishing of all 2-by-2 minors, but where the

ambient space is the space of symmetric matrices. The variety is then

XY ={veS*R™): f(v) =0 forall fe PV} < S*(R™),
where we identify the variables v;; = vj; for all 4, j € [m] to define

PY = {0gpVed — VaqVep : 1 <a<b<m,1<ec<d<m}

with PV < R[v;j : 1 < ¢ < j < m]. Due to this identification, the set P¥ as written contains polynomials

that are linearly dependent; the number of linearly independent polynomials for this variety is
(MY 41y (ma3 1
2 — = — 1)m?(m —1).
( 5 ) ( 4 ) 3 (m+ 1)m*(m —1)

Here, the first term is the dimension of the homogeneous degree-2 polynomials in variables v, and the
subtrahend is the dimension of span{v®? : v € X}Y} =~ S4(R™). See Section 4.4, for a more details on how to
find a basis for PV.

We construct a planted subspace as U = span{v!, ..., v%, vt ... vff} € S2(R™) where v!,... v° € &)Y
are the planted symmetric matrices and v¥*1, ... vft € S2(R™) are the non-planted symmetric matrices. The
planted symmetric matrices may be expressed as v* = z’(2%)T for vectors 2' € R™ when i < s. Viewing
the entries of the x vectors as symbolic variables, there are s - m variables needed to express the planted
symmetric matrices. For the non-planted symmetric matrices, we take v* = 2* for symbolic z variables with
symmetry enforced: z%, = zj, for all a,b € [m]. Accounting for symmetry, there are (R—s) (" 1) z-variables

in total. We concatenate the z and z variables into a single collection of symbolic variables, and assume

these are chosen generically in the sense of Definition 3.2.1. We refer to

U =span{z!(z) T, . 2%(2%)T, 5% . 2R < SE(R™)
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as a “generically chosen planted subspace over the symmetric matrices with parameters 0 < s < R” A
generic subspace of this type is not a generic instance of our original (non-symmetric) problem, so our
the combinatorial methods used to prove Theorem 3.2.5 are not immediately transferable to symmetric
subspaces.

The JLV algorithm can be applied to the setting of symmetric matrices, and there is a natural analogue

of (Goal) that implies its success, namely
(GoalY) S%2(U) ~ span{Eupeq}t = span{(v))®?, ... (v*)®?},

where 1 <a<c<mand1l<b<d< m. From this, we can deduce a similar result to Proposition 3.2.6, a

negative result for subspaces over the symmetric matrices.

PROPOSITION 3.5.1. IfU = span{v?,..., v} € R™*™ js a generically chosen planted subspace over the
symmetric matrices with parameters 0 < s < R where 15 (m + 1)m?(m — 1) < (Rgl) — s, then (Goal) fails

to hold.

Since s < R, the condition above is implied by %mg +1 < R. The proof of Proposition 3.5.1 is identical
in form to the proof of Theorem 3.2.6 but replacing (Goal) with (Goal") and the relevant dimensions with
those appropriate to the symmetric case. We can produce a similar bound

5 — —(m+1)m?*(m —1).

(3.6) dim (S*(U) A span{ Egpeq}t) = <R N 1) 112

We now introduce a natural conjecture following similar principles to Conjecture 3.4.1.

CONJECTURE 3.5.2. IfU < S%(R™) is a generically chosen planted subspace over the symmetric matrices
with parameters 0 < s < R, where s and R satisfy

(3.7) %(m m(m—1) > (R; 1) s,

then (GoalY) holds, and as a consequence the JLV algorithm succeeds.

For large m, condition (3.7) gives R ~ %m? To compare, Theorem 2 in [43] guarantees success of

the JLV algorithm when R < %m(m —1). Hence, proof of Conjecture 3.5.2 would indicate that the JLV
algorithm succeeds for subspaces considerably larger than previously shown (by a factor of roughly 2.5).
While we do not have a proof of this conjecture, we have analogous results to Theorems 3.4.2 and 3.4.3

that prove the conjecture in specific cases.
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21 22 23 24 25 26 27

197 216 235 255 276 297

15 19

20

16 17 18

TABLE 3.2. The value of RY_ . (m) for selected m. Cases for which we have proof of Con-

jecture 3.5.2 for all 0 < s < R are shown in - and in - are cases for which
the conjecture is proved only in the specific cases of s = 0 and s = R, the latter having
implications for symmetric tensor decomposition.

THEOREM 3.5.3. For all2 < m < 14, Conjecture 3.5.2 holds for every s and R satisfying inequality (3.7).

THEOREM 3.5.4. For all 2 < m < 21, Conjecture 3.5.2 holds when s = 0 or s = R and satisfy

inequality (3.7).

Similar to Definition 3.4.6 we give the boundaries for subspace dimension depending on the proportion

of planted rank-1 matrices.

DEFINITION 3.5.5. The maximum subspace dimension R that fits the conditions of Conjecture 3.5.2 is

RI\I/Iax(m; 3) = {\/é(m + 1)m2(m — 1) + Z + 925 — 5

Similarly, we define the maximum of possible value for RY .. (m;s) any choice of s.

DEFINITION 3.5.6.

RY . (m) :=max {s€ Z' : s < R}, (m;s)}.

Further, by similar reasoning to that in Section 3.4.2, it has the following form:

RY.(m) = Wé(m + 1)m2(m — 1) + }1 + % .

3.5.0.1. Certificates and Numerical Ezperiments. We ran similar computations over a finite field to prove
Conjecture 3.5.2 for a range of matrix sizes. The main difference was that planted matrices took the form
v = 2' @' for i € [s]. The set {z'};_; was uniform on (F}")* conditional on being pairwise linearly
independent for exact computations, and {z‘}$_; were independent standard Gaussian vectors in R™ for
floating-point computations. To produce additional basis elements from the space of symmetric matrices
we selected entries in the upper triangular portion of each v, i = s + 1,..., R uniformly from F, for exact
computations, and i.i.d. Gaussian for floating-point computations. We enforced the required symmetry by

assigning entries below the diagonal to the value of their counterparts above the diagonal.
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Findings were very similar to computations done in the previous sections. We produced certificates and
proved Conjecture 3.5.2 in all 441 cases we attempted (see Table 3.2). Additional numerical tests verified
that it was possible to recover the random planted symmetric rank-1 matrices via the JLV algorithm with
the worst of the worst-case matching error being 1.89 x 1075 (i.e. negligible error).

We also ran 414 tests over the bound (3.7), from m = 2 to m = 14 with parameters 0 < s < RY .. (m)+1

and R = R,

¥ ax(m) +1 provided that R < (™} ') —m, i.e. dimension is one over the conjectured bound in (3.7)

but small enough that planted matrices will be identifiable. Among these tests, the worst-case matching
error was always at least 0.078 or an angular deviation of roughly 0.40 radians, indicating recovery was
generally unsuccessful when we planted matrices (s > 0). Furthermore, the average value of the worst-case

matching error was 0.776. In addition, we found that

R+1

dim(S?(U) n span{Egpea}’) = ( 5

1
)—m(m—&-l)mQ(m—l))s—l—l

for every case tested, suggesting the bound in (3.6) holds with equality for generic subspaces.

3.6. Future Directions

A clear direction for future study to prove both Conjecture 3.4.1 and Conjecture 3.5.2 generally though
we note that the combinatorial techniques used to prove Proposition 3.2.5 seem to have reached their limit
in verifying ¢ = 1/2. We also only investigated the JLV algorithm for planted rank-1 matrices and rank-1
symmetric matrices. One could also use a similar dimension counting bound to conjecture a sharp threshold
for cutting out third-order tensors or indeed any Segre-Veronese variety (variety of rank-1 tensors with partial
symmetries). More challenging would be tightening the subspace dimension bound [43, Theorem 2] further

up the Nullstellensatz hierarchy for rank-1 (symmetric) matrices.

Open question: can dimension counting predict sharp bounds on the success of the JLV
algorithm when cutting out higher order rank-1 tensors? What about higher up the Null-

stellensatz hierarchy?
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CHAPTER 4

Tensor Formats, Symmetrized Kronecker Products and

Symmetric Lifts

In this Chapter I introduce some of the core concepts developed to support work in Chapter 5. First,
I define a symmetrized version of the Kronecker product and prove that it obeys retains many desirable
properties had by the usual Kronecker product. I defined symmetrized Kronecker products of vectors and
matrices in a uniform way and which avoids storing redundant entries. The product also obeys a symmetrized
form of the mixed product rule which aids in analyzing linear functions acting on spaces of symmetric tensors
and determining rank of these functions. I also show that with respect to the Deshowitz-Manna ordering
on multisets, the symmetric product of upper-triangular matrices remain upper-triangular and that under
certain conditions the symmetric product of matrices with orthogonal (or unitary) columns produces a matrix
with orthogonal (or unitary) columns. This material is taken from the arXiv preprint [67] and was work
done by this author under the guidance of Alexander Wein. See Section 1.2 for further details. Finally, I
recast some derivations from Chapter 2 with a better handle on symmetries and find a basis for the degree-2
homogeneous polynomials that cut out rank-1 tensors with arbitrary symmetries across modes which appears

as part of my implementation of the JLV algorithm in Python.

4.1. Symmetric Tensors in an Irredundant Format

A symmetric tensor in S*(K") < (K™)®* (or the symmetrization of a vector with tensor product struc-
ture) may have many redundant entries. We will describe such tensors and linear maps from S*(K") to
another symmetric space in a concise manner by specifying a canonical basis for S*(K") and identifying
elements by their coordinate vectors in this subspace. Since the indices of a k-order symmetric tensor is
invariant under the action of Sy we can think of entries such a tensor as being indexed by multisets of k
elements. We will disambiguate between sets and multisets reserving the traditional curly braces for sets,
e.g. {1,2,3} is a set, and using the “bag” notation for multisets, e.g. {1,2,2§ is a multiset. We will use the

notation ((Z)) to mean “n multi-choose k” where

=)
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and counts the number of k-element multisets of [n]. For a set S, use ((“2)) to denote the set of k-element
multi-sets of S. Finally, for a k-element multiset K, we will use multi(K) to indicate the multiset of
multiplicities of the elements in K. For example, multi({1,1,2,2,3,4,4,45) = {1,2,2,3§. In conjunction

with the notation that

( ; > T
mi, Mo, ..., Mg ml!mgl-nmk!

we may count the number of distinct arrangements of a multiset K into a |K|-tuple via (mullf(l K)).

For each multiset {j1, jo, ..., jx§ of [n], define the vector

. Wi oS O = R R
(4'1) Sjija. gk T = ]]z; = Z €jo(1) ® €jo(2) - ®ejg(k) € Sk(Kn)
. oeSk
where
k
42 = .
(4.2) Wjr, g2y S \/(multi(Zjl,jg, o ,ij))
LEMMA 4.1.1. The set Spn = {8j1jn..jn : 1 <J1 < ..., < jx < n} is an orthonormal basis for S*(K").

PROOF. Since there are ((})-many such vectors in Sy, and dim S¥(K") = (), verifying the set is
orthonormal imply they are indeed an orthonormal basis for S*(K™). Using the fact that (u! ®---@u*,v! ®

S @uky = H§=1<uj7vj>, we may write

k
. o Wgn, i SO 034§ . .
ijrminr St = —— (kk:!)2 — Z Z n<eja<i>’eji<i>>'

oSy TESK i=1
We may apply a form of re-indexing where we write 7 = poo for a unique p € Sj in the inner sum. Reordering
the product by o~ ! eliminates the dependence on o so that

W, .. Jk)wul 35S W, Jk) UtseedS
- e o Jk _ yeees Toeedp
G- 3 [T > [T,

€Sk peS =1 peSK i=1

For this expression to be non-zero, each inner product must be non-zero. This requires there be a permutation
sending the elements of (j1,...,Jjk) to (j1,...,7%). This only holds if {j1,...,Jk} = {ji,---,J%5- So when

Uty GBS # Us -+ -5 3155 Siveogins 8yp.41) = 0. Next,

= Z TR 15)
Hsjlmij2 jl L Z H<6J17ejp()>

peSk i=1
2
The sum then counts the number of permutations that keep the sequence j1, ..., ji the same. Since w
is the reciprocal of this quantity (see (4.2)), Hé'Zjl,..‘,ij”Q =1. |
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We will define (K™)®* to be the space of coordinate vectors of S*(K™) in the basis Sy ,, i.e. the vector of
coefficients when writing a symmetric tensor as a sum of basis elements. A vector in (K™)®* then has ((Z))
entries which we index using k-element multisets of [n] identifying standard basis vectors by the notation
€ v, insy fOr J1,..., jk € [n]. One can then identify this space with K (%) by forgetting our special indexing
structure and sending €s to the vector €; where j is the position of M in the some total order on k-element

multisets of [n]. The symbol “®” will be used to indicate these symmetrized products.

DEFINITION 4.1.2. We define a symmetrized Kronecker product of vectors u',u?,...,u* € K", denoted

W @uP®- - ®uf e (KM®* as the coordinate-vector of Symy (u! @ u? ® - @ u¥) in Sn k. Entry-wise,

(4.3) (uw'@u’ @ ®@uF) [, Jo, -, Ji ] = ZJMZ’ 208 Z Vo]t o] - v* o ]-

og€Sk

We may express the standard basis on (K")®* using the standard basis in K” and our symmetrized

product as follows

(4'4> é'Zjh---,ij = ijly---,ij(gjl @ ® gjk)'

If 2,y € (K*)®* then
(z,y) = Z [l kSl - -5 k5]

I<ji<-<jre<n
gives the inner product on (K")®*
The primary advantage of working over (K")®* is that the storing symmetric tensors as elements in

k entries

(K™)®* requires an array of size n* while de-duplicating entries in this manner requires (}) ~ #n
which represents significant less storage for higher order tensors. Further, in this format, symmetry cannot
be degraded by issues of numerical precision since we do not have duplicated entries which can accumulate

different errors.

LEMMA 4.1.3. For vectors ut,...,u* vl ... v*¥ € K®, Sym, as given in (2.5) and our inner product on

(K™)®%  our symmetrized Kronecker product satisfies
<u1 @U@ @uF, v ®v? ®~-~®vk> = <Symk(u1 Rul® - ~-®uk),Symk(v1 R - --®vk)>.

PROOF. We use Definition 4.1.2 for the symmetrized Kronecker product to expand,

<u1®...®uk’vl®,..@yk> _ Z UW( Z Ul[.g(l)] ...uk’['g(k)]> < Z vl[ja'(l)] . "vk[.g(k)]> .

I<ii<-<gp<n o€Sk o€Sk
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Next, notice that w% 1, COUnts the number of unique permutations of the multiset {j1, ..., jx§. We could

.....

instead write the sum indexed by all k-tuples in [n]* giving

Z (kl' Z ul[ja(l)]"'uk[ja(k)]> (;, Z Ul[ja(l)]"'vk[ja(k)]>-

J1,52-,3k€[n] " oeSk " oeSk

Finally, we may rewrite the two sums as entries of Kronecker products

> (,i, > (ul®"'®uk)[(ja(1)7-"7jo(k))]> <,i, > (U1®"'®vk)[(jo(l)7"'aja(k))])7

J1sd2-dk€[n] \' 0€Sk " oeSy

which then is the inner product of symmetric projections,
Sym, (' @u? ® - ®@u”), Sym, (v ®v? ® - - ® vF)). |

COROLLARY 4.1.4. For vectors u',...,uF v',... v* € K", and the inner product on (K")@C

<u @U@ - @uF @@ - @vk>—— Z n<u v"(Z

! oeSg 1=1

PROOF SKETCH. If one applies the Lemma 4.1.3 and uses the same simplifications seen in the proof

Lemma 4.1.1 this formula is not hard to check. O

4.2. Linear Maps between Symmetric Tensor Spaces

We may now identify linear operators A : S*(K™) — S¥(K™) by identifying A as an (")) x () matrix

with entries in K. We can construct such operators by defining a symmetric product on matrices.

DEFINITION 4.2.1 (Symmetrized Kronecker products). For matrices A', A%,... Ak € K™*" define a

fully symmetrized Kronecker product of these matrices, denoted A'® A2® ---® AF e K(e)* (i), entry-wise

by
(4.5)
. . g . Wij1,g2,e 35 SWUH 5% +03% S
(A @A ® @ AU, Jor- v Uk o315 1=~ s 3 3 HA oty dio)]
g€S) TESK i=1
o e . - g .
where {j1,72, .-, x5 s a k-element multiset of [m] and {ji, js, ... J5 is a k-element multiset of [n].

LEMMA 4.2.2. The fully symmetrized Kronecker product may be equivalently defined, using Defini-

tion 4.1.2 for the symmetric Kronecker product of vectors, either row-wise by

(46) ('@ A2 @+ @ A Un, a5 3e5,] = ORI ST A1) ] © A2y, 1@+ © AP [oqay ]
: o€ESk
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for any {j1,72,- -,k a k-element multiset of [m], or column-wise by
(A7) (A @A @+ @A) Ui g diS] = — LD ST AT 1@ AP )] @+ @ AV gy )
TESE

for any 41,74, - -, 755 a k-element multiset of [n].

PrROOF. We will expand (4.6) and (4.7) to show that produces the same entry-wise expression as Defi-
nition 4.2.1.

Indexing into the summand of (4.6) — reproduced here:

A'®@A2® - @AM, j2, - Ji5 ] = M Z A1), 1] ® A[Jo(2), ] ® - ® Ao k), ],

o€Sk
— by a multiset {j{,75,...,J;} of [n] and expanding by Definition (4.3) gives
(A1) 1 ® A2liota), 1 ©+© Aoy, DI G- 45) = et S HA’ Jotiy» 3o
TES) 1=

Substitution into (4.6) and rearranging sums and terms yields

k
1yeerdin SW 1o
(A @ A2 @ ® AUt oGSy Ut oo 5] = ” Z] 23S S T Aoy o]

g€Sk TESE i=1
which is exactly Definition 4.2.1.
Next, indexing into the summand of the (4.7) — reproduced here:
W9 ;1 -7
(48) (A' @A @+ @ A 1, - - k5] = =2 N A 3101 @ AL | @+ @ AL ]
' TGSk
— by a multiset {j1,j2,...,Jjk} of [m] and expanding by Definition (4.3) is essentially the same process and
gives
(AL 0 (0] © AL, 0 (5] © @ AMT: 0 GOD o, -] = 2L S [T 4 )
T€SE i=1

Substitution into (4.7), rearranging sums and terms also yields

k
o g o Wik S WL S
(A'@A’® - @ A")[Ujr, Gos - k5, Uit s -1 G0 S] = — J(kk!)gh = ZS: ZS:H oy dri]- O
OEDL TEDSK 1 =1

If A' = A% = ... = AF = A, then we may call A®* the k-th order symmetric lift of the matrix A. Next,

our symmetrized Kronecker product obeys a symmetrized version of the mixed-product rule.

41



LEMMA 4.2.3 (Symmetrized mixed-product rule). For matrices A, A% ... A¥ € K™*P and matrices

B',B? ..., BF e Kpxn,
1
Al@A® - @A) B'®B*®---® B*) = o Y (A'BY) @ (A’BP) @ ® (A BPW),
" peSk

PROOF. We will show the expressions are equivalent. Let {j1,...,7x] be a multiset of [m] and let
Ujts- -+, 41§ be a multiset of [n]. We may write an entry of matrix multiplication (A'®---®A*)(B'®- - -®B*)
as an inner product of the conjugate-transpose of a row of (A' ®---® A*) and a column of (B! ® - --® B*)

with expressions given by Lemma 4.2.2:
(A'@®-- @A) (B @ @B, 05, Utk

Wiy G SO S . ,
_ W, 5k SWU - (Z Aoy, 1@ ® Ao r)s ]> <Z Bl[:7];(1)]®-..@Bk[t,jfr(k)])

(k|)2 o€ESE TESK
WYy, SWU ; j '
_ 2]11 ](k]j')zzjl JkS Z Z Al .]0' ]@@Ak[,]o'(k)v]) (Bl[,]_lr(l)]®®Bk[7j‘/r(k)])
: UGSk TGSk
WYy, die SWUHL . i ]
_ W, a(kks');al 915 Y 2 LA o), 1@ ® Aoy, D *, B )] @+ @ B, 7 -
: O'ESk TESk

Applying Corollary 4.1.4 gives

wz r’Swz ‘/""aA/S 7 0
= L 2 | 231 L Z Z Z < ]a z)7~ Bp( )[a];(z)]>

|
(k ) o€Sk TESk peSk

1 Wi,k SWUL 055§ Y IONP :
= Y el NN (AB ) gy, i)

k! pES}K (k') o€Sy TESK
1 . . ) )
== 2 (B @ (2B D) @+ © (AB" M) [Uji - kS, U]
" peSy
where the last line follows from Definition 4.2.1 of the symmetric matrix product. ]

In the case of k-th order symmetric lifts, the symmetrized Kronecker product obeys a the mixed-product

rule just like the usual Kronecker product.

COROLLARY 4.2.4. For Ae K™*? and B € KP*"
(AB)®F = A®kp®k,

This follows directly from Lemma 4.2.3.
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Next, we will give another very useful property of symmetric lifts. To do this, where as previously it did
not matter the exact order on the multiset used to index our symmetrized products (provide such an order

is used consistently), we will now define a particular total order on multisets.

DEFINITION 4.2.5 (Dershowitz—Manna (DM) ordering [29]). For two multisets M and M’ of [n], we

say that M' < M when there are two multisets X,Y such that

(i) d+#X<c M,
(ii) M' = (M\X) Y,

(iii) and for every x € X there is a y €Y so that x > y.

Next, we say that a matrix R € K™*" is upper triangular if m > n (upper trapezoidal if m < n) if

R[j,k] = 0 for j € [m], k € [n] whenever j > k.

LEMMA 4.2.6. When R € K™*" is upper triangular (upper trappezoidal), R®* is upper triangular (upper

trappezoidal) with respect to the DM order on its entries in rows and columns i.e.

R, kS, Uts 5 3k8] =0 when Gy ...y 9xS > Uhs ooy dkS.

PROOF. Expanding entries in R®* by Definition 4.2.1 gives

o ) g ) Wy ..., ng ..... S
(REM)[U1, Jas -+ 35, LT G -2 G 5] = — “ Lol > ZHRJJ)J”

€Sy TESK i=1

We may simplify by re-indexing permutation to get

. .. . g . 1yeens S s
(ROt 2 o i3 U -1 G4 5] = et S i EHRM(Z

oeSg i=1

Now if M = {j1,j2,--, x5 and M’ = {41,375, ..., 4.5 we will show that (R®*)[M, M’'] = 0 whenever M > M’
by contraposition. Suppose that (R®*)[M, M'] # 0 for some k-element multisets M and M’ of [d]. If this
entry is non-zero then there must exists a permutation o € Sy, such that for every i € [k], j; = j:;(i) so that
the product H?=1 R[ji, ;] is non-zero. Now set S = {i € [k] : ji > j,y}. If S = & then M = M.
Supposing that S is non-empty, set X = (j; e M :ie Sfand YV = Zj;(i) € M : i€ S§. We then have that
Xc M, X #gand M = (M\X)uY by construction. Further, by our assumption on o, for any z € X
there is a y € Y so that z > y. By Definition 4.2.5, we have M < M’. Since either M = M’ or M < M’,
M + M'. Tt follows that when M > M’ (R®¥)[M,M'] = 0 and R®F is upper triangular. O

We also note that lifting orthonormal bases produces orthonormal bases in our de-duplicated format.
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LEMMA 4.2.7. For Q € K™*" m = n, if Q has orthonormal (K = R) or unitary (K = C) columns then

so does Q®F.

