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Abstract

Methods for structure determination in single particle cryogenic electron microscopy upended imaging

sciences by demonstrating that crystallization is not necessary to resolve biological molecules at the atomic

level. As imaging techniques have matured, so has the mathematical theory used to analyze these data.

In particular, the method of moments and algebraic techniques show promise for the challenges posed by

a low signal-to-noise ratio, the unknown orientation of particles in the imaging plane, and different classes

of particles in a mixture. Cryo-EM remains a challenging problem approached from this direction and has

motivated the study of simpler models capturing its core challenges. In particular, multireference alignment

(MRA) is a well-studied model in which one observes copies of a signal corrupted by unknown cyclic shifts

and isotropic Gaussian noise.

In this work, I study two variants of multireference alignment, one introducing a step modeling tomo­

graphic projection (projected MRA) and another allowing reflections of the signal as well as cyclic shifts

to appear (dihedral MRA). For signals of length a power of two, I develop an efficient recursive method

for recovering signals from the third moment tensor of the samples. Beyond these specific orbit recovery

problems, a subroutine using in my algorithm solves a linear system with a solution constrained to be a

symmetric rank-1 matrix. Such problems arise in algebraic compressive sensing. Even when a given linear

system is under-determined, the rank-1 constraint provides a “sparsity” assumption which may ensure a

unique solution. To prove that my algorithm succeeds, I develop a construction which can be used to certify

that specific linear systems with a rank-1 constraint have unique solutions. We show the algorithm succeeds

in recovering a generic signal on the condition that a particular symbolic matrix has full column-rank. This

condition can be easily checked on the computer in polynomial time, and we give strong evidence the matrices

have full column-rank for a couple of dimensions.

The foray into algebraic compressive sensing also reveals a close connection to the problem of finding a set

of rank-1 matrices “planted” in a subspace of matrices. An algorithm of Johnston, Lovitz and Vijayaraghavan

for finding the intersection of a linear subspace with a conic variety can recover such rank-1 matrices as a

particular application. However, the upper bound on generic subspace dimension for which these authors

prove their algorithm will succeed proves pessimistic in this specific case. We conjecture that a simple

dimension counting bound gives the sharp threshold for the maximum dimension of generic subspace from

which the JLV intersection algorithm can successfully recover a set of planted rank-1 matrices. To give

evidence for this conjecture, I implemented a method of computer-proof which certifies the sharp boundary

in several thousand specific cases. We give an analogous conjecture for the variety of symmetric rank-1
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matrices and similar computer-proof of a similar sharp boundary in this case. Moreover, I give a floating

point implementation of the JLV intersection algorithm in Python which can compute the intersection of

any linear subspace with any Segre-Veronese variety (the varieties of rank-1 tensor with any set of partial

symmetries and of any shape). Using this implementation, I give further evidence for our conjecture, showing

that the algorithm does indeed recover planted matrices beyond the bound proven in the original paper up

to our newly conjectured threshold. As an immediate consequence, we more than double the maximum rank

of generic third- and fourth-order tensors (with or without partial symmetry) for which the JLV intersection

algorithm will give a provably correct decomposition.
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CHAPTER 1

Introduction

1.1. Research Arc

It was in the early stages of graduate school that I was introduced to the inverse problem of structure

determination in single particle cryogenic electron microscopy (cryo-EM). In single particle cryo-EM, many

particles are frozen in a thin layer of ice. A transmission electron microscope takes an image of the entire

ice layer from which individual particle locations may be determined on the micrograph. From a theoretical

perspective, determining a protein or small particle structure from a micrograph is not one problem but has

multitude of mathematical approaches each with open questions and undiscovered improvements. Structure

determination in single particle cryo-EM is made challenging by several factors:

(1) often, each individual particle image has a very low signal-to-noise ratio (SNR),

(2) the orientation of each particle relative to the imaging plane is unknown,

(3) images recorded are 2D and (tomographic) projections of the true 3D structure, and

(4) particles may not be identical having gross structural differences of small differences in conforma­

tion.

The first factor raises the question,‘how does the number of samples needed depend on the SNR to

ensure a given accuracy of recovery?’ This scaling is known as as the sample complexity of the problem.

Taking preparing samples and imaging them is expensive and takes time; knowing how much information

can be squeezed from a dataset is valuable. A separate question buy equally important is whether efficient

algorithms exist that can achieve a known sample complexity.

The second restrict which methods may be used for recovery since one must either identify the orientation

of each particle relative to some canonical orientation or seek methods that avoid the issue. Under the

assumption that a particle has no preferred orientation, one can only recover the structure up to a 3D

rotation. One could first aim to determine the orientations of particles up to a global rotation, a sub-

task called synchronization. If one instead treats individual particle orientations as nuisance parameter,

structure determination falls in a category of problems termed orbit recovery since the structure is only

determined up to the action of a group upon the structure, SOp3q in the case of cryo-EM. The third factor
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make reconstructing 3D structure more challenging. Under parallel projection one can no longer distinguish

an object and its mirror image. For biological molecules, one must use other information to determine a

particle’s chirality. On the image level, the Fourier-slice theorem guarantees that a projection in real space

correspond to a slice through the origin in the reciprocal (Fourier) space. As a result, every pair of particle

images will overlap along a direction in the reciprocal space, called a common line. However, both noise and

the fourth factor– the possibility of heterogeneity– can confound methods that make use of common lines

estimates.

Initially, I was drawn to this problem by the elegant spectral method of determining orientations de­

veloped by Singer and Shkolnisky [62] in which the eigenspaces associated to the top three eigenvalues of a

matrix contain information from which particle orientations may be determined. While this work determines

how the number of images must scale with the error, it does not examine how the SNR affect the probability

that common lines are identified correctly. Further, an elegant argument states that when the SNR is too

low it should be impossible to correctly guess any relative orientation information about images: even if one

had the true particle structure, when noise is high enough one cannot accurately guess which direction an

image is taken from, more formally show by Aguerrebere, Delbracio, Bartesaghi and Sapiro [4].

Discussions with Dr. Alexander Wein about cryo-EM and sample complexity led me to multireference

alignment (MRA). MRA is a simpler problem than cryo-EM but captures many of salient complexities. In

the MRA model, one aims to estimate a vector of real values we call the signal. One has access to copies of the

signal with entries cyclically shifted by an unknown number of indices and corrupted by adding independent

Gaussian noise. More broadly, extensions of MRA and MRA-like models consider group actions beyond cyclic

shifts, different sampling schemes, and mixtures of different signals [2,3,6,14,18]. The sample complexity of

the original MRA model was proven to be of order 1{SNR3 [3,10,56]. The work by Perry, Weed, Bandeira,

Rigollet and Singer [56] also showed that there is an efficient algorithm to achieve orbit recovery: running

simultaneous diagonalizable on the empirical third moment tensor of the sample distribution will recover

each cyclic shift of the signal. The basic MRA problem has been solved; however, orbit recovery in cryo-EM

and many MRA variants remain open problems.

The work by Perry and co-authors follows a strategy for parameter estimation called the method of

moments. The signal may be considered as a set of parameters underlying a multivariate probability dis­

tribution from which samples are drawn. For such a multivariate distribution density, computing a sample

average estimates the distribution’s mean (a vector), and centering samples then taking their outer product

and averaging estimates the distribution’s covariance (a matrix). Taking a k-order outer products of sample

vectors and averaging produces an estimate of the distribution’s k-th moment, which is a tensor. In our
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context, a tensor is simply a k-way array of numbers. Broadly, tensor decomposition then aims to split a

tensor into components in a meaningful way. In the case of MRA, the canonical polyadic (CP) decomposition

splits the third moment into a sum of symmetric rank-1 tensors and each rank-1 component when factored

yield a different cyclic shift of the signal. More generally, one hopes that the methods used to decompose

tensors can be turned to extracting parameters of interest from moments.

Determining how to extract the structure of a molecule using the method of moments in single particle

cryo-EM continues to be an active area of research [11]. Some directions of study involve taking the model

and removing features that constitute challenges e.g. algorithms for orbit recovery of “unprojected” cryo-EM

[7,50]. Alternatively, one can take the MRA model and include additional features e.g. including reflections

and cyclic shifts of the signal in the sample distribution (dihedral MRA) [13], modeling a continuous cycle

shift operation (continuous MRA) [55], or adding a “projection” step (projected MRA) [7]. In my work here,

I studied two modifications to the original MRA problem. In the following I give a chronological overview

of the work I did, whereas the order in this dissertation follows.

Goal 1. Determine how to achieve orbit recovery efficiently (in polynomial time) for MRA with a

projection step and dihedral MRA.

Initially, I began by studying a model of projected MRA. In projected MRA, one applies an operation

that adds together entries of a vector after a cyclic shift has been applied to simulate the tomographic

projection of an object (see Figure 5.1 in Chapter 5). Bandeira, Blum-Smith, Kileel, Niles-Weed, Perry and

Wein propose one model MRA with projection with an odd dimensional signal [7, Problem 4.7]. I used the

even dimensional formulation that was originally rejected since I realized that if one has a moment from

this projected MRA sample distribution, one can extract a sub-tensor which corresponds to a moment for a

smaller signal. This observation allows one to recursively reduce the orbit recovery problem to one half the

size by extracting sub-tensors.

Under this recursive framework, one can recover half information in the signal. I determined that when

this information is known, one can set up an under-determined linear system, but one wherein the solution

has the structure of a rank-1 symmetric matrix. Problems like this fall into a broader class of problems called

“linear systems with a canonical polyadic decomposition (CPD)-constrained solution” or LS-CPDs. The low

rank condition on the solution may be considered an algebraic version of sparsity– as appears in models of

compressed sensing. Thus LS-CPDs appear even more broadly in the field of algebraic compressed sensing

with related problems include matrix completion and tensor completion [20]. Boussé, Vervliet, Domanov,

Debals, and Lathauwer [19, Section 3] give an exact algebraic algorithm for solving such systems in the
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rank-1 case. They give a necessary condition to ensure that their algorithm recovers unique solutions and

can guarantee uniqueness for linear operator which has a range in “general position” provided that range

is large enough with respect to the solution’s dimension (by general position or generic we mean that there

may be a measure zero set of exceptional matrices that do not meet the guarantees, see Definition 3.2.1

for a formal statement). However, we have no guarantees that the specific linear systems arising from the

projected MRA problem are in general position. In practice, though our implementations of this algorithm

repeatedly succeeded in solving randomly generated problems of this type.

Goal 2. Determine a sufficient condition to verify that a specific class of linear system with a rank-1

structure constraint will have unique solutions.

We determine such a sufficient condition and can then guarantee our recursive algorithm will recover a

generic signal, provided a certain symbolic matrix has full column-rank. We offer strong numerical evidence

that such these symbolic matrices do have full column-rank for a couple of dimension of problem size.

Concurrently, my advisor and a fellow graduate student, Jeshu Dastidar, began studying an algorithm

by Johnston, Lovitz, and Vijayaraghavan [43] for finding the intersection of a conic variety with a linear

subspace. If the subspace contains certain “planted” solution belonging to the variety, under certain condi­

tions the algorithm recovers these. The JLV algorithm provided a breakthrough in decomposing fourth-order

tensors of rank quadratic in the tensors’ dimension. Despite the significant differences in presentation and

context, [19, Algorithm 1] can be consider an equivalent to [43, Algorithm 1] restricted to the varieties of

rank-1 tensors and with some additional pre-processing to take affine (rather than linear) sections. Moreover,

our numerical work on the rank-1 constrained linear systems arising in from the projected MRA problem

suggested that [43, Theorem 2] was a pessimistic bound; the JLV algorithm for intersections could work for

substantially larger generic subspaces than currently proven.

Goal 3. Find sharp bounds on the dimension of generic subspace for which the JLV algorithm succeeds

in finding the intersection of varieties of rank-1 matrices.

Work by my collaborators doubled the subspace dimension bound previously known and determined a

definitive breaking point at an even higher threshold (see Proposition 3.2.6). However, I provided evidence

that, in fact, the boundary is sharp and the JLV algorithm succeeds up until to this boundary. Modifying

the original algorithm to perform some computations over a finite field, I can prove our conjecture of a sharp

threshold for specific cases or generate evidence against it (in practice the algorithm generates no evidence

against the conjecture in several thousand cases tested). I also provide the first numerical implementation
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of the JLV algorithm for the family of Segre-Veronese varieties, allowing one to take the intersection of a

subspace with any shape of rank-1 tensors having any number of partial symmetries across modes.

Main Contributions.

1. I developed a robust implementation JLV intersection algorithm in Python to find the intersection

of any Segre-Veronese variety with a linear subspace.

2. I modified the JLV algorithm to provide computer-proof of specific cases of a conjecture (Conjec­

ture 3.4.1) suggesting a sharp bound on the dimension of the subspace from which the JLV can

correctly extraction planted rank-1 matrices.

3. I generalized the conjecture and computer-proof techniques to rank-1 matrices with an enforced

symmetry (Section 3.5).

4. I repurposed the machinery used in work on the JLV algorithm to develop a polynomial-time test

for when a specific class of linear systems with a rank-1 constrained solution will have a unique

solution.

5. Using work on finding solutions to linear systems with rank-1 constrained solutions, I developed an

recursive polynomial-time method which can recover the orbit of a signal with dimension a power

of two from third moments in both the dihedral and projected MRA models, provided the test

described above is passed.

6. I give numerical evidence that the linear systems with rank-1 constrained solutions arising in our

orbit recovery problems do have unique solutions for generic signals.

7. I do some preliminary sensitivity analysis by running numerical experiments to see how small

floating point errors accumulate through steps in my recursive algorithm.

1.2. Outline

Chapter 2 outlines some key terminology and notation for dealing with tensors, tensor decomposition,

and some algebraic geometry needed to understand further work. This material is not novel and we draw from

the review of Kolda [46] on tensor decomposition, Moitra’s book [54] detailing applications, and textbooks

for some key definitions from algebraic geometry.

In Chapter 3, we present work done with co-authors Jeshu Dastidar and Alexander Wein improving a

bound an algorithm of Johnston–Lovitz–Vijayaraghavan which finds the intersection of a conic variety with

a linear subspace [24]. This work has been published to arXiv and is in the review process for publication

in the SIAM Journal of Applied Algebraic Geometry. The JLV algorithm and work by Johnston, Lovitz,
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Vijayaraghavan provided a breakthrough in decomposing fourth-order tensors of rank quadratic in the ten­

sors’ dimension. In our work, we show that the original authors’ proof of the algorithm’s correctness gives

a pessimistic upper bound on the rank of a tensor for which it may find a decomposition; instead, we show

algorithm can decompose tensors with rank roughly twice as large as previously guaranteed. Further, we

gives a negative result that the JLV algorithm will fail somewhat above the positive result. We conjecture

that the intersection algorithm actually works up until this provable breaking point; further, we prove the

conjecture for several thousand specific cases using an algorithm we wrote. Chapter 3 contains an edited

version of [24] which emphasizes this author’s contributions consisting of an implementation of the JLV

algorithm in Python to find the intersection of any linear subspace with any Segre-Veronese variety, which

include varieties of rank-1 matrices. I also programmed modifications to the algorithm so that it can produce

computer-aided proof of the conjecture for any fixed set of parameters (or, in theory, give statistical evidence

against the conjecture). Further, I extended these computer-aided proofs and numerical experiments to the

case of symmetric matrices which our combinatorial arguments do not consider.

Material in Chapters 4 and 5 are adapted from a paper on orbit recovery for dihedral and projected

MRA by the author and Alexander Wein [67]. This paper is published on arXiv as a pre-print. All proofs,

code and computations were written or run by this author with guidance and critique from Dr. Wein on

their structure and substance. The paper has been adapted as two chapters in this dissertation with some

new additions providing additional clarification.

In Chapter 4, we give a format for symmetric tensor tensor, a symmetrized Kronecker product and

properties of this symmetric product, and examples of how varieties are described in this form which come

from [67, Section 2.2, 4.2]. I also include details for an algorithm which finds a basis of the degree-2

polynomials cutting out Segre-Veronese varieties– that is, varieties of rank-1 tensors with some partial

symmetries along modes. This subroutine is an important part of my implementation of the JLV algorithm.

In Chapter 5, we add a “projection” step to the MRA model, making the challenge of determining the

signal significantly harder. Using a framework of variety-constrained linear algebra, we develop an algorithm

which can recover the signal when it has dimension that is a power of two and conditional on a symbolic

matrix being full-rank. We conjecture that these symbolic matrices have full column-rank and give strong

evidence for this fact by showing that that at we can find at least one random instance of these matrices

which has numerical full rank.
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1.3. Notational Conventions

This dissertation contains a number of results from rigorous proven statements to numerical experiments.