PrOOF. We will show that (Q®¥)*Q®* = I by expanding its entries. By matrix multiplication and the

column-wise definition of the symmetric lift given by Lemma 4.2.2,

(Q¥)* Q¥ ns -3k 5: U -+ 31 5] = g s @V U ST w5 QB[ U - - 345D

Next, using Corollary 4.1.4 this inner product becomes

WYy dn SWL gl S Wiy, jwz ..... 5 _Ja(z)
J1 Jkk! J1 Tk Z H<Q[,]z] Q[ ]o.( )]> J1 Jk J1 ]k Z H

oeSy i=1 oe€Ski=1 | 0 otherwise,

where the piecewise expression follows from @ having orthonormal columns. Now this expression can only be
non-zero if {j1,...,75k5 = Ui, - - -, jr ), otherwise for any permutation at least one i € [k] will have j; = j:,(i).

In the case that {j1,...,Jk5 = {15355,

“1, kS 2 1 (jlaj%---ajk) = (j0(1)7j0(2)7"'aja(k’))a

o€5: | 0 otherwise.

Now, the sum counts how many permutations of the multiset will remain unchanged if we fix an ordering.

But this is exactly || ) m! which cancels with components of the weight w? ik As a result

memulti({ji,...,7x}

when (j1,...,5&5 = U1, - - -, ) this simplifies to 1 and

1 Uy d6S= U5 355,
(@ Q) -GS U if) = | T

0 otherwise.

This is the identity matrix of size ((Z)) so Q®* has orthonormal columns. O

Lemma 4.2.7 shows that if we need an orthonormal basis over a symmetric space, we may first find an
orthonormal a basis by Gram-Schmidt or QR factorization, then create a symmetric lift rather than running

these procedures on the lifted ((’]?)) X ((Z)) matrix, which may be quite large.
LEMMA 4.2.8. If A e K™ " with m > n has linearly independent columns, then so does A®*.

PROOF. Since A has linearly independent columns, it has a thin-QR decomposition A = QR where @
has orthonormal columns and R is a full-rank upper triangular matrix, i.e. R[j,j'] = 0 when j > j/. Without

loss of generality we may assume R has positive real entries along its diagonal, R[j,j] > 0 for j € [n], since
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since A has full rank. By Corollary 4.2.4 we have that A®* = Q®*R®%  Lemma 4.2.7 shows that Q®F is
orthonormal and Lemma 4.2.6 shows R®F is upper triangular so we need only to show R®F is full-rank. If

we examine the diagonal of R®*, by Definition 4.2.1

(R®k)[2]177]k532]177]k3:| 2]17 k) Z HR]’L7]O'Z

o€Sk 1=1

For a given o € Sy, we must have that j; < j,(;) otherwise the product inside the sum above is zero. This can
only occur for permutations that keep the sequence ji, ..., jr unchanged. As previously noted the number

2
. . . w J R
of such permutations is the reciprocal of % )

k
(R®k)[2j1w-'aij7Zj17~~-7ij HR]’HJZ
i=1

since R has positive diagonal elements. Hence, R®* has full rank too. Then Q®¥ R®¥ is a QR-decomposition

of A®% and it follows that if A has linearly independent columns then so does A®*. O

4.3. Tensors with Partial Symmetries.

Next, we say that a tensor in the space (K™ )®F @ (K"2)®2 ® ... ® (K" )®*L has L different partial-
symmetries along its modes. The order of a tensor is this space is k; + ko + - - - + k. We define the standard

basis for this space indexed by an L-tuple of multisets M; = {ji,75,...j;, § fori=1,2,..., L,
€My, Ma,.., M) "= €0y, QEN, ® - ® €y -

Warning: The symmetrized Kronecker product we define is not associative, for example note that (w@x)®
(y®@2) # wATBY®@ 2z since these objects belong to spaces of order-4 tensors with different sets of symmetries
enforced along the modes. Specifically, (w ®z) ® (y ® z) € ((K")@Q)GE2 =~ K™ where m = (( L+;)+1) whereas

WO ®Y®z e (K")®* =~ KF where k = ("]?).

4.3.1. Matricization from an irredundant format. While the vectors in K(%) are a convenient
way of storing the entries of a symmetric tensor without redundancy, to use the multilinear structure of one,
one must convert the tensor back to a matrix. First, if v € (K”)®2 and gives the coordinates of a symmetric

matrix in our canonical basis, we define the matricization entry-wise by

1

(4.9) matricize(v)[j1, j2] := o Sv[Zjhng], J1,72 € [n].
J1,J2
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More generally for ¢ < k, matricize, : (K")®* s (K")®* @ (K")®*~* reshapes a symmetric tensor 7 to a
matrix via

matricize,(T)[M, K] := WT[M U K]
WMUK

where M is an f-element multiset of [n] and K is a (k — ¢£)-element multiset of [n]. This particular matrix is
l-th catalecticant matriz of v expressed in the coordinate bases Sy ,, and Si_¢,, defined in Lemma 4.1.1 for
the row space and column space respectively.

Finally, to convert T € (K™)® @ (K"2)®k2 ® ... ® (K"t )®*L to one without explicit symmetries in

(Km)®k1 @ (K™2)®%2 @ ... ® (K"L)®*2  we can define the decompression by

. . . . . . T[zj}7jél7"'7jé S,"'7zj{‘,j2[‘7""j]£/ S]
(4.10) decompress(T)[jll,jzl,...,3;17...,]{;,35,...,3,&] = . L w L—,
U330k, S Ut 33 Tk, S

where for £ € [L] and k € [k], jf € [ne] are indices.

4.4. Efficiently Cutting Out a Segre-Veronese Variety

In this section, we define the Segre-Veronese varieties. These conic varieties contains the rank-1 tensors
with partial symmetries along modes and understanding their algebra is critical for understanding some
methods in tensor decomposition. Generating the ideal for this variety is well understood from a theoretical
perspective, see[15]. However, in this section we will examine how one might construct a basis of degree
two determinant-like polynomials which span the vector space of degree two polynomials cutting out these
varieties. Such a construction is advantageous since it may be represented very sparsely.

In Section 2.4, we determined a basis for Z(X} )2, defined in (2.10). By Lemma 4.1.3 we can recast (2.11)

2

to an inner product in (K™*")®2 since

- - - - € ab,cd € ad,cb
Mabcd(X) = <6ab®ebc*6ad®ecbaX®2> = < ¢ 5 - L ) 7X®2>-
Wy ab,cds Wyad,ch§

Since a < cand b < d, Wyap,ca§ = Wiad,ch§ = v/2 and the vectors associated to each minor in our de-duplicated

symmetric tensor format is simply the difference of two standard basis vectors

1
4.11 Fopea := —= ga ¢ _ga c e (Km>n ®2'
(4.11) bed ﬂ(zb,ds lad,cbs) € ( )

We this we can see that a basis for Z(X;) such that each vector is the difference of two standard basis vector,

appropriately weighted.
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4.4.1. Symmetric Rank-1 Matrices. Next, if we identify S?(K™) with (K™)®? we may define the

variety of rank-at-most-1 symmetric matrices as the set
&Y = {u®? ue K™} < (K™)®2,

EXAMPLE 4.4.1 (The variety of rank-at-most-1 symmetric matrices). For any matriz X € (K™)®2 stored
in our irredundant format, note that X[{a, bS] = wy, psmatricize(X)[a,b]. Using the (2.10) the 2-minors of
X in this case then have the form

_ X[ta,bf]  X[le,d§] — X[{a,d5]  X[{c, bS]

Mabcd(matriCize(X)) Wyabs Wye,ds§ Wya,d§ Wie,b§

for a,b,c,d € [m]. Neat, observe that (€45, X) = X[{a,bS]. Without matricization, we can compute these

minors by taking inner products against the vectors

1 1
(4.12) Egpea = €1a,b8,1c,d55 — €70a,d5,1c,bSS
W11a,b5,0¢,d55Wia,bs Wie,ds WYta,d8,1,b55Wla,d§Wie,bs

so that (EY, .4 X®%) = 0 if X € (K™)®2 has the form X = u®? for some u e K™.

Some other facts that are helpful: span{(u®?)®? : 4 € K™} =~ span{u®* : u e K™} ~ S4(K™). One can
see this easily using the natural injection 2®2 — 2®2 and the associativity of repeated Kronecker products.

Next, Z(Xy)* = span{(u®?)®? : u e K"} so dim Z(&y)* = (7} ) and

dimZ(Xy) = ((((g)) )) - ((T)) - %(m+ V)m?(m — 1).

LEMMA 4.4.2. For the variety of symmetric rank-1 m x m matrices Xy, the set of vectors {EY,.;:1 <
a<c<m,l<b<d<manda<bandc<d} isa basis for T(X1)a when considering it to be a subspace of

(K™)®2)®2 by identifying monomials with the symmetrized Kronecker products of standard basis elements.

PROOF. First, note the extra conditions that a < b and ¢ < d as compared to Lemma 2.4.6. We proceed
with three main steps. First, we show that span(EY;.;) < I2(X}"). Second, we show that the number of
elements in the set is equal to dim I5(X”). Third, we show that the set of vectors {E, ,} is a linearly
independent set. Together these three ensure the desired result.

First, suppose that z € K™. Then (&4, 2®%) = 2%2[{a, bS] = wy,psz[a]z[b]. It follows that for any
a,b,c,d e [m],
2®?[{a, b§]a®%[(c,d§]  2®°[{a, dS]a®[{c, bS]

Wia,b5Wie,d§ Wia,d§Wie,bs
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50 Eghea € Z(XY)2-

Next, we need to count the number of unique values of (a, b, ¢, d) satisfying 1 <a<c<m,1<b<d<m
and a < b and ¢ < d. Define TR(a,b) = {(¢,d) : 1 < c¢<d <m,a < cand b < d} to be the set of possible
values of ¢ and d given a < b. This set are the integer coordinates within the trapezoid with corners
(a+1,b+1), (a+1,m), (m,m) and (b+1,b+1). This degenerates to a triangle when b = a. The mutually
exclusive conditions ¢ < b+ 1 or ¢ = b+ 1 split this into a rectangle of width (m — b) and height (b —a) and
triangle with a base (m — b) integer points. It follows that [TR(a,b)| = (m—b)(b—a) + 3(m —b+1)(m —b).

The number of £, ., vectors is then

b= a=1

_

a=1 b=

_

which matches dim Z(X}).

Finally, we will show that these vectors are linearly independent. Note that if {a, b, ¢, d§ # {a',V/, ¢/, d'§
then (B0 EYyoay = 0. Hence we may partition £ := {EY, ,:1<a<c<m,1<b<d<manda<
b and ¢ < d} into

|_| {EYyewa €E:labc,dS = {d b, d}
la,b,c,d§

=:Eabed

Now E}.; € Eapea implies a < ¢, b<d,a <band c <d. If a = b or ¢ = d, then EY,_, is the only element (a
singleton) of Eupeq. If @ < b and ¢ < d then E,,,; € Eqpea as well. However, comparing the vector EY, ., to

E\/

e 1D (4.12), one can see that these are not scalar multiples of the same vector. It follows that they are

linearly independent and that span(&) = @y, 4 .45 SPAN(Eabed)- O

4.4.2. Segre-Veronese Varieties. A tensor with L partial symmetries 7' € (K™ )®F1 @ (K"2)®k2 @

- ® (K"2)®FL g rank-1 if there are non-zero vectors u/ € K" for j € [L] such that
T — (ul)@kl ® (u2)®k2 R ® (uL)®kL.

The set of such tensor (plus the zero tensor) form a Segre-Veronese variety which we denote SV, x where
n=(ng,...,ny) and k = (k1,...,kr). Our main goal in this section is to show how in compressed format

we may cut out SVy, i by degree-2 homogeneous polynomials which may computed via (Ey,y, T®?) where

EV,V’ = 67‘/ _ ey c ((Kn1)®k1 ® -® (K”L)®kL)®2

and V,V’ are somewhat complicated indexing objects and wy and wy- are weights associated with these

objects. Eliding details about these objects for the time being, the power of this analysis arises when we
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identify the objects as V and V' as vertices of a graph and Ey v as an edge. At the end we will have an
efficient method for constructing a basis for Z(SVp k)2 e.g. for use in the JLV algorithm.

We will now dive into the weeds to describe the objects and graph structure resulting. Symbolically, we
can denote each entries of 7" in our irredundant format by T[M*', M?,..., M*] where each M is a k;-element
multiset of [n;] for each j € [L]. Bernardi [15, Theorem 3.11] shows that polynomials of the form (2.13) will
still generate Z(SVy k). In the following, we represent these polynomials in the particular basis we use for

tensors with partial symmetries.

LEMMA 4.4.3. Set
V=UM,...,Myp),(Ny,...,N)§

with of M; and N; each being k;-element multisets of [n;] for each j € [L]. For any ¢ € [L], if possible pick
x € My and y € Ny such thaty # x. Define new multisets M, N; by swapping x and y: M, = (M\{z}) v {y}
and Ny = (N\{y}) v {z}. Set V' = {((M1,...,M},...,M).(N1,...,N},...N.))S. Further, define a weight
for'V by

(4.13) WY 1= WY (My,...,M1),(N1, s NS H(wMijj)

(4.14) Byy = L = Ve (KRB @ ... @ (K" )®ke)®2

is a non-zero vector such that (Ey v, T®2) = 0 when T € SVak.

If V and V' are related in that we can produce V’ from V' (or vice versa) using the procedure of swapping
two elements described in Lemma 4.4.3 then we will say that “V and V'’ are related by an exchange.”
Ultimately, the methodology for deriving this structure follows very similarly to that of Example 4.4.1 in the
broad stokes that we can start with the polynomials from (2.13) which should be understood as a polynomial
on entries of the decompression of T' when T" has symmetries. Using the relationship to the compressed form

given in (4.10) one naturally arrives at the structures and weights described.

PRrROOF OF LEMMA 4.4.3. First, the vector is non-trivial since the condition x # y ensures V; # V5 and
so €y, # éy, and By, y,. Second, assuming T' = (u!)®" ® (u?)®*2 @ ... ® (ul)®*2 it is tedious but not
challenging to determine that (Ey, v,,7®?) = 0 in an analogous manner to that shown in the start of the

proof of Lemma 4.4.2. O
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Now define the graph G, x = (V, £) with the set of vertices V being all by two-element multisets of tuples
of multisets (see Lemma 4.4.3) and a set of edges £ such that (V,V’) € £ when V and V' are related by an
exchange. We can consider the edges of this graph to be undirected since if (V,V”) € € then (V',V) € &.

First, some graph terminology:

e A subgraph F of a graph G is a graph that contains a subset of the G’s vertex set and edge sets.

e A path is a sequence of vertices V1, Va,. .., V,, such that (V},Vj41) € €.

e Two vertices are connected if there is a path between them (and G is connected if every two vertices
in V are connected).

e A cycle is a path V1, Vs, ..., V,, which also has that (V;,,,V}) € £.

A tree is a connected graph with no cycles.

A forest is the disjoint union of multiple trees.

A leaf of a tree is a vertex connected to only one vertex.

e A spanning forest of G is subgraph of G which is a forest and contains every vertex of G.

‘We have three observations:

OBSERVATION 4.4.4. For V = ((My,...,Mr),(N1,...,Np)S and V' = {(M{,...,M}),(Ny,...,N7)§ if

there is any ¢ € [L] so that My, u Ny # M, U N then' V and V' cannot be related by an exchange.

OBSERVATION 4.4.5. For V. = {(My,...,My),(Ny,...,Np)§ and V' = {(M7,...,M}),(N1,...,Np)§ if

My, o Ny = Mj U Ny for each € € [L] then there is a sequence of edges in Gnx fromV to V'. Hence Gnx has

(Hle (( 27;’] ))) -many connected components.

OBSERVATION 4.4.6. If V1,Va,...,Vy, form a cycle in Gox (i.e. (V;,Vji1) € E for j € [m — 1] and
(Vin,V1) € E). Then

Eviv, + Evy vy +-+ Ev, v, + Ev,, v, =0

and the set of vectors {Ev; vy, ... Ev,,_, v,., Ev, v} is linearly dependent.
Combining these three observations we have a nice result.

PROPOSITION 4.4.7. Given Gnx = (V,€) let F = (V, F) be any spanning forest on Gnx, then the set
{Evv: : (V,V') e F} is a basis for Z(SVnk)2-

PROOF. Suppose that (V,V') € € but (V,V’) ¢ F. By Observation 4.4.5, there is a path between V and

V' in Gy k. Further, since the trees in F span G there is a path with edges in F between V and V’. So
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Evy v € span{Ey, v, : (V1,V2) € F}. It then follows that
Span{EV,V/ : (V, V/) € F} = {fa\/hv2 : (V, V/) € E} = I(Svmk)g.

Next, we need show that this set is a basis for the space. Suppose that there are coefficients cy, -
associated to each edge (V,V’) € F so that
(4.15) D cvvBuy =0e (K™)®M @ @ (Kre) @k )®2,

(V,VeF

We will show that every cyy» = 0 from which which if follows that {Ev, v, : (Vi,V2) € F} is a basis for
Z(SVn,k)2. Now F must have at least one tree and that tree must have at least one leaf, call this V. Since
Vp is a leaf of a tree in F, it is only connected to one vertex, call this V. Since V; is a leaf the only vector
in (4.15) with €y, in its support is Evy, v, . It follows, the only way the sum in (4.15) can be the zero vector
is if the coefficient cy, v, = 0. Since the coefficient is zero we could remove V; from V and (V;,Vy) from
F to produce a new smaller spanning forest. If the tree was the single edge (V, Vir) we also eliminate Vp
from the graph. Since the original forest has a finite number of trees with a finite number of vertices we
can apply this logic to deduce that every cy .y for (V,V’) € £ is zero, so {Ev, v, : (V,V') € F'} is a basis for
Z(SVnk)2- O

In conjunction with Observation 4.4.5, Proposition 4.4.7 gives an algorithm to efficiently find the a basis

for Z(SVy x)2-

Algorithm 1 Find the a basis for Z(SVy k)2 where n = (nq,...,ng) and k = (ky,...,kp).

: Let F =
tor (GG Gy (50) < ((520) ¢ () o
Pick any V;. = {(My,..., M), (N1,...,Ng)§ such that M; u N; = G; for each j € [L].

Build a breadth first spanning tree 7 = (V, ) € Gn k starting from vertex V;..
Add each of Ey, v+ as defined in Lemma 4.4.3 for (V,V’) e £ to F.

return F

@ T w o

This procedure outlined in Algorithm 1 is implemented in Python and can be found in the following

! hosted on GitHub. The relevant file is titled segre_veronese_ideal_generation.py.

LFull URL is: https://github.com/lemniscate8/linear-intersect-varieties
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CHAPTER 5

Beyond Frequency Marching: Orbit Recovery in Dihedral and

Projected Multireference Alignment

5.1. Introduction
In the multireference alignment (MRA) problem [3,8,10,56], we are given samples of the form

(5.1) yi=Ri-x+o0&eRY i=1,...,N

where

x € R? is a “signal” we aim to recover;

R; is an element of the cyclic group Cq = {Ro, R1,...,Rq—1} drawn independently and uniformly

at random;

the cyclic group acts on R? via cyclic shifts, so Ry - 2 denotes the vector x with entries cycled to

the right by an offset of /;

& ~ N(0,1) is Gaussian noise;

o > 0 is the noise level, which determines the signal-to-noise ratio SNR := 1/o2.

Given samples {y;}I¥, the goal is to recover z. However, x is only identifiable up to cyclic shift, that is, we
aim to recover the orbit of x under the group action of cyclic shifts, {R;-2z:¢=0,1,...,d — 1}.

MRA is one canonical example of a task within the class of orbit recovery problems [7], where the
observed samples are affected by some group action. These problems have a variety of practical motivations,
including the reconstruction of 3-dimensional molecular structure from cryogenic electron microscopy (cryo-
EM) images. In cryo-EM, individual particles are frozen in a thin layer of ice through which images are
taken by a scanning electron microscope. Particle orientations are random relative to the viewing plane.
While random rotations may be considered nuisance parameters due to these rotations, we can only hope
to recover a 3D structure up to a 3D rotation i.e., the structure’s orbit under the action of SO(3). Two
added complexities are that the images are tomographic projections of a 3D electro-static potential function
onto a 2D imaging plane, and low amounts of radiation must be used to avoid damage and motion blur

from melting ice, leading to noisy images. The tomographic projection results in additional ambiguity since
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particles of different chirality will have the same distribution of projections. With projection, one can only
hope to recover structure up to handed-ness, or equivalently, up to the action of O(3). See [35] for a historical
narrative of cryo-EM’s experimental development and [63] for a more detailed discussion of the mathematical
details we mention here.

Collecting useful experimental cryo-EM data requires considerable expertise, but even after successful
data collection, the mathematics of structure determination as a non-linear inverse problem is highly non-
trivial. Orbit recovery in the mathematical models like that those in [63] is far from solved. The MRA
problem provides a toy model which captures some key features of the cryo-EM problem, including a phase
transition first observed empirically by Sigworth [60] and later proven [3,10,56] in which the reconstruction
error scales as 1/ SNR? in the high-noise regime. However, the MRA model simplifies several aspects present
in cryo-EM since the action of cyclic shifts is diagonalizable while the action of SO(3) is not. In addition,
in cryo-EM the tomographic projection operation has a non-trivial kernel so that each sample only contains
partial information about the object even when o = 0.

We study two different multi-reference alignment (MRA) variants which aim to introduce these challenges
to the MRA model. The first variant is dihedral multi-reference alignment (AMRA) [13,31] where samples

are drawn from
(5.2) yi=gi-x+o&, i1=1,...,N

where (5.2) modifies (5.1) in that g; is an element of dihedral group Dy = {Ry, ..., Rq—1,JRo,...,JR4—1}
drawn independently and uniformly at random. Here, J acts by reversing the order of entries in the vector.
The distribution of the samples {y}¥, is invariant if we exchange z for any g -z with g € D4 so we can only
expect to recover x up to its Dy-orbit.

The second variant, a version of which was introduced in [7, Section 4.4.1], is projected multi-reference

alignment (pMRA)
(53) inH(Ri'l')-i-(f&, i1=1,...,N

where we modify (5.1) by fixing z € R?? A span([1,—1,1,...,—1]T)! and using the projection operation

II: R% — R? given by

(5.4) (Mx)[j] = z[j] +z[2d—1—j], j=1,2,...,d.
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We call the application of IT “projection” since it could be considered a discretization of the tomographic
projection operation. In this context, we can think of entries of x as giving the density for patches of a
thin-shell object. Projection then has the effect of summing two entries when they align on an imaging

axis (see Figure 5.1). An effect of the projection operation is that we can only hope to recover x up to

(o) o
x € R8
(o) (o)
(o) R, o
I (o) o
o0—O0O o o
MR,x € R*

FIGURE 5.1. A visualization of the sampling procedure in the pMRA model as tomographic
projection of some thin-shell 2D discretized object.

its Dog-orbit instead of its Cog-orbit. In fact, the model is unchanged if our group were dihedral instead of
cyclic. The condition that the signal is orthogonal to (1,—1,1,...,—1)T ensures the problem is well-posed
since the vector (1,—1,1,...,—1)T lies in the kernel of IT o g for every g € Dag. This vector represents the
highest frequency component present in the signal, so excluding this component amounts to a “smoothness’
assumption on the signal. Projection has been a key difficulty in extending methods developed for orbit
recovery for the MRA model to a model of cryo-EM [50]. Projection has also been shown to cause issues
with methods such as maximum likelihood estimation (MLE) when the probability distribution on group

actions is misspecified [68].