We use the notation of “Theorem” to denote proven statements. In some cases, the result we aim to proved

is equivalent to a particular symbolic matrix being full rank or a polynomial being non-zero. A technique

we use in Chapter 3 is performing computations over a finite field to certify these facts and constitutes proof

of specific cases, aided by the computer. However, in some cases such computations prove quite slow to run.

We can instead perform these in floating-point arithmetic at the cost of numerical precision. Such results

(numerical condition numbers and function evaluations) do not constitute proof since there is a chance that

the result may be attributed to error. Nonetheless, for such facts verified by floating-point computation,

we use the notation “Theorem*.” In such situations, the use of the word “Theorem” is to convey that the

outcome of the floating-point calculations are exceedingly unlikely to be attributed solely to the accumulation

of errors due to rounding in floating point arithmetic and the statement has overwhelming evidence for it.

This notation is not an original creation, I came across it in a paper in the area of computation algebraic

geometry but cannot presently locate this paper in my records or by search.
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CHAPTER 2

Tensor Decomposition and Algebraic Geometry

In this Chapter we introduce some of the core concepts developed to support work in Chapters 3 and 5.

We introduce the notation we use to work with tensors, the idea of tensor decomposition and tensor rank.

We also introduce some key concepts from algebraic geometry relevant to the theory of tensor decomposition.

2.0.1. Preliminary Notation. We use K to denote the either the field R or C. A statement involving

K will hold when one substitutes either R or C for all instances. We will use the shorthand Kn then to

denote an n-dimensional vector space over the field K. We will use the notation rns to denote the set of

whole numbers from 1 to n,

rns “ t1, 2, . . . , n ´ 1, nu,

and the set rnq to denote whole numbers from 0 to n ´ 1,

rnq “ t0, 1, 2, . . . , n ´ 1u.

We will primarily use elements rds to index entries of vectors in the standard basis and elements of rdq to

index Fourier coefficients of a vector (entries of a vector in the Fourier basis).

2.1. Tensors and Indexing

2.1.1. Tensors and tensor spaces. In this work, we consider a tensor to be a multi-dimensional array

of numbers. The order of a tensor is the number of indices used to access elements of the tensor. In this

context, a vector is an order-1 tensor and a matrix is and order-2 tensor. The shape of a tensor is a tuple of

non-zero integers denoting the values that each index may range over.

We use hard brackets to indicate a specific entry of a vector or matrix, e.g. for a vector x P Kn, xrjs is

the j-th entry of x and for a matrix A P Kmˆn, Arj, ks is the entry in the j-th row and k-th column. We

also use the placeholder “ : ” to indicate full range of indices so that e.g. for a matrix A, Arj, :s is the j-th

row as a vector and Ar:, ks is the k-th column.

We denote a space of k-order tensors with shape pn1, n2, . . . , nkq by

Kn1 b Kn2 b ¨ ¨ ¨ b Knk “ spanpu1 b u2 b ¨ ¨ ¨ b uk : u1 P Kn1 , u2 P Kn2 , . . . , uk P Knkq.
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As a short-hand we will also use Kn1ˆn2ˆ¨¨¨ˆnk ” Kn1 b Kn2 b ¨ ¨ ¨ b Knk . The short-hand

pKnqbk :“ Kn b Kn b ¨ ¨ ¨ b Kn
loooooooooooomoooooooooooon

k times

indicates a repeated tensor product and a space of cubic tensors.

For two tensors S, T P Kn1ˆ¨¨¨ˆnk we define their inner product as

(2.1) xS, T y :“
n1
ÿ

j1“1

¨ ¨ ¨

nk
ÿ

jk“1

Srj1, . . . , jksT rj1, . . . , jks.

2.1.2. Flattening and reshaping. If a vector or matrix has extra structure we may index into it using

tuples to emphasize this structure. Flattening (or generally, reshaping) using an isomorphism Km b Kn –

Kmn may be indicated using our indexing system e.g. if A P Km b Kn and we wish to define a flattening to

v P Kmn then we use

vrpi, jqs :“ Ari, js

where a lexicographical ordering on pi, jq gives a bijection between standard basis vectors of Kmn and

Km b Kn. In general, the tensor space Kn1 b Kn2 b ¨ ¨ ¨ b Knk is isomorphic to the vector space Kn1n2¨¨¨nk .

The Kronecker product of vectors u1 P Kn1 , u2 P Kn2 , . . . , uk P Knk is a vector u1 bu2 b ¨ ¨ ¨ buk P Kn1n2¨¨¨nk

defined entry-wise by

pu1 b u2 b ¨ ¨ ¨ b ukqrpj1, j2, . . . jkqs “ u1rj1su2rj2s ¨ ¨ ¨ukrjks,

where our indexing by pj1, j2, . . . jkq P rn1sˆrn2sˆ¨ ¨ ¨ˆrnks implicitly uses a fixed bijection with an element

of rn1n2 ¨ ¨ ¨nks e.g. by using the lexicographic order on the tuples. We say that vectors arising from such

Kronecker products have a tensor product structure.

In the other direction, for x P Km and y P Kn we may accomplish the reshaping of v P Kmn to a matrix

A P Km b Kn via

Ari, js :“ vrpi, jqs.

2.2. The Canonical Polyadic (CP) Decomposition

Considering a third-order tensor T P Kpˆqˆr, the canonical polyadic decomposition of a tensor T is a

way of it as a sum of rank-one matrices e.g.

(2.2) T “

R
ÿ

j“1

apjq b bpjq b cpjq

9



where the sets of vectors tapjquRj“1 Ă Kp, tbpjquRj“1 Ă Kq and tcpjquRj“1 Ă Kr are called factors. This

definition extends in a natural way to higher order tensors. One can also collect the factors into factor

matrices A P KpˆR where Ar:, js “ apjq and B,C are defined analogously. Using factor matrices we may use

the notation

(2.3) T “ rrA,B,Css :“
R

ÿ

j“1

Ar:, js b Br:, js b Cr:, js

to concisely define a tensor by the factors that compose it. Such decompositions can only be unique up to

reordering the elements in the summand, i.e. if Π is an R ˆ R permutation matrix

T “ rrA,B,Css “ rrAΠ, BΠ, CΠss,

and rescaling of the factors in a way the preserves the total Frobenius norm of each of the rank-1 tensor

summands i.e. if D1, D2 and D3 are Rˆ diagonal matrices such that D1D2D3 “ I then

T “ rrA,B,Css “ rrAD1, BD2, CD3ss.

The rank of a tensor is defined to be the smallest number of factors needed to write T as an CP

decomposition [40,48]. A CP decomposition with the minimal number of factors used is often called a rank

decomposition [46], though in this work we will use CP decomposition to mean one with minimal rank.

For tensor of order three and higher, as the term “canonical” suggests, often under weak assumptions a

rank decomposition is unique up to the indeterminacies described above. This does not occur for matrices,

indeed if X P Rmˆn has a factorization X “ ABJ then U “ AW and V “ BW where W is any real

orthogonal matrix gives an alternative decomposition X “ UV J. The indeterminacy described is called

“the rotation problem” and poses an interpretability challenge when trying to determine correlated effects

in data. The issue of uniqueness is remedied if one requires that factors be orthogonal which gives the

singular value decomposition (SVD) of X. In contrast, a third-order tensor need not have orthogonal sets

of factors for that decomposition to be unique, see the excellent review by Kolda [46] for a comprehensive

overview of what is known about uniqueness. Uniqueness under these relatively weak conditions makes the

CP decomposition attractive as a tool used in unsupervised learning, applied to the method of moments,

and in the analysis of temporal data, multi-relational data, latent variables, phylogenetic trees, topic models,

etc. See [46,54,58,66] for further discussion.

Unfortunately, it is challenging to determine utilize these nice properties of the CP decomposition since,

in general, determining the CP decomposition is an NP-hard computational problem [42]. Further, while the
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Eckart-Young theorem states that the best rank-R approximation of a matrix (order-2 tensor) in Frobenius

norm can be found by truncating the singular value decomposition, no such result holds for higher order

tensors with regards to truncating the CP decomposition. In general, trying to find a lower rank approxima­

tion to a tensor may even be ill-posed in the sense that Indeed, de Silva and Lim [27] constructs examples

of tensors spaces where lower rank approximation is ill-posed for a positive volume of tensors (i.e. the set of

these tensor has a non-trivial Lebesgue measure). These challenges holds broadly, but by setting some con­

ditions on the tensors one aims to decompose there are efficient algorithms. We highlight the simultaneous

decomposition algorithm (also called Jennrich’s algorithm). This algorithm has been rediscovered multiple

times and is often attributed to a working paper of Harshman [39] though the author credits Dr. Robert

Jennrich. In actuality, this paper describes the method of alternating least squares (ALS) to estimate factor

matrices.

Theorem 2.2.1 ([49]1). Consider a tensor T P Kp b Kq b Kr such that

T “

R
ÿ

j“1

aj b bj b cj

where the sets of vectors tajuRj“1 and tbjuRj“1 are linearly independent and the final set tcjuRj“1 contains

pairwise-linearly independent vectors. Then the decomposition is unique and an efficient algorithm, Simul­

taneous Diagonalization (SD), exists to find the decomposition.

The algorithm is relatively simple, requiring as subroutines the ability to compute SVDs and the

Moore–Penrose psuedoinverse of a matrix, denoted as A` for a matrix A.

Simultaneous Diagonalization (SD) [49]

Input: a tensor T satisfying the conditions given in Theorem 2.2.1.

Output: factor lists tapiquRi“1 Ď Kp, tbpiquRi“1 Ă Kq and tcpiquRi“1 Ă Kr (up to order and rescaling

indeterminacies).

(1) Select vectors u, v from the unit sphere in Kr, uniformly at random.

(2) Form the matrices Tu :“
řr

j“1 urjsT r:, :, js and Tv :“
řr

j“1 vrjsT r:, :, js.

1The uniqueness result attributed to Dr. Jennrich starts with the assumption that tcjuRj“1 is also linearly independent so that
one implicitly requires T have rank R ď mintp, q, ru rather than R ď mediantp, q, ru. Kolda suggests the paper of Leurgans,
Ross and Abel as “an apropos single source since the originator of the idea, if there was a single such person, has been lost to
time.”
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(3) Compute the eigenvalues and associated eigenvectors of TupTvq`, call these λj and taju, j P rRs,

respectively. Compute the eigenvalues and vectors of ppTuq`TvqJ, call these µj and tbju,

j P rRs.

(4) If possible, pair up aj with bk when λi “ pµkq´1. Otherwise, report failure.

(5) Solve for each cj so that T “
řR

j“1 a
jq b bj b cj .

We note that the SD algorithm is usually given for decompositions over R but one can verify that

that when matrices are complex, the same arguments for correctness hold (see e.g. the presentation by

Moitra [54]). For example, in Step 2 we conjugate the entries of u and v to match the definition of the inner

product in (2.1).

However, these conditions on a tensor where simultaneous diagonalization may be used to find a decom­

position are quite stringent. For a third-order complex tensor T P Cp b Cq b Cr, the expected generic rank

is

(2.4) R “

R

pqr

1 ` pp ´ 1q ` pq ´ 1q ` pr ´ 1q

V

.

If we sample “random” tensor (tensor from any absolutely continuous distribution on the space CpbCqbCr),

this is the rank one should expect the tensor to have by a simple dimension counting argument.2 Further,

work by Chiantini, Ottaviani and Vannieuwenhoven [23] showed that in many cases, a generically chosen

tensor of rank one less than expected generic rank is identifiable i.e. has a unique decomposition. This

leaves a significant gap between what tensors simultaneous diagonalization can decompose and the tensors

that might be encountered in the wild and has motivated research into more powerful tensor decomposition

algorithms.

2.3. Symmetric Tensors

Let Sk be the symmetric group on the elements of rks. A tensor T P pKnqbk is symmetric when for all

indices j1, j2, . . . , jk P rns and any permutation σ P Sk we have

T rj1, j2, . . . , jks “ T rjσp1q, jσp2q, . . . , jσpkqs.

2There are both exceptions to this for small exceptional values of p, q and r and in the case of unbalanced tensors e.g. ones
where r ą pq ´ pp ´ 1q ´ pq ´ 1q [23].

12



We denote the space of symmetric tensors SkpKnq Ď pKnqbk. For a tensor without symmetry its symmetric

component is given by the projection Symk : pKnqbk Ñ pKnqbk defined index-wise for j1, j2, . . . , jk P rns by

(2.5) SymkpT qrj1, j2, . . . , jks “
1

k!

ÿ

σPSk

T rjσp1q, jσp2q, . . . , jσpkqs.

The image of pKnqbk under Symk is SkpKnq. Symmetrization may be analogously defined for vectors that

have appropriate tensor product structure.

More generally, for any subspace U Ď Kn, we can define

(2.6) SkpUq :“ spantSymkpu1 b u2 b ¨ ¨ ¨ b ukq : u1, . . . , uk P Uu.

2.4. Cutting out Varieties of Rank-1 Tensors

A tensor T P Kn1ˆn2ˆ¨¨¨ˆnL has CP rank of 1 if we can find non-zero vectors xj P Knj , j P rLs such that

(2.7) T “ x1 b x2 b ¨ ¨ ¨ b xL.

To better understand the CP decomposition and advances in tensor decomposition, it is helpful to define what

it means for a tensor to have rank at most 1 from the perspective of algebraic geometry. Namely, it is first

useful to have procedures which allows one to “detect” when a tensor is rank at most one and more. Treating

entries of any vector x P Kn as symbolic variables, we will use the notation Krxs ” Krxr1s, xr2s, . . . , xrnss

to define the polynomial ring over K in the variables xrjs, j P rns. We will also define polynomial rings

using the symbolic variables of other objects e.g. using KrAs ” KrArj, ks : j P rms, k P rnss to indicate a

polynomial ring in the variables of an m ˆ n matrix.

Definition 2.4.1 (Algebraic Variety). An algebraic variety in Kn is a subset X Ď Kn such that for a

finite set of polynomials f1, . . . , fp P Krxs,

X “ tx P Kn : f1pxq “ f2pxq “ ¨ ¨ ¨ “ fppxq “ 0u

i.e. X is the zero set of the polynomials f1, . . . , fp or the polynomials f1, . . . , fp cut out the variety X .

The set of tensors of the form given in (2.7) form what is called a Segre variety.

Definition 2.4.2 (Conic Variety). A conic variety X over Kn is a variety such that if x P X , for any

c P K, cx P X .
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A polynomial is homogeneous if all its non-zero terms have the same degree. A variety is conic if and

only if it is cut out by homogeneous polynomials.

Definition 2.4.3 (Ideal). An ideal I of the polynomial ring Krxs is an non-empty subset of Krxs such

that

(1) if f P Krxs and g P I, then fg P I;

(2) if f, g P I, then f ` g P I.

We can define the ideal of an algebraic variety X Ă Kn by

(2.8) IpX q :“ tf P Krxs : fpxq “ 0 for all x P X u.

Next, define Krxsd to be the vector space of degree-d polynomials of Krxs under addition (plus the zero

polynomial). If X is conic then

(2.9) IpX qd :“ tf P Krxsd : fpxq “ 0 for all x P X u

is a subspace of Krxsd. Next given a homogeneous degree-d polynomial f P Krxsd, there is a unique tensor

T f P SdpKnq such that fpxq “ xxbd, T f y where the inner product is defined for two tensors in (2.1).

Observation 2.4.4. Notice that since T f is symmetric, we also have that fpxq “ xSymdpxbdq, T f y

since the components of xbd orthogonal to SdpKnq will not contribute to the inner product. It follows that

we can evaluate and represent polynomials more efficiently using our symmetric lift constructions given in

Chapter 4.

In Chapter 3, we will need a polynomial basis for IpX1q2 where X1 is the variety of rank-at-most-1 mˆn

matrices. As a set we can define this via

X1 “ tu b v : u P Km, v P Knu Ď Kmˆn.

Note that canonically the zero matrix is rank-0 which is one reason for the terminology ”rank-at-most-1.” The

other is that it is well known that the variety of matrices of rank at most r are cut out by their pr`1qˆpr`1q

minors [38]. However, to ensure that rank is exactly r would require that at least one rˆr minor is non-zero

which is a semi-algebraic condition.

Example 2.4.5 (The variety of rank-at-most-1 matrices). For a matrix X P Kmˆn the 2-minors of X

are the determinants of each 2 ˆ 2 submatrix formed by selecting the rows a and c and columns b and d for
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a, c P rms and b, d P rns, i.e.

(2.10) MabcdpXq :“ Xra, bsXrc, ds ´ Xra, dsXrc, bs.

Taking the standard basis vector ~eab P Km b Kn defined so that x~eab, Xy “ Xra, bs,

(2.11) MabcdpXq “ x~eab b ~ecd ´ ~ead b ~ecb, X
b2y.

Note that ~eab b ~ecd ´ ~ead b ~ecb R S2pKmˆnq and is hence not unique. However, the vector

Eabcd :“ Sym2p~eab b ~ecd ´ ~ead b ~ecbq

“
1

2
p~eab b ~ecd ` ~ecd b ~eabq ´

1

2
p~ead b ~ecb ` ~ecb b ~eadq P S2pKmˆnq

(2.12)

obeys xEabcd, X
b2y “ 0 if X “ ubv for vectors u P Km and and v P Kn. Hence, Eabcd is the unique element

of S2pKmˆnq which effects evaluation of the polynomial Mabcd against a symbolic matrix X.

Identifying Mabcd with Eabcd it is not hard to see the following.

Lemma 2.4.6. For the variety of rank-1 m ˆ n matrices X1 Ď Kmˆn, the set of vectors tEabcd : 1 ď a ă

c ď m, 1 ď b ă d ď nu is a basis for IpX1q2 when considering it to be a subspace of S2pKmˆnq by identifying

monomials with tensor products of standard basis elements.

Proof. As previously stated minors of the form given by (2.10) generate the ideal IpX1q. From this

it follows that spantEabcdu “ IpX1q2. Finally, we need merely note that if pa, b, c, dq ‰ pa1, b1, c1, d1q, then

xEabcd, Ea1b1c1d1 y “ 0. It follows that the vectors are linearly independent since they are orthogonal. In fact,

this is an orthonormal basis as }Eabcd}22 “ 1
4 ` 1

4 ` 1
4 ` 1

4 “ 1. �

Next, a less known fact is that for any tensor T P Kn1ˆ¨¨¨ˆnk , degree-2 homogeneous polynomials of the

form

(2.13) T rj1, j2, . . . , j`, . . . , jksT rj1
1, j

1
2, . . . , j

1
`, . . . , j

1
ks ´ T rj1, j2, . . . , j

1
`, . . . , jksT rj1

1, j
1
2, . . . , j`, . . . , j

1
ks,

where each ji, j
1
i P rnis for every i P rks and ` P rks, not only cut out a general Segre variety X1 Ă

Kn1ˆ¨¨¨ˆnk but generate the ideal IpX1q [37]. It follows that the span of these polynomials produce IpX1q2 Ď

S2pKn1ˆ¨¨¨ˆnkq. However, generating all polynomials of the form in (2.13) does not produce a linearly

independent set in general.
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Example 2.4.7. Let T be a 2ˆ 2ˆ 2 rank-1 tensor with no symmetries along modes. Observe that each

of

a “ T r1, 1, 1sT r2, 2, 2s ´ T r2, 1, 1sT r1, 2, 2s,

b “ T r2, 1, 1sT r1, 2, 2s ´ T r2, 2, 1sT r1, 1, 2s

c “ T r1, 1, 1sT r2, 2, 2s ´ T r1, 2, 1sT r2, 1, 2s and

d “ T r1, 2, 1sT r2, 1, 2s ´ T r2, 2, 1sT r1, 1, 2s

fits the form given in (2.13) but a ` b “ c ` d. So in general, polynomials of the form (2.13) are a spanning

set of IpX1q2 but not a basis.

This example does given an insight into what goes wrong: there were two different ways to swap indices

along modes to go from the pair tp1, 1, 1q, p2, 2, 2qu to the pair tp2, 2, 1q, p1, 1, 2qu. Once can also show that

a similar issue arises when trying to deal with symmetry where using all polynomials of the form in (2.13)

produces a linearly dependent set of polynomials. However, we wait to resolve both issues until Chapter 4

where we develop a better system to handle enforced symmetries in tensors.
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CHAPTER 3

Improving Bounds for Finding Rank-1 Matrices in a Subspace

This chapter is adapted from the arXiv preprint [24] with co-authors Dastidar and Wein. Common

definitions and exposition where primarily written by Dastidar and Wein and have been lightly edited by this

author to highlight my work in the project, specifically implementation of the JLV algorithm and adaptation

to perform partial computer-proof which are covered in Section 3.4, as well as the extension symmetric

matrices in Section 3.5 which prove relevant for Chapter 5’s work on the multi-reference alignment (MRA)

models.

3.1. Introduction

In this chapter we consider the basic computational question of finding rank-1 matrices in a given linear

subspace U Ď Rmˆn which is based on joint work with Dastidar and Wein [24]. We assume U is generated

as the linear span of s “planted” rank-1 matrices, along with R ´ s other matrices, where R “ dimpUq and

0 ď s ď R. As input, we receive an arbitrary basis for U , and the goal is to output the s planted matrices,

up to permutation and scalar multiple (in the sense of Proposition 3.2.3). Aside from being a fundamental

question in its own right, the s “ R case is a key subroutine in various tensor decomposition algorithms, as

we will discuss in Section 3.1.2. In the s “ 0 case there are no planted matrices to recover, so here the goal

is to algorithmically generate a certificate that no rank-1 matrices exist in U .

For a successful solution to this problem, we desire an algorithm that works for a wide range of possible

inputs. To circumvent NP-hardness [21], we follow [43] and assume that the matrices generating U are

chosen generically, either from the set of rank-1 matrices or the set of all matrices, as appropriate. The

formal meaning of “generic” will be stated in Section 3.2, but essentially this means we ask for an algorithm

that works for “almost all” inputs, in the sense that the set of inputs where the algorithm fails has measure

zero. We desire an algorithm that succeeds, in this sense, for the largest possible range of parameters

m,n,R, s. Furthermore, we desire an algorithm with fast runtime.

The work of Johnston–Lovitz–Vijayaraghavan [43] gives a polynomial-time algorithm for the above

problem, under the condition R ď 1
4 pm ´ 1qpn ´ 1q, and in fact for a more general setting where rank-1

matrices can be replaced by some other algebraic variety. We refer to this as the JLV algorithm, and it
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will be a key focus of our work. The algorithm is based on the first level of the so-called Nullstellensatz

hierarchy (and the connection to Hilbert’s Nullstellensatz is described in [43, Remark 12]). Higher levels

of the hierarchy give rise to algorithms that are potentially more powerful at the expense of increased

computational cost. Higher levels have been analyzed only in the fully non-planted case s “ 0, where they

are shown to work even for nearly full-dimensional subspaces R ď p1´ εqmn with runtime pmnqfpεq [28] (see

Remark 6.10 therein).

Without constraints on runtime, the identifiability threshold is R “ pm ´ 1qpn ´ 1q. By this we mean

that for 0 ď s ď R ď pm´ 1qpn´ 1q, the only rank-1 matrices in the span of s generic rank-1 matrices along

with R´ s generic matrices, will be the s planted matrices (and their scalar multiples) [34, Theorem 4.6.14].

Furthermore, the planted matrices can be recovered by a sufficiently high level of the Nullstellensatz hierarchy,

but the runtime will not be polynomial in general [34, Remark 4.6.16]. Conversely, if R ą pm ´ 1qpn ´

1q then the subspace will contain “spurious” rank-1 matrices in addition to the planted ones (see [38],

Definition 18.1(iii)). In fact, any subspace of dimension R ě pm´1qpn´1q `2 must contain infinitely many

rank-1 matrices (see Definition 11.2 in [38] or Theorem 3 in [51]).

While we have focused our discussion on R, our main results will also hold over C. Although this does

not affect generic inputs, the base field can matter: the matrices pp1, 0q, p0, 1qq and pp0, 1q, p´1, 0qq have a

(complex) rank-1 matrix in their C-span but no rank-1 matrix in their R-span. We only work with infinite

fields because the notion of “generic” will not make sense over finite fields.

3.1.1. Our Contributions. In this work, our objective is to investigate the precise limits of the JLV

algorithm, that is, the first Nullstellensatz level. Our main question is: for large m,n, what is the largest

constant c P r1{4, 1s such that the JLV algorithm succeeds on generic inputs with R ď pc´op1qqmn? (We will

see that there appears to be no dependence on s, to first order.) Even though higher levels of the hierarchy

might tolerate larger R, the computational complexity quickly becomes impractical: the lowest level is d “ 2

and in general, any constant level d ě 2 needs to compute with subspaces of dimension Θppmnqdq. For this

reason, we feel it is valuable to understand the exact performance of the first level, especially given the large

gap between existing bounds: 1{4 ď c ď 1.

Towards this, we improve the bounds to 1{2 ď c ď 1{
?
2. (In the special case s “ 0, the bound

c ě 1 ´ 1{
?
2 « 0.293 was known previously [28, Theorem 6.9].) In the arXiv version of this work, my

co-authors give a combinatorial proof that for any 0 ď s ď R, if R ď 1
2 pm ´ 1qpn ´ 2q, the JLV algorithm

succeeds on generic inputs verifying that c ě 1{2, see [24, Corollary 2.6]. However, by a dimension counting
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argument (see [24, Theorem 2.7]), when

ˆ

R ` 1

2

˙

´ s ą

ˆ

m

2

˙ˆ

n

2

˙

the JLV algorithm will not succeed, giving c ď 1{
?
2.

Here I emphasize the numerical experiments and a method of computer-aided proof (Section 3.4) I

developed which suggest that the true value is c “ 1{
?
2 and that the inverse of [24, Theorem 2.7] also holds

for generic subspaces. We highlight the open problem of proving this, which we state as Conjecture 3.4.1.

The improvement from c “ 1{4 “ 0.25 to, potentially, c “ 1{
?
2 « 0.71 represents a much wider range of

values for dimpUq, as a fraction of the ambient dimension mn. Conjecture 3.4.1 posits an exact formula

for the threshold, and we give an algorithm which will can give a computer-proof of this conjecture for any

particular value of m,n,R and s values or give evidence against the conjecture. Our code is freely available,

including an implementation of the JLV algorithm in Python.

3.1.2. Motivation and Applications. Aside from being a fundamental computational question in

linear algebra, the problem of finding planted rank-1 matrices in a subspace is also important from a machine

learning point of view, as it is a key subroutine in various tensor decomposition algorithms [43,47].

To illustrate our contributions to tensor decomposition, consider the (CP) decomposition problem for

an order-3 tensor T P Rn1ˆn2ˆn3 discussed in Section 2.2: given a tensor with a rank-R decomposition

T “
řR

`“1 a
` b b` b c` where the components a`, b`, c` are generically chosen vectors from Rn1 ,Rn2 ,Rn3

respectively, and pa b b b cqijk :“ aibjck, the goal is to recover the list of components up to inherent

ambiguities (permutation of rRs and scalar multiplication). The order-4 tensor decomposition problem is

analogous but for T P Rn1ˆn2ˆn3ˆn4 .

Building on [43], our improved algorithmic result for finding rank-1 matrices implies improved results for

polynomial-time tensor decomposition. Specifically, we can decompose generic order-4 nˆnˆnˆn tensors

up to rank R ď 1
2 pn ´ 2q2 for any n, allowing roughly twice as many components as the previous result

R ď 1
4 pn ´ 1q2 [43]. Further my computer-proof of Conjecture 3.4.1 for some values gives the improvement

R ď 1?
2
npn ´ 1q ` 1

2 for 2 ď n ď 15 and could in theory be run to attempt certification of this bound for

higher values of n. For order-3 n1 ˆ n2 ˆ n3 tensors that are unbalanced in the sense n3 ě n1n2{2, we

similarly obtain a factor-of-2 improvement from R ď 1
4 pn1 ´ 1qpn2 ´ 1q to R ď 1

2 pn1 ´ 1qpn2 ´ 2q. These

improvements follow directly by the ideas in [43, Section 6]. Specific cases where my program has certified

Conjecture 3.4.1 gives analogous improvements, see Table 3.1 for details.
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3.1.3. Related Work. The problem we study was first defined by JLV [43], but earlier precursors

considered various special cases and variations. For instance, the case s “ R is closely tied with the

celebrated FOOBI algorithm for order-4 tensor decomposition [25,26]. In Section III of [26] it is claimed

that this algorithm decomposes generic n ˆ n ˆ n ˆ n tensors of rank up to R ď 1
2npn ` 1q. However,

Appendix A of [43] points out an error in the proof and provides a correct proof under the weaker condition

R ď 1
4 pn ´ 1q2. Our improvement to R ď 1

2 pn ´ 2q2 discussed above recovers the original claim, to first

order. Some extensions of FOOBI include [41,52], but these do not improve the rank condition.

Another precursor to JLV is [19], which considers only the special case s “ 1 but generalizes it in a few

directions: the linear subspace can be replaced by an affine space, and the set of rank-1 matrices can be

replaced by rank-r matrices or tensors.

JLV was first to consider the full range 0 ď s ď R, and their result also allows the set of rank-1 matrices

to be replaced by an arbitrary affine cone.

In the special case s “ 0, some extensions to JLV have appeared. First, [16] gives an algorithm in

the case of smoothed (rather than generic) inputs, which amounts to giving a detailed analysis of noise-

robustness. Also, [28] analyzes higher levels of the Nullstellensatz hierarchy, showing that they succeed for

nearly full-dimensional subspaces. Generalizing these results to s ą 0 remains an interesting open problem.

There is a natural variation of our problem where m “ n and all the matrices are symmetric. The JLV

algorithm also applies here, but the bounds on its success are different from the non-symmetric case [43].

We cover this is situation in Section 3.5.

Our improvements to order-3 tensor decomposition apply to unbalanced tensors, e.g. of shape roughly

nˆnˆn2. For “square” nˆnˆn tensors, the classical simultaneous diagonalization method can decompose

generic tensors of rank up to R ď n [49]. Recent advances [44, 57] have culminated in an algorithm

approaching rank 2n [47]. This method uses JLV as a subroutine, but the factor 1{4 is not the bottleneck

in the analysis, so our result does not imply an improvement here.

Other algebraic methods for tensor decomposition were proposed prior to JLV, including [30,64] and

references therein. To our knowledge, these have not been proven to succeed on generic inputs.

Acknowledgments. We are thankful to Ben Lovitz and Aravindan Vijayaraghavan for helpful discus­

sions. In particular, Ben Lovitz pointed us to many relevant references, e.g., concerning the identifiability
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3.2. Setting and Results

Let us now formalize the basic computational question of interest. Throughout, we will work over a field

F which can be either R or C. Throughout this section, V “ Fmˆn is a vector space over the field F and

U Ď V is an R-dimensional subspace. We always assume m,n ě 2. A rank-1 matrix v P Fmˆn is one that

can be expressed as v “ xyJ for non-zero x P Fm, y P Fn. Equivalently, a matrix has rank at most 1 if and

only if all of its 2ˆ 2 minors vanish. So the set of rank-at-most-1 matrices can be expressed as the algebraic

variety

X1 “ tv P Fmˆn : fpvq “ 0 for all f P P u Ď V,

where

P “ tvabvcd ´ vadvcb : 1 ď a ă c ď m, 1 ď b ă d ď nu Ď Frvij : 1 ď i ď m, 1 ď j ď ns.

We assume U “ spantv1, . . . vs, vs`1, . . . , vRu, where we call v1, . . . , vs P X1 the planted matrices (which will

have rank 1) and vs`1, . . . , vR P V the non-planted matrices (which will have rank greater than 1). The

planted ones (i ď s) can be expressed as vi “ xipyiqJ for vectors xi P Fm, yi P Fn. For the non-planted

ones (i ą s), we write vi “ zi with zi P Fmˆn. We will assume the underlying vectors x, y, z are chosen

generically, in the following sense.

Definition 3.2.1. A property Q of vectors w P Fk is generic (or “holds generically” or “holds for a

generic choice of w”), if there is a nonidentically-zero polynomial p on Fk such that all vectors w P Fk with

ppwq ‰ 0 have the property Q.