Method of moments/invariants. In this work, we focus on the high noise regime where ¢ is much
larger than a typical entry of z. The strategy of synchronization [9,61,62] uses comparisons between samples
to label each with a unique group action (up to a global action), after which samples with the same label
may be averaged to reduce noise. In the high noise regime, we cannot hope to estimate the group element
associated with each sample by pairwise or even n-way comparisons [4]. Instead, one can aim to estimate
features of the sample distribution that are invariant under the group action and then use these features
to recover the signal’s orbit under the group action. We use moment tensors of (the signal part of) the

sample distribution which are one class of invariant features (capturing all the polynomial invariants). These
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moments are given by

(5.5) Tip@)i= B [(Plg-a)®]

where in the dMRA model G = D; and P = I, and in the pMRA model G = Cyy and P = II. Whenever
P is omitted in the subscript, it is assumed to be the identity P = I. Each Tg)P(x) is an order-r tensor
where each entry of the tensor is a homogeneous degree-r G-invariant polynomial of z. Each entry of the
r-th order moment may be estimated to an accuracy § with high probability using O(c" log(d/§)) samples

I

[7, Proposition 6.7] using the empirical moments % >y and some post-processing steps to remove bias

caused by noise. Since the number of samples needed grows exponentially in the order of the tensor we wish

R
r=1

to estimate, one might hope that for small R the tensors {Tg)P(x) separate the G-orbits of x, i.e., contain
enough information to identify the orbit of . Unfortunately, even for the original MRA model this does not
hold; there exist signals € R? that will require up to the d-th moment to separate orbits (see [10] for this
result in a continuous MRA model and a similar analysis in [56] for the discrete MRA model). However, the
signals of this type have Lebesgue measure zero. If we are satisfied with recovering “most” signals, we can
instead ask how many moments are needed to uniquely identify the G-orbit for a generic signal, meaning
we exclude some measure-zero set of “bad” signals (see Definition 5.1.1 for the formal definition). It has
been shown in the MRA model that the first and second moment tensors are not sufficient to identify the
orbit of z, but the third moment tensor separates the orbits of a generic signals. As a result, the sample
complexity of MRA scales like ©(¢°) in the high-noise limit (where throughout this discussion we will ignore
the logarithmic dependence on other parameters such as dimension and accuracy) [3,10,56]. Further, there
is a fast algorithm to recover the orbit from the third moment tensor [56]. Beyond MRA, for more general
orbit recovery problems, ©(c2") samples are both necessary and sufficient, information-theoretically, where
r is the number of moments needed to uniquely identify the signal [7].

Both the models we study are strictly harder than the original MRA model in the sense that the invariant
tensors in the dMRA and pMRA models have entries which are linear combination of the entries found in
the MRA invariant tensors; hence, one obtains less information from these tensors. One therefore needs
at least three moments to achieve orbit recovery in both the pMRA and dMRA models. Recently, Edidin
and Katz [31] proved that the first three moments do indeed separate generic Dgy-orbits' so the sample
complexity of dihedral MRA is ©(c%). However, the proof method does not result in a computationally
efficient algorithm to recover the orbit. For the pMRA model, even less was known prior to our work:

IWhen we say that certain moments “separate generic orbits” we mean that for a generic x, the only vectors y that share the
same moments as x are the elements of z’s orbit.
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Bandeira et al. showed that for a similar model [7, Problem 4.7] — in which projection is defined for odd-
length signals — the system of polynomials defined by the first three moment tensors will have a finite
number of solutions for problems of dimension 3 to 21, but again this does not yield an efficient algorithm
for recovery.

In a more general setting that includes cryo-EM, we note that Balanov, Bendory, and Edidin [5] have
shown that for an unknown n-dimensional object, the r-th moment of tomographic projection onto an m-
dimension subspace determines the r-th moment of the un-projected object provided that m > r, leading to
an algorithm that recovers certain un-projected moments from their projected counterparts. However, this
does not handle the important case of r = 3 and m = 2 in cryo-EM, and does not seem to apply in the

models we study here.

Our perspective. We work towards finding a polynomial-time algorithm that can provably recover
orbits for generic signals in the dihedral and projected MRA models. In this work we suppose that we have
access to exact third order moments ng) (z) or Tc(ji,n (z), and we assume linear-algebraic computations can
be done in exact arithmetic. While questions of robustness and noise stability are pertinent (e.g. [50]),
we leave this direction for future work. We insist on using only moments of order < 3 (and in fact the

third moment alone will be enough for our purposes) in order to achieve optimal sample complexity in the

high-noise limit.

Known algorithms and their limitations. From an algebraic perspective, the entries of Tg}J(x)
are degree-r homogeneous polynomials in the entries of the vector x, so orbit recovery may be achieved by
solving a polynomial system of equations. In principle, the solutions may be found by computing a Grébner
basis with an ordering on the monomials to allow for elimination. In practice, this method is not efficient,
and the worst-case time complexity of Grobner basis computation is doubly exponential in the dimension d.
We briefly detail two approaches developed in prior work on the MRA model that motivate our approach.

First, frequency marching may be used to achieve orbit recovery in the original MRA model [36, 53]
and in cryogenic electron tomography (cryo-ET) [7,50] — i.e., “unprojected” cryo-EM with 3-dimensional
observations rather than 2-dimensional projections — using the first three moments of the sample distri-
bution. In both models, the second moment determines the magnitudes of the Fourier or Fourier—Bessel
coefficients, also called the power spectrum. To recover phases of these coefficients, the third moment of the
distribution may be used to set up a linear system of equations modulo 27 for the coefficients’ phases. The
phases of coefficients may then be solved for sequentially, in a procedure called frequency marching referring

to the fact that one initializes a phase for the first Fourier coefficient (corresponding to a low frequency
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component of signal) then then uses relationships between phases to determine phases of subsequent Fourier
coefficients (higher frequencies). Bendory et al. [12] give a version of frequency marching for the MRA
problem and compare its performance to a number of other algorithms. Liu and Moitra [50] modify the
frequency marching procedure to achieve SO(3)-orbit recovery in cryo-ET in quasipolynomial time.

However, Edidin and Katz [31] showed that adapting the frequency marching method to dihedral MRA,
one can only determine each linear equation needed to march frequencies up to an unknown sign. The
ambiguity in sign leads to a combinatorial explosion in which there are exponentially many linear systems,
only one of which is guaranteed to have the true = as a solution. While in theory solving the right system
recovers the orbit, the runtime of enumerating all systems is impractical.

Second, tensor decomposition methods have been shown to achieve orbit recovery in the MRA model

[56]. For x € R? the third moment tensor takes the form
s d—1

TE) () = 3 (Re)®,
=0

which is the sum of d different d x d x d rank-1 tensors. Unlike a matrix factorization, the factorization
of a tensor into its rank-1 summands (called its canonical polyadic (CP) decomposition) does not require
the component vectors to be orthogonal for a unique decomposition [48]. Perry et al. [56] showed that
simultaneous diagonalization, a classical tensor decomposition algorithm, may be used to factor the third
moment in a robust way to recover the components {Rgx}?;ol. Crucially, simultaneous diagonalization
requires the rank (number of rank-1 summands to recover) to be no larger than the dimension — in the case
of MRA, this holds with equality. However, the third moments arising from the models we study take the

form

T (@)= Y (¢-0)®  and T p@) = Y (H(g-2)=.

9g€Dq 9€Caq

Each is the sum of 2d different d x d x d rank-1 tensors, which is more components than simultaneous
diagonalization can handle. The best known methods for generic tensor decomposition can reach a rank of
(2 — €)d [47] (see also [22,45,57]), which barely falls short of our 2d. This means we cannot use known
tensor methods “out of the box” and must take advantage of the special structure in our tensors to when
devising an efficient algorithm.

We also note that methods for fourth-order tensor decomposition can handle significantly more compo-
nents, namely ©(d?) [26,41,43,52]. However, estimating the fourth moment requires sub-optimal sample

complexity, so our focus in this work is on methods that only use the third moment and below.

57



Our contributions. Our main results partially resolve the open problem of orbit recovery in the
dihedral and projected MRA models.

We first formally define the algebraic idea of generic vectors.

DEFINITION 5.1.1. A property @ is said to “hold generically” for vectors v e K™ (or to “hold for generic

choice of” v e K™) if there is a non-zero polynomial p on K™ such that when p(v) # 0, v has property Q.
Next, are results are as follows:

THEOREM 5.1.2 (Dihedral MRA). Let d = 2%, for k > 2 and suppose a particular symbolic matriz
M = M(d) (see (5.41)) has full column-rank. Then there is a polynomial-time procedure that, for generic

x € R??, takes as input the evact third moment Tl()?;)d (z) and outputs an element in the Dog-orbit of x.

THEOREM 5.1.3 (Projected MRA). Let d = 2k for k = 3, and suppose a particular symbolic matrix
M’ = M'(d) (see (5.42)) has full column-rank. Then there is a polynomial-time procedure that, for generic
z € R? ~ span(l,—1,...,1, —l)l, takes as input the exact third moment Tc(jin(m) and outputs an element

in the Dog-orbit of x.

For any specific dimension d, one can use a computer to verify that the symbolic matrices M (d) and M'(d)
have full column-rank, implying that the algorithm works for generic inputs of that size. This check only
needs to be done once and ensures our algorithm then works on generic inputs. Each of these matrices has
more rows than columns under the conditions given, and both classes of matrices have an aspect ratio (rows :
columns) tending toward 8 : 3 as d goes to infinity. We ran numerical tests giving strong evidence that these
matrices have full column-rank numerically for a random initialization in the dimensions d = 4,8 and 16.
This gives evidence that the matrices have full column-rank symbolically and that each procedure succeeds
in recovering orbits for generic vectors. Further, we provide an implementation of the algorithms in Python
and demonstrate their efficacy by recovering signals in R%* and R%* ~ span(1,—1,...,1, —1)* respectively.
In both cases the algorithms recover the signal up to cyclic shift and reversal with high accuracy from the
moments described. These numerical tests and further details may be found in Section 5.7.1.

The dimension 2d must be a power of two since our method uses recursion to extract and solve orbit
recovery sub-problems. We first recover the even Fourier coefficients of x by recursively running the algo-
rithm on a sub-tensor. We can then recover the odd Fourier coefficients given the even ones using a different
subtensor. While this method is reminiscent of frequency marching, we solve for multiple coefficients simul-
taneously by setting up a variety-constrained linear system, a method that synthesizes the work of Boussé et

al. [19] on CPD-constrained linear systems and Johnston et al. [43] on efficiently finding the intersection of
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a subspace and a conic variety. Unlike frequency marching, our methodology is able to handle the projection

operation in the projected MRA model.

Further discussion and related work. A significant body of literature studying orbit recovery exists.
We highlight a couple of key problems not addressed in this work that are particularly interesting practically
and theoretically, especially with respect to cryo-EM.

In cryo-EM, often we cannot guarantee that all the particles in a sample are identical. Either there may
be gross differences, e.g., a protein-complex missing a sub-unit, or conformational differences where proteins
flex or bend slightly. Both situations present a form of signal heterogeneity. In the simplest form, one
assumes a mixture of K different signals. Including heterogeneity in an MRA model as in [56], we assume
that instead of one distinct signal x there are K different signals that each appear with some probability.
Boumal et al. [18] show that fitting the first three moments, heterogeneity K > [d/6]| causes the problem
to be ill-posed but a non-convex optimization approach seems to handle up to (approximately) K < Vd
different signals, when the signals are generated randomly (a more restrictive setting than that of generic
signals). Continuous heterogeneity is a considerably different challenge to handle; see [65] for the current
state of the art. Heterogeneity is related to the problem of super-resolution in MRA [14].

Another reality is that due to boundary effects in the ice layer, particle orientation in cryo-EM may
not be uniformly distributed [59]. One can make a similar assumption that some cyclic shifts are more or
less likely in the MRA model. If the distribution of group elements is unknown, it must also be estimated.
Interestingly, in some orbit recovery models, non-uniformity of the group elements allows for generic recovery
using lower order moments than in the uniform case. For example, Abbe et al. [2] give an exact method
for recovering the signal and non-uniform distribution of cyclic shifts for the MRA model using the second
moment rather than the third. Bendory et al. [13] give an information-theoretic proof that the second
moment suffices in the dihedral MRA model with a generic distribution on group elements. Similarly for
cryo-EM, results by Sharon et al. [59] show that the second moment suffices for accurate estimation, and
determine bandlimit conditions on molecular structure and the distribution over viewing angles which ensure
well-posedness.

There is also a significant body of research on non-convex methods for orbit recovery, e.g. [18,32,33,68].
Notably, fitting moments by least squares is demonstrated by Edidin and Katz [31] as a practical method
for recovery in dihedral MRA, albeit one without guarantees of correctness. In MRA with a non-uniform
distribution, Abas et al. [1] develop a generalized method of moments which determines how to re-weight

a least-squares fitting of moments to be asymptotically optimal and demonstrate this improves recovery of
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the signal and distribution as parameters. Other directions explore maximum likelihood estimation (MLE)
as a recovery technique. Xu et al. [68] observe in cryo-EM that misspecifying the probability distribution
(e.g., assuming a uniform distribution when viewing angles are non-uniform) does not have a deleterious
effect on the likelihood landscape in unprojected cryo-EM (cryo-ET) but does result in incorrect estimation
when projection is present. Due to this effect, they propose an expectation maximization (EM) algorithm for
estimating the signal and viewing-angle distribution jointly. To our knowledge, none of the methods based
on non-convex optimization provide a rigorous proof that the global optimum can be found in polynomial
time. As a result, this line of work deviates from our primary objective of finding algorithms with provable

guarantees.

Concurrent work. Finally, we point out the concurrent and independent work [6], which also studies a
variation of the projected MRA problem (with odd-length signals) and gives an algorithm for recovery from
the third moment. Their algorithmic approach is rather different from ours: essentially they have adapted
the frequency marching method in a way that avoids the combinatorial explosion we mentioned above. Their

algorithm appears to also work for dihedral MRA.

Organization. In Section 5.2, we define the dMRA and pMRA models in the Fourier basis and give
explicit expressions for the invariants that result. Section 5.3 covers the steps of our algorithm in detail.
In Section 5.4, we give sufficient conditions for the recursive step to succeed and give evidence that these
conditions hold for generic signals. Since our algorithm is recursive, we discuss how orbit recovery may be
achieved for the base case in Section 5.5. In Section 5.7 we give an efficient implementation of the recursive
step and details for an implementation in Python of the full algorithm. Finally, in Section 5.8 we discuss

future directions.

5.2. Dihedral MRA and MRA with Projection

In this section, we define and compare the two main models of interest in this work: dihedral MRA

(dAMRA) and MRA with projection (pMRA).

Dihedral MRA. In the dMRA model, we observe N samples according to

(5.6) Yi = gi- T +0&

where  is some fixed signal in R?, each g; is a group element of the dihedral group Dy, each ; is independent
standard Gaussian noise in R?, and o > 0 is a scalar that determines the signal-to-noise ratio. We will index

entries in x starting at zero so that z = (z[0], z[1],...,z[d — 1]).

60



The dihedral group Dy may be generated from cyclic shifts and reflections. We will denote these Ry
and J respectively with Dy = {Ry, R1,...,Ra—1,JRo, JR1,...,JRq—1}. For £ € [d), we define the action of

Ry € Dy to be a cycling of entries in x to the right by ¢ positions so that for each index j € [d),
(R - 2)[j] = 2[j — ¢ (mod d)].

In general, we will assume that any indexing we do is done cyclically modulo the length of the vector involved
so we may omit the modulus. For J € D,, we define its action to be reversal of entries in a vector so that
for an index j € [d],

(J-2)[j] = z[d—j —1].

Using the samples {y;}Y,, one aims to recover the signal z up to the action of D,.

MRA with projection. Our second model is MRA with projection (pMRA). In the pMRA model, we

observe N samples according to
(5.7) yi = (g - @) + 0¢;.

Here now x is a fixed signal in R2¢, g; are group elements of the cyclic group Coq = {Ro, R1,. .., Raa_1},
and again &; is independent standard Gaussian noise (now in R??) with ¢ > 0 a scalar determining the

signal-to-noise ratio. We also define the linear operator, IT : C2¢ — C%, defined entry-wise by for j € [d) by
(5.8) (z)[5] = [j] + 2[2d —j = 1].

This projection operation is a proxy for tomographic projection or the X-ray transform in the sense that if
we view the object as being the discretization of some “thin-shell” circular 2D object with z[j] the density
in the j-th patch, projection sums two entries when they are align vertically (see Figure 5.1).

In this model, one might aim to recover the signal = up to the action of Dy; from the projections
{y;}¥.;. Note that while the group actions are cyclic, we can only hope recover the signal up to action
by the dihedral group. Indeed, a signal x and its reflection Jx will produce the same distribution over
samples. In this manner, the pMRA model captures the same ambiguity that occurs in tomography; when
the orientations in three dimensions are unknown, one can only distinguish an object up to reflection.
However, in another regard the model suffers from a small issue. Complete recovery for a signal is impossible
since the vector ¢ = (1,—1,1,—1,...,—1) lies in the kernel of IIR, for every £ € [d]. This component is the
Nyquist component and under the Fourier transform corresponds to the d-th Fourier coefficient of x. Since

this component is of highest frequency, the inability to recover this component could be taken as akin to an
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optical or electron-imaging system having some limited resolving power. In light of this, we refine the goal:
using samples {y;}I¥ |, one aims to recover all Fourier coefficients of the signal = except the d-th one, up to

the action of Dqy.

Advantages of the Fourier Basis. The action of Coy on C2? is diagonalized in the Fourier basis and
gives the standard representation for the cyclic group. However, Dy, is not a commutative group, the actions
of its elements cannot be simultaneously diagonalized, and the matrices giving the action in the Fourier basis
are all sparse with non-zero entries only on the diagonal or anti-diagonal.

For a signal = € R%, denote the Fourier coefficients of 2 indexed from zero, by
d—1 -
Bk = ) alj] e 2
§=0

where i = 4/—1. Define
&= (2[k] : k = [d)) e C.

Implicitly & = Fyz where F; : C?*? is a linear transformation giving the change of basis from the standard

basis into the Fourier basis in C%. In addition, since z is a real signal, we have that # satisfies 2[—k] = 2[k]
with indices taken modulo d so that they lie in [d). Next, define the following matrices j’%gyd e C¥*4 (e [d),

and Jy, € C?*4 where for v e C? with entries indexed by j € [d),

(5.9) (Rea-v)[j] = 7>/ D],

(5.10) (Ja - v)[j] = v[-i],
and the matrix f[gd € C*24 where for v e C??,
(5.11) (Taqv)[j] = ] + €™/ * 40 [—j].

We will omit the subscript dimensions d and 2d where it may be inferred from context.

5.2.1. Invariants from the dMRA and pMRA Models. Using the linear operators defined in

(5.9)-(5.11) we define the following invariant tensors of a complex vector & € C2¢,

) A 1 (2= . 2d-1 .
(5.12) Titra2a(®) = o (Z (Reza - &) + . (JRpoa-2)®" | |
£=0 £=0
2d—1
T A 1 - -~ A\N®Tr
(5.13) TISN}RA’Qd(x) =g ( Z (Mg Ry 2q - £)® ) .
=0
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As suggested by our notation, we claim that these tensors are the same invariants from the dMRA and

pMRA models given by (5.5) under a change of basis. First we give the following lemma.

LEMMA 5.2.1. For any d,
Ry = FRJF,
for any £ € [d),

J=FJR_F !

and there is a full-rank square matriz C giving a change of basis such that
Mgy = CTlpgF L.
Using this we have the following result.

PROPOSITION 5.2.2. Let x € R?? and let TZ()?d (x) and Té;in(x) be r-order invariant tensor of x as defined
n (5.5). For F e C?¥*2d the matriz giving the change of basis from the standard basis into the Fourier basis
in C24,

Tl zdFo) = P27 (TF) (@) -

For C the change-of-basis matrix in Lemma 5.2.1,

TéﬁRA,2d(fx) = Cc® (Tégin(x)> .

The subscript 2d may be dropped when the dimension is clear from context. See Section 5.9.1 for the
proof of Lemma 5.2.1 and Proposition 5.2.2; including the explicit construction of the change-of-basis matrix

C. Lemma 5.2.1 is also useful in proving the following fact.

PROPOSITION 5.2.3. In the pMRA model, two projections {ILR;, x,IIRy,x} from known directions £y # o

are sufficient to recover x € R?*? nspan(1, —1,1,...,—1)* when ged(f; — £o,2d) = 1.

See Section 5.9.1 for the proof. As we mentioned, strategies to label samples provably fail in the high-
noise regime; however, Proposition 5.2.3 demonstrates the irony of the pMRA model: the third moment is
an overcomplete tensor and we do not have an algorithm to decompose it; we also do not need all the factors
from its decomposition, just two! Next, one may wonder why we give our dMRA invariant tensor in (5.12)
for a signal of length 2d instead of d. By defining both models with a common dimension we may give a

relationship between the invariants:
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LEMMA 5.2.4. For & e C24,

@y () - (r) -
(HgBd )TdMRA,Qd(x) = TpMRA,Qd(x)'
PrROOF. By linearity and Lemma 4.2.4 we may move the projection operator into the summands
| (2= 2d—1
([T LA (2) = o (Z ([R)® + (HJRN:«)@?“) .
£=0 =0

Substituting the relations from Proposition 5.2.1 we have that
[J = ClLJR_\F~' = CIR_,F~' = CIF 'R_, =TIR_,

since IIJ = II. If we re-index the second sum we may combine, yielding the result:

2d—1 2d—1 2d—

S@r r ~ 1 S5 A r =5 ~ r 1 r ~

([T LA (2) = 1 <§ (MR2)®" + (HRglx)®> 3 § (MR2)® = Thipa(@). O
£=0 £=0 =0

As a result, the Dyg-invariant polynomials that make up the entries of the TgﬁR A (&) tensor are linear
combinations of the Dyy-invariant polynomials in T éﬁR A(Z). In other words, the invariant dMRA tensor
contains at least as much information as the pMRA tensor. The advantage of our change of basis by the

Fourier transform is apparent in computations giving each entry in the invariant tensors for both models.

PROPOSITION 5.2.5. For & e C?¢,

T (@)U - 505] = w (H &[jx] + 1_[ T[—jk ) {Z =0 (mod 2d)}
k=1 k=1 k=1

for U1, ..., jrS a multiset of [2d).

For the same signal,
Tira @[, -+, 305] =

710“15"”8 Z (s, 1,550 5) (ﬁ Z[spir] + ﬁ :E[—Skjk:]) 1 {Zr: sijk =0 (mod Qd)}
k=1

se{—1,1}" = =

for U1, ..., jr§ a multiset of [d) and where ¢ is a complex phase given by
. . 1 N7 Spd ﬂ-l s .
(5,1, -3 ) 1= (~1)3 Zhoaswdioxp [ TN G )
2d =

See Section 5.9.2 for the computations that verify these facts. Observe that each entry of the TéﬁR A(2)
tensor is either zero or simply the sum of two monomials up to scale. Further, it is relatively simple to verify

these polynomials are invariant under the actions given in (5.9) and (5.10). In contrast, in the standard
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basis the entries of Tg;)d (z) and Tc(;)ln(x) will be the sum of many monomials. We can tie sparsity directly

to computational efficiency later and it also eases several future constructions.

5.3. Method for Recovery

In this section, we first define generally the conditions which allow us to extract a subtensor of an
invariant tensor that is also an invariant tensor for some model. We demonstrate that this is possible for
both the dMRA and pMRA invariant tensors and that the procedure produces smaller AMRA and pMRA
invariant tensors such that an orbit recovery problem’s dimension may be recursively halved. First, we

introduce some notation we use to indicate extracting subtensors.

Restriction and subtensors. Given a vector x € K" and a set of indices S < [n] we define the
restriction of z to S using either the notation z|g or z[S] := (z[s] : s € S) € KI¥l. For a matrix A e K™*",
R < [m], and S < [n] subsets. We will use A[R,S] to denote the submatrix of A with rows in R and
columns in S. When R = [m] or S = [n] we will use A[:,S] or A[R,:] respectively.

Similarly, for a tensor T'e R" @ R ® - - - @ R% and subsets S; < [dj], j =1,...,r we use the following

to denote restriction along multiple modes:
T|s,.8,,....5, or T[S1,S2,...,5:] :=[T[s1,52,...57] : 51 € 51,52 € S2,...,8. €S| € KIS xS

is a subtensor of 7. For symmetric tensors 7 € (R™)®" we may use a single restriction to indicate restriction

on all modes by the same subset of indices:
Tls := [T[{s1, 52, ..., 5:5] : $1,82,...,5, € S] e (KEher,
or when the subsets {S;}7_, are pairwise equal or disjoint, then the subtensor of T" defined by
T[S1,S2,...,5:] :==[T[{s1,82,---,8:5] : 51 € S1,82 € Sa,...,8. €5,]

is partially symmetric along modes where the subsets S; and Sj, are equal for j,k € [r].
We quickly give some implications for restriction on matrix-vector products and matrix-matrix products,

that are handy.

LEMMA 5.3.1. Let Ae K™*" Be K™ " be matrices and v € K" be a vector. Let R < [m], and S € [n]

be subsets of indices. Then

(Av)[R] = A[R,:]v and (AB)[R, S] = A[R,:]B[:, S].
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This follows directly from our definition of restriction and matrix multiplication.

5.3.1. Invariant Subtensors.

LEMMA 5.3.2 (Moment subtensors from restriction). Let G be a finite group with some action on K™,
h: K™ — K" be a linear transformation, and R < [m], S < [n] both be sets of indices. If G is a finite group

with some action on KB and h : KIBl — KIS| g linear transformation such that for all v e K™,
(5.14) Uh(g-o)ls : g€ G5 =k x (G- vln) : § € G5,

where for a multiset M, k x M indicates a multiset with each item in M repeated k times. Then restricting

each mode of a G-invariant tensor to S produces a G-invariant tensor under the projection h up to scale,
() G|
(z}Lh(v)>’S k‘(;|7};h( |R)

PROOF. Proof of Lemma 5.3.2. First,
T(T) ” = v)
[G,h ; |G|Z &g = |G|2 (g-v)ls)®
geg geg
by our definition of restriction for a symmetric tensor. Next, applying the multiset condition we have
g ’U|R ’
i 2,(kla- - 56
geg

so with some manipulation,

k - kG| 1 . )
—E h(g-v ®T:—-—~§ hg~v,®7:—T~~vl,
a1 M = el e M e et

The property above is useful since when it holds, a particular subtensor is actually an invariant tensor
in its own right and — if K > 1 — is an invariant over a smaller group.
We now show that the invariant tensors from the AMRA and pMRA models both satisfy Lemma 5.3.2

when restricting to even Fourier coefficients. To denote the even numbers in [d) we use

(5.15) Ej={je[d):j=0 (mod2).
66



We will omit the subscript and simply write “E” if the dimension can be inferred from context. We also use
ﬁgd = 1I to indicate the projection operation defined in (5.11) and f[4d an analogous operator defined in the

same manner but with the domain C4¢.

ProproSITION 5.3.3. For d > 1, the following invariant tensors have invariant subtensors found by

restriction:

(1) For & e C*,

<T(§1T\/)1RA,2d(§7))‘ = Té;/}RA7d(£|E2d)'
Eaq
(2) For i e C*,

(Tpglr\/}RA,4d(‘f:)) )Em = TFETM)RA,Qd(i‘|E4d)'

PRrOOF. For each case we show that the multiset condition (5.14) holds so that Lemma 5.3.2 applies.
Since we deal with the cyclic group and dihedral group over vector spaces of different sizes we will include

the dimension in the subscript on elements, i.e. Cy = {ﬁe,d}?;ll where
(Req - #)[5] = > % j]
for j € [d). Similarly, we will use Ju for the reflection element on C¢.
(1) Let & € C2? be any vector. Given m € [d) we define £, = m + dk € [2d) for k € {0,1}. We claim

that for each k, (]’%Zkﬂd . i’)‘Ezd = Em,d . (i'|E2d) and (jgd . j%gkygd . ﬁ)|E2d = jd . ﬁm,d . (i|E2d) so the

multiset condition holds. To this end, notice that since £, = m + kd,

e—27rz€k/d _ e—27r1m/d

—
for any j = [d), e 2miile/d — o=2mjim/d =
e 2miite/dg[95] = e~ 2/ d3[24] —

e DR 324] = e (3] g, ) [] —

(B, - (2] = (Runa - (#l1,)) ] —

~

(R #)less) 1] = (R (@l.a)) ),
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and so (j%gk’gd “2)|g, = ]/%m,d - (Z|g,). Similarly,

627ri5k/d 2mim/d

—e —
for any j = [d), e2miite/d — g2mjim/d =
2™/ dG[—25] = e2mIim/d3[—24] —
6_2777;(_2j)£k/(2d)§;[_2j] — 6_2”(_j)im/d(£|E2d)[—j] —_

(oa - Rey 20+ D)[27] = (B (l1..)) []] -

((Foa- Rosoa )12y ) 1) = (i Rt~ (@l20)) L),

and so (jgd . f?gk,gd “B)|E, = fd . }A%m,d - (Z|g,). This completes the association of elements between

the sets so that
{(g-2)|E,: g€ Daa§=2x{(g %|E,): g€ Dal.

(2) Let # € C*. Set m € [2d) and let £x = m + (2d)k € [4d) for k € {0,1}. We aim to show that

(ﬁ4d(§€k,4d : i))

= ﬁQd (Em,Qd : (x|E4d)) :

2d

Reusing analysis from the first part, we know that e=2794/(d) 3[25] = =277/ d)3[25] for all

€ [2d). Rewriting this, we have that e=2774/Cd)3[25] = =272/ 3[25] = (]/':i:[kAd - &)[27]

A~

and that e~ 27m/(2d) 3[25] = e=2m4im/Cd) (3| 5 Y[j] = (Rm,gd : (@|E4d)) [7] for all j € [2d).

Now we take linear combinations to produce the d different equations

e—27rij€k/(2d)i,[2j] + eQﬂ'ij/(2d)eQTrijek/(Qd)i,[_Qj] — 6_27rijm/(2d).’f}[2j] + 627rij/(2d)62ﬂijm/(2d)QA?[—Qj]

with j € [d). Applying the rewritings gives

(Repaa- D)2+ 9D (Re,aa- )[=27] = (Rma - (#l8.)) 1]+ €D (R pa - (21.4) ) [-5]

—e2mi(2)/(4d)
We then have that by the definition of the il operator that
(Maa(Rep - 2)) (241 = (Toa (B2 - (0e,0) ) ) 1] -

((Maa(Repaa- )| ) 1] = (Toa (Bom2a - @) ) ) 13-

Then
UTa(g - )|, : 9 € Cag§ =2 % 24 (7 (&]5,0)) © § € Caal- O
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Proposition 5.3.3 shows that we can recover part of the signal by extracting a subtensor and then solving
(recursively) the orbit recovery problem associated to it. Once we recover an element y in the Dgy-orbit of

Z[E], our next goal will be to extend y to a vector double its length that lies in the Dgg4-orbit of .

5.3.2. Variety-Constrained Linear Systems. In this section, we introduce a broad class of problems
we call variety-constrained linear systems. The construction of such systems, an algorithm for solving them,
and conditions that guarantee uniqueness of solutions, will allow us to complete the second stage of recovery.
We introduced varieties and some core concepts associated with them in Chapter 2 and encourage the reader

to review them since they will be relevant throughout this section.

DEFINITION 5.3.4 (Variety-constrained linear system). We define a wvariety-constrained linear system
(VC-LS) to be

Au=10b subjectto uelX

where A € K"™*" s a coefficient matriz, u € K™ is the solution vector, b € K™ is another vector and X < K"

is an irreducible conic variety.

Notably these systems may have unique solutions even when m < n. The condition u € X could
be considered a form of “sparsity” and as such, algorithms to solve VC-LSs can be considered a form
of compressive sensing [20]. Problems of this form include the canonical polyadic decomposition (CPD)-
constrained linear systems studied in [19], where the authors give an algebraic algorithm when X is a variety
of rank-1 tensors and the constrained system has a single unique solution.

In a different direction, recent work by Johnston, Lovitz, and Vijayaraghavan develops an algorithm [43,
Algorithm 1] that can be used to find multiple intersections between a linear subspace I and a conic variety X,
corresponding to a VC-LS with b = 0. We observe that the machinery of this intersection algorithm greatly
clarifies the general principles in Boussé et al’s algebraic algorithm and provides a method for dealing with
multiple solutions. In Algorithm 2 below, we give a method for solving VC-LSs, synthesizing [19] and [43].
This can potentially handle multiple solutions, although there will only be a single solution in our use cases.

We note that the algorithm is not always guaranteed to succeed, and this will be discussed later.
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Algorithm 2 Solve a variety-constrained linear system.
Input: Matrix A € K™*" vector b € K™, and irreducible conic variety X < K.
Output: Solution(s) to variety-constrained linear system Au = b subject to u € X, or “Fail”

1: procedure FINDVARIETYCONSTRAINEDSOLUTIONS(A, b, X)
2: Find the subspace U = {u € K" : Au = b, € K} of solutions to Au = b up to scale.
3: Run the subspace conic-variety intersection algorithm ([43, Algorithm 1]) to find the vectors

V1,02, ...,0g EUNKX

(or report ‘Fail’ if the algorithm fails).
for all v;, do
t « (b, Avg)/[b]3
if t # 0 then
Uk < %Uk
else
discard uy

10: return {uy,us,. .., us}

Johnston, Lovitz, and Vijayaraghavan prove that their intersection algorithm succeeds on a certain class
of generic inputs with planted solutions, provided the dimension of U is not too large. In the following
sections we will be constructing specialized VC-LS problems, which are not covered by the existing analysis.
Towards analyzing these, we next formulate more explicit sufficient conditions for Algorithm 2 to recover a

unique solution to a VC-LS. We ask the following:

Given a particular A € K™*" and v € X < K™, and defining b := Au, what are explicit

conditions on A, u, X to guarantee that Algorithm 2 recovers u?

In this context, we will call u € X the planted solution to the VC-LS. First, observe that if b = 0 then we
are finding ker A n X so the intersection algorithm of JLV may be used without modification and solutions
are only unique up to scaling. We will then only consider the case where u ¢ ker A so that b # 0 and it
is possible for a solution to be unique, not just unique up to scale. We will also restrict ourselves here to
varieties X € K" cut out by degree-2 homogeneous polynomials and no linear functions so we may consider
span{py,pa,...,pr} S (K*)®2. As discussed in Chapters 2 and 4, varieties of this type include the variety
of rank-at-most-1 tensors of any shape and number of symmetries and include the the variety of symmetric
matrices of rank-at-most-1 which is our primary use case. We now define a construction which may be used
to certify unique recovery. To do this, we first extend our definition for the symmetric product from matrices

and vectors to subspaces.

DEFINITION 5.3.5. For subspaces A, B < K", define

A®* — span{u®* .y e A} < (K)®*

70



and

A®B =spanfu®v:ue Awve B} c (K&

Next, we generalize a construction used in prior work by the authors with Dastidar [24] to improve a

bound the maximum dimension of a subspace in which one can find planted rank-1 matrices.

DEFINITION 5.3.6. Define a set of matrices denoted by M(A,u, X) associated to the variety-constrained

linear system with planted solution u where

Me M(A,u,X)
if we may write M = ®U for ® a matriz whose rows form a basis for span{pi,pa,...,px} < (K")®?2
where p1,pa, ..., pr cut out the irreducible conic variety X, and U a matriz whose columns form a basis for

(span(u) ® ker A) + (ker A)®? < (K")®2,

Note that each matrix in M(A,u, X) is related by matriz equivalence in that if M, M’ € M(A,u,X)

then there exist invertible matrices P and @ such that P~'M’'Q = M.

PROPOSITION 5.3.7. If M € M(A,u,X) has full column-rank then Algorithm 2 recovers the planted

vector u given inputs A,b, X, where b = Au.

Before we prove this, observe that for a representative M to have full column-rank, it must have at least
as many rows as columns. This gives a necessary condition that may be used to determine when the kernel
. . . L
of A is too large. If L = dim(ker A) and k = dim(span{pi,...,pr}), then M has k rows and ((2)) -1

columns. It is then necessary that
1 1
(5.16) L < 2(k+1)+1—§,

or else M has fewer rows than columns and necessarily has a non-trivial nullspace. The bound we give
in (5.16) is a tightened version of the necessary condition given in [19, Section 3.1.2] which is based off
counting the number of entries in second-compound matrices (a matrix containing all 2 x 2 minors). The
use of second-compound matrices is a convenient tool but will produce linearly dependent rows for tensors
of order greater than two or with symmetries. See Section 5.4 for more discussion.

In general, the bound (5.16) indicates that the more degree-2 homogeneous polynomials that cut out X,
the larger the kernel of A may be while allowing for the possibility of unique recovery. Now we give a proof

of the proposition.
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PROOF OF PROPOSITION 5.3.7. First, the bulk of our work will be showing that the intersection algo-
rithm in Step 3 will return a single vector v; in the direction of u. Then we show that our rescaling produces
a vector uy such that Au; = b ensuring that u; = u.

We will show by way of contraposition that if M € M(A,u, X) has full column-rank then for the subspace
U={ueK": Au = b,y e K},

span{py, p2, ..., pe} N UE? = span(u®?).

Suppose that span{pi,pa,...,pr}" N UP? # span(u®?). Now since u was planted, v € X and u € U,
span{p1, pa, ..., ok} N UP? 2 span(u®?) so it must be that span{pi,pa,...,pr}" N UP? 2 span(u®?).
Suppose then there is some w € (K™)®? such that w € span{py,pa,...,pr}", w € U®? and w ¢ span(u®?).
First, if {n1,...,np} is a basis for ker A, then {u,nq,...,ny} is a basis for U.

Then {u®?} U {u®n;:je[L]} U{n;®ng:1<j<k<L}isa basis for U®? and we may write

L
w = C{(]’O}u®2 + Z cqo 3 (u®ng) + Z gk (g ®ng)

j=1 1< <k<L
for coefficients c(; 5y € K, 0 < j < k < L. Now it must be that cg;x # 0 for some {j,k} # {0,0},
otherwise w = ¢(o,0 (u®?)®? € span((u®?)®?). Next, observe that if ® is a matrix with rows a basis for
span{pi, pa, ..., pr} then dw = 0. Since Pu®? = § we have
L

0=2dw= C{O,o}@u®2 +o (Z C{O,j}(u(@nj) + Z CLj.k} (nj @nk)>

j=1 1<j<k<L
L
=0 <Z c{o,j}(u@nj) + Z C{j.k} (nj @n@) .
j=1 1<j<k<L
The set {u®n; : j € [L]}u{n;®ny : 1 < j < k < L} is a basis for the subspace (span(u)®ker A) U (ker 4)®2.
Collecting these vectors as columns of a matrix N and collecting coefficients into a column vector ¢ =

(ciiwy 10 <j <k <L, {jk}#{0,0}), we have
0= dNe.

Observe that @ N € M(A,u, X') and by the previous observation that at least one ¢z # 0, the vector ¢ # 0
so ®N does not have full column-rank. Since column-rank is preserved by matrix equivalence, every matrix
M e M(A,u, X) lacks full column-rank.

In its second step, the intersection algorithm of JLV runs simultaneous diagonalization on a basis for the
subspace span{pi, pa, . .., pr}- N U®? which we have shown is equal to span(u®?) under the assumption M
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has full column-rank. However, reshaping any w € span(u®?) to an n x n x 1 tensor and running simultaneous
diagonalization in this special case degenerates to the rank-1 factorization of the n x n matrix which has the
form auu' for some a € K. (We note that when u € C this matrix is complex symmetric, not Hermitian.)
It follows that Step 3 recovers a vector in the direction of w.

So the intersection algorithm of JLV in step 3 will output a vector vy that is a nonzero scalar multiple

of u, i.e. v1 = yu for some v € K. Finally, we can check that u; = v/t for t = (b, Au;)/||b||3 obeys Av; = b:

1 [b]3 [b]3 [b]3
Avy = 2 Auy = 02 gy = N gy, DOy,
ST TG A T T oyAny T by
It follows that u; = u, meaning Algorithm 2 outputs the correct planted solution. O

5.3.3. Aided Recovery. In this section, we will show how one may set up a variety-constrained linear
system using either dAMRA or pMRA invariant tensors such that the symmetric lift of the odd Fourier
coefficients (2[E°])®? is the planted solution (or more precisely these coefficients after some group action).
First, we note that second order invariants are insufficient to recover the signal in the dMRA model and

hence the pMRA model as well.

PROPOSITION 5.3.8 (see [13,31]). For x € R?, the second order invariant Té;}RA(:}E) only determines

|Z[7]| for j € [d) (the power spectrum of x).

Proof of this follows almost directly from Proposition 5.2.5. We show an analogous result holds for the

pPMRA model.

PROPOSITION 5.3.9. For x € R2?, the second order invariant Téi}RA(fc) only determines |Z[j]| for

j e [2d)\{d} (the power spectrum of x minus the Nyquist component).

See Section 5.9.2 for the proof, which follows almost directly from Proposition 5.2.5.
Since in neither model can we recover the phases of the Fourier coefficients from the second order
invariants, we can examine third order invariants. Consider for T' = Téi/}R A@)or T =T, él?\’/}RA(g%) the

following four (partially) symmetric subtensors, recalling that E denotes the even Fourier coefficients:
T[E,E,E], T[E°,E,E|, T[E¢,E¢E]|, and T[E¢, E°, E].

Since T is symmetric and E and E° are a partition of [2d), these subtensors represent a disjoint partition of
the invariant polynomials that are entries of 7. The first subtensor is the subject of Proposition 5.3.3 where

we give the conditions under which it is itself an invariant subtensor of the same type as T. One might hope
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that the fourth subtensor might yield some useful information about Z[E°] in a similar manner but this is

not the case. Instead, T[E°, E¢, E] contains the remaining non-zero invariant polynomials.

PROPOSITION 5.3.10. For z € R and T = Tinypa () or T = Tiajpa (2),

T[E¢,E,E]|=0 and T[E°, E°,E]=0.

PRrROOF. This follows directly from Proposition 5.2.5 as well. Observe that entries of T[E, E, E¢] are
indexed by two even indices and one odd index, so any sum or difference of the three will be odd. Similarly,
T[E®, E°, E°] is indexed by three odd indices, so any sum or difference of the three will be odd. Consider

the indicator variables in the formulas found in Proposition 5.2.5 for r = 3, namely
]].{jl +J2+73=0 (HlOd 2d)} and ]].{Slj1+52j2+83j3£0 (mod Qd)}

By the parity argument, the first can never be satisfied, and similarly the second cannot since the sign

variables $1, s2, s3 € {—1,1} do not alter parity. Hence, these subtensors must be identically zero. O

This raises the question:

If we can recover y € C? in the Dy-orbit of #[E] from the subtensor T[E, E, E], is the
remaining non-zero subtensor T[E¢, E¢| E] enough to extend y to a vector 2’ in the Dyy-
orbit of &7
We will see the answer is yes. Observe that by similar parity arguments to those used in Proposi-
tion 5.3.10, the entries of T[E€, E°, E] are bihomogeneous polynomials, being degree-2 in the entries of
Z[E°] and degree-1 in the entries of Z[E]. Following this observation, we may set up a VC-LS problem with

a planted solution providing such an extension.

Overarching Strategy. Suppose that x € K™ is some signal, G is a finite group with some action on
K™, h : K™ — K" is a linear transformation, R < [m], S € [n] are sets of indices, G is a finite group with
some action on K/, h: KIZl - KIS is also a linear transformation such that the conditions of Lemma 5.3.2

hold and we may extract an invariant subtensor

(18)@) 15,551 = L0 el

Next, define
c c ®2
XY = {2®2:zeKIFN (KlR |)

to be the variety of symmetric |R°| x |R¢| rank-1 matrices.
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The following strategy may be applied recursively to the orbit recovery problem:
(1) Find a representative y of the orbit of [ R] under G by solving the orbit recovery problem associated

; (3)
with Téﬁ(a:).

(2) Define
b= (Tg%(@) se,5°, 5] e k('3')1s)

to be the vectorization of a particular subtensor of Tégzl(x) Next, construct a linear operator

1S€]

using y so that A := A(y) € ]K((‘R;‘))X(( 2 ))ISI and for some 2’ in the G-orbit of z with component

z = 2'[R],
(5.17) A(2%2) = b.
(3) Solve the variety-constrained linear system constructed in (5.17), given generally as
(5.18) Au=1b subject to ue Xy,

using Algorithm 2.

We call this procedure aided recovery since a specific representative y is used to construct A and aids in the
recovery of the rest of the signal. This ensures that only particular representatives of z’s orbit satisfy (5.18).

The subsequent portions of this section show how to construct a linear operator as suggested in Step 2 for

the tensors TSZRA (%) and TS/}RA(:%) with a planted solution as given in (5.17).

Aided Recovery for Dihedral MRA..
DEFINITION 5.3.11. For y € C%, define the linear operator Agura (v) : (CH)®2 — (CH®2 @ C? column-
wise by

. 3 . I, . . .
(5.19) Aamrals, (4, k5] = gy[*(J +hk+1)](€; @€ ®@E_jk—1+ € j_1 D1 ®€Ejrr+1)

for {4, kS a multiset of [d).

For & € C%¢, define a vector bayra (2) := bamra € (C)®? ® C? given entry-wise by

(5.20) barina (U, 5. 0mS)] = (TiRina (@) (027 + 1,2k + 1,2m5]

where 0 < j <k <dand0<m<d.

The vector banra is a particular vectorization of (Téi/ﬁR A (i:)) [E€, E°, E], which is a partially symmetric

tensor with symmetry along the first two modes.
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PROPOSITION 5.3.12. Let x € R?¢ with Fourier transform & € C2¢, and let y € C% belong to the Dy-orbit
of [E]. For A = Aqura(y) and b = bamra (Z), there is some g € Dag such that (g- &)|g = y and the vector

2= (g-2)|pe satisfies Az®? = b.

REMARK 5.3.13. There are generically two g1, g2 € Dag that meet these conditions and produce vectors

z that are negations of each other.

The crux is that the VC-LS
(Aavra)u = bavra  subject to  u € Ay

contains a planted solution which may be used to extend y to an element in the Dyg-orbit of . Applying
such extensions recursively gives us our strategy for orbit recovery of signals = € R2"" for k > 2.

Since much of our indexing is modulo d we will also find it helpful to say that two multisets of the
same size, M and M’, are equivalent modulo d denoted by M = M’ (mod d) when there exists a bijection

m: M — M’ such that for every m € M, m = w(m) (mod d).