This is a standard notion from algebraic geometry and it is well known that a generic property holds for

all but a measure-zero set of points w. In our case, w is the concatenation of all vectors x, y, z, and we will

aim to prove that our algorithm succeeds generically. We refer to

U “ spantv1, . . . , vs, vs`1, . . . , vRu “ spantx1py1qJ, . . . , xspysqJ, zs`1, . . . , zRu Ď Fmˆn

as a “generically chosen planted subspace with parameters 0 ď s ď R.” Generically, such a subspace has

dimension exactly R, as we see below.

Lemma 3.2.2. If U “ spantv1, . . . , vRu Ď Fmˆn is a generically chosen planted subspace with parameters

0 ď s ď R where R ď mn, then the elements v1, . . . , vR are linearly independent.
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This fact appears in [43] and holds more generally for an irreducible algebraic variety in place of the

rank-1 matrices.

Before stating our main results, we need to unpack some details of the JLV algorithm.

Toward this, for vectors u, u1 P V “ Fmˆn, we will denote the symmetrization of their tensor product as

u _ u1 :“ Sym2pu b u1q “
1

2
u b u1 `

1

2
u1 b u.

For a subspace U Ď V, we denote the space of such tensors by S2pUq “ spantu _ u1 : u, u1 P Uu. If U has

basis tu1, . . . , uku, then S2pUq has basis tui _ uj : 1 ď i ď j ď ku and thus has dimension
`

k`1
2

˘

.

A crucial step in the analysis of JLV is to establish

(3.1) S2pUq X IpX1qK
2 “ spantpv1qb2, . . . , pvsqb2u

As discussed in Example 2.4.5, the vectors Eabcd, which we now write Eabcd “ ~eab _ ~ecd ´ ~ead _ ~ecb, cut

out X1 in that xEabcd, v
b2y “ 0 if v P X1. Further, vectors of this type may be used to form a basis for

IpX1q2.

In our context then, the critical step in the analysis of JLV is to establish

(Goal) S2pUq X spantEabcduK “ spantpv1qb2, . . . , pvsqb2u,

where pa, b, c, dq ranges over 1 ď a ă c ď m and 1 ď b ă d ď n. Observe that we have the containment

“Ě” for free since pviqb2 “ vi _ vi P S2pUq and for i ď s, xpviqb2, Eabcdy “ 0 since v1, . . . , vs P X1, so

pviqb2 P spantEabcduK. Establishing the forward inclusion is the main challenge, which is the focus of

constructions in Section 3.3. The reason (Goal) is helpful is because the left-hand side is a subspace that the

algorithm can compute, which gives us access to the right-hand side. Given the right-hand side, JLV show

how to extract the desired solutions v1, . . . , vs, up to permutation and scalar multiple. This is captured by

the following fact.

Proposition 3.2.3 ([43]). There is a polynomial-time algorithm with the following guarantee. Given

as input spantpv1qb2, . . . , pvsqb2u where v1, . . . , vs P Fk are linearly independent vectors, the algorithm will

output some v̂1, . . . , v̂s P Fk for which there exists a permutation π of rss and non-zero scalars α1, . . . , αs

with v̂i “ αiv
πpiq for all i P rss.

Given a basis tP1, . . . , Psu for spantpv1qb2, . . . , pvsqb2u, the procedure for extracting v1, . . . , vs is Step 2

of Algorithm 1 in [43]. The procedure involves decomposing a particular tensor using the simultaneous
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diagonalization algorithm, and its correctness is justified in the proof of Corollary 16 in [43]. See also

Lemma 3.4 of [47].

In the case s “ 0, if (Goal) holds, i.e., if the left-hand side is t0u, this constitutes a certificate that U

contains no rank-1 matrices. This is captured by the following fact.

Proposition 3.2.4 ([43], Observation 11). If S2pUq X spantEabcduK “ t0u for 1 ď a ă c ď m and

1 ď b ă d ď n, then U X X1 “ t0u.

The proof is immediate from our discussion above: if there were a non-zero element v P U XX1 then vb2

would belong to both S2pUq and spantEabcduK.

We have now essentially described the JLV algorithm: given a basis tu1, . . . , uRu for U , it first computes

the left-hand side of (Goal) — making use of the basis tui _ uj : 1 ď i ď j ď Ru for S2pUq — and then

applies either Proposition 3.2.3 (s ą 0) or Proposition 3.2.4 (s “ 0) as appropriate. We now introduce two

results proved in the main arXiv paper.

Theorem 3.2.5 (Positive result [24]). If U “ spantv1, . . . , vRu Ď Fmˆn (recall F is R or C) is a

generically chosen planted subspace with parameters 0 ď s ď R where R ď 1
2 pm ´ 1qpn ´ 2q, then (Goal)

holds and furthermore the JLV algorithm [43, Algorithm 1] succeeds in recovering v1, . . . , vs up to permutation

and scalar multiple (in the sense of Proposition 3.2.3).

Proposition 3.2.6 (Negative result [24]). If U “ spantv1, . . . , vRu Ď Fmˆn is a generically chosen

planted subspace with parameters 0 ď s ď R where

(3.2)
ˆ

m

2

˙ˆ

n

2

˙

ă

ˆ

R ` 1

2

˙

´ s,

then (Goal) fails to hold and furthermore the JLV algorithm either outputs “Fail” or outputs a list of matrices

that is not equivalent to v1, . . . , vs via permutation and scalar multiple.

The negative result rules out perfect recovery, but this does not exclude the possibility of finding a

superset of matrices that includes all the planted ones. However, we do not think this possibility is realistic:

JLV has no reason to succeed without (Goal) because it will attempt to run a tensor decomposition algorithm

on a tensor that has no reason to have low enough rank. Numerical experiments in Section 3.4.4 reveal that

indeed, JLV appears to output “junk” unrelated to the planted matrices whenever (Goal) fails.
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3.3. Preliminaries and Perspective

Towards proving (Goal), we reformulate it via linear algebra and set up the necessary ingredients for

our computer-proof method.

3.3.1. A Linear Algebraic View. We start by considering a matrix towards proving the containment

“Ď” in (Goal).

Definition 3.3.1. Define a matrix M where the columns are indexed by

pi, jq P Ω :“ tpi, jq : 1 ď i ă j ď R or s ă i “ j ď Ru

and the rows are indexed by tuples pa, b, c, dq with 1 ď a ă c ď m, 1 ď b ă d ď n. We define the entries of

M by

Mabcd,ij :“ xEabcd, v
i _ vjy.

We will explicitly compute these entries soon. We now have the following lemma that gives a concrete

linear algebraic approach to prove (Goal).

Lemma 3.3.2. If M has full column rank, then (Goal) holds.

While not needed for our work, we note that the converse also holds, i.e., (Goal) is equivalent to M

having full column rank, as long as v1, . . . , vR are linearly independent.

Proof. We prove the contrapositive. Suppose (Goal) is not met, meaning

spantvi _ vju X spantEabcduK Ę spantpv1qb2, . . . , pvsqb2u.

Then there exist coefficients tαij : 1 ď i ď j ď Ru such that

(3.3)
ÿ

1ďiďjďR

αijv
i _ vj P spantEabcduKzspantpviqb2 : 1 ď i ď su.
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There must exist a pair pi, jq P Ω such that αij ‰ 0, since otherwise the left-hand side of (3.3) would lie in

spantpviqb2 : 1 ď i ď su. So for all 1 ď a ă c ď m and 1 ď b ă d ď n, we have

0 “

C

Eabcd,
ÿ

1ďiďjďR

αijv
i _ vj

G

“
ÿ

1ďiďs

αiixEabcd, v
i _ viy `

ÿ

pi,jqPΩ

αijxEabcd, v
i _ vjy

“
ÿ

pi,jqPΩ

αijMabcd,ij .

This shows there exists a non-zero α “ pαijqpi,jqPΩ such that Mα “ 0. �

Lemma 3.3.3. The entries of M are given by

Mabcd,ij “
1

2

´

viabv
j
cd ` vicdv

j
ab ´ viadv

j
cb ´ vicbv

j
ad

¯

for 1 ď a ă c ď m, 1 ď b ă d ď n, and pi, jq P Ω.

Proof. Using xa b b, c b dy “ xa, cyxb, dy, compute xa _ b, c _ dy “ 1
2 pxa, cyxb, dy ` xa, dyxb, cyq. Now

Mabcd,ij “ xEabcd, v
i _ vjy

“ xeab _ ecd ´ ead _ ecb, v
i _ vjy

“
1

2

´

xeab, v
iyxecd, v

jy ` xecd, v
iyxeab, v

jy ´ xead, v
iyxecb, v

jy ´ xecb, v
iyxead, v

jy

¯

“
1

2

´

viabv
j
cd ` vicdv

j
ab ´ viadv

j
cb ´ vicbv

j
ad

¯

,

as desired. �

We have now expressed the entries of M in terms of the v vectors. Recall that the v vectors can in turn

be expressed in terms of the underlying x, y, z vectors, namely:

v`αβ :“

$

’

’

&

’

’

%

x`
αy

`
β if 1 ď ` ď s,

z`αβ if s ă ` ď R.

This allows us to view M as a matrix of symbolic polynomials in the variables x, y, z.
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3.4. Conjecture and Supporting Results

3.4.1. Conjecture on the Exact Threshold. In Proposition 3.2.6, we gave a sufficient condition for

the JLV algorithm to fail. Numerical tests suggest that the JLV algorithm works right up until this breaking

point, leading to the following conjecture.

Conjecture 3.4.1. If U “ spantv1, . . . , vRu Ď Rmˆn is a generically chosen planted subspace with

parameters 0 ď s ď R where

(3.4)
ˆ

m

2

˙ˆ

n

2

˙

ě

ˆ

R ` 1

2

˙

´ s,

then (Goal) holds, and as a consequence the JLV algorithm succeeds.

The left-hand side of (3.4) counts the number of rows of the matrix M defined in the previous section,

and the right-hand side counts the number of columns of M . Therefore, (3.4) is the condition under which

M could plausibly have full column rank, which is equivalent to (Goal).

We work over the field F “ R in this section, but the same conclusions hold over C: since M is a symbolic

matrix of polynomials with real coefficients, it has the same rank over C as over R.

We remark that this conjecture is known to hold in the special case s “ 0 and mintm,nu “ 2 [28,

Theorem 1.10]. In fact, that result shows that for any subspace that avoids the rank-1 matrices (not just a

generic one), the Nullstellensatz hierarchy can certify this (which, recall, is the objective when s “ 0) at level

mintm,nu (which has polynomial time if mintm,nu is constant). We will provide computer-aided proof for

a finite set of new cases, by very different techniques.

In Section 3.2, we introduced the concept of genericity and demonstrated via Lemma 3.3.2 that (Goal)

will be a generic property of subspaces of a given type if it holds true. As such, we need only produce a

single subspace for which the matrix M defined in Section 3.3 has full column rank. We will term such

subspaces produced, witness subspaces or just witnesses since they “witness” the truth of the conjecture.

One can certify a subspace is a witness by computing some maximal minor (i.e., a subdeterminant involving

all columns) of the M matrix and verifying it is not zero. We call the value of such a non-zero maximal minor

(and the rows of M to which it corresponds) a certificate for the proof. In exact arithmetic, producing such a

single witness-certificate pair constitutes a computer-aided proof that (Goal) holds generically for a specific

choice of parameters m,n, s,R (since this implies that some maximal minor is non-zero as a polynomial).

Using this observation we have proven Conjecture 3.4.1 in 3703 specific cases.
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Theorem 3.4.2. For all choices of m,n ě 2 such that 1?
2
mn ď 60, Conjecture 3.4.1 holds for every s

and R satisfying the given inequality (3.4).

Theorem 3.4.3. For all choices of m,n ě 2 such that 1?
2
mn ď 120, Conjecture 3.4.1 holds whenever

s P t0, Ru and the given inequality (3.4) holds.

The values of m and n for which these theorems apply and additional relevant details appear in Table 3.1.

We produce witnesses which are particular subspaces spanned by integer-valued basis vectors and certificates

as described above, where the determinants are computed in modular arithmetic to verify non-singularity.

Further details are given in Section 3.4.3. Witness-certificate pairs are recorded in our supplemental material.

In addition, we have implemented the JLV algorithm in floating-point arithmetic to verify that it can

recover planted rank-1 matrices up to a small error attributable to floating-point precision loss. These tests

run quicker than our method for producing rigorous certificates, allowing us to run larger problem sizes and

give strong evidence for an additional 3289 cases of Conjecture 3.4.1. These data lead to the theorems below

marked with an asterisk (*). Since computations were done in floating-point arithmetic with possible loss of

precision, we have not rigorously proven that the M matrix is full-rank; however, we believe the experiments

justify the truth of these statements beyond a reasonable doubt.

Theorem* 3.4.4. For all choices of m,n ě 2 such that 1?
2
mn ď 80, Conjecture 3.4.1 holds for every s

and R satisfying the given inequality (3.4).

Theorem* 3.4.5. For all choices of m,n ě 2 such that 1?
2
mn ď 165, Conjecture 3.4.1 holds whenever

s P t0, Ru and the given inequality (3.4) holds.

These results are all summarized in Table 3.1, with a more in-depth discussion deferred to Section 3.4.4.

We also confirm that for R and s beyond the inequality given in Conjecture 3.4.1, the JLV algorithm fails

to recover any planted rank-1 matrices (or fails to certify there are no such matrices in the case s “ 0). This

too is discussed in Section 3.4.4.

3.4.2. Determining Boundary Cases. To describe the evidence we have for Conjecture 3.4.1, we first

give methods for determining the maximum subspace dimension R given m,n ě 2 and number of planted

rank-1 matrices s where 0 ď s ď R for which the condition of the conjecture will hold.
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mzn 2 3 4 5 6 7 8 9 10 11 12 13 14 15
2 2 3 4 5 6 7 8 9 10 11 12 13 14 15
3 3 4 6 8 10 11 13 15 16 18 20 22 23 25
4 4 6 9 11 13 16 18 21 23 26 28 31 33 36
5 5 8 11 14 17 21 24 27 30 33 36 40 43 46
6 6 10 13 17 21 25 29 33 37 41 45 48 52 56
7 7 11 16 21 25 30 34 39 43 48 53 57 62 66
8 8 13 18 24 29 34 40 45 50 56 61 66 71 77
9 9 15 21 27 33 39 45 51 57 63 69 75 81 87
10 10 16 23 30 37 43 50 57 64 70 77 84 91 97
11 11 18 26 33 41 48 56 63 70 78 85 93 100 107
12 12 20 28 36 45 53 61 69 77 85 93 101 110 118
13 13 22 31 40 48 57 66 75 84 93 101 110 119 128
14 14 23 33 43 52 62 71 81 91 100 110 119 129 138
15 15 25 36 46 56 66 77 87 97 107 118 128 138 148
16 16 27 38 49 60 71 82 93 104 115 126 137 148 159
17 17 29 40 52 64 76 87 99 111 122 134 146 157 169
18 18 30 43 55 68 80 93 105 117 130 142 154 167 179
19 19 32 45 58 72 85 98 111 124 137 150 163 176 190
20 20 34 48 62 76 89 103 117 131 145 158 172 186 200
21 21 36 50 65 79 94 108 123 137 152 166 181 196 210
22 22 37 53 68 83 99 114 129 144 159 175 190 205 220
23 23 39 55 71 87 103 119 135 151 167 183 199 215 231
24 24 41 58 74 91 108 124 141 158 174 191 208 224 241
25 25 42 60 77 95 112 130 147 164 182 199 216 234 251
26 26 44 62 81 99 117 135 153 171 189 207 225 243 261
27 27 46 65 84 103 121 140 159 178 196 215 234 253 271
28 28 48 67 87 106 126 145 165 184 204 223 243 262 282
29 29 49 70 90 110 131 151 171 191 211 232 252 272 292
30 30 51 72 93 114 135 156 177 198 219 240 261 281 302
31 31 53 75 96 118 140 161 183 205 226 248 269 291 312
32 32 55 77 100 122 144 167 189 211 234 256 278 300 323
33 33 56 80 103 126 149 172 195 218 241 264 287 310 333
34 34 58 82 106 130 154 177 201 225 248 272 296 320 343
35 35 60 85 109 134 158 183 207 231 256 280 305 329 353
36 36 61 87 112 137 163 188 213 238 263 288 313 339 364
37 37 63 89 115 141 167 193 219 245 271 297 322 348 374
38 38 65 92 119 145 172 198 225 252 278 305 331 358 384
39 39 67 94 122 149 176 204 231 258 286 313 340 367 394
40 40 68 97 125 153 181 209 237 265 293 321 349 377 405

Table 3.1. The value of Rmaxpm,nq for selected m and n. Grayed entries are redundant
since there is symmetry if we exchange the values of m and n. Cases for which we have
proved Conjecture 3.4.1 for all 0 ď s ď R (Theorem 3.4.2) are marked in blue , and cases
where we extended via strong numerical evidence (Theorem* 3.4.4) are marked in purple .
Cases where we have proof in the special cases s “ 0 and s “ R (Theorem 3.4.3) are
marked in magenta (also including the blue and purple regions), and these likewise extend
to orange via floating-point calculation (Theorem* 3.4.5). Not all cases in columns n “ 2

through 5 are listed due to limited space.
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Definition 3.4.6. The maximum value of R as a function of s (the number of planted rank-1 matrices)

for which (3.4) holds for given parameters m and n is

Rmaxpm,n; sq :“

[

c

1

2
mpm ´ 1qnpn ´ 1q `

1

4
` 2s ´

1

2

_

.

The requirement that s ď R implicitly determines the domain of Rmaxpm,n; sq. Further, Rmaxpm,n; sq

is an increasing function in s. Its minimum is then attained at s “ 0 and its maximum is attained for the

largest s in the domain of Rmaxpm,n; sq.

Definition 3.4.7. The maximum value of Rmaxpm,n; sq on its domain is

Rmaxpm,nq :“ max ts P Z` : s ď Rmaxpm,n; squ.

The possible values for s are t0, 1, . . . , Rmaxpm,nqu. The maximum value then occurs when s “ R and

we can solve (3.4) to find the explicit expression

Rmaxpm,nq “

[

c

1

2
mpm ´ 1qnpn ´ 1q `

1

4
`

1

2

_

.

Remark 3.4.8. Observe that Rmaxpm,nq is at most one larger than Rmaxpm,n; 0q. Since Rmaxpm,n; sq

is increasing and integer-valued, it has the form

Rmaxpm,n; sq “

$

’

’

&

’

’

%

Rmaxpm,nq ´ 1 0 ď s ă s˚

Rmaxpm,nq s˚ ď s ď Rmaxpm,nq

, s P t0, 1, 2, . . . , Rmaxpm,nqu

where s˚ P t0, 1, . . . , Rmaxu is some threshold depending on m and n. Hence, Rmaxpm,n; sq is almost a

constant function; however, if we want to ensure that (3.4) truly a sharp condition, we must account for the

maximum subspace dimension being slightly larger when there are enough planted rank-1 matrices.

In summary, for given m and n, the ps,Rq pairs satisfying (3.4) are those with s P t0, . . . , Rmaxpm,nqu

and R P ts, . . . , Rmaxpm,n; squ.

3.4.3. Computer-Aided Proofs. Computing a determinant in exact arithmetic may require imprac­

tical amounts of memory. Therefore, to construct our certificates, we will produce a subspace spanned by

integer-valued basis vectors such that some maximal minor of the matrix M has non-zero determinant as a

polynomial over the finite field Fp – Z{pZ for some prime number p. If the determinant is non-zero over

Fp it is also non-zero over R, hence our exact computations constitute proof of the conjecture for specific

problem sizes.
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3.4.3.1. Methods. Here we detail the constructions and computations we do to algorithmically prove

Conjecture 3.4.1 for a finite set of cases. Notice that for planted matrices of the form vi “ xibyi, i “ 1, . . . , s,

a necessary condition for identifiability of the planted matrices is that each set of factors txiusi“1 Ă Rm and

tyiu
s
i“1 Ă Rn must be pairwise linearly independent (i.e., no two vectors are scalar multiples). If, for example,

xi is a scalar multiple of xj then txi b yi ` αpxj b yjq : α P Ru will be an infinite family of rank-1 matrices

in the subspace U . A set of vectors drawn from an absolutely continuous distribution on Rd will be pairwise

linearly independent with probability one, but drawing vectors from Fd
p will potentially violate this with

high probability, depending on p, d and the method of sampling. Over Fd
p, there are exactly ppd ´ 1q{pp ´ 1q

pairwise linearly independent vectors. We chose p “ 997, which is large enough to ensure that pairwise

linearly independent sets exist for all values of m,n, s that we consider.

To produce a set of pairwise linearly independent vectors over Fd
p, we sample a vector uniformly at

random from Fd
p, but only add it to the set if it is not the zero vector or a multiple modulo p of a vector in

the current set. The process is repeated until the set contains s elements. It follows that txiusi“1 is uniformly

distributed on pFm
p qs conditional on being pairwise linearly independent. The same procedure is used to

generate tyiusi“1. The remaining matrices, tviuRi“s`1, we sample uniformly at random from Fmˆn
p . We will

see that this procedure successfully produces the witnesses we need, with high probability.

To determine whether the subspace constitutes a witness to the truth of Conjecture 3.4.1, we construct

the matrix M given at the beginning of Section 3.3 with computations done over Fp. To find a non-zero

maximal minor if one exists over Fp, we run Gauss–Jordan elimination in modular arithmetic on M with row

pivoting. By recording the locations of rows after elimination and pivoting, we may report which rows of the

M matrix correspond to the maximal minor. The product of terms on the diagonal modulo p after elimination

gives the value of the minor modulo p and either certifies that the subspace U “ spantv1, v2, . . . , vRu Ă Rmˆn

produces an M matrix of full rank if the minor is non-zero, or fails to certify that M has full rank. If

certification fails, we resample all matrix factors and matrices and proceed with a new subspace.

3.4.3.2. Results. We were able to produce pseudo-random witness subspaces on the first initialization

(pseudo-random seed set to 0) in all 3703 cases using a modulus of p “ 997. These certificates constitute

proof of Theorem 3.4.2 and Theorem 3.4.3. We note that it appears to be possible to generate witness

subspaces for any p provided there is a pairwise linearly independent set i.e., ppmintm,nu ´ 1q{pp ´ 1q ě s,

but such subspaces are more abundant for larger p.

3.4.4. Numerical Experiments. Over modular arithmetic we can certify that a subspace U produces

a non-singular M matrix, implying success of the JLV algorithm on generic inputs; however, we also aim to
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confirm numerically that the full JLV algorithm works correctly over R in recovering planted rank-1 matrices.

To verify this, we ran a number of computations in floating-point arithmetic and report the results here.

The routines employed to do linear algebra in floating-point arithmetic run much quicker than Gauss–Jordan

elimination, so we verified numerically that the JLV algorithm succeeds even in situations where we have not

produced a computer-aided proof of its correctness. This gives strong evidence for cases of the conjecture

indicated in Table 3.1 in purple and orange.

In addition to these checks, to understand the JLV algorithm’s failure modes, we ran the algorithm

on random subspaces beyond where (Goal) holds but where planted solutions are still identifiable (see Sec­

tion 3.1). For this, we tested all matrix shapes pm,nq with 2 ď m ď n and mn{
?
2 ă 60. For each matrix

shape pm,nq we tested cases with parameters s,R where 0 ď s ď Rmaxpm,nq ` 1 and R “ Rmaxpm,n, sq ` 1

as long as R ď pm ´ 1qpn ´ 1q, i.e. one over the conjectured bound but still generically identifiable. These

cases represent all choices of s,R that are the smallest that exceed the inequality (3.4) for given m and n.

3.4.4.1. Methods. For floating-point calculations we produce planted matrices vi “ xi b yi, i “ 1, . . . , s

where components xi and yi are generated as i.i.d. standard Gaussian random vectors in Rm and Rn respec­

tively. The additional non-planted matrices vi, s ă i ď R are generated as i.i.d. standard Gaussian matrices

in Rmˆn.

To perform a test, we used SVD to compute an orthonormal basis for the random subspace, which is used

as input to the JLV algorithm. An orthonormal basis is not required, but generally ensures that the rank-1

solutions are not basis elements and finding them cannot be done by inspecting individual basis elements.

As described in Proposition 3.2.3, the JLV algorithm outputs a set of recovered rank-1 matrices, tv̂iusi“1.

Our measure of success was a greedy matching error for the recovered planted matrices. Treating the

recovered rank-1 matrices tv̂iusi“1 and ground truth rank-1 matrices tviusi“1 as vectors in Rmn, perfect

recovery would mean there is a matching via permutation π : rss Ñ rss such that under the matching vectors

are co-linear, i.e.,
|xvi, v̂πpiqy|

}vi}2}v̂πpiq}2
“ 1, for all i P rss.

To measure deviations from perfect recovery, we perform a greedy matching to find π and then report a

worst-case matching error

(3.5) w “ 1 ´ min
iPrss

|xvi, v̂πpiqy|

}vi}2}v̂πpiq}2
,

which gives the largest deviation from co-linearity.
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We additionally wanted to understand the failure modes of the JLV algorithm, above the conjectured

bound. As noted after Proposition 3.2.3, extracting the planted rank-1 matrices v̂1, . . . , v̂s is achieved using

simultaneous diagonalization of a particular tensor. When the bound (3.4) does not hold, there is no reason

to believe that this tensor will be simultaneously diagonalizable but we wondered if the failure of (Goal) could

have a “perturbative” effect on this tensor or if it would be catastrophic to the recovery of the planted rank-1

matrices. To this end we modified the simultaneous diagonalization algorithm given in [43, Section 2.5] so

that in Step 3 when a set of eigenvalues cannot be matched, instead of outputting ‘Fail’ we run a greedy

matching procedure. Similarly, we replace Step 4 of their algorithm, which requires solving a linear system

exactly, by a linear least-squares method. These modifications result in a simultaneous diagonalization

algorithm robust to small perturbations of its inputs.

3.4.4.2. Results. In the 6992 cases we tested where (3.4) holds, we ran the JLV algorithm on randomly

generated subspaces and it successfully recovered the planted matrices with worst-case matching error (as

defined in (3.5)) no worse than 4.96ˆ 10´14 (or correctly determined that there were no planted matrices in

the case s “ 0). For the cases beyond where we have generated certificates using computations over finite

fields, these computations give overwhelming evidence (Theorem*s 3.4.4 and 3.4.5) that Conjecture 3.4.1

still holds in these cases. These cases appear as cells colored purple and orange in Table 3.1.

In the 2481 cases we tested where (3.4) does not hold, we found that the JLV algorithm fails. For those

cases with planted matrices (s ą 0), the worst-case matching error was always at least 0.042, corresponding

to an angular deviation of roughly 0.29 radians or 16.6 degrees. Furthermore, the average value (over the

2481 cases) of the worst-case matching error was 0.759. To understand how the JLV algorithm fails, recall

that JLV computes the subspace intersection S2pUq X spantEabcduK, and we know by Proposition 3.2.6 that

when (3.4) fails, this subspace must contain “spurious” vectors in addition to the desired solutions pviqb2.

We saw that these spurious vectors had a catastrophic effect on the subsequent application of simultaneous

diagonalization. Furthermore, we found that

dimpS2pUq X spantEabcduKq “

ˆ

R ` 1

2

˙

´

ˆ

m

2

˙ˆ

n

2

˙

ě s ` 1

for each case tested, meaning the bound (3.2) found in the proof of Proposition 3.2.6 held with equality.

For the cases where s “ 0, we know from Proposition 3.2.6 that S2pUq X spantEabcduK must be non-empty,

meaning JLV fails to certify, and our experiments confirmed this. Data and the programs written in Python

can be found in the following repository1 hosted on GitHub. See README.md for an explanation of the

programs and records provided.

1Full URL is: https://github.com/lemniscate8/linear-intersect-varieties
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3.5. Extension to Symmetric Matrices

Our work above considers subspaces U Ď Rmˆn of matrices; however, it is also natural to consider

subspaces of symmetric matrices U Ď S2pRmq Ă Rmˆm, and to search for planted symmetric rank-1 matrices

in such a subspace. As one motivation, this problem is a subroutine in symmetric tensor decomposition,

which arises when applying the method of moments.

First, we note that it is possible to define the space of symmetric rank-1 matrices in an identical manner

to rank-1 matrices, as the algebraic variety cut out by the vanishing of all 2-by-2 minors, but where the

ambient space is the space of symmetric matrices. The variety is then

X_
1 “ tv P S2pRmq : fpvq “ 0 for all f P P_u Ď S2pRmq,

where we identify the variables vij ” vji for all i, j P rms to define

P_ “ tvabvcd ´ vadvcb : 1 ď a ď b ď m, 1 ď c ď d ď mu

with P_ Ď Rrvij : 1 ď i ď j ď ms. Due to this identification, the set P_ as written contains polynomials

that are linearly dependent; the number of linearly independent polynomials for this variety is

ˆ

`

m`1
2

˘

` 1

2

˙

´

ˆ

m ` 3

4

˙

“
1

12
pm ` 1qm2pm ´ 1q.

Here, the first term is the dimension of the homogeneous degree-2 polynomials in variables vab, and the

subtrahend is the dimension of spantvb2 : v P X_
1 u – S4pRmq. See Section 4.4, for a more details on how to

find a basis for P_.

We construct a planted subspace as U “ spantv1, . . . , vs, vs`1, . . . , vRu Ď S2pRmq where v1, . . . , vs P X_
1

are the planted symmetric matrices and vs`1, . . . , vR P S2pRmq are the non-planted symmetric matrices. The

planted symmetric matrices may be expressed as vi “ xipxiqJ for vectors xi P Rm when i ď s. Viewing

the entries of the x vectors as symbolic variables, there are s ¨ m variables needed to express the planted

symmetric matrices. For the non-planted symmetric matrices, we take vi “ zi for symbolic z variables with

symmetry enforced: ziab “ ziba for all a, b P rms. Accounting for symmetry, there are pR´sq
`

m`1
2

˘

z-variables

in total. We concatenate the x and z variables into a single collection of symbolic variables, and assume

these are chosen generically in the sense of Definition 3.2.1. We refer to

U “ spantx1px1qJ, . . . , xspxsqJ, zs`1, . . . , zRu Ď S2pRmq
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as a “generically chosen planted subspace over the symmetric matrices with parameters 0 ď s ď R.” A

generic subspace of this type is not a generic instance of our original (non-symmetric) problem, so our

the combinatorial methods used to prove Theorem 3.2.5 are not immediately transferable to symmetric

subspaces.

The JLV algorithm can be applied to the setting of symmetric matrices, and there is a natural analogue

of (Goal) that implies its success, namely

(Goal_) S2pUq X spantEabcduK “ spantpv1qb2, . . . , pvsqb2u,

where 1 ď a ă c ď m and 1 ď b ă d ď m. From this, we can deduce a similar result to Proposition 3.2.6, a

negative result for subspaces over the symmetric matrices.

Proposition 3.5.1. If U “ spantv1, . . . , vRu Ď Rmˆm is a generically chosen planted subspace over the

symmetric matrices with parameters 0 ď s ď R where 1
12 pm ` 1qm2pm ´ 1q ă

`

R`1
2

˘

´ s, then (Goal_) fails

to hold.

Since s ď R, the condition above is implied by 1?
6
m2 `1 ă R. The proof of Proposition 3.5.1 is identical

in form to the proof of Theorem 3.2.6 but replacing (Goal) with (Goal_) and the relevant dimensions with

those appropriate to the symmetric case. We can produce a similar bound

(3.6) dim
`

S2pUq X spantEabcduK
˘

ě

ˆ

R ` 1

2

˙

´
1

12
pm ` 1qm2pm ´ 1q.

We now introduce a natural conjecture following similar principles to Conjecture 3.4.1.

Conjecture 3.5.2. If U Ď S2pRmq is a generically chosen planted subspace over the symmetric matrices

with parameters 0 ď s ď R, where s and R satisfy

(3.7) 1

12
pm ` 1qm2pm ´ 1q ě

ˆ

R ` 1

2

˙

´ s,

then (Goal_) holds, and as a consequence the JLV algorithm succeeds.

For large m, condition (3.7) gives R „ 1?
6
m2. To compare, Theorem 2 in [43] guarantees success of

the JLV algorithm when R ď 1
6mpm ´ 1q. Hence, proof of Conjecture 3.5.2 would indicate that the JLV

algorithm succeeds for subspaces considerably larger than previously shown (by a factor of roughly 2.5).