PROOF OF PROPOSITION 5.3.12. To begin let 2 € R??, & € C?? be 2’s Fourier coefficients. We first
consider the special case y = Z[E]. Using the shorthand A = Agmgra (Z[E]) and b = bamgra (&), we will show

that the choice g = Id, i.e. z = &[E°], satisfies
(5.21) Az®? = p,

Then, more generally, we will show that this holds over the orbit of Z[E] for a corresponding transformation
on [E°].

First, observe that by Definition 4.1.2, for j/, k' € [d),
(5.22) EOU' K S] = wyjr s [25" + 1]E[2K" + 1]

and by Definition 5.3.11, for j, k,m € [d) we may find the entries in column of A using indicator functions,
: y o V3 :
AL, K5, tm5), U K 5] = <[ =205 + K + D]
(5.23) ({5, kS = U/ K'S (mod d)} - 1fm=—j' =K —1 (mod d)}
+1{{—j—1,-k—1§={,K'S (modd)} - I{m=45+k +1 (mod d)}).
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So then entries of A2®2 — the left-hand side of (5.21) — have the form

(A2®)[(L5, k5, tm35)] = AL, kS, Um$), 1222
= D ALK Um), U K SIEEIL K S

0<j'<k’'<d
Using (5.22) and (5.23), we simplify this to
(A282)[({4, k5, tm$)] =L{m = —j —k —1 (mod d)} - (f UR 3125 + 1)#[2k + 1]2[2(—j — k — 1)]

W [-2j — 1]3[— 2k—1]£[2(j+k+1)]>-

Now wy ;5 = wy_j_1,—p—15 since if j = k then —j —1 = —k — 1. We may further simplify to get
(5.24)

(A@[ED®)[(L, k5, 1m5)] =

(27 + 1]2[2k + 1]2[-2(j + k + 1)] + 2[—2j — 1]z[-2k — 1]z[2(5 + k + 1)]).

Viu ““1{ j—k—1 (modd)}x

Next, we examine the entries of b — the right-hand side of (5.21) — using Proposition 5.2.5. We can expand

the entries of the third order invariant indexed as

(L k5. 1)) = (Tilna (@) (127 + 1,2k + 1,2mS]

_ Wi25+1,2k+1,2m§
B 2

(£[25 + 1)2[2k + 1)&[2m] + £[~2j — 1]E[—2k — 1]2[—2m)]).

(5.25) 1{2j +1+2k+1+2m=0 (mod 2d)}x

The indicator conditions in (5.24) and (5.25) are the same, i.e.,
1{2j+14+2k+142m=0 (mod2d)}=1{m=—j—k—1 (modd)}.

Next, by parity, 2m = 25 + 1 (mod 2d) and 2m # 2k + 1 (mod 2d) for any assignment of indices so we may
simplify wy2j41,2641,2m§ = \/§w22j+172k+13. Similar to our observations before, wy2j41,2k4+15 = Wk SO We

get

3 .
V3 YK 1

b[(LJ, kS, tmS)] = =—j—k—1 (modd)}x

(5.26)
(&[27 + 1]2[2k + 1]2[-2(j + k + 1)] + 2[—2j — 1]2[-2k — 1]Z[2(5 + kK + 1)]).

Comparing (5.24) to (5.26), they are equal and so A(#[E¢])®? = b.
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Next, suppose that y = §- £[E] for g € Dy and set A’ = A,mpra(y). The group element § is one of
{j%g’d?jj%\g’d}g;é. Ifg= ﬁg’d, set g = ﬁg’gd or E[er’zd and if g = j\ﬁg’d, set g = jj%g,gd or j\éerd’Qd. From
the proof of Lemma 5.3.2, one can verify that these choices of group elements will ensure that (§-2)|g = v.
Set z = (g 2)|ge. We will show that A’(2®2?) = A(2[E¢])®2. First, observe that we may factor coefficients

(2)<(2)
out of the columns of A by defining a diagonal matrix X € C\? 27,
X =diag (Z[-2(j +k+1)]:0<j <k <d),

and a matrix B such that BX = A. Rows and columns of X are indexed by multisets {j, k§ of [d) under the

DM order, and columns of B are
) V3. . - _
B[, (4, k5] = 7(63‘ ®Er ®€_j_p—1+€E_j_1 ®E__1 R €jyrs1)
Observe that in the first case § = ﬁdgyd for some / € [d),

Aavira (§ - (Z[E])) = BX diag (62”@0*“1))4/(2@ 0<j<k< d) — AD,.

J

=:D,

With a small simplification we have D; = diag (ezm(ﬂkﬂ)e/d 0<j<k< d). Next, consider that for

U e2d),if z = (ﬁpgd - &)|ge, then for j, k € [d),

z®2 [Zj: kS] _ wzj,kg672ﬂ(2j+1)£’/(2d)i[2j + 1]672m(2k+1)e’/(2d)£[2k + 1]

_ 6727Ti(2j+1+2k+1)[/(2d)wzj7ksi,[2j + 1]2,[2]{: + 1:|
So when ¢/ = or V' = ¢ +d,

2®% = diag (efz’ri(ﬁkﬂ)z/d 0<j<k< d) (z[E<])®2.

=:Dy

Observe that the phases in D; and D are conjugates so D1 Dy = I and
A®2 — ADlDQ(x[EC])®2 = A(x[EC])®2 =b.

In the second case, we set g = jdf{g)d for some ¢ € [d). Let us consider the effect of the exchange matrix

without phase shifting (¢ = 0) first. Observe that while (Jog - &)[E] = J4- (2[E]), (Jaa - 2)[E] = J4- (2[E<])
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where

o, 1 j=-7"—-1 (mod d)
Jalg, '] =
0 otherwise.

In other words, the action of reflection around the zero index for a vector of length 2d (the action of jgd) has
the effect of reversal (J;) on the odd coefficients. Then (Jy- (2[E]))®?[{4, &S] = (Z[E°])®2[{—j — 1, —k —1§]
SO we may write

. y U kS =1-j'—1,-K —1§ (mod d)
IS UK S) =
0 otherwise.

Since Jsm swaps entries in the vector, it is an involution, i.e. (Jd/@2)2 = I. Next notice that
JP2X % = diag (#[-2((—F — 1)+ (k-1 +1)]:0<j<k<d)=diag (22 +k+1)]: 0<j <k < d)

so we have that AdMRA(jd - #[E]) = BJ®?XJ$?. Also note that B[:,{j,k§] = B[:,{—j — 1,—k — 1§] so
BJ(%®2 = B. Then for any ¢ € [d) with § = fdﬁgd,

Aamra (G- 2[E)) = BJ$?X D, J®? = BXD,(J,)®? = AD;(J4)®2.
Next, consider that for ¢/ = € or £ = £ +d, if g = JagRp 24 and z = (g - )| pe,
22 = ((g-2)[E))®* = JF2 Dy (2 E)®.
Combining these two expressions we have
A'2®2 = AD, T2 J®2 Dy (2[E€))®2 = AD; Dy (2[E°))®? = A(2[E°])®? = b. O

Aided Recovery for MRA with Projection. The relationship between the MRA invariants given

in Lemma 5.2.4 implies something similar for subtensors of T éi/}R - We define the following shorthand for a

particular restriction of fi®s3 along each mode of its domain and codomain:
(5.27) 2 e = (M2l S, B54])® @ Tlaa[Ba, Baa).

By construction this is a linear transformation from a tensor with partial symmetry in (C4)®? ® C? to a

tensor with partial symmetry in (CL(4+1/2)®2 g Cl4/2],
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DEFINITION 5.3.14. For y e C?, define the linear operator Apvra(y) : (C24)®2 — (Cl9/21)®2 @ Cld/2] py
(5.28) Apana(y) = T2 g pAama ()

with ﬁ(EZ‘SC)ECE given in (5.27) and Aqgmra given in Definition 5.3.11.

For x € C*, define a vector byyra (£) 1= bymra € (CLa+D2N@2 & ClA/2] given entry-wise by

(5.29) bpraral (L k5, 1mS)] = (T (@) [027 + 1,2k + 1,2m]
where 0 < j<k<dand 0 <m <d.

PROPOSITION 5.3.15. Let x € R? ~span(1,—1,...,1, 1)+ with Fourier transform & € C%¢, and let
y € C? belong to the Dg-orbit of 2[E]. For A = Aymra(y) and b = boyra(2), there is some g € Dag such

that (g - &)|z = y and the vector z = (g - &)|ge satisfies A2®% =b.
Again, the main point is that
(Apmra)u = bpmra  subject to ue Ay

also contains a planted solution which may be used to extend y to an element in the Dy4-orbit of & and so
solving this VC-LS can help us achieve orbit recovery.
The proposition follows almost directly from Proposition 5.3.12, though we clarify some of the more

complicated steps through smaller lemmas.

LEMMA 5.3.16. For any x € C??,
bpMRrA = ﬁgc)EcE (Téi/}RA(f)) [E54; ESq, Eaal.-
PROOF. First, observe that
boaina = (Ti8ra () (B8 5 Bl = (AT R4 () 15, B, Eul
by Lemma 5.2.4. Then by Lemma 5.3.1, we may move the restriction to the rows of [1®3 yielding
bpara = (([EG D% @ (B4, 1) Tihna (&),

Finally, notice that for any vector v € C24, TI[Ey, :]v = [[Eq, Bag]v[Eaq] since by the sparsity structure of II
given in (5.11), restriction to even rows II[Ey, ] eliminates all non-zero entries in odd-indexed columns. The

odd columns are all then zero so restriction to non-zero columns has no effect on the matrix-vector product.
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For the analogous reasons, ﬁ[E;7 Ju = f[[Edc, ES,|v[ES,]. Finally, applying this gives

3 A c c - c c - 3 - c c
(Tra @) [ES, 5 Ea) = ((LES, B8, @ MEa, Eaa]) (Tiira (@) [Bsas B, Ead)
7 3 3 kol (& (&
= H(EQ,EC,E (Td(l\/}RA(w)) [E5q; g, E2al- O
PROOF OF PROPOSITION 5.3.15. Suppose z € R??, let & € C2¢ be its Fourier transform, and fix some

y € C? in the Dgy-orbit of #[E]. Then y = g - £[E] for some § € Dy. Pick g € Doy as in Proposition 5.3.15

and set z = (g - 2)[FE°]. Then we know that z satisfies
Aamraz®? = bamra.

But then we have

A ~(3
(HSEC)»’ECVEAdMRA)Z(’EQ = HEEL)-yEc’EbdMRA,

(Apmra)2®® = bpmra,

where the left-hand side follows from the definition of A,mra and the right-hand side from Lemma 5.3.16.

Hence, 2®? is still a planted solution for the variety constrained linear system
(Apmra)u = bpmra  subject to ue XYY O

Careful readers may notice what appears to be an inconsistency: in the pMRA model we cannot recover
the Nyquist component #[d] when x € R?¢. It appears that we need this component in the construction of

Apmra. We clarify this apparent issue.

LEMMA 5.3.17. When d is even and j,k € [d) such that j + k+1=d/2 = —d/2 (mod d),
ApMRA [:; Z.]7 kS] = 67

s0 Apmra (y) does not depend on the value of y[d/2].

PROOF. When d is even, the matrix Iloq[ Eq, Faq] used in the construction of ﬁg’zEcE in (5.27) is simply
the matrix [I;. From (5.11) one can determine that II, has a zero-column at index d/2, so ﬁdé'd/g =0. In
Definition 5.3.11, it would appear we need to know y[d/2] to construction a column Aqmral:, (J, k] when

j+k+1=d/2=—d/2 (mod d), which we use in the construction of Apyra. However, in this case the
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column has the form
. V3 L . .
Aamral:, (7, k5] = 7y[d/2](ej ®Ep @€+ € j 1 ®E 1 ® Eypa)
Consider the partially symmetric standard basis tensors appearing above. If follows that
1) pe 5(6) ® €k ® €ap2) = (Taa[ B5, B2 (6 @ 1)) ® (Haa[ Ea, Baa)éyyo)

= (Maa[ 5, B5,]% (€ @ &) @ (Tadiy2)

— (Tlaa[ ES, B54)%*(¢; ® ) ©0

=0.

Similarly ﬁg} Ec,E(g—j—l@)é—k—l ®€q/2) = 0. Thus, the corresponding columns in Apmra that would appear

to use y[d/2] are zero-columns. O

Observe that since Apmra has some zero-columns it will certainly have a non-trivial nullspace. However,

this does not mean the VC-LS is impossible to solve.

5.3.4. Extending Representatives. We have now shown how the subtensor T[E¢, E¢, E] can be used
to produce variety-constrained linear systems that contain the remaining information about . We now state

the full routine for extracting this information, in both the dihedral and projected MRA settings.

Algorithm 3 Aided recovery for dihedral MRA.
Input: A vector y in the Dg-orbit of £[E] (even Fourier coeffs. of z) and the tensor Td(i/%RA(fc) from (5.12).
Output: Either reports an element w in the Dsg-orbit of & or “Fail” if no element was found.

1: procedure EXTENDREPRESENTATIVEDIHEDRALMRA (y, T')

2 A — Aamra (y) from Definition 5.3.11

3 b~ T[E® E°, E]

4 u < FINDVARIETYCONSTRAINEDSOLUTIONS (A4, b, X7) (see Algorithm 2)
5: Reshape u to a complex symmetric matrix using (4.9): U « matricize(u)
6 Find any z such that zz" = U

7 w[E] —vy

8 w[E€] « z

9 return w
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Algorithm 4 Aided recovery for projected MRA.
Input: A vector y in the Dg-orbit of £[E] and the tensor Téi/}RA(i) from (5.13).
Output: Either reports an element w in the Dog4-orbit of Z or “Fail” if no element was found.

1: procedure EXTENDREPRESENTATIVEPROJECTEDMRA (y, T')

2: A — Apmra(y) from Definition 5.3.14

3 b—T[E E°, E]

4 u < FINDVARIETYCONSTRAINEDSOLUTIONS (A4, b, X7) (see Algorithm 2)
5: Reshape u to a complex symmetric matrix using (4.9): U « matricize(u)
6 Find any z such that zz' = U

o wlE] «y

8 w[E¢] « z

9 return w

We note that matricizing v produces a complex symmetric matrix, not a Hermitian one. To find z, one
can simply take the first column of U scaled by the appropriate complex scalar. There is a unique choice of
z, up to negation.

The success of these algorithms hinge on the success of the FINDVARIETYCONSTRAINEDSOLUTIONS
subroutine applied in this case. In Section 5.4, we analyze the two sets of equivalent matrices M(A4,u, X)

corresponding to these two problems, to determine when these methods succeed.

5.4. Analysis of the Aided Recovery Procedure

In Section 5.3.2 we repurposed the subspace—conic variety intersection algorithm from [43] via our
modification in Algorithm 2 to solve VC-LS’s. We now apply our general construction from Definition 5.3.6
for the dAMRA and pMRA models.

Since this section and the next concern aided recovery in the context of recursion we will assume that d
is even.

Let
(5.30) C:={l,kS:jke[d),j+k+1<d}

be a set of multisets. Treated as coordinates in the plane (j, k) with j < k for even d these make up one
fourth of the square [d) x [d), so |C] = d?/4. We use the Dershowitz—Manna order to construct a map
B C — [d?/4] which maps a multiset in C' to its index when all are arranged in increasing order. Next, we
will define
—C:={d-1-j-1,d—1—-k§:{j,k} e C}
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which we may think of as the reflection of the original multisets-as-coordinates in C' over the line k = d — j.
Define the set
Ly :={{j,kS:j,ke[d),j+k+1=d}.

These three sets form a partition of the set of all two-element multisets of [d), i.e. C U —C u Ly = (( [g) ))
Using this partition we extend our original ordering to a map from all multisets 3 : (( [‘;) )) — [d?/4] U {0} by
B(C) = B(=C) = B/(C) and B(Ly) = 0 for any j € [d). Finally define a function sgn : (( [ )) ~{-1,0,1)
by sgn(C) =1, sgn(—C) = —1 and sgn(L;) = 0.

DEFINITION 5.4.1. For & € C2¢ the matriz Mayra (2) is defined to have the rows

(5.31)

(Mamra)[(d1, k1, g2, ko), 2] =

(271 + 1] - 2[2ky + 1] - 2[2(j2 + k2 + 1)] - sgn({j2, k25) € ® €5(1js ks 5)

— [251 + 1] - 2[2k2 + 1] - 2[2(j2 + k1 + 1)] - sgn({J2, k15) €0 ® €5(1js.k15)

+2[2j2 + 1] - 2[2k2 + 1] - 2[2(j1 + k1 + 1)] - sgn({j1, k15) - €0 ® €55, 515

— 22 + 1] - 2[2k1 + 1] - 2[2(j1 + k2 + 1)] - sgn({j1, k25) €0 ® €511, .ks5)
2251 + k1 + 1)] - 2[2(j2 + k2 + 1)] - sgn({1, k1 §) - sgn(liz, k25) €151 ,k15) ® €8(14a k2 5)
—2[2(j1 + k2 + 1)] - 2[2(j2 + k1 + 1)] - sgn({1, k25) - sgn(liz. k15) €151 ,k25) ® €81 k1 5)

with 0 < j1 < k1 <d, 0 < jo < kg <d, j1 < jo and k1 < ko. Indices are taken modulo 2d when accessing

entries of & and the rowspace of M should be considered a subspace of (Cd2/4+1)®2 N span(ey ® &)+

For & € C??, Manmra (%) has 75 (d + 1)d?(d — 1) rows and (dZ/;HQ) — 1 columns. As a result, it has more

rows than columns when d > 4. It is also a very sparse matrix, having at most 6 non-zero entries per row.

PROPOSITION 5.4.2. For & € C?? and any g € Daq,
Manira(9- 2) € M (Aaura (2[E)), (2[E])®2, &)

where M(A,u, X) is the set of equivalent matrices in Definition 5.3.6 for a variety-constrained linear system

Au = b with planted solution u € X.

CONJECTURE 5.4.3. For d = 2% with k > 2, Maygra(2) has full column-rank as a symbolic matriz of
polynomials where the variables are the d+ 1 real and d— 1 imaginary components of the Fourier coefficients

of x € R??,
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See Section 5.4.2 for numerical evidence that these matrices have full column-rank symbolically. We
will also drop the dependence on &, replacing it with the parameter d, and writing Mayra (d), to emphasize

when we are considering the construction as a symbolic matrix.

REMARK 5.4.4 (Symbolic Matrices). While we define Manra (Z) in terms of Fourier coefficients of x, the

signal x is real so T[j] = &[2d — j] for j € [2d). Due to this conjugate relationship, £[j] and &[2d — j] cannot

be considered distinct complex variables symbolically. Instead we consider symbolic variables ro,r1,...,7q
and cy,co,...,cq—1 and define T by

R(Z) =: (ro,T1,72, -+ -, Td—1,Td, Td—1,---,T2,71) and

&(2) =: (0,¢1,¢2,...,¢4-1,0, —Ca—1,—C4-2,...,—C2, —C1).

Now Mamra (£) is a matriz of symbolic polynomials in these underlying symbolic variables. Such a matrix

is said to have full column-rank if some maximal minor evaluates to a monzero polynomial.

If Mamra (d) has full column-rank symbolically, this ensure the success of Algorithm 3 in retrieving the

odd Fourier coefficients for generic x € R2<.

THEOREM 5.4.5 (Aided recovery for dihedral MRA). Fiz even d = 4 and suppose Mamgra(d) has full
column-rank as a symbolic matriz. Then for generic x € R*?, if y is an arbitrary element in the Dg-orbit of

Z[E], Algorithm 3 runs in polynomial time on inputs y and TCﬁRA(ﬁc) and recovers some I’ in the Dag-orbit

of Z.

Note that the algorithm is guaranteed to succeed for a specific & whenever the instance Maygra (Z) has
full column-rank.

As one can see in Definition 5.3.6, the construction of Mamra(Z) requires a basis for the kernel of
Aamra (2[E]). To prove Proposition 5.4.2 (and subsequently Theorem 5.4.5), we give an explicit and sparse

basis for this subspace. For y € C?, define the vectors

(5.32) nyes(y) i=yli +k+1]e;®é —y[—j —k—1]e 1 ®E_; 4

where indices on the standard basis vectors and indexing entries of y are taken modulo d. Define
(5.33) Navra(y) := {nm(y) : me C} < (CH)®*

where C' is the set defined in (5.30).

LEMMA 5.4.6. When y € C? with each y[j] # 0 for j € [d), Namra (y) is a basis for ker Aqura (y)
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The non-zero condition prevents Agmgra (y) from having zero-columns. Zero-columns would increase the
dimension of the nullspace of Aqnra which — as we have noted — does not necessarily break our method
unless the bound in (5.16) is exceeded. However, generic signals will have non-zero Fourier coefficients so we
do not consider these cases.

As suggested by the lemma, C, 5 and sgn are helpful construct this specific basis. Note that for any
jeld), nyj.da—j—15(y) is 0, hence it is an edge-case we handle along this anti-diagonal and the reason we split

our set of multisets into C, —C' and L;.

PROOF OF LEMMA 5.4.6. For some y € C% set A = Agyra(y). Consider the inner product of two

columns of A given by Definition 5.3.11:

CAL UL RS) AL U RS = wzj wsyl—G + ke + Dly[=( + K + )]
<(gj @epQejp-1+e€ 1@, 1Q €j+k+1)7

(€ ®ep @€_jr_jr—1+€_ji_1 ®E_—1 Q€jryprs1))-
The columns will be orthogonal unless they have overlapping support. Observe that by Corollary 4.1.4,

<€a ® gb ® gca ga’ ® gb’ ® é‘c’> = <€a ® gbv é:z’ ® gb’><€cy ec’>

1, . o " o o
=3 (<6a7 ea’><6ba eb’> + <6a7 eb/><€b7 ea’>) <6Ca ec/>

‘Z“ D33 a,b§ = 1. 65)1(e = &),

By linearity of the inner product and since are indices are taken modulo d we have

(€ ®eER®E_j k14 j_1 ®E_ k1 ®€jsi+1), (€ D ®E_j_p_1 +E_j_ 1 ®E__1 ®€jryp41))

(IZMSI (U kS = K'S (mod d)I(—j—k—1=—j —kK —1 (mod d))

\UykS\ 10, kS=1—j —1,—k =15 (mod d))1(—j—k—1=j +k +1 (mod d))

+ I—=j— 172_k — 1f] 1({—j—1,-k—1§= z_j’ -1,k — 1§ (mod d))

+ k—1§={ k'S (mod d)1(j+k+1=—j -k —1 (modd))

A(—j—k-1=7+K+1 (modd)))

= [, kSIL(LG, kS = U K'S (mod d)) + (5, KS[L(L, kS = (5" — 1, =K' = 1§ (mod d)).
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Hence, columns are orthogonal unless {j, k§ = {j',k'§ (i.e. they are the same column) or {j, k§ = {—j' —
1, —k’ — 1§. Notice that in the second case, these columns are scalar multiples of each other. We then have
that

yli+k+ 10 AL U ST —y[=G + ke + D] - A[ (=5 — 1, -k — 1§] = 0.

Hence, all null vectors take the form given in (5.32). Further, for my, ms € C with mq # ma, (N, s, N,y = 0

since the null vectors have non-overlapping support. Hence, Ngmra (v) is a orthogonal basis for ker A. O

Having determined a sparse basis for the nullspace of Aqmra (y) in terms of the entries of y we may now
show that Manra (Z) lies in the equivalence class of matrices that determine whether the variety-constrained

linear system has a unique planted solution recoverable by Algorithm 3.