While we do not have a proof of this conjecture, we have analogous results to Theorems 3.4.2 and 3.4.3

that prove the conjecture in specific cases.
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m 2 3 4 5 6 7 8 9 10 11 12 13 14
R_

max 2 4 6 10 15 20 26 33 41 49 59 69 80

m 15 16 17 18 19 20 21 22 23 24 25 26 27
R_

max 92 104 118 132 147 163 180 197 216 235 255 276 297

Table 3.2. The value of R_
maxpmq for selected m. Cases for which we have proof of Con­

jecture 3.5.2 for all 0 ď s ď R are shown in blue and in magenta are cases for which
the conjecture is proved only in the specific cases of s “ 0 and s “ R, the latter having
implications for symmetric tensor decomposition.

Theorem 3.5.3. For all 2 ď m ď 14, Conjecture 3.5.2 holds for every s and R satisfying inequality (3.7).

Theorem 3.5.4. For all 2 ď m ď 21, Conjecture 3.5.2 holds when s “ 0 or s “ R and satisfy

inequality (3.7).

Similar to Definition 3.4.6 we give the boundaries for subspace dimension depending on the proportion

of planted rank-1 matrices.

Definition 3.5.5. The maximum subspace dimension R that fits the conditions of Conjecture 3.5.2 is

R_
maxpm; sq :“

[

c

1

6
pm ` 1qm2pm ´ 1q `

1

4
` 2s ´

1

2

_

.

Similarly, we define the maximum of possible value for R_
maxpm; sq any choice of s.

Definition 3.5.6.

R_
maxpmq :“ max ts P Z` : s ď R_

maxpm; squ.

Further, by similar reasoning to that in Section 3.4.2, it has the following form:

R_
maxpmq “

[

c

1

6
pm ` 1qm2pm ´ 1q `

1

4
`

1

2

_

.

3.5.0.1. Certificates and Numerical Experiments. We ran similar computations over a finite field to prove

Conjecture 3.5.2 for a range of matrix sizes. The main difference was that planted matrices took the form

vi “ xi b xi for i P rss. The set txiusi“1 was uniform on pFm
p qs conditional on being pairwise linearly

independent for exact computations, and txiusi“1 were independent standard Gaussian vectors in Rm for

floating-point computations. To produce additional basis elements from the space of symmetric matrices

we selected entries in the upper triangular portion of each vi, i “ s ` 1, . . . , R uniformly from Fp for exact

computations, and i.i.d. Gaussian for floating-point computations. We enforced the required symmetry by

assigning entries below the diagonal to the value of their counterparts above the diagonal.
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Findings were very similar to computations done in the previous sections. We produced certificates and

proved Conjecture 3.5.2 in all 441 cases we attempted (see Table 3.2). Additional numerical tests verified

that it was possible to recover the random planted symmetric rank-1 matrices via the JLV algorithm with

the worst of the worst-case matching error being 1.89 ˆ 10´15 (i.e. negligible error).

We also ran 414 tests over the bound (3.7), from m “ 2 to m “ 14 with parameters 0 ď s ď R_
maxpmq`1

and R “ R_
maxpmq`1 provided that R ď

`

m`1
2

˘

´m, i.e. dimension is one over the conjectured bound in (3.7)

but small enough that planted matrices will be identifiable. Among these tests, the worst-case matching

error was always at least 0.078 or an angular deviation of roughly 0.40 radians, indicating recovery was

generally unsuccessful when we planted matrices (s ą 0). Furthermore, the average value of the worst-case

matching error was 0.776. In addition, we found that

dimpS2pUq X spantEabcduKq “

ˆ

R ` 1

2

˙

´
1

12
pm ` 1qm2pm ´ 1q ě s ` 1

for every case tested, suggesting the bound in (3.6) holds with equality for generic subspaces.

3.6. Future Directions

A clear direction for future study to prove both Conjecture 3.4.1 and Conjecture 3.5.2 generally though

we note that the combinatorial techniques used to prove Proposition 3.2.5 seem to have reached their limit

in verifying c ě 1{2. We also only investigated the JLV algorithm for planted rank-1 matrices and rank-1

symmetric matrices. One could also use a similar dimension counting bound to conjecture a sharp threshold

for cutting out third-order tensors or indeed any Segre-Veronese variety (variety of rank-1 tensors with partial

symmetries). More challenging would be tightening the subspace dimension bound [43, Theorem 2] further

up the Nullstellensatz hierarchy for rank-1 (symmetric) matrices.

Open question: can dimension counting predict sharp bounds on the success of the JLV

algorithm when cutting out higher order rank-1 tensors? What about higher up the Null­

stellensatz hierarchy?
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CHAPTER 4

Tensor Formats, Symmetrized Kronecker Products and

Symmetric Lifts

In this Chapter I introduce some of the core concepts developed to support work in Chapter 5. First,

I define a symmetrized version of the Kronecker product and prove that it obeys retains many desirable

properties had by the usual Kronecker product. I defined symmetrized Kronecker products of vectors and

matrices in a uniform way and which avoids storing redundant entries. The product also obeys a symmetrized

form of the mixed product rule which aids in analyzing linear functions acting on spaces of symmetric tensors

and determining rank of these functions. I also show that with respect to the Deshowitz-Manna ordering

on multisets, the symmetric product of upper-triangular matrices remain upper-triangular and that under

certain conditions the symmetric product of matrices with orthogonal (or unitary) columns produces a matrix

with orthogonal (or unitary) columns. This material is taken from the arXiv preprint [67] and was work

done by this author under the guidance of Alexander Wein. See Section 1.2 for further details. Finally, I

recast some derivations from Chapter 2 with a better handle on symmetries and find a basis for the degree-2

homogeneous polynomials that cut out rank-1 tensors with arbitrary symmetries across modes which appears

as part of my implementation of the JLV algorithm in Python.

4.1. Symmetric Tensors in an Irredundant Format

A symmetric tensor in SkpKnq Ă pKnqbk (or the symmetrization of a vector with tensor product struc­

ture) may have many redundant entries. We will describe such tensors and linear maps from SkpKnq to

another symmetric space in a concise manner by specifying a canonical basis for SkpKnq and identifying

elements by their coordinate vectors in this subspace. Since the indices of a k-order symmetric tensor is

invariant under the action of Sk we can think of entries such a tensor as being indexed by multisets of k

elements. We will disambiguate between sets and multisets reserving the traditional curly braces for sets,

e.g. t1, 2, 3u is a set, and using the “bag” notation for multisets, e.g. H1, 2, 2I is a multiset. We will use the

notation
`̀

n
k

˘̆

to mean “n multi-choose k” where

´́ n

k

¯̄

“

ˆ

n ` k ´ 1

k

˙
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and counts the number of k-element multisets of rns. For a set S, use
´́

S
k

¯̄

to denote the set of k-element

multi-sets of S. Finally, for a k-element multiset K, we will use multipKq to indicate the multiset of

multiplicities of the elements in K. For example, multipH1, 1, 2, 2, 3, 4, 4, 4Iq “ H1, 2, 2, 3I. In conjunction

with the notation that
ˆ

n

m1,m2, . . . ,mk

˙

“
n!

m1!m2! ¨ ¨ ¨mk!

we may count the number of distinct arrangements of a multiset K into a |K|-tuple via
`

|K|

multipKq

˘

.

For each multiset Hj1, j2, . . . , jkI of rns, define the vector

(4.1) ~sj1j2...jk :“
wHj1,j2,...,jkI

k!

ÿ

σPSk

~ejσp1q
b ~ejσp2q

b ¨ ¨ ¨ b ~ejσpkq
P SkpKnq

where

(4.2) wHj1,j2,...,jkI :“

d

ˆ

k

multipHj1, j2, . . . , jkIq

˙

.

Lemma 4.1.1. The set Sk,n “ t~sj1j2...jk : 1 ď j1 ď . . . ,ď jk ď nu is an orthonormal basis for SkpKnq.

Proof. Since there are
`̀

n
k

˘̆

-many such vectors in Sk,n and dimSkpKnq “
`̀

n
k

˘̆

, verifying the set is

orthonormal imply they are indeed an orthonormal basis for SkpKnq. Using the fact that xu1 b ¨ ¨ ¨ buk, v1 b

¨ ¨ ¨ b vky “
śk

j“1xuj , vjy, we may write

x~sj1...jk , ~sj1
1...j

1
k
y “

wHj1,...,jkIwHj1
1,...,j

1
kI

pk!q2

ÿ

σPSk

ÿ

τPSk

k
ź

i“1

x~ejσpiq
, ~ej1

τpiq
y.

We may apply a form of re-indexing where we write τ “ ρ˝σ for a unique ρ P Sk in the inner sum. Reordering

the product by σ´1 eliminates the dependence on σ so that

x~sj1...jk , ~sj1
1...j

1
k
y “

wHj1,...,jkIwHj1
1,...,j

1
kI

pk!q2

ÿ

σPSk

ÿ

ρPSk

k
ź

i“1

x~eji , ~ej1
ρpiq

y “
wHj1,...,jkIwHj1

1,...,j
1
kI

k!

ÿ

ρPSk

k
ź

i“1

x~eji , ~ej1
ρpiq

y.

For this expression to be non-zero, each inner product must be non-zero. This requires there be a permutation

sending the elements of pj1, . . . , jkq to pj1
1, . . . , j

1
kq. This only holds if Hj1, . . . , jkI “ Hj1

1, . . . , j
1
kI. So when

Hj1, . . . , jkI ‰ Hj1
1, . . . , j

1
kI, x~sj1...jk , ~sj1

1...j
1
k
y “ 0. Next,

}~sj1...jk}2 “
w2

Hj1,...,jkI

k!

ÿ

ρPSk

k
ź

i“1

x~eji , ~ejρpiq
y.

The sum then counts the number of permutations that keep the sequence j1, . . . , jk the same. Since
w2

Hj1,...,jkI

k!

is the reciprocal of this quantity (see (4.2)), }~eHj1,...,jkI}2 = 1. �

38



We will define pKnqfk to be the space of coordinate vectors of SkpKnq in the basis Sk,n i.e. the vector of

coefficients when writing a symmetric tensor as a sum of basis elements. A vector in pKnqfk then has
`̀

n
k

˘̆

entries which we index using k-element multisets of rns identifying standard basis vectors by the notation

~eHj1,...,jkI, for j1, . . . , jk P rns. One can then identify this space with K
`̀ n
k

˘̆

by forgetting our special indexing

structure and sending ~eM to the vector ~ej where j is the position of M in the some total order on k-element

multisets of rns. The symbol “f” will be used to indicate these symmetrized products.

Definition 4.1.2. We define a symmetrized Kronecker product of vectors u1, u2, . . . , uk P Kn, denoted

u1 f u2 f ¨ ¨ ¨ f uk P pKnqfk, as the coordinate-vector of Symkpu1 b u2 b ¨ ¨ ¨ b ukq in Sn,k. Entry-wise,

(4.3) pu1 f u2 f ¨ ¨ ¨ f ukqrHj1, j2, . . . , jkIs :“
wHj1,j2,...,jkI

k!

ÿ

σPSk

u1rjσp1qsu2rjσp2qs ¨ ¨ ¨ukrjσpkqs.

We may express the standard basis on pKnqfk using the standard basis in Kn and our symmetrized

product as follows

(4.4) ~eHj1,...,jkI :“ wHj1,...,jkIp~ej1 f ¨ ¨ ¨ f ~ejkq.

If x, y P pKnqfk then

xx, yy “
ÿ

1ďj1ď¨¨¨ďjkďn

xrHj1, . . . , jkIsyrHj1, . . . , jkIs

gives the inner product on pKnqfk.

The primary advantage of working over pKnqfk is that the storing symmetric tensors as elements in

pKnqbk requires an array of size nk while de-duplicating entries in this manner requires
`̀

n
k

˘̆

« 1
k!n

k entries

which represents significant less storage for higher order tensors. Further, in this format, symmetry cannot

be degraded by issues of numerical precision since we do not have duplicated entries which can accumulate

different errors.

Lemma 4.1.3. For vectors u1, . . . , uk, v1, . . . , vk P Kn, Symk as given in (2.5) and our inner product on

pKnqfk, our symmetrized Kronecker product satisfies

xu1 f u2 f ¨ ¨ ¨ f uk, v1 f v2 f ¨ ¨ ¨ f vky “ xSymkpu1 b u2 b ¨ ¨ ¨ b ukq,Symkpv1 b v2 b ¨ ¨ ¨ b vkqy.

Proof. We use Definition 4.1.2 for the symmetrized Kronecker product to expand,

xu1f¨ ¨ ¨fuk, v1f¨ ¨ ¨fvky “
ÿ

1ďj1ď¨¨¨ďjkďn

w2
Hj1,...,jkI

pk!q2

˜

ÿ

σPSk

u1rjσp1qs ¨ ¨ ¨ukrjσpkqs

¸ ˜

ÿ

σPSk

v1rjσp1qs ¨ ¨ ¨ vkrjσpkqs

¸

.

39



Next, notice that w2
Hj1,...,jkI counts the number of unique permutations of the multiset Hj1, . . . , jkI. We could

instead write the sum indexed by all k-tuples in rnsk giving

ÿ

j1,j2...,jkPrns

˜

1

k!

ÿ

σPSk

u1rjσp1qs ¨ ¨ ¨ukrjσpkqs

¸ ˜

1

k!

ÿ

σPSk

v1rjσp1qs ¨ ¨ ¨ vkrjσpkqs

¸

.

Finally, we may rewrite the two sums as entries of Kronecker products

ÿ

j1,j2...,jkPrns

˜

1

k!

ÿ

σPSk

pu1 b ¨ ¨ ¨ b ukqrpjσp1q, . . . , jσpkqqs

¸ ˜

1

k!

ÿ

σPSk

pv1 b ¨ ¨ ¨ b vkqrpjσp1q, . . . , jσpkqqs

¸

,

which then is the inner product of symmetric projections,

xSymkpu1 b u2 b ¨ ¨ ¨ b ukq,Symkpv1 b v2 b ¨ ¨ ¨ b vkqy. �

Corollary 4.1.4. For vectors u1, . . . , uk, v1, . . . , vk P Kn, and the inner product on pKnqfk,

xu1 f u2 f ¨ ¨ ¨ f uk, v1 f v2 f ¨ ¨ ¨ f vky “
1

k!

ÿ

σPSk

k
ź

i“1

xui, vσpiqy.

Proof Sketch. If one applies the Lemma 4.1.3 and uses the same simplifications seen in the proof

Lemma 4.1.1 this formula is not hard to check. �

4.2. Linear Maps between Symmetric Tensor Spaces

We may now identify linear operators A : SkpKmq Ñ SkpKnq by identifying A as an
`̀

m
k

˘̆

ˆ
`̀

n
k

˘̆

matrix

with entries in K. We can construct such operators by defining a symmetric product on matrices.

Definition 4.2.1 (Symmetrized Kronecker products). For matrices A1, A2, . . . , Ak P Kmˆn define a

fully symmetrized Kronecker product of these matrices, denoted A1 f A2 f ¨ ¨ ¨ f Ak P K
`̀ m

k

˘̆

ˆ
`̀ n
k

˘̆

, entry-wise

by

(4.5)

pA1 f A2 f ¨ ¨ ¨ f AkqrHj1, j2, . . . , jkI, Hj1
1, j

1
2, . . . , j

1
kIs :“

wHj1,j2,...,jkIwHj1
1,j

1
2,...,j

1
kI

pk!q2

ÿ

σPSk

ÿ

τPSk

k
ź

i“1

Airjσpiq, j
1
τpiqs,

where Hj1, j2, . . . , jkI is a k-element multiset of rms and Hj1
1, j

1
2, . . . , j

1
kI is a k-element multiset of rns.

Lemma 4.2.2. The fully symmetrized Kronecker product may be equivalently defined, using Defini­

tion 4.1.2 for the symmetric Kronecker product of vectors, either row-wise by

(4.6) pA1 fA2 f ¨ ¨ ¨ fAkqrHj1, j2, . . . , jkI, :s “
wHj1,j2,...,jkI

k!

ÿ

σPSk

A1rjσp1q, :s fA2rjσp2q, :s f ¨ ¨ ¨ fAkrjσpkq, :s
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for any Hj1, j2, . . . , jkI a k-element multiset of rms, or column-wise by

(4.7) pA1 f A2 f ¨ ¨ ¨ f Akqr:, Hj1
1, j

1
2, . . . , j

1
kIs “

wHj1
1,j

1
2,...,j

1
kI

k!

ÿ

τPSk

A1r:, j1
τp1qs f A2r:, j1

τp2qs f ¨ ¨ ¨ f Akr:, j1
τpkqs

for any Hj1
1, j

1
2, . . . , j

1
kI a k-element multiset of rns.