PRrROOF OF PROPOSITION 5.4.2. We will proceed in two stages: first we will show that the matrix
Mamra (2) € M (Aamra (2[E]), (2[E°])®2, X)), and then we will show that for g € Doy, Mamra(g - ) =

Wy Manvra (&) where Wy is some change-of-basis matrix acting on the rows of Mamra (&) depending on g.

Consider a matrix N € C((g)) xIc]

with rows

N[, kS, o] = sen(lj, kS)wy k52207 + k + 1)]€35,55)-

The columns of N are the null vectors of Namra scaled by the weight wy; 15 so by Lemma 5.4.6, colspan N =

ker Agnra. Next, we can expand the solution vector 2[E¢]®2? by examining its entries,

(Z[E1®2) [, k5] = wizjer ones2(25 + 122k + 1] = wyyp52[2) + 12 [2k + 1].

d
2

If we form the (C(( )X(chl) block matrix
v =|GEpe ).
where columns are indexed from 0 to |C|, the rows have the form

Ul kS, 2] = wyjns (5&[2]’ + 1]z[2k + 1]é0 + s({Jj, k})Z[2(F + k + 1)]é'ﬁ(zj_’k3)) .
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Define the matrix U to be U®? with the first column dropped. Using Lemma 4.2.2 we expand along the
rows but exclude vectors in the direction €y ® €y. This gives the three terms
U[szl» le’ZjZa k2357 :] = W1,k 5,052, k2SS W1, k1 Wz ko § X
(2[21 + 1]@[2k1 + 1]2[2(j2 + k2 + 1)]s({2, k25)€0 ® €5(1ja,k25)
(5.34)
+ &[22 + 1]2[2k2 + 1]2[2(j1 + k1 + 1)]s({j1, k15)€0 ® €515 k1 5)

+ 22071 + k1 + 1)]2[2(j2 + k2 + 1)]s({j1, k15)s (U2, k25) €8240 k1 5) ® €8(1a ko)) -

Finally, define ® to have rows indexed by the set {(j1,k1,J2,k2) : 0 < j1 < k1 < d,0 < jo < ky < d,j1 <

jo and ki < ko} defined row-wise by

O((j1, k1, J2, k2),:] = ( ]yllcljzkg)—r

where EY, . . is the vector define in (4.12). These vectors are a basis for Z(A}' )y < ((CH®2)®2 ny
Lemma 2.4.6 and since each vector EY is the difference of two rescaled standard basis vectors, left-

Jikij2kz

multiplication by ® has the effect of taking a linear combination of exactly two rows of U. The weights in
(5.34) cancel with those in (4.12) for each row which result in the final expression given in Definition 5.4.1.
By construction this in M (Aamra (Z[E]), (2[E<])®2, X).

Next, we will show that Mgymra(£) transforms equivariantly in that for g € Doy, Mamra(g - &) =
g - Mayra (2) for some group action on the column space. First, consider the action of }A%g € Dy4. Observe
that for each monomial in the row, the sum of indices used to access entries is always 2(j1 + k1 + jo + ko + 2).

Then

Manira (Re - &)[Wh, k1§, Uiz, k255, 1] = e~ 2mibUthtizthat/d o0 (8)[1W1, k1 5, Uiz k255, 2]

If we define a matrix Dg = diag(6727ri£(jl+k1+j2+k2+2)/d : szl’ k187zj2’k233)7 where j17j2,l€1,k2 € [d] and

71 < k1, J2 < ko, g1 < Jj2 and ki < ko, then
Manra (Red) = DeManra (2) € M (Aavra (2[E]), (2[E])®2, &) .

since Dy is an invertible matrix. It remains to show that exchange also causes a simple change of basis.

Recall that (J - 2)[j] = 2[—j] for j € [2d) and with indices take modulo d. Then

Manra (T &)1, k15, U, k255, 2] = Manra (@)[10d — g2 — 1,d — ka — 15,{d — j1 — 1,d — ky — 155, ].
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Observe that if j; < k1, jo < ko and k1 < ko, then the mapping j — d—j — 1 flips each inequality. Thus, the
action of J simply permutes the rows of Mgyvra by swapping many pairs of rows. Hence, J induces some

change of basis so in general
Mangral(g - &) € M (Aqura (Z[E)), (2[E°])®2, &)

for any g € Dagy. O

Next, we will briefly give an elementary result in invariant theory about the decomposition of a symmetric

rank-1 matrix.
LEMMA 5.4.7. If ze K? and Z = zz" then Z determines z up to sign.

PROOF. If Z is the zero matrix then z = 0. Suppose Z is not the zero matrix and both Z = z1z{ and
Z = 2929 for z1, 25 € K¢ are rank-1 decompositions. Then there exists some j € [d] so that z[j] # 0. The

j-th column of Z is Z[:, j] = z1[j]z1 = 22[j]z2 Since z1[j] # 0 we know z; = azs for some « € K. But then

212{ =Z = a2z so1=a?and a = +1. We can then conclude that zp = +2;. O

We can now prove the correctness of the recovery step in Algorithm 3.

PROOF OF THEOREM 5.4.5. Since y is in the Dg-orbit of Z[E], by Lemma 5.3.12 the linear system

Au=0>b with ue &)

with A = Agura () and b = banvra (2) has a planted solution of the form u = 2®2 such that z = (g - #)|ge
and (g - Z)|gp = ¢ for some g € Doy. Define M = Mayra(Z) to be the specific instance of Mgnga (d)
using the coeflicients of . Since symbolically Mgnmgra (d) has full column-rank and Z is generic, the specific
instance M has full column-rank. Then Proposition 5.4.2 and Proposition 5.3.7 together imply the subroutine
FINDVARIETYCONSTRAINEDSOLUTIONS returns u. Now v = 2®2 so the matricization of « may be written
U = zz'. By Lemma 5.4.7 there is a 2’ such that U = 2’2’7 and 2/ = z or 2/ = —z. We will show either
choice of sign in the rank-1 decomposition is valid. If the sign is positive and 2z’ = z, by assumption z
extends y to some w € C2¢ in the Dog-orbit of #. If 2/ = —z observe that Ry = diag((—1)7 : j € [2d)) so
(Rqg - 2)[E] = —(g - 2)[E] and (Rqg - 2)[E] = (g - 2)[E] = y. Since Rqg € Dyq, either sign results in an

element in the Dyg4-orbit of z. O

5.4.1. Sufficient Conditions for Aided Recovery in the pMRA Model. As in the previous

section, we assume d is even throughout. The construction of Mymra is very similar to that of Mgmra with
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a small modification to the column indexing function 8. Define the sets of multisets

Lyi= (kS gk e [d),f +k+1=d/2 (mod )},
= C\Ly, and

={ld—1—4,d—1—k§:{j,k§eC'},

where C is defined in (5.30). The accounting is somewhat trickier but |Ly n C| = [d/4] (see Figure 5.2 for a
visualization). We can then determine that |C" L Lo| = [d(d+1)/4]. Let v : C'~ Ly — [[d(d+1)/4]] give the
DM order on C' n Ly. We extend this using the partition given by four sets now, (( [‘21) )) =LiuC’'u—-C'uL,,
so that ~ : (( [g) )) — [[d(d + 1)/4]] v {0} is a map such that v(C") = v(=C") = 4/(C), v(L2) = v/(Lz2) and
~v(L1) = 0. We may reuse the original sign function defined at the start of Section 5.4.

Finally, recall that Z[d] is indeterminate in the pMRA model. However, in the following we will set
Z[d] = 1 to avoid dealing with a special case in construction. Lemma 5.4.13 and the proof of Proposition 5.4.9
will clarify why this is used. With these modification, our M-matrix representative for the pMRA model is

effectively the same as in Definition 5.4.1.

DEFINITION 5.4.8. For & € C2% the matriz Mpmra (2) has rows

(5.35)

(Mpmra)[(d1, k1, g2, k2), 2] =

&[251 + 1] - 2[2k1 + 1] - 2[2(j2 + k2 + 1)] - sgn({j2, k25) € @ €Lz ka$)

— (241 + 1] - 2[2ka + 1] - 2[2(J2 + k1 + 1)] - sgn({Ja2, k1§) €0 ® €Lz k1 §)

+ Z[2jo + 1] - #[2ko + 1] - 2[2(j1 + k1 + 1)] - sgn({J1, k15) €0 ® €y k1 §)

— [2jo + 1] - 2[2k1 + 1] - 2[2(J1 + ko + 1)] - sgn({J1, k2§) €0 ® €y (L ka$)
+ 2[2(j1 + k1 + 1)] - 2[2(j2 + k2 + 1)] - sgn({J1, k15) - sgn(liz k25) €501 ,k15) ® €512 k25)
— 2[2(1 + k2 + D] - 2[202 + k1 + 1)] - sgn({g1, k25) - sgn(liz, k15)  €501.ke5) ® €y (gakn 5)

with 0 < j1 < k1 <d, 0< jo < ks <d, j1 < jo and k1 < ko. Indices are taken modulo 2d when accessing
entries of & and the rowspace of Myymra should be considered a subspace of (ClHU@+ DA+ A gpan (¢, @ép)*.
Further, one should replace £[d] with the constant 1 anywhere it appears as the expression above as Mpymra

does not depend on &[d]’s value but the definition requires a non-zero constant in these positions to be correct.

90



For & € C*!, My\ra(2) has &(d + 1)d*(d — 1) rows and ([d(d+12)/4]+2) — 1 columns. As a result, it is
square when d = 4 and has more rows than columns when d > 4. It is also a very sparse matrix, having at
most 6 non-zero entries per row.

We have an analogue to Proposition 5.4.2.

PROPOSITION 5.4.9. For & € C*? and any g € Daq,
Mpura(g - &) € M (Apura(2[E]), (2[E)%2, X))

where M(A,u, X) is the set of equivalent matrices in Definition 5.3.6 for a variety-constrained linear system

Au = b with planted solution u € X.

CONJECTURE 5.4.10. For d = 2% with k > 3, Mpmra(2) has full column-rank as a symbolic matriz in

the d real and d — 1 imaginary components of the Fourier coefficients of x € R*¢ ~ span(1,—1,...,1,—1)*.

See Section 5.4.2 for evidence toward this conjecture. Similar to the notation Mamgra(d), we will write
Mpmra(d) and drop the dependence on & and reference the parameter d when considering this matrix as a

symbolical construct.

REMARK 5.4.11. See Remark 5.4.4 for how these symbolic variables are formally described in the case
of the Mamra matriz in Definition 5.4.1. The condition that x € R2? A span(1,—1,...,1,—1)* results in

one less variable since now
R(Z) =: (ro,71,72, -, 7d—1,0,7g—1, ..., 72, 71)

in the underlying symbolic variables. However, in Definition 5.4.8, to ensure that Proposition 5.4.9 holds,
the dependence on Z[d] = rq should formally be removed by replacing it with the constant 1 (or any non-zero

constant).

THEOREM 5.4.12 (Aided recovery for projected MRA). Fiz even d = 4 and suppose Mpmra(d) has full
column-rank as a symbolic matriz. Then for generic x € R*? nspan(l,—1,...,1,—1)*, if y is an arbitrary
element in the Dg-orbit of £[E], Algorithm 4 runs in polynomial time on inputs y and TS/}RA () and recovers

some T’ in the Dog-orbit of T.

The construction requires a basis for the kernel of Apnmra(Z[E]), which we now characterize. Define the

set of vectors

(5.36) Nomra(y) = {nm(y) :me C'} {8 ®Eyp_1—j: j € [d)}
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where n,,(y) is a null-vector of the form define in (5.32) where indices are taken modulo d on the standard

basis vectors.

LEMMA 5.4.13. When d is even and y € C? with each y[j] # 0 for j € [d), Npmra(y) is a basis for

ker Apmra(y)-

Comparing constructions in Lemma 5.4.6 and Lemma 5.4.13, ker Aqgmra S ker Apmra which can also
be inferred from the definition of Apmra. In the pMRA model, without the Nyquist component a small
set of the AMRA null vectors (specifically the vectors indexed by multisets in the set Lo) to split into two

orthogonal standard basis vectors in (C%)®2.

PROOF OF LEMMA 5.4.13. Set A = Apura(y) for y € C%. By Definition 5.3.14, A = 1% 1. p Aavira (y),
and in Lemma 5.3.17 we determined that A has zero-columns in the {j, k§-th position when j + &k + 1 = d/2.
By these observations we may conclude that span(Npmra (y)) S ker Apmra. Our main goal is to show that
these are the only such vectors. First, recall that our indices are taken modulo 2d or d depending on the
dimension of the matrices involved. If we use j € {—d+1,...,0,...,d — 1,d} to index columns of II then

observe that the d-th column is 0 and every other column may be written as
M[:, j] = emili—lib/2dg
For j,k,L e {—d/2+1,...,d —1,d/2} the ({4, kS, {£5)-th column of ﬁg’BEcE is given by

-~ . O (4, k)V/3wy ks €jrtl-L ®€pi1-1 ®€)) L#d/2 (modd)
) pe gl (GRS LS = 4 S )
0 0 =d/2

, [(2j+1— 25+ 1]+ 2k+1—|2k+1|—2(j+k+1)+2]j ++1 (2] +k+1]—|2j+1]—|2k+1
where ¢(j,k;):exp(m( 1|25+ 1| +2k+ ‘2d+| (tk+1)+ \J++|)> i \J++|2|dJ+|| +D).It

= exp(

then follows that the columns of A have the form

AL KS] = (6.0 + 6(—j —1,—k — 1) @ (

€li+31-3 @i -1 ® €|j+k+1\)
except when j + k + 1 = d/2, in which case the phase factors cancel to form a zero-column, producing the

second set of null vectors in (5.36). Next, for a column of A with index {j’, k'S to have the same support as
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the {4, k§-th column of A, it must be that

|j+1/2|—1/22|j'+1/2|—1/2 (mod d),
j+1/2/ —1/2=[7 +1/2|—1/2 (mod d),

lj+k+1=|/+k+1 (modd).

The first two equations force 5/ = j or —j — 1 (mod d) and k' = k or —k — 1 (mod d). We know from
Lemma 5.4.6 that when {j/,k'§ = {—j — 1,—k — 1§, this produces the set of vectors we index by C’ in
(5.36). For the other two pairs, if {j/,k'} = {—j — 1,k} or if {j/,k'} = {j,k — 1} then the third modular
equation requires either 2j = 1 (mod d) or 2k = 1 (mod d), both of which are impossible since d is even.
Since the columns have non-overlapping support, they are orthogonal and there can be no additional linearly

independent null vectors beyond the ones in Noympa (y)- O
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FI1GURE 5.2. Tlustration of the combinatorics involved in computing nullspace dimensions
for d = 8. Columns of Aqvra and Apymra correspond to boxes in the upper triangular
region, as they are indexed by pairs {j, k§ with 0 < j < k < d. Boxes that are reflections
across the diagonal dashed line correspond to columns that are scalar multiples of each
other. Each pair gives an element in the null space. Boxes in blue along the dashed line
indicate columns that have a unique support and produce no null vectors. Boxes in red
indicate columns that are zero-columns in Apyra but not Agmra; these produce additional
null vectors which are tensor products of standard basis elements.

Having verified our choice of basis spans the nullspace of Apymra, we will now sketch the proof of
Proposition 5.4.9, highlighting some subtle differences to Proposition 5.4.2 though the same technique is

used.

PROOF SKETCH OF PROPOSITION 5.4.9. In Definition 5.4.8, the function v serves the same role as § in
Definition 5.4.8, being a column-index lookup function to place the vectors of Ngymgra (Z[E]) into a matrix N.

The construction of M,nvpra (£) from this matrix then follows along the same lines as that in Proposition 5.4.2.
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However, Mpmra(g - £) is no longer row-equivalent to Mmga () since we canonically set &[d] = 1 in
our formula. Indeed, when g € {ﬁg}?iﬁl € Dsq, multiplying by D, (defined in the proof of Proposition 5.4.2)
may change the sign of Z[d]. However, observe that this coefficient is used to weight one of the basis vectors
in Npmra (Z[E]) which is just a standard symmetric tensor product of two basis vectors. Multiplying N on
the right by a diagonal matrix with a sign in the correct place will fix the sign issue and we can conclude

that Mpomra (g - £) is still matrix-equivalent to Mpmra (). O
Finally, we can verify that the recursive step succeeds.

PROOF OF THEOREM 5.4.12. This proof follows from identical logic to that in the proof of Theo-
rem 5.4.5 with the replacements A = Apmra, b = bpmra, M = Mpmra(£) and the reference to Propo-

sition 5.3.12 should be replaced with Proposition 5.3.15. ]

5.4.2. Numerical Evidence for Conjectures. For = € R?*? with Fourier coefficients & = Fx, one
can produce strong numerical evidence that Mamra (2) and Mpmra(£) have full column-rank symbolically
by picking « at random from some absolutely continuous distribution in R2% and verifying that the smallest
singular value of Mamgra(2) or Mpmra(Z) are each significantly far from zero. Note that demonstrating a
single choice of x for which M has full column-rank implies that M has full column-rank symbolically, and
therefore implies success of aided recovery for generic inputs of this dimension. The condition number of a
rectangular matrix M is defined to be

(5.37) k(M) = ‘;Za:(%))

Since k(M) = k(aM) for a # 0, the condition number is a scale-invariant measure of how close M is to
having a rank-deficit where if M has linearly-dependent columns, we canonically define k(M) := co. In the

2, we furnish the experiments for the values d = 4,8 and 16 where x is chosen to have
standard real Gaussian entries. Out of 500 random trials, we report the smallest condition number obtained
for each of Mamra(2) and Mpmra(2). We report the smallest condition number since, in practice we need
only show that there exists one instantiation of variables Zo, ..., &4—1 such that Mamra () and Mpmga ()
have full numerical column-rank. This instance then provides the best possible evidence of these matrices
having full column-rank symbolically. The results reported in Table 5.1 support Conjectures 5.4.3 and 5.4.10,
respectively. When d = 32, we were not able to get our numerical method to converge when computing the

smallest singular value for instances of Mampa (£) and Mymra (£). However, we note that the implementation

given in Section 5.7.1 and our numerical experiments there give indirect evidence that Mqmra and Mpmra

2Repository is found at https://github.com/lemniscate8 /MRA-variant-orbit-recovery for those reading in print.
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d ‘ k(Mavra)  <(Mpymra)
4 6.07 74.96

8 13.36 129.78
16 135.81 1464.38

TABLE 5.1. The smallest condition numbers of both Mampa(2) and Mpmra(Z) out of
500 trials where each entry of z € R?? is chosen independently from a standard normal
distribution.

still have full column-rank symbolically in this case. While the smallest sampled condition number grows in

the cases we could test, we have no reason to believe that it is becomes infinite for any finite d.

5.5. Analysis of the Base Case

The recursive procedure described above can reduce the problem to an orbit recovery problem of constant
size. In these cases, the theoretical computational complexity is not an issue, but we we do need a proof

that the orbit is uniquely identifiable and an explicit procedure to recover it.

5.5.1. Frequency Marching in Dihedral MRA. By the work of Edidin and Katz [31] the question
of identifiability has been solved for the dAMRA model: namely, the first three moments separate generic
orbits.

Counting the number of rows and columns of Mgygra shows that our recursive method cannot work
starting from d = 1 (z € R?), which is unfortunate since this case is trivial to achieve orbit recovery in as
the zeroth and first Fourier coefficients are real and can be estimated from the first and second moments,
respectively. We then consider the case d = 2 (z € R*) as our base case.

The technique of frequency marching arises from the observation that the degree-2 cyclic or dihedral
invariants give the magnitudes of Fourier coefficients. One can then use the degree-3 invariants to set up a
system of equations modulo 27 to solve for the phases of Fourier coefficients. Edidin and Katz considered
frequency marching as a strategy for recovery, but primarily considered it as a proof strategy, since it does
not give an efficient algorithm. However, since we only care about signals of small dimension for our base
case, we demonstrate that frequency marching recovers the orbit of a signal of length four. This example also
helps elucidate why this method is inefficient for larger signals (although the concurrent work [6] provides a

fix to this).

THEOREM 5.5.1. When x € R* with £[j] # 0 for j € [4), the third moment Téi/%RA(fc) may be used to

recover the Dy-orbit of T.
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PROOF OF THEOREM 5.5.1. First, observe that since x € R*, 2[0] and 2[2] are real and 2[1] = #[3].

While Téll\/}RA(f)[j] = £[0] for every j = 0,1,2,3, we can also recover this from the third moment via

= {/Tcgf\’/}RA (#)[{0,0,05]/wy0,0,05-

Similarly, for each j = 1,2, 3,
T Al0,5, =351 = wyo ;52 012713 [~1] = wio.,_s52[0)|2 (5]

so we can recover the magnitudes of Fourier coefficients from the third moment. Using the Fourier coefficient
magnitudes we may define the phases of Fourier coefficients to be ¢ € [0,27)* where £[4] = |&[4]]e**l] for
j =0,1,2,3. However, ¢[0] is known, and ¢[3] = —¢[1] (mod 27) so we need only determine ¢[1] and ¢[2].
Since Z[2] is real, for some choice of sign s; € {—1,1} we have that 2[2] = s;|2[2]| and ¢[2] = F(1 — s1).

Next, by Proposition 5.2.5,
Wi1,1,2
mmnlzﬂzz25(m #[2] + #[3)%3(2])
_ W28 2ip[1] | 2ip[3]
y 2 el Paf2] (200 + 20l

_ U’Zlél»% #[1]1%4[2] (62i¢[1] " 672i¢[1])>

= wy1,1,252[1]]*2[2] cos(26[1]).

Using the expression for ¢[2], we know ¢[1] must satisfy

os2oft]) — o, Titnal(1:1,23]
(5.38) e e E PR

Treating ¢[1] as an unknown value in [0, 27), there are at most four solutions for this value ¢[1]. Further,

if ¢[1] is a solution, so are —¢[1] and ¢[1] + 7. It follows that for some choice of sign s3 € {—1,1} and
ke {0,1},

(3)
1 _ T [{1,1,2f]
1] = =sycos™ ! [ s dMRAWLD 0 + km.
ol = 5 ( Yol [1]12]2[2]]

Finally, for each choice of s1,s2 € {—1,1} and k € {0, 1} the assignments

Ly eost (5, Tibmaltl 1,25]
PlI] = gz cos Gwmmmumu+“

o[2] — (1 -s1)
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and ¢[3] — —¢[1] (mod 27) enumerate (by varying si, s2, k) all 8 elements of a Dy-orbit for some signal.
Since at least one choice of s1, s and k must produce the true phases for &, this procedure must recover all

elements of the Dy4-orbit of Z. O

Frequency marching succeeds because we only need to use one relationship between the phases ¢[1] and
#[2] given by (5.38). In general, for z € R??, relationships between phases take the form

Tél%/}RA (L1, J2, 3 5)

R A TP - A [ A e

]| =1y ,ja,gs

with ji1,j2,73 € [2d), j1 + j2 + j3 = 0 (mod 2d) and ¢[j] = —¢[2d — j (mod 2d)] for j € [2d). As noted by

Edidin and Katz, we can only determine a linear equation for the phases modulo 27 up to sign, i.e.

o] + olj2] + ¢ljs] = £ cos™(ay, j,.55) (mod 2d).