Proof. We will expand (4.6) and (4.7) to show that produces the same entry-wise expression as Defi­

nition 4.2.1.

Indexing into the summand of (4.6) — reproduced here:

pA1 f A2 f ¨ ¨ ¨ f AkqrHj1, j2, . . . , jkI, :s “
wHj1,...,jkI

k!

ÿ

σPSk

A1rjσp1q, :s f A2rjσp2q, :s f ¨ ¨ ¨ f Akrjσpkq, :s,

— by a multiset Hj1
1, j

1
2, . . . , j

1
kI of rns and expanding by Definition (4.3) gives

pA1rjσp1q, :s f A2rjσp2q, :s f ¨ ¨ ¨ f Akrjσpkq, :sqrHj1
1, j

1
2, . . . , j

1
kIs “

wHj1
1,...,j

1
kI

k!

ÿ

τPSk

K
ź

i“1

Airjσpiq, jτpiqs.

Substitution into (4.6) and rearranging sums and terms yields

pA1 f A2 f ¨ ¨ ¨ f AkqrHj1, j2, . . . , jkI, Hj1
1, j

1
2, . . . , j

1
kIs “

wHj1,...,jkIwHj1
1,...,j

1
kI

pk!q2

ÿ

σPSk

ÿ

τPSk

k
ź

i“1

Airjσpiq, j
1
τpiqs

which is exactly Definition 4.2.1.

Next, indexing into the summand of the (4.7) — reproduced here:

(4.8) pA1 f A2 f ¨ ¨ ¨ f Akqr:, Hj1
1, j

1
2, . . . , j

1
kIs “

wHj1
1,...,j

1
kI

k!

ÿ

τPSk

A1r:, j1
τp1qs f A2r:, j1

τp2qs f ¨ ¨ ¨ f Akr:, j1
τpkqs

— by a multiset tj1, j2, . . . , jku of rms and expanding by Definition (4.3) is essentially the same process and

gives

pA1r:, σpj1
1qs f A2r:, σpj1

2qs f ¨ ¨ ¨ f Akr:, σpj1
kqsqrtj1, j2, . . . , jkus “

wHj1,...,jkI

k!

ÿ

τPSk

K
ź

i“1

Airjσpiq, j
1
τpiqs.

Substitution into (4.7), rearranging sums and terms also yields

pA1 f A2 f ¨ ¨ ¨ f AkqrHj1, j2, . . . , jkI, Hj1
1, j

1
2, . . . , j

1
kIs “

wHj1,...,jkIwHj1
1,...,j

1
kI

pk!q2

ÿ

σPSk

ÿ

τPSk

k
ź

i“1

Airjσpiq, j
1
τpiqs. �

If A1 “ A2 “ ¨ ¨ ¨ “ Ak “ A, then we may call Afk the k-th order symmetric lift of the matrix A. Next,

our symmetrized Kronecker product obeys a symmetrized version of the mixed-product rule.
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Lemma 4.2.3 (Symmetrized mixed-product rule). For matrices A1, A2, . . . , Ak P Kmˆp and matrices

B1, B2, . . . , Bk P Kpˆn,

pA1 f A2 f ¨ ¨ ¨ f AkqpB1 f B2 f ¨ ¨ ¨ f Bkq “
1

k!

ÿ

ρPSk

pA1Bρp1qq f pA2Bρp2qq f ¨ ¨ ¨ f pAkBρpkqq.

Proof. We will show the expressions are equivalent. Let Hj1, . . . , jkI be a multiset of rms and let

Hj1
1, . . . , j

1
kI be a multiset of rns. We may write an entry of matrix multiplication pA1f¨ ¨ ¨fAkqpB1f¨ ¨ ¨fBkq

as an inner product of the conjugate-transpose of a row of pA1 f ¨ ¨ ¨ f Akq and a column of pB1 f ¨ ¨ ¨ f Bkq

with expressions given by Lemma 4.2.2:

pA1 f ¨ ¨ ¨ f AkqpB1 f ¨ ¨ ¨ f BkqrHj1, . . . , jkI, Hj1
1, . . . , j

1
kIs

“
wHj1,...,jkIwHj1

1,...,j
1
kI

pk!q2

˜

ÿ

σPSk

A1rjσp1q, :s f ¨ ¨ ¨ f Akrjσpkq, :s

¸ ˜

ÿ

τPSk

B1r:, j1
τp1qs f ¨ ¨ ¨ f Bkr:, j1

τpkqs

¸

“
wHj1,...,jkIwHj1

1,...,j
1
kI

pk!q2

ÿ

σPSk

ÿ

τPSk

`

A1rjσp1q, :s f ¨ ¨ ¨ f Akrjσpkq, :s
˘

´

B1r:, j1
τp1qs f ¨ ¨ ¨ f Bkr:, j1

τpkqs

¯

“
wHj1,...,jkIwHj1

1,...,j
1
kI

pk!q2

ÿ

σPSk

ÿ

τPSk

xpA1rjσp1q, :s f ¨ ¨ ¨ f Akrjσpkq, :sq
˚, B1r:, j1

τp1qs f ¨ ¨ ¨ f Bkr:, j1
τpkqsy.

Applying Corollary 4.1.4 gives

“
wHj1,...,jkIwHj1

1,...,j
1
kI

pk!q2

ÿ

σPSk

ÿ

τPSk

1

k!

ÿ

ρPSk

xpAirjσpiq, :sq
˚, Bρpiqr:, j1

τpiqsy

“
1

k!

ÿ

ρPSk

wHj1,...,jkIwHj1
1,...,j

1
kI

pk!q2

ÿ

σPSk

ÿ

τPSk

pAiBρpiqqrjσpiq, j
1
τpiqs

“
1

k!

ÿ

ρPSk

´

pA1Bρp1qq f pA2Bρp2qq f ¨ ¨ ¨ f pAkBρpkqq

¯

rHj1, . . . , jkI, Hj1
1, . . . , j

1
kIs

where the last line follows from Definition 4.2.1 of the symmetric matrix product. �

In the case of k-th order symmetric lifts, the symmetrized Kronecker product obeys a the mixed-product

rule just like the usual Kronecker product.

Corollary 4.2.4. For A P Kmˆp and B P Kpˆn

pABqfk “ AfkBfk.

This follows directly from Lemma 4.2.3.
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Next, we will give another very useful property of symmetric lifts. To do this, where as previously it did

not matter the exact order on the multiset used to index our symmetrized products (provide such an order

is used consistently), we will now define a particular total order on multisets.

Definition 4.2.5 (Dershowitz–Manna (DM) ordering [29]). For two multisets M and M 1 of rns, we

say that M 1 ă M when there are two multisets X,Y such that

(i) H ‰ X Ď M ,

(ii) M 1 “ pMzXq Y Y ,

(iii) and for every x P X there is a y P Y so that x ą y.

Next, we say that a matrix R P Kmˆn is upper triangular if m ě n (upper trapezoidal if m ă n) if

Rrj, ks “ 0 for j P rms, k P rns whenever j ą k.

Lemma 4.2.6. When R P Kmˆn is upper triangular (upper trappezoidal), Rfk is upper triangular (upper

trappezoidal) with respect to the DM order on its entries in rows and columns i.e.

RfkrHj1, . . . , jkI, Hj1
1, . . . , j

1
kIs “ 0 when Hj1, . . . , jkI ą Hj1

1, . . . , j
1
kI.

Proof. Expanding entries in Rfk by Definition 4.2.1 gives

pRfkqrHj1, j2, . . . , jkI, Hj1
1, j

1
2, . . . , j

1
kIs “

wHj1,...,jkIwHj1
1,...,j

1
kI

pk!q2

ÿ

σPSk

ÿ

τPSk

k
ź

i“1

Rrjσpiq, j
1
τpiqs.

We may simplify by re-indexing permutation to get

pRfkqrHj1, j2, . . . , jkI, Hj1
1, j

1
2, . . . , j

1
kIs “

wHj1,...,jkIwHj1
1,...,j

1
kI

k!

ÿ

σPSk

k
ź

i“1

Rrji, j
1
σpiqs.

Now if M “ Hj1, j2, . . . , jkI and M 1 “ Hj1
1, j

1
2, . . . , j

1
kI we will show that pRfkqrM,M 1s “ 0 whenever M ą M 1

by contraposition. Suppose that pRfkqrM,M 1s ‰ 0 for some k-element multisets M and M 1 of rds. If this

entry is non-zero then there must exists a permutation σ P Sk such that for every i P rks, ji ě j1
σpiq so that

the product
śk

i“1 Rrji, j
1
σpiqs is non-zero. Now set S “ ti P rks : ji ą j1

σpiqu. If S “ H then M “ M 1.

Supposing that S is non-empty, set X “ Hji P M : i P SI and Y “ Hj1
σpiq P M : i P SI. We then have that

X Ď M , X ‰ H and M 1 “ pMzXq Y Y by construction. Further, by our assumption on σ, for any x P X

there is a y P Y so that x ą y. By Definition 4.2.5, we have M ă M 1. Since either M “ M 1 or M ă M 1,

M č M 1. It follows that when M ą M 1, pRfkqrM,M 1s “ 0 and Rfk is upper triangular. �

We also note that lifting orthonormal bases produces orthonormal bases in our de-duplicated format.
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Lemma 4.2.7. For Q P Kmˆn, m ě n, if Q has orthonormal (K “ R) or unitary (K “ C) columns then

so does Qfk.

Proof. We will show that pQfkq˚Qfk “ I by expanding its entries. By matrix multiplication and the

column-wise definition of the symmetric lift given by Lemma 4.2.2,

ppQfkq˚QfkqrHj1, . . . , jkI, Hj1
1, . . . , j

1
kIs “ xwHj1,...,jkIQ

fkr:, Hj1, . . . , jkIs, wHj1
1,...,j

1
kIQ

fkr:, Hj1
1, . . . , j

1
kIsy.

Next, using Corollary 4.1.4 this inner product becomes

wHj1,...,jkIwHj1
1,...,j

1
kI

k!

ÿ

σPSk

k
ź

i“1

xQr:, jis, Qr:, j1
σpiqsy “

wHj1,...,jkIwHj1
1,...,j

1
kI

k!

ÿ

σPSk

k
ź

i“1

$

’

’

&

’

’

%

1 ji “ j1
σpiq,

0 otherwise,

where the piecewise expression follows from Q having orthonormal columns. Now this expression can only be

non-zero if Hj1, . . . , jkI “ Hj1
1, . . . , j

1
kI, otherwise for any permutation at least one i P rks will have ji “ j1

σpiq.

In the case that Hj1, . . . , jkI “ Hj1
1, . . . , j

1
kI,

w2
Hj1,...,jkI

k!

ÿ

σPSk

$

’

’

&

’

’

%

1 pj1, j2, . . . , jkq “ pjσp1q, jσp2q, . . . , jσpkqq,

0 otherwise.

Now, the sum counts how many permutations of the multiset will remain unchanged if we fix an ordering.

But this is exactly
ś

mPmultiptj1,...,jkuq m! which cancels with components of the weight w2
Hj1,...,jkI. As a result

when Hj1, . . . , jkI “ Hj1
1, . . . , j

1
kI this simplifies to 1 and

ppQfkq˚QfkqrHj1, . . . , jkI, Hj1
1, . . . , j

1
kIs “

$

’

’

&

’

’

%

1 Hj1, . . . , jkI “ Hj1
1, . . . , j

1
kI,

0 otherwise.

This is the identity matrix of size
`̀

n
k

˘̆

so Qfk has orthonormal columns. �

Lemma 4.2.7 shows that if we need an orthonormal basis over a symmetric space, we may first find an

orthonormal a basis by Gram-Schmidt or QR factorization, then create a symmetric lift rather than running

these procedures on the lifted
`̀

m
k

˘̆

ˆ
`̀

n
k

˘̆

matrix, which may be quite large.

Lemma 4.2.8. If A P Kmˆn with m ě n has linearly independent columns, then so does Afk.

Proof. Since A has linearly independent columns, it has a thin-QR decomposition A “ QR where Q

has orthonormal columns and R is a full-rank upper triangular matrix, i.e. Rrj, j1s “ 0 when j ą j1. Without

loss of generality we may assume R has positive real entries along its diagonal, Rrj, js ą 0 for j P rns, since
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since A has full rank. By Corollary 4.2.4 we have that Afk “ QfkRfk. Lemma 4.2.7 shows that Qfk is

orthonormal and Lemma 4.2.6 shows Rfk is upper triangular so we need only to show Rfk is full-rank. If

we examine the diagonal of Rfk, by Definition 4.2.1

pRfkqrHj1, . . . , jkI, Hj1, . . . , jkIs “
w2

Hj1,...,jkI

k!

ÿ

σPSk

k
ź

i“1

Rrji, jσpiqs.

For a given σ P Sk, we must have that ji ď jσpiq otherwise the product inside the sum above is zero. This can

only occur for permutations that keep the sequence j1, . . . , jk unchanged. As previously noted the number

of such permutations is the reciprocal of
w2

Hj1,...,jkI

k! so

pRfkqrHj1, . . . , jkI, Hj1, . . . , jkIs “

k
ź

i“1

Rrji, jis ą 0

since R has positive diagonal elements. Hence, Rfk has full rank too. Then QfkRfk is a QR-decomposition

of Afk and it follows that if A has linearly independent columns then so does Afk. �

4.3. Tensors with Partial Symmetries.

Next, we say that a tensor in the space pKn1qfk1 b pKn2qfk2 b ¨ ¨ ¨ b pKnLqfkL has L different partial-

symmetries along its modes. The order of a tensor is this space is k1 ` k2 ` ¨ ¨ ¨ ` kL. We define the standard

basis for this space indexed by an L-tuple of multisets Mi “ Hji1, ji2, . . . jiki
I for i “ 1, 2, . . . , L,

~epM1,M2,...,MLq :“ ~eM1 b ~eM2 b ¨ ¨ ¨ b ~eML
.

Warning: The symmetrized Kronecker product we define is not associative, for example note that pwfxqf

pyfzq ‰ wfxfyfz since these objects belong to spaces of order-4 tensors with different sets of symmetries

enforced along the modes. Specifically, pw f xq f py f zq P
`

pKnqf2
˘f2

– Km where m “
`pn`1

2 q`1
2

˘

whereas

w f x f y f z P pKnqf4 – Kk where k “
`

n`3
4

˘

.

4.3.1. Matricization from an irredundant format. While the vectors in K
`̀ n
k

˘̆

are a convenient

way of storing the entries of a symmetric tensor without redundancy, to use the multilinear structure of one,

one must convert the tensor back to a matrix. First, if v P pKnqf2 and gives the coordinates of a symmetric

matrix in our canonical basis, we define the matricization entry-wise by

(4.9) matricizepvqrj1, j2s :“
1

wHj1,j2I
vrHj1, j2Is, j1, j2 P rns.
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More generally for ` ď k, matricize` : pKnqfk ÞÑ pKnqf` b pKnqfk´` reshapes a symmetric tensor T to a

matrix via

matricize`pT qrM,Ks :“
wMwK

wMYK
T rM Y Ks

where M is an `-element multiset of rns and K is a pk ´ `q-element multiset of rns. This particular matrix is

`-th catalecticant matrix of v expressed in the coordinate bases S`,n and Sk´`,n defined in Lemma 4.1.1 for

the row space and column space respectively.

Finally, to convert T P pKn1qfk1 b pKn2qfk2 b ¨ ¨ ¨ b pKnLqfkL to one without explicit symmetries in

pKn1qbk1 b pKn2qbk2 b ¨ ¨ ¨ b pKnLqbkL , we can define the decompression by

(4.10) decompresspT qrj11 , j
1
2 , . . . , j

1
k1
, . . . , jL1 , j

L
2 , . . . , j

L
kL

s :“
T rHj11 , j12 , . . . , j1k1

I, . . . , HjL1 , jL2 , . . . , jLkL
Is

wHj11 ,j
1
2 ,...,j

1
k1

I ¨ ¨ ¨wHjL1 ,jL2 ,...,jLkL
I

.

where for ` P rLs and k P rk`s, j`k P rn`s are indices.

4.4. Efficiently Cutting Out a Segre-Veronese Variety

In this section, we define the Segre-Veronese varieties. These conic varieties contains the rank-1 tensors

with partial symmetries along modes and understanding their algebra is critical for understanding some

methods in tensor decomposition. Generating the ideal for this variety is well understood from a theoretical

perspective, see[15]. However, in this section we will examine how one might construct a basis of degree

two determinant-like polynomials which span the vector space of degree two polynomials cutting out these

varieties. Such a construction is advantageous since it may be represented very sparsely.

In Section 2.4, we determined a basis for IpX1q2, defined in (2.10). By Lemma 4.1.3 we can recast (2.11)

to an inner product in pKmˆnqf2 since

MabcdpXq “ x~eab f ~ebc ´ ~ead f ~ecb, X
f2y “

B

~eHab,cdI

wHab,cdI
´

~eHad,cbI

wHad,cbI
, Xf2

F

.

Since a ă c and b ă d, wHab,cdI “ wHad,cbI “
?
2 and the vectors associated to each minor in our de-duplicated

symmetric tensor format is simply the difference of two standard basis vectors

(4.11) Fabcd :“
1

?
2

`

~eHab,cdI ´ ~eHad,cbI
˘

P pKmˆnqf2.

We this we can see that a basis for IpX1q such that each vector is the difference of two standard basis vector,

appropriately weighted.
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4.4.1. Symmetric Rank-1 Matrices. Next, if we identify S2pKmq with pKmqf2 we may define the

variety of rank-at-most-1 symmetric matrices as the set

X_
1 “ tuf2 : u P Kmu Ď pKmqf2.

Example 4.4.1 (The variety of rank-at-most-1 symmetric matrices). For any matrix X P pKmqf2 stored

in our irredundant format, note that XrHa, bIs “ wHa,bImatricizepXqra, bs. Using the (2.10) the 2-minors of

X in this case then have the form

MabcdpmatricizepXqq “
XrHa, bIs

wHa,bI
¨
XrHc, dIs

wHc,dI
´

XrHa, dIs

wHa,dI
¨
XrHc, bIs

wHc,bI

for a, b, c, d P rms. Next, observe that x~eHa,bI, Xy “ XrHa, bIs. Without matricization, we can compute these

minors by taking inner products against the vectors

(4.12) E_
abcd :“

1

wHHa,bI,Hc,dIIwHa,bIwHc,dI
~eHHa,bI,Hc,dII ´

1

wHHa,dI,Hc,bIIwHa,dIwHc,bI
~eHHa,dI,Hc,bII

so that xE_
abcd, X

f2y “ 0 if X P pKmqf2 has the form X “ uf2 for some u P Km.

Some other facts that are helpful: spantpuf2qf2 : u P Kmu – spantuf4 : u P Kmu – S4pKmq. One can

see this easily using the natural injection xf2 ÞÑ xb2 and the associativity of repeated Kronecker products.

Next, IpX_
1 qK “ spantpuf2qf2 : u P Knu so dim IpX_

1 qK “
`̀

m
4

˘̆

and

dim IpX_
1 q “

ˆ̂

`̀

m
2

˘̆

2

˙̇

´

´́ m

4

¯̄

“
1

12
pm ` 1qm2pm ´ 1q.

Lemma 4.4.2. For the variety of symmetric rank-1 m ˆ m matrices X_
1 , the set of vectors tE_

abcd : 1 ď

a ă c ď m, 1 ď b ă d ď m and a ď b and c ď du is a basis for IpX1q2 when considering it to be a subspace of

ppKmqf2qf2 by identifying monomials with the symmetrized Kronecker products of standard basis elements.

Proof. First, note the extra conditions that a ď b and c ď d as compared to Lemma 2.4.6. We proceed

with three main steps. First, we show that spanpE_
abcdq Ď I2pX_

1 q. Second, we show that the number of

elements in the set is equal to dim I2pX_
1 q. Third, we show that the set of vectors tE_

abcdu is a linearly

independent set. Together these three ensure the desired result.

First, suppose that x P Km. Then x~eHabI, x
f2y “ xf2rHa, bIs “ wHa,bIxrasxrbs. It follows that for any

a, b, c, d P rms,

xE_
abcd, pxf2qf2y “

xf2rHa, bIsxf2rHc, dIs

wHa,bIwHc,dI
´

xf2rHa, dIsxf2rHc, bIs

wHa,dIwHc,bI
“ xrasxrbsxrcsxrds ´ xrasxrdsxrcsxrbs “ 0
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so E_
abcd P IpX_

1 q2.

Next, we need to count the number of unique values of pa, b, c, dq satisfying 1 ď a ă c ď m, 1 ď b ă d ď m

and a ď b and c ď d. Define TRpa, bq “ tpc, dq : 1 ď c ď d ď m, a ă c and b ă du to be the set of possible

values of c and d given a ď b. This set are the integer coordinates within the trapezoid with corners

pa` 1, b` 1q, pa` 1,mq, pm,mq and pb` 1, b` 1q. This degenerates to a triangle when b “ a. The mutually

exclusive conditions c ă b ` 1 or c ě b ` 1 split this into a rectangle of width pm ´ bq and height pb ´ aq and

triangle with a base pm´ bq integer points. It follows that |TRpa, bq| “ pm´ bqpb´ aq ` 1
2 pm´ b` 1qpm´ bq.

The number of E_
abcd vectors is then

m
ÿ

b“1

b
ÿ

a“1

|TRpa, bq| “

m
ÿ

b“1

b
ÿ

a“1

pm ´ bqpb ´ aq `
1

2
pm ´ b ` 1qpm ´ bq “

1

12
pm ` 1qm2pm ´ 1q

which matches dim IpX_
1 q.

Finally, we will show that these vectors are linearly independent. Note that if Ha, b, c, dI ‰ Ha1, b1, c1, d1I

then xE_
abcd, E

_
a1b1c1d1 y “ 0. Hence we may partition E :“ tE_

abcd : 1 ď a ă c ď m, 1 ď b ă d ď m and a ď

b and c ď du into
ğ

Ha,b,c,dI

tE_
a1b1c1d1 P E : Ha, b, c, dI “ Ha1, b1, c1, d1Iu

loooooooooooooooooooooooooomoooooooooooooooooooooooooon

“:Eabcd

Now E_
abcd P Eabcd implies a ă c, b ă d, a ď b and c ď d. If a “ b or c “ d, then E_

abcd is the only element (a

singleton) of Eabcd. If a ă b and c ă d then E_
acbd P Eabcd as well. However, comparing the vector E_

abcd to

E_
abcd in (4.12), one can see that these are not scalar multiples of the same vector. It follows that they are

linearly independent and that spanpEq “
À

Ha,b,c,dI spanpEabcdq. �

4.4.2. Segre-Veronese Varieties. A tensor with L partial symmetries T P pKn1qfk1 b pKn2qfk2 b

¨ ¨ ¨ b pKnLqfkL , is rank-1 if there are non-zero vectors uj P Knj for j P rLs such that

T “ pu1qfk1 b pu2qfk2 b ¨ ¨ ¨ b puLqfkL .

The set of such tensor (plus the zero tensor) form a Segre-Veronese variety which we denote SVn,k where

n “ pn1, . . . , nLq and k “ pk1, . . . , kLq. Our main goal in this section is to show how in compressed format

we may cut out SVn,k by degree-2 homogeneous polynomials which may computed via xEV,V 1 , Tf2y where

EV,V 1 :“
~eV
wV

´
~eV 1

wV 1

P ppKn1qfk1 b ¨ ¨ ¨ b pKnLqfkLqf2

and V, V 1 are somewhat complicated indexing objects and wV and wV 1 are weights associated with these

objects. Eliding details about these objects for the time being, the power of this analysis arises when we
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identify the objects as V and V 1 as vertices of a graph and EV,V 1 as an edge. At the end we will have an

efficient method for constructing a basis for IpSVn,kq2 e.g. for use in the JLV algorithm.

We will now dive into the weeds to describe the objects and graph structure resulting. Symbolically, we

can denote each entries of T in our irredundant format by T rM1,M2, . . . ,MLs where each M j is a kj-element

multiset of rnjs for each j P rLs. Bernardi [15, Theorem 3.11] shows that polynomials of the form (2.13) will

still generate IpSVn,kq. In the following, we represent these polynomials in the particular basis we use for

tensors with partial symmetries.

Lemma 4.4.3. Set

V “ HpM1, . . . ,MLq, pN1, . . . , NLqI

with of Mj and Nj each being kj-element multisets of rnjs for each j P rLs. For any ` P rLs, if possible pick

x P M` and y P N` such that y ‰ x. Define new multisets M 1
`, N

1
` by swapping x and y: M 1

` “ pM`ztxuqYtyu

and N 1
` “ pN`ztyuq Y txu. Set V 1 “ HppM1, . . . ,M

1
`, . . . ,MLq.pN1, . . . , N

1
`, . . . NLqqI. Further, define a weight

for V by

(4.13) wV :“ wHpM1,...,MLq,pN1,...,NLqI

L
ź

j“1

pwMjwNj q

and a weight for V 1, denoted wV 1 , by the same principle. It follows that

(4.14) EV,V 1 :“
~eV
wV

´
~eV 1

wV 1

P ppKn1qfk1 b ¨ ¨ ¨ b pKnLqfkLqf2

is a non-zero vector such that xEV,V 1 , Tf2y “ 0 when T P SVn,k.

If V and V 1 are related in that we can produce V 1 from V (or vice versa) using the procedure of swapping

two elements described in Lemma 4.4.3 then we will say that “V and V 1 are related by an exchange.”

Ultimately, the methodology for deriving this structure follows very similarly to that of Example 4.4.1 in the

broad stokes that we can start with the polynomials from (2.13) which should be understood as a polynomial

on entries of the decompression of T when T has symmetries. Using the relationship to the compressed form

given in (4.10) one naturally arrives at the structures and weights described.

Proof of Lemma 4.4.3. First, the vector is non-trivial since the condition x ‰ y ensures V1 ‰ V2 and

so ~eV1 ‰ ~eV2 and EV1,V2 . Second, assuming T “ pu1qfk1 b pu2qfk2 b ¨ ¨ ¨ b puLqfkL , it is tedious but not

challenging to determine that xEV1,V2
, Tf2y “ 0 in an analogous manner to that shown in the start of the

proof of Lemma 4.4.2. �
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Now define the graph Gn,k “ pV, Eq with the set of vertices V being all by two-element multisets of tuples

of multisets (see Lemma 4.4.3) and a set of edges E such that pV, V 1q P E when V and V 1 are related by an

exchange. We can consider the edges of this graph to be undirected since if pV, V 1q P E then pV 1, V q P E .

First, some graph terminology:

‚ A subgraph F of a graph G is a graph that contains a subset of the G’s vertex set and edge sets.

‚ A path is a sequence of vertices V1, V2, . . . , Vm such that pVj , Vj`1q P E .

‚ Two vertices are connected if there is a path between them (and G is connected if every two vertices

in V are connected).

‚ A cycle is a path V1, V2, . . . , Vm which also has that pVm, V1q P E .

‚ A tree is a connected graph with no cycles.

‚ A forest is the disjoint union of multiple trees.

‚ A leaf of a tree is a vertex connected to only one vertex.

‚ A spanning forest of G is subgraph of G which is a forest and contains every vertex of G.

We have three observations:

Observation 4.4.4. For V “ HpM1, . . . ,MLq, pN1, . . . , NLqI and V 1 “ HpM 1
1, . . . ,M

1
Lq, pN 1

1, . . . , N
1
LqI if

there is any ` P rLs so that M` Y N` ‰ M 1
` Y N 1

` then V and V 1 cannot be related by an exchange.

Observation 4.4.5. For V “ HpM1, . . . ,MLq, pN1, . . . , NLqI and V 1 “ HpM 1
1, . . . ,M

1
Lq, pN 1

1, . . . , N
1
LqI if

M` YN` “ M 1
` YN 1

` for each ` P rLs then there is a sequence of edges in Gn,k from V to V 1. Hence Gn,k has
´

śL
j“1

´́

nj

2kj

¯̄ ¯

-many connected components.

Observation 4.4.6. If V1, V2, . . . , Vm form a cycle in Gn,k (i.e. pVj , Vj`1q P E for j P rm ´ 1s and

pVm, V1q P E). Then

EV1,V2 ` EV2,V3 ` ¨ ¨ ¨ ` EVm´1,Vm ` EVm,V1 “ ~0

and the set of vectors tEV1,V2 , . . . EVm´1,Vm , EVm,V1u is linearly dependent.

Combining these three observations we have a nice result.

Proposition 4.4.7. Given Gn,k “ pV, Eq let F “ pV, F q be any spanning forest on Gn,k, then the set

tEV,V 1 : pV, V 1q P F u is a basis for IpSVn,kq2.

Proof. Suppose that pV, V 1q P E but pV, V 1q R F . By Observation 4.4.5, there is a path between V and

V 1 in Gn,k. Further, since the trees in F span G there is a path with edges in F between V and V 1. So
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EV,V 1 P spantEV1,V2 : pV1, V2q P F u. It then follows that

spantEV,V 1 : pV, V 1q P F u “ tEV1,V2 : pV, V 1q P Eu “ IpSVn,kq2.

Next, we need show that this set is a basis for the space. Suppose that there are coefficients cV,V 1

associated to each edge pV, V 1q P F so that

(4.15)
ÿ

pV,V 1qPF

cV,V 1EV,V 1 “ ~0 P ppKn1qfk1 b ¨ ¨ ¨ b pKnLqfkLqf2.

We will show that every cV,V 1 “ 0 from which which if follows that tEV1,V2
: pV1, V2q P F u is a basis for

IpSVn,kq2. Now F must have at least one tree and that tree must have at least one leaf, call this V`. Since

V` is a leaf of a tree in F , it is only connected to one vertex, call this V`1 . Since V` is a leaf the only vector

in (4.15) with ~eV`
in its support is EV`,V`1 . It follows, the only way the sum in (4.15) can be the zero vector

is if the coefficient cV`,V`1 “ 0. Since the coefficient is zero we could remove V` from V and pV`, V`1 q from

F to produce a new smaller spanning forest. If the tree was the single edge pV`, V`1 q we also eliminate V`1

from the graph. Since the original forest has a finite number of trees with a finite number of vertices we

can apply this logic to deduce that every cV,V 1 for pV, V 1q P E is zero, so tEV1,V2
: pV, V 1q P F u is a basis for

IpSVn,kq2. �

In conjunction with Observation 4.4.5, Proposition 4.4.7 gives an algorithm to efficiently find the a basis

for IpSVn,kq2.

Algorithm 1 Find the a basis for IpSVn,kq2 where n “ pn1, . . . , nLq and k “ pk1, . . . , kLq.

1: Let F “ H

2: for pG1, G2, . . . , GLq P

´́

rn1s

2k1

¯̄

ˆ

´́

rn2s

2k2

¯̄

ˆ ¨ ¨ ¨ ˆ

´́

rnLs

2kL

¯̄

do
3: Pick any Vr “ HpM1, . . . ,MLq, pN1, . . . , NLqI such that Mj Y Nj “ Gj for each j P rLs.
4: Build a breadth first spanning tree T “ pV, Eq Ď Gn,k starting from vertex Vr.
5: Add each of EV,V 1 as defined in Lemma 4.4.3 for pV, V 1q P E to F .
6: return F

This procedure outlined in Algorithm 1 is implemented in Python and can be found in the following

repository1 hosted on GitHub. The relevant file is titled segre_veronese_ideal_generation.py.

1Full URL is: https://github.com/lemniscate8/linear-intersect-varieties
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CHAPTER 5

Beyond Frequency Marching: Orbit Recovery in Dihedral and

Projected Multireference Alignment

5.1. Introduction

In the multireference alignment (MRA) problem [3,8,10,56], we are given samples of the form

(5.1) yi “ Ri ¨ x ` σξi P Rd, i “ 1, . . . , N

where

‚ x P Rd is a “signal” we aim to recover;

‚ Ri is an element of the cyclic group Cd “ tR0, R1, . . . , Rd´1u drawn independently and uniformly

at random;

‚ the cyclic group acts on Rd via cyclic shifts, so R` ¨ x denotes the vector x with entries cycled to

the right by an offset of `;

‚ ξi „ N p0, Iq is Gaussian noise;

‚ σ ą 0 is the noise level, which determines the signal-to-noise ratio SNR :“ 1{σ2.

Given samples tyiu
N
i“1, the goal is to recover x. However, x is only identifiable up to cyclic shift, that is, we

aim to recover the orbit of x under the group action of cyclic shifts, tR` ¨ x : ` “ 0, 1, . . . , d ´ 1u.

MRA is one canonical example of a task within the class of orbit recovery problems [7], where the

observed samples are affected by some group action. These problems have a variety of practical