In this case d = 2, the number of signs was sufficiently small that each assignment of sign variables produced
a consistent system of equations, each giving an element of the orbit of Z. For larger d one must resort to
an exhaustive search over all choices of signs, most of which will produce inconsistent linear systems. As a
result, we use frequency marching in four dimensions as demonstrated in Theorem 5.5.1 as a base case for

our recursive method to recover a signal from the dMRA third moment.

Further discussion. Comparing to the frequency marching implementation by Bendory, Boumal, Ma,
Zhao and Singer [12, Algorithm 4] for regular MRA, our method differs in that we first estimate ¢[2] and
then ¢[1]. Their method requires finding the exact value of ¢[1] to begin estimating further frequencies.
The method of doing this exactly given at the beginning of [12, Section IV] requires the cyclic invariants
and there is not an immediate adaptation wherein we can determine ¢[1] exactly using dihedral invariants.
Instead, we observe that when the dimension is d = 2%, a consequence of Lemma 5.3.3 is that one may use

the phase ¢[2™] and the entry Tél?\’/}RA [(2m~t 2m=1 d — 2™ (] to recover the phase ¢[2"~!] by solving
20[2™ 1] + @[d — 2™] = 2¢[2™ 7] — ¢[2™] = +cos Hagm-1 gm-19m) (mod 2d)

for any choice of sign and for m =k — 1,k —2,...,1 until ¢[1] is found. Our proof uses this observation for

d = 22 in a single step.

5.5.2. Frequency Marching in Projected MRA. In this section, we will demonstrate that frequency

marching can still be used in the projected MRA model as an algorithm for the base case.

97



First, we will explain why the orbits of signals of small dimension cannot be uniquely identified. Next, we
show in Theorem 5.5.2 that for x € R® nspan(1,—1,...,1, —1)l one may narrow down the orbit of Z to one
of four possibilities using a frequency marching-like procedure. Finally, using results of Edidin and Katz [31]
but applied to the pMRA model, we show in Theorem 5.5.6 that for x € R'® ~span(1,—1,...,1,—1)* the

third moment separates generic dihedral orbits.

Unidentifiability for small dimensions. For d = 2 (z € R* n span(1,—1,1,—1)'), examination of
the entries of TS/}R A Teveals that the phase of ¢[1] (and ¢[3]) cannot be determined. This occurs because
the only two non-zero entries are TS/}R A1(0,0,05] and TS/}R A[00,1,15]. Each multiset contains a 0 index
and as a result these elements are invariants of the form £[0]Z[j]#[—j] and contain no information about

the phase of Z[1].

Modified frequency marching. Next, for d = 4 (r € R® nspan(1,—1,...,1,—1)%), numerical tests
we performed indicated that for a randomly generated real signal there were three additional orbits which

shared the first three moments with the true signal. We show that this is indeed the case.

THEOREM 5.5.2. Forx € R® nspan(1, —1,1,...,—1)* with 2[j] # 0 for all j # 4, the moment Téi/}RA(i)

determines a set of at most four Dg-orbits, one of which is the orbit of &.
PROOF. By similar observations to those in the proof of Theorem 5.5.1 using Proposition 5.2.5, we can
see that
3 N
Tintral00.0,05] = 8wyo,0,052{0]°  and
T(S) 0.7.7(] = 4 o omi(0+5+5)/8 4 01&i12[—i
amra L0, 7, 55] = 4wyo,j 55€ z[0]z[5]2[-4],

so #[0] and the Fourier coefficient magnitudes are given by

#[0] = /T [10,0,05)/(Bwyo005) and

3 ..
|i'[]]|2 _ |T(§1\/%RA[ZO7A]7]S]|, ] _ 172’3
4“’20,]7]333[0]

Next, there are only three non-zero entries of the third moments which do not contain a zero index:

TS Iralll,1.25] = €™/ 2wy 1 o5 (2[11%2[6] + #[7)°E(2]) |
T ll1,2,35] = ¥/ huyy o 5 (2[1]2[2)2[5] + 2[7]2[6]2[3]).

T Al2.3,35] = —wpo035 (2[212[3]% + 2[6]2[5]2)
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Using 2[j] = e*?ll|2[4]| with ¢[j] € [0,27) and ¢[8 — j] = —¢[j] for j = 1,2, 3, these three entries allow us

to determine the following three relationships between phases:

T ralll,1,25]
7 Gy el Pl ~ PO D

_ Tinralll2,35] B
2= 263i7r/4w2171728|55[1]||~%[2]H5%[3]| = cos(¢[1] + #[2] — ¢[3]),

o TRkall22,35])
as 1= 72w2272’33|§7[2]|2|35[3]| = cos(¢[2] + 2¢[3]).

Setting o := arccos(a;) for j = 1,2, 3, this determines a system of three equations up to a sign and multiple

of 27:

26[1] — ¢[2] = *aq + 27k,
(1] + ¢[2] — ¢[3] = tag + 27ks,

¢[2] + 2¢[3] = tas + 2nks.

A global change of sign s, € {—1, 1} for these equations corresponds to the action of J on 2 so we need two
additional sign variables, s1,s2 € {—1,1} to produce all possible systems. Hence, all solutions are given via

the assignments

1

¢[1] «— Sgg (3(81041 + 27‘(]{1) + 2(820&2 + 27Tk2) + (043 + 27Tk3)) s
1

¢[2] <« ng (—(slal + 2’/Tk1) + Q(SQOQ + 2’/T]€2) + (a3 + 2’/T]€3)) R

1
¢[3] <« Sgg ((51011 + 27‘1’]{31) — 2(820[2 + 27T]<32) + 3(0&3 + 27‘(]113)) s

and ¢[8—j] < —¢[j] (mod 27) for j = 1,2,3. Observe that if we fix the sign variables s, s, and set s, = 1,
k1 = ky = k3 = 0 to produce a solution y(s1,s2) € C8, then each choice of 8¢, k1, ke and ks produces a
solution z = j\(l_sg)/2§(3kl+2k2+k3) - y(s1,82). It follows that each choice (s1,s2) produces an orbit, while
choices of (sg, k1, k2, k3) enumerate the 16 elements of the orbit. Since these are all the possible assignments
to produce signals y such that TSZRA (y) = TS/}RA(:&), at least one choice of s; and s, must produce the

orbit of Z. O

Identifiability for larger signals. Next, for d = 8 (where x € R'6 ~ span(1,—1,1,...,—1)%), we will
show that a generic signal’s orbit is determined by the exact projected MRA third moment. To show this

we will need a few constructions and results from Edidin and Katz [31].
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Define an O(2)-group action on a real vector x € R?? in the Fourier basis generated by the reflection
clement J defined in (5.10) and by a now continuous cyclic shift Ry for 6 € [0,27) acting on a signal & € C24
in the Fourier basis entry-wise by

. e 0%[4] j=0,1,...,d—1,

(5.39) (Ro - 2)[j] =
eiCd=95j] j=d,d+1,...,2d — 1.

Observe that when 6 a multiple of 2%, the action is that of Dyq as defined in (5.9). Define the restricted
action of O(2) to be the action on & where we have excluded the zeroth Fourier coefficient Z[0] and

Nyquist component #[d], i.e., the O(2)-action restricted to a subspace spanned by standard basis vectors

€1,€2,...,€d—1,€d+15---,€2d—1-

REMARK 5.5.3. Qur definition of the action of O(2) in (5.39) differs from the one given by Edidin and
Katz in [31, Section 3] since they index the Fourier basis elements using negative indices. In addition, a
difference in sign in the phase produces a rotation by 0 that is in the opposite direction as Edidin and Katz’s

definition. These differences in convention will not affect the results.

Drawing from Edidin and Katz’s calculations in [31, Section 3.1.2], in the context of our setup the

degree-2 O(2)-invariant polynomials are

(with indices taken modulo 2d), and the degree-3 O(2)-invariant polynomials are

2)2[G2) @[ =1 — jal + #[—ju]@[—jal@ i1 + o]

= z[j)zje]2[—1 — g2] + 2 )2[je]@[—J1 —J2], O0<j1<jo<d, 0<ji+j2<d

(with indices taken modulo 2d). The invariant polynomials for the restricted O(2)-action exclude the poly-

nomials containing the terms Z[0] and Z[d].

THEOREM 5.5.4 (Theorem 3.2 [31]). When z € R?? for d # 4, the invariants of degree two and three for

the restricted action of O(2) separate generic orbits.

To prove that the invariants from the pMRA model separate generic orbits when d = 8 (meaning the
signal has length 16) we will first show in Lemma 5.5.5 that we actually have access to the AMRA invariants,
except for those involving the term Z[d]. If we had all the invariants, we could simply use Edidin and Katz’s

results as presented.
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LEMMA 5.5.5. Let x € R nspan(1,—1,...,1,—1)* with Fourier transform &, and let {j1,j2, 35 be a

multiset of [16)\{8} such that j1 + jo + j3 =0 (mod 16). Then there is a multiset {j1, j5, 75§ of [8) such that
(5.40)  Tylina @[5, 35, 551 = K ({1 G4} (-1) 0 9238 10EmiGHIAID O TR (2) [ 2. 55],

where K ({1, 75, 755) is 8 when {1, 35,745 = 10,0,05, 4 when {1, j5, 75§ has the form {0, j, 7§, and 2 otherwise.

PROOF. We split into cases based on the number of zero indices in the multi-set {j1, j4, 74 §. Due to the
modular condition, non-zero entries in TIEI?C/}RA appear when {1, 75,755 = {0,0,05, when {j1, j5, 755 = (0,4, 7§
for some j € [16]\{0, 8}, or when every entry is non-zero. The first two cases follow by inspection. By the
first expression from Proposition 5.2.5, if {j1, jo, j3§ is a multiset of [16) such that j; + j2 + j3 = 0 (mod 16)
then

Wij1,j2.35 5

Td(ﬁRA(i')[zjl;j?,jBS] = f(ﬂjl]j[h]j[h] + 2[—j1]@[—j2]2[—Js])-

First, for {41, 72,735 = {0,0, 05, using the second expression from Proposition 5.2.5, we may simplify to get
Tiima (2)120,0.05] = 8wgo,0,05#{0]° = 8 Tiijg ()[10.0,05]
and so (5.40) holds for this multiset index. Second, for j € {1,2,...,7},
Tiina (B)[00.5.5] = 4™ O 0y jsif0la[j){ ) = 4™ O T (#)[00. 5. 5]

with indices taken modulo 16, so (5.40) holds for these multiset indices. Third, with the bulk of cases
remaining, we will show that for any multiset {j1,j2,735 of [16)\{0,8} there is a multiset {j1,7%,755 of
[8)\{0} so that (5.40) holds. To this end, define a map on indices f : [16)\{0,8} — [8)\{0} by

j if j < 8,

fG) =

16 —j otherwise.

We extend f to multisets {j1,72,735 of [16)\{0,8} elementwise by f(M) = {f(m) : m € M§. For indices
J1,72,73 € [8)\{0}, we may then rewrite the second expression from Proposition 5.2.5 using a summation

over the pre-image of f,

Wy 4t 4% 5% L YR
T A @)L b, 545] =~ >, <¢<zy1,yz,333,sz,y;JgD
Uitsdz2,d8 56 f =1 (L31,35,055)

(@l ellelis] + &)l il {—ja]) 1 {2 =0 (mod 16>})
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where
D1 322135, U1 I3, 155) = (= 1)1+ 72330 M6em UG,

Defining the set

Z = {Zj17j27j33 :j17j2aj3 € [16)\{0a8}7 .jl +.72 +.73 =0 (mOd 16)}7

we may absorb the indicator function into the sum condition to get
(3) ANT9 0l gl Wist.54.345 AT Al TAls AF s AAr s AP
TpMRA(x)[zjlvj%JBS] =T 9 Z o(--+) (2[7]2[52]2 ]3] + 2[—s]2[—s2]2[—Js]) -
Zjl1j27j336f71(zj/17jé=j{33)mz
However, note that (a) f=({j1,75,755) 0 Z = (f|z) ({4}, 34, 7%5), and (b) the summand is invariant under

the substitution {j1, j2,j3§ — {16 — j1, 16 — ja, 16 — j5§. We will show that, in fact,

f|21(2317]§7.7:/33) = {Zjlaj27j3$a 216 - j17 16 _j27 16 _]38}

so that summation simplifies to
3 N[ ot i iG] il 3 Np e
Tortra (@)1 5. 5 5] = 2(=1) 349 M0em U0 T, L (3) [, o oS-

First, if f|7(Uj1, 2 js3) = b derd$ then it is simple to see that fI52 ({31, 75,755) 2 (L s s, {16 —
J1,16 — 72,16 — j3§}. We will show by contradiction these are the only two multisets in the pre-image.
Suppose there is some third multiset K = {k1, k2, k3§ so that K € Z and f(K) = {ji, j5,j55. Then by the
definition of f, there will be some permutation 7 € S3 such that either k) = j; or kr;) = 16 — j; for each
i = 1,2,3. Without loss of generality we may assume that 7 = id. It must be that either k; = 16 — jy,
ky = j2 and kr3y = j3, or k1 = j1, kro) = 16 — j2 and k3 = 16 — j3 for some 7 € S3. We may assume
the first since if K e f|,* ({4}, jb, 755) then {16 — k1,16 — ko, 16 — k3§ € f|,' ({4}, 45, 755). But since K € Z,
ki +ko+ks =16—j14jo+j3 =0 (mod 16) and {j1, jo, j3} € Z gives j1 +j2+j3 =0 (mod 16), we find that
(j1 +j2 +73) — (16 — 41 + jo + j3) = 0 (mod 16) which implies 2j; = 0 (mod 16) but then j; = 0 (mod 8)

and j; = 0 or j; = 8 50 {J1,J2,J35 ¢ Z which contradicts our initial assumptions. O

Lemma 5.5.5 shows that we can recover (most of) the dihedral MRA 3rd moment from the projected
MRA 3rd moment. Using this and Theorem 5.5.4 we will verify generic identifiability in the pMRA model

in the base case d = 8.

THEOREM 5.5.6. For generic x € R'® nspan(1,—1,...,1,—1)*, the moment TS’/}RA () uniquely deter-

mines the Dig-orbit of x.
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PROOF. Let € R'® n span(1,—1,...,1,—1)* be a generic vector. Now suppose that there is a y €
R ~span(1,...,—1)* such that TS/}RA(:%) = Téi/}RA(gj). We will show that y is in the Dyg-orbit of x. First,

by Lemma 5.5.5, we have that

Tra (@) = Tilra () = Tintra @)U, d2, 4351 = Tintra (0)[Uir, d2, j35] for all ji, jz, js € [16)\{8}.

Observe that since
Ttk ()[10,0,05] = wg0,0,052[0]°

we can infer that Z[0] = ¢[0], i.e.  and y have the same mean value. Next, for j € [16)\{8} since x is real,

zZ[—j] = Z[j] and since
Téi/ﬁRA@)[ZOJ} —j 5] = wyo,5,—js&[0]&[j1E[—4] = wyo,j,—s52[0112[4]]%,

|Z[7]] = |9[4]| for j € [8), i.e. x and y have the same power spectrum. It remains to show that the phases
of £[4] and g[j] must be related by a dihedral group action. We will first show that & and § must be in the
same O(2)-orbit. Observe that for ji, jo, j3 € [16)\{0, 8} with ji + jo — j3 = 0,

Tia @)L d2: s 5] = “E2228 (a1 ol ] + #—1Jal sl —a))

so the O(2)-invariant polynomials for & and ¢ have the same values. By Theorem 5.5.4, these invariants
separate generic O(2)-orbits, so we know that & and § are in the same O(2)-orbit, i.e. § = Ry or ) = JRyd
for some 6 € [0,27). Without loss of generality assume the first occurs. In our final step, we will resolve
0= % for some k € [16) using the same argument as in [31, Section 3.3], which implies & and § are in the
same Dig-orbit. Pick j; + jo + j3 = 16 with 0 < j1, j2,Jj3 <8 (e.g. j1 =3, j2 =6 and j3 = 7) Then

T (D)L o is5] = TOn ()L o i

dMRA 11,]27.733] dMRA(Z/)[Z]thJsS]
= &[nl2[2)2ls] + 2 lE[—J2)2[—ds] = 9lilgli219lds] + Gl—ir]ol—72]9—Js]
= aljlaljalals] + dl—jilil—jalil—js] = e~ Ry )il o) alds] + U Gy |2 o)l —js]
= ilnliljalaljs] + #[—jrla[—ga)i[—ja] = e~ iljr)alja)aljs] + €' i [ =] 2 —j2)a[—3s]-
Define ¢ € [0,27) to be such that |£[j1]2[j2]2[j3]]e*® = 2[j1]2[j2]2[j3]. Then
e—i0 | i _ o—ido—16i0 | ,—id,—16i
= cos(¢) = cos(¢ + 166).

103



Since ¢ is generic, this equality only holds when 166 = 27k for some k € [16), so 0 = % Thus, g is in the
Dig-orbit of Z. Hence, the third order invariants from projected MRA separate generic orbits. O

Algorithmic implications. While unique recovery of an orbit is not possible for signals of length 8,
we use frequency marching in 8 dimensions (d = 4) as demonstrated in Theorem 5.5.2 as a base case for our
recursive method to recover a set of four orbit representatives in C® from the dMRA third moment. If each
of these is used as the input to Algorithm 4 to recover some larger signal in C'®, Theorem 5.5.1 then ensures
that any solutions to the variety-constrained linear system belong to the same orbit. Alternatively if any
of the other three orbit representatives fail to extend to an orbit representative in C'6, they may simply be

discarded. See the next section and proof of Theorem 5.1.3 for a rigorous explanation.

5.6. Putting it Together: Proofs of Main Results

First, we define the matrix M = M (d) referenced in Theorem 5.1.2. For d = 2¥ and z € R?? we give

this matrix as the direct sum of matrices
(5.41) M (%) := Mavra(2[K3]) @ Mamga (2[K4]) @ - - - @ Mamra (2[Kk]) @ Mamra (2),

where K,, := {2F*17™j . j € [2™)} so that each #[K,,] is a subsequence of 2™ Fourier coefficients of z.
We omit the dependence on & (as in the statement of Theorem 5.1.2) when considering M to be a symbolic

matrix in the 2% 4+ 1 real and 2¥ — 1 imaginary components of & in the same sense as Remark 5.4.4.

PRrROOF OF THEOREM 5.1.2. First, observe that the effect of extracting even Fourier coefficients repeat-
edly has the same effect as indexing by directly by the sets K, in that £[K}] = #[Ey.ox]| and (2[K,,])[Fam] =
#[Km—1] where E, is defined in (5.15). By Proposition 5.3.3, one may extract the subtensor of Tamga (%)
which will have the form Téi/}R A(Z[Eg.r]) = Téi/}R A(Z[K%]). Applying this repeatedly one may then extract

sequence of sub-tensors of the form

Tirea ELK)), Titaa LKD), -, Timtaa LKD), Tt (2)-

For the sub-tensor Téi/iRA(:%[Kg]) € (CH®3 by Theorem 5.5.1 there is an efficient method for finding a
representative yo in the Dy-orbit of Z[K5]. Since x is generic and under the assumption that the matrix M

has full column-rank symbolically, the instance M (Z) has full column-rank and as a result each of

Manra (Z[K3]), Mavra (2[K4)]), - - -, Mamra (2[Kx]), and Mavga (£)
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has full column-rank. Further, we note that for each g € Dy.or, the instances M(g - &) will have full column-
rank as a consequence of Proposition 5.4.2. Theorem 5.4.5 then guarantees that Algorithm 3 run on inputs
1o and Téi/}RA(sﬁ[K;g]) produces ys3 in the Dg-orbit of Z[K3]. At each stage, this process may be repeated to
recover y,, the Dom-orbit of #[K,,] until the final step recovers y in the Dog-orbit of .

Finally, since the method for initializing ys as described in the proof of Theorem 5.5.1 takes constant time

and Algorithm 3 runs in polynomial time, the recursive procedure as a whole runs in polynomial time. [

Similar to the dihedral MRA case, we define the matrix M’ = M’(d) referenced in Theorem 5.1.3. For

d = 2% and x € R?? ~ span(1,—1,...,1,—1), we give this matrix as the direct sum of matrices
(5.42) M'(#) := Mynra (2[Ka]) @ Mpura (2[K5]) © - - © Mpmra (2[Ke]) © Mpmra(2)

where K, is defined as before. We will also omit the dependence on Z (as in the statement of Theorem 5.1.3)
when considering M’ to be a symbolic matrix in the 2% real and 2¥ — 1 imaginary components of & in the

same sense as in Remark 5.4.11.

PrROOF OF THEOREM 5.1.3. In a similar manner to that in the proof of Theorem 5.1.2, by Proposi-

tion 5.3.3, we may extract a sequence of sub-tensors of the form

T ea GLK)), Tiotea (LKD), - o TS (L], Tt (2)-

For the sub-tensor Td(f\’/}R A(2[K3]) € (CP?)®3, by Theorem 5.5.2 there is an efficient method for finding a set
of four vectors ys3 1,¥s,2, Y33 and ys 4 € C® at least one of which (say ys 1 without loss of generality) is in the
Dy-orbit of Z[K3]. Since x is generic and under the assumption that the matrix M’ has full column-rank

symbolically, the instance M (Z) has full column-rank and as a result each of

Mpmra (2[K4]), Mpmra (2[55]), - -, Mpmra (2[K%]), and Mpvra(2)

has full column-rank. Theorem 5.4.12 then guarantees that Algorithm 4 run on inputs y3 ; and 7, éi/)m A(Z[Ky])
to produces y4 € C!6 in the Djg-orbit of #[K,]. For the remaining vectors, we have no guarantees that
Algorithm 4 will succeed: if it fails on each of ys ; for any j € {2, 3,4} before succeeding on ys 1, there is no
issue. However, if Algorithm 4 also succeeds for inputs ys ; and Téi%RA(i[KZ;]) for some j € {2,3,4} then
it produces some yj such that bomra(vy) = bpmra (2[K4]). But then Tomra(y)) = Tomra(Z[K4]). Since
x is generic, so is the subset of Fourier coefficients #[K4], and by Theorem 5.5.6 we can conclude that y}

is also in Dsg-orbit of #[K4]. Hence, if Algorithm 4 does not output “Fail” for any inputs ys ;, j € [4] and
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Tél?(/}RA (Z[K4]), the output is guaranteed to lie in the in the Dyg-orbit of £[K4]. From here the process is then
the same as the dihedral case, where Algorithm 4 may be repeatedly applied to recover ¥, the Dom-orbit of
Z[ K] until the final step recovers y in the Dyg-orbit of &.

Finally, since the method for finding the candidates y3 1,y3,2,ys,3 and y3 4 given in Theorem 5.5.2 takes

constant time and Algorithm 3 runs in polynomial time, the recursive procedure as a whole runs in polynomial

time. O

5.7. Efficient Implementation

Our algorithms obscure some computational details in the FINDVARIETY CONSTRAINEDSOLUTIONS sub-
routine (our Algorithm 2) by using Algorithm 1 from [43]. However, we feel the process deserves more
coverage since the statement of Algorithm 1 in [43] is given at a high level of abstraction.

We synthesize the application of Boussé et al. [19] to give a method for finding the solution(s) to Au = b

subject to u € X} where A € K™*" o € K", using Algorithm 1 from [43].

Algorithm 2 (detailed procedure).

1. Find any particular solution z, to Au = b and {n; }]L:1 a basis for the nullspace of A. Con-

catenate as columns the matrix

N = |:1'p ni N9 nL] € KHX(L+1).

2. Compute a basis {c;}5_, = (K(E+D)®2 for ker(PN®?) where ® has rows a basis for I(X) ).
If ®N®? has full column-rank, report “No solutions.”

3. Reshape each vector to a symmetric matrix ¢; — C; € K(EHD*(E+D  Use {Cj}5-1 as slabs of
a partially symmetric tensor 7 € K(E+Dx(L+1)xs,

4. Run simultaneous diagonalization? on T so that 7 = [[W, W, V] or report “Fail” if simultaneous
diagonalization fails.

5. Find the normalized weight matrix W = W diag(W[1,:])~" with all 1’s in the first row.

6. Solution(s) are the columns of X = UW.

7. (Optional) Matricize each column of X and compute its symmetric rank-1 decomposition.

In comparison with the original algorithm [43, Algorithm 1], in addition to our specific application which

necessitates the normalization step (Step 5.), we note that it is possible to run simultaneous diagonalization

2 If s = 1, the tensor degenerates to a single matrix C1 = [W, W, V] = [[w,w,\] = dwwT for w € K” and A € Rt so
simultaneous diagonalization becomes a symmetric rank-1 factorization in this special case.
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directly on the reshaping of the coefficient vectors {c; }§:1 and save space and time running simultaneous
diagonalization on (L + 1) x (L 4+ 1) matrices rather than n x n matrices so that the complexity of this step
scales with the dimension of the subspace, not the ambient space. Only in the final step do we change back
to the standard basis after which one may compute decompositions of the planted solutions.

Unfortunately, in general ® N®2 may be a very large matrix with a small kernel (one-dimensional in the
case of unique recovery). In our applications we also can produce a very sparse basis for our nullspace and
® is also sparse by construction. To take better advantage of these structural properties, we will give an
alternative method which converts the problem into a top right singular vector computation.

First, define the set of all possible splittings of a multiset {a,b,c,d§ of [d) into two multisets of two

elements as

Spht(zaa b, c, f;) = {ZZ]; kSv 267 mSS : Z]ﬂ k.t ms = 207 b, c, fs} :

DEFINITION 5.7.1. Let Q be the set of vectors

abef = > (W15, k5,00,m 8§ W5, S W, 0§) €015, 8,16,m 55
L K5,mS Sesplit(Lasbue, 5)

PROPOSITION 5.7.2. Q is an orthogonal basis for (X}’ )y which has dimension ((Z))

See Section 5.9.3 for the proof. Using this, we may replace Steps 1. and 2. with Steps 1* and 2*:

1*. Find Z,, the least-squares solution to Au = b (given by x, = A*Tb where A™ is the psuedoinverse
of A) and find {n; }JL:1 an orthonormal basis for the nullspace of A. Concatenate as columns

the matrix

N = [5” Py g - ﬁL]eKdX(L“).

v
ij [l2
2*. Compute a basis {c;};_; < (K@ of the right singular subspace of ® | N®? associated
with the top singular value of 1 where ®; has rows an orthonormal basis for I(X,")s.

If each singular value of ® L N®2 g less than 1, report “No solutions.”

Most importantly, we claim that these two methods are equivalent.

PRrROPOSITION 5.7.3. The basis produced by steps 1. and 2. and the basis produced by steps 1* and 2*

span the same subspace.

The orthogonal basis @ can be easily normalized. The advantage of Steps 1* and 2* is that we can find

top singular vectors — a method that can be done efficiently using power iteration — instead of finding the
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kernel of a massive matrix. By Lemmas 5.4.6 and 5.4.13 bases for the nullspaces needed for the variety-
constrained linear systems may be made very sparse (a constant number of entries per row) and orthogonal.
This simplifies finding an orthonormal basis in step 1* and the sparsity significantly improves matrix-vector

the efficiency of multiplication against &, N®2.

THEOREM 5.7.4. The matriz-vector products ® N®2y and w'®  N®2 may be performed in O(d*)

floating-point operations.

The number of operations is the same order as the number of rows or columns of ®; N®2. Without a

sparse construction for N, a naive matrix-vector multiplication would require O(d®) operations.

PROOF OF THEOREM 5.7.4. For both the AMRA and pMRA model, N has one dense column &, /|| 2-
However, by Lemmas 5.4.6 and 5.4.13 the remaining columns have non-overlapping support and contain at
most two non-zero entries. As a result, N has at most two non-zero entries per row and d rows. It then
follows from Lemma 4.2.2 that N®2 will have at most 4 non-zero entries per row. Next, the rows of & are
also sparse, containing at most 3 non-zero entries. The matrix multiplications ® L N®2 has rows which are
linear combinations of the rows of N®2 from which we can infer that each row contains no more than 12
non-zero entries. This gives no more than 23 ((Z)) operations by summing scalar products and additions to
compute the dot-product of v with every row of ® | N®2 for the right multiplication.

For the left multiplication, the first column of N is dense with ((g)) entries. As a result, one column
of N®2 contains O(d*) entries, O(d?) columns contain O(d?) entries and O(d*) columns contain a constant
number of entries. Each row of ®; has a constant number of non-zero entries so performing the multiplication

| N®2 required O(d*) arithmetic operations. Similarly, finding w ' ® 1 N®2 will require O(d*) operations. [

Next, to demonstrate the equivalence of these two methods we first define the principal angles and

principal vectors between two subspaces A, B € K" where p > dim(A) > dim(B) = q.

DEFINITION 5.7.5. The principal angles 0y and principal vectors u, € A, v, € B between two subspaces

are recursively defined for k =1,2,...,q by
cos(fx) = max maxu*v =: uj vy, [u] =1, [v| =1
ue A veB
under the orthogonality constraints

ufu=0, viv=0 i=1,2,...,k—1.

Our simplification arises from an efficient method for finding principles angles by Bjorck and Golub.
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THEOREM 5.7.6 (17, Theorem 1]). Let Q4 and Qp have columns that are unitary bases for subspaces
A, B c K". If the p x q¢ matriz
M = Q%Qs

has a singular value decomposition
M= XXY*, Y = diag(o1,09,...,04)
with X*X =Y*Y =YY* =1, and 01 = 02 = --- = 04 then
cos(Or) = o, up=QaX[:,k], and v, =QgY[, k], k=1,2,...,q

Note that the singular values of 1 correspond to principal angles of zero; in other words, we can extract

these principal vectors to find a subspace intersection.

PROOF OF PROPOSITION 5.7.3. We will show that both ker(®N®?) and the right singular subspace of
| N®2 agsociated with the top singular value of 1, may be used to construct a basis for colspan(N®2) n
()4

The first case is simplest. Suppose that ¢ € ker(®N®?). Clearly N®2¢ e colspan(N®?). But ®(N®2¢) =
so N®2¢c e ker(®). By construction, rowspan(®) = I(X}") so ker(®) = I(X}Y )3 and then N®2c e (X} )3 n
colspan(N®2).

Next, for the second case observe by Lemma 4.2.8 since N is an orthonormal basis, so is N®2. By
Theorem 5.7.6, the SVD

o, N®? = Xyy*

gives the principal vectors between these subspaces via u; = ®; X[:, k] and vy, = N ®2Y[:, k]. Suppose that

01 =09 =--+ =05 = 1. Then the first s principles angles are zero and as a consequence of Definition 5.7.5
we have uy, = v for k = 1,2,...,s. Since uy, € I(X}’)s and vy € colspan(N®?) = colspan(N®?) it follows
that vy, € colspan(N®2) N I(X)Y )5 for s = 1,2,...,k and these vectors are a basis for the intersection. [

5.7.1. Numerical Experiments with Full Algorithm. We implement Algorithms 3 and 4 using our
efficient method for solving variety-constrained linear systems in Python. For our procedure, we generated
real signals = € R% by selecting entries uniformly at random from a standard normal distribution. The exact
third moments given by (5.12) and (5.13) for the dMRA and pMRA model are computed. Our program for
reconstruction reads the invariants and applies the Algorithms 3 and 4 recursively. For the base case of the

recursion in dihedral MRA, when the recursion reaches a signal length of 4 we use the frequency marching
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procedure from Theorem 5.5.1. For the base case in projected MRA, when the recursion reaches a signal
length of 8 for projected MRA we use our modified frequency marching procedure from Theorem 5.5.2 and
the next step in the recursion determines which of the four orbit representatives extend to a length-16 orbit
representative.

To measure any error in recovery, we measure the dihedral-invariant distance
(5.43) d(#,y) = min |&—g-yl>
9g€D2q

between the true set of Fourier coefficients Z and the vector generated by our procedure y. In projected
MRA, we omit the Nyquist component (the 32nd coefficient) of each signal when computing this distance
which is equivalent to setting each to zero. In random tests, our algorithm recovers an estimate for the true
signal with a reconstruction error close enough to zero to be consistent with loss of precision in floating point
computations with a median error of 2.37 x 10710 for dihedral MRA and 1.21 x 10~!! for projected MRA
out of 1000 trials.

Since the algorithm is recursive and floating point calculations are inexact we can also get a sense for
how errors propagates through the recursion. We split up the vector of Fourier coefficients & € C? based on
which coefficients are recovered at each level of recursion. Define the m-th cohort of Fourier coefficients to

be the odd coefficients at level m of the recursion, i.e. if y € (CQk,

Cly) == ([27(2j — D] sje 2™, L<m<k

The errors for cohorts is then eg = |£[0] — y[0]| and e,,, = d(Cy(2), Crn(y))/2™ ! for 1 < m < k where we
have normalized by the number of elements in the cohort. Table 5.2 gives a median error for each cohort
over 1000 samples. While these median errors are small and near machine precision, note that they grow
for each cohort of odd Fourier coefficients recovered. We also remark that cohort one is always the Nyquist
component so we exclude it from analysis in the pMRA case.

These results can be verified by the Python scripts in the 3. We also furnish unit tests
verifying various mathematical calculations done in this paper. See the repository for a detailed description

of the contents.

3Repository is found at https://github.com/lemniscate8 /MRA-variant-orbit-recovery for those reading in print.
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Cohort Error dMRA pMRA

€o 2.11 x 1071° | 1.11 x 10=1°
el 1.56 x 10~ N/A

es 2.39 x 10714 | 2.24 x 1014
es 1.15 x 10712 | 1.88 x 10714
€4 1.76 x 10712 | 8.98 x 10714
es 3.27 x 10712 | 1.53 x 10~13
€6 6.07 x 10712 | 3.45 x 10713

TABLE 5.2. Median reconstruction errors for each cohort of odd Fourier coefficients over
1000 random samples.

5.8. Future Directions

Removing the power-of-two assumption. Our methodology exploits the specific structure of both
dihedral and projected MRA, relying on a particular recursive structure which requires that the dimension
of the signal be a power of two. It would be interesting to adapt our approach to all signal lengths. The
concurrent work [5] achieves this using a different style of algorithm (for both dihedral MRA and a variation

of projected MRA).

Proving the conjectures. While proof of generic recovery in some dimension d can be verified by
checking the rank of certain symbolic matrices, we were not able to prove in general that these matrices
always have full column-rank despite their shape approaching an 8 : 3 ratio of rows to columns. Techniques
for such a proof would likely lead to improved bounds for finding rank-1 symmetric matrices planted in a

subspace like those conjectured in Section 3.5.

Continuous groups and heterogeneity. It would be interesting to explore whether our methods can
be applied in continuous multi-reference alignment, that is, orbit recovery under the action of an infinite group
such as SO(2) or O(2), potentially with a projection step. It would additionally valuable to explore whether
our methods can handle a heterogeneous combination of different signals (as described in the introduction)

since it remains a difficult impediment for frequency marching-type algorithms.

Other projection operators. With regards to projection operations, a close analysis of Proposi-

tion 5.2.5 reveals that most monomials present as entries in Td(i/%R A also appear in T’ éi,}R A- As a result, the

effect of projection is mostly negligible for lower order moments in the sense that we have almost the same
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information, even though the projection cuts the signal dimension in half. Determining more general condi-
tions on a projection operation so that the sample complexity remains the same as for the “un-projected”

version is an interesting direction for future work.

Robustness to noise. Finally, we have given an algorithm in the exact setting where we have abstracted
away the estimation of moments from samples. It remains open to give an end-to-end analysis of our
method applied to noisy samples, and to bound the sample complexity. This would require, in particular, a
robust analysis of the intersection algorithm [43, Algorithm 1]; this currently only exists in a non-planted
setting [16]. To illustrate that robustness can be a non-trivial issue, we point to the setting of cryo-ET: while
an “exact” algorithm runs in polynomial time [7], a more detailed analysis of the noise tolerance requires
quasi-polynomial time and sample complexity [50]. Determining whether our method will incur similar costs

is an interesting question for further work.

5.9. Deferred Proofs

5.9.1. Group Action and Projection in the Fourier Basis.

PROOF OF PROPOSITION 5.2.1. First, F € C2?*24 has entries F[j, k] = e 2™7*/2d) and F~1[j,k] =

1 p2mijk/(2d)
2d :

The elements of the cyclic group on 2d elements are generated by R; since R, = (R1)* so it is sufficient

to show that Ry = FRy F~L:

(‘FRl]:il)[] k] = ‘F[]a ](RlF?l)[vk]

2d—1 1
_ Z o—2mije/(2d) | L 2mi(t—1)k/(2d)
= 2d
1 2d—1
— o 2mik/2d o 2mi(i—k)t/(2d)

2d =

e=2mik/2d 5 = (mod 2d)

0 otherwise.

~

So FRyF~ ! = ]A%l as defined in (5.9) and then FR,F~! = F(R))!F! = (FRyF 1) = (}A%l)z = Ry.
112



Next, notice that J = JR_, since for € K2? with entries z = (o, @1, .-, X2d—1),

i) I i)
X1 X2 T2d—1
JRyz=JR_ |  |=J|  |=| : |=Jz
T2d—2 T2d—1 T2
T2d—1 Zo Ty
So
(FIRF ), k] = (FIFY)[5, k]
= (A ATF K]
2d—
_ Z ~omije/(2d) | L omi(~0)k/(2d)
= "2d
2d—
_ i Z —27i(j+k)€/(2d)
d /=0

1 j=-k (mod 2d)

0 otherwise.

This is J as given in (5.10) so FJR_1F 1 =

Finally, we aim to show that there exists a full rank square matrix C' such that
DIC™! =

Note that the matrix IT has the same rowspan as the matrix II := IITII € R2¢*24_ Inspecting the structure

of II gives the simplification II = I + .J. Since this matrix is square we may find its conjugation by F,
FUF ' = I+ FIF ' = I+ FIRF ' =1+ JFRF ' =1+ JR,.

Elementwise, this gives (FILF~'v)[j] = v[j] + e~271(2d=0)/Cd)y[2d — j] for j = 0,1,2,...,2d — 1. With a

small algebraic simplification, the rows of this matrix are

FIF ] = & + > /Cde_

with indices of the standard basis vectors taken modulo 2d. Notably, FILF~![d,:] = 0 which is why the
Nyquist component is unrecoverable, and FILF~1[2d — j,:] = e~ 2™/C) FIIF~1[2d — j,:] so we define I to
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be the first d rows of FILF ! (those indexed 0 to d — 1). To make explicit the change of basis we can write
D := F[[d),:]II" e c¥*4

where it then follows that DIILF ' = II. (Note F[[d),] is the first d rows of the matrix F.) The original
projection matrix IT had full row-rank and so does i (for both, the rows are an orthogonal set of vectors)

so C' is a change of basis. O

PROOF OF PROPOSITION 5.2.3. Let {1, {2 € [2d) be known and suppose that ged(¢y — £o,2d) = 1. We

will consider the pMRA model in the Fourier basis. Consider the block matrix given by

P€17€2 =

For a signal’s Fourier transform &, P, ¢,& produces the concatenation of the projections from directions ¢;
and lo. Now the kernel of Py, ,, contains span{€;} as previously noted but if Py, , has rank 2d — 1 we may
recover the rest of . We will demonstrate this by showing that Gaussian elimination produces 2d — 1 pivots.

Consider that the rows of P, ¢, have the form

PZ1 22[ 2 :] _ e—zwijél/(zd)é'j + ezm'j(zl +1)/(2d)5—j
7 ' ) for j € [d),
Py g,[§+d,:] = e 2miit2/Cd g, 4 e2mii(ta+1)/(2d)g
where indices on are taken modulo 2d as needed. For j = 0, Py, ¢,[0,:] = Py, ¢,[d,:] so we get our missing
pivot since the row operation Pp, ¢,[d,:] < Py, ¢,[d,:] — Pe, 4,[0,:] produces a zero row. Next, if we apply

the row operations

P€1,€2 [.] +d, :] <~ P&,Zz [.] +d, :] - 6727Ti(62721)/(2d)P51,[2 [.7’ :]

for each j =1,2,...,d — 1 then each row has at most one non-zero entry of the form

Pu g lj +d,:] = (279(E+1/(2d) _ o=2milta=—t2)/(2d) 2rij(1+1)/2d) )z

i (0 d —2mi(by—201— ad\z
= (2Tl 1)/(2d) _ o=2mi(t:—26-1)/(2d)) 5

These two phases will only cancel if —j(ly + 1) = j(ls — 2¢; — 1) (mod 2d) for some j = 1,2,...,d — 1.
Simplifying this produces the modular equation j(¢; — f3) = 0 (mod 2d). Since ¢; — ¢5 has no factors in
common with 2d the modular condition is not satisfied for any row and so each has a non-zero entry in the
(d — j)-th column. Thus, the row-echelon form for Py, 4, contains pivots in every column except for the d-th

one and we may recover all coefficients except the d-th. |
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5.9.2. Invariant Tensor Structure.

PROOF OF PROPOSITION 5.2.5. First, for z € R% we will use the structure of the invariant tensor from

the original MRA model since we may express the other tensors in terms of this one:

We will use Definition 4.1.2 to expand entries in the tensor:

QMH

(r) (A
Tl\/}RAm

TIS/}”I){A(‘%)[ZJM e aJT d Z ijl ..... IS H RZ:E ]k

d 1 r
—27ilj/d
= %,...,Jrsd D T e/ i)
d=0 k=1
2mil " T )
= wz;a,...,grsd 2 exp < > Jk) (3]
k=1 k=1
1 d—1 2mi T ¢ T
= Wijioendn§ g Z (exp (—d Z jk)) (k]
d=/{ k=1 k=1
= WYir,eedr§ (1_[ ff[ik]) 1 {2 Jk=0 (mod d)} :
k=1 k=1

The last line follows since the sum is a geometric series with the common ratio a complex root of unity. As a
result it only sums to zero when the base is one. This only occurs under the modular condition Y, _, jx =0
(mod d).

Next, we use the fact that
") ey L) s ) (Fa
Tanpa (2) = 5 (TMRA(x) + Tyiga( x)) ;

SO

<
<

TSQRA(JZ‘)[ZJ.M s dry] = w < xjr] + x[—jﬂ) 1 {Z Jjr=0 (mod d)} .

Finally, for the pMRA model with = € R??,

r . . 1 =SB A .
Tontra @)U 23S = wingisgg 2 [ ] 0TRe) ]

1 RS —2mi mi(g mi(g -
= Wi, 5g Z H 2miGi)/(2d) p 15 ] 4 @2miIR)/(24) 2mi(r0)/(24) g1 5 1)

2d—1 r

—wgg s SIS €m0 2w/ 2 g g
2d d=£ k=1se{—1,1}
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We may exchange the product and sum to get a sum over vectors of signs, giving

2d—1 r

Wy S o Z 1_[ Z i(1=5)(Jx)/(2d) p—27i(sjx )/ (2d) . [sjx]
2d d=¢ k=1se{—1,1}

S [ a2t/ ) g
se{—1,1}" k=1

2d—
1 .
= WirnirSgg Z Sk
d=¢
2d—

) =27l . .
Zgl,...,g,,.SQd Z > exp <2d PN 3k)]k> exp < 5d > Skjk) ) z[spjr]

d={ se{—1,1}"

4
T o ) 1A i & d _
= WS D, XD <2d §1(1_8k)]k> 24 > (eXP< 5d Eswk)) I [skjk]

se{-1,1)r =t h=1 -1
=Wy D, eXD ( Z Jk) )22 Lk sk (H fC[Skjk]> 1 {Z sijk =0 (mod d)} :
se{—1,1}" k=1 k=1

In the sum, all terms are invariant to negation of the sign vector s — —s except for the product [ [, _; z[sxji]
so if we reindex by a negation of the sign vector we simply get
T " 1\ . s "
WYy, Z exp <2d Z jk> (—1)2a Zk=1 5xJk (n x[—skjk]> 1 {Z —$1jk =0 (mod d)} .
se{—1,1}7 k=1 k=1 k=1
Averaging these two equivalent equations gives

W 2 exp < Z > 2d D=1 Skik (H :L'[Skjk] + 1_[ x[—skjk]> 1 {;1 Skjk =0 (mod d)} .

se{—1,1}"

]

PROOF OF PROPOSITION 5.3.9. Let x € R?¢. By Proposition 5.2.5, for ji, jo € [d),

(5.44)

Tha @)U 23] =5 (L 1eT] + 213 Jl-52) 101 + 2 =0 (mod 20)}

1 ... ) ) R R ) )
e D ()OI CD Gy |2 o] + 2~ J#lia]) {1 — 2 =0 (mod 2d)},

with indexing into # taken modulo 2d. The conditions, j; + jo = 0 (mod 2d)} and j; — j2 = 0 (mod 2d)}
only hold simultaneously when j; = j» = 0. In this case, the entry is a multiple #[0]?> and hence one
can only determine the value of |Z[0]|. Beyond this, there are no other conditions under which the first
indicator variable is non-zero. The second indicator is satisfied along the diagonal, and since x is a real

signal #[—j] = Z[J], so for 0 < j < d,

T ea @)U, 451 = ™9/ 1a[j12[—j] = ™9/ |2 [f] .
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Taking the magnitude of these entries recovers |z[4]|? for 0 < j < d and this is the power spectrum of

excluding the coefficient Z[d]. O
5.9.3. Polynomial Subspaces.

PROOF OF PROPOSITION 5.7.2. As previously noted, span(v®? : v € X}Y) = (C)®* so Q is the correct
size to be an orthogonal basis for I(X}")s. First, we will confirm that Q is a basis by showing it is an
orthogonal set of vectors. Notice that since they are standard basis vectors of ((C™)®2)®2 ((¢, ®é&,) ® (€. ®
€4), (Cw ® €y) @ (Ev ® g )y = 0 whenever {{a,b§,{c,dS§ # {{a',V'§,{,d'§§. When multisets {a,b,c,d§ #
(a',b', ¢, d'S, each produces a different set of two element partitions so (QY}.4> Qperar) = O-

Next, we will show that for each £, , from (4.12) and Q¥ € Q, Q¥ L E),

abe

4+ Consider that if {a, b, c,d§ #
(a', b, d'§ then (EY 4y QYpeay = 0. We need only verify that (EY, ., QY00 = 0 and (EY, .., Qrps) = 0.
For the first, expanding terms then canceling weights allows us to write the inner product as a sum of inner

products of standard basis vectors in ((C")®?)®2,

CEdveds Qavea) = (Crta.b5.0c.d55 €labs e.dss)
= {€ta.d5.1¢.b55 €la.bS Le.d55)
+{€ta.b5.0c.d55 €l a.cS 1b.d55)
— {€a.d5.0¢.655 €Ll a.cS,1b.d55)
+€a.5.00.d55) €lads.ib.csS)
— {€ta.d5.0¢.655 Clads.ib.c5S)

=1-1=0.

The computation for (EY, ., Q~..> = 0 is effectively identical in structure. So Q is an orthogonal basis for

I(xy);. 0
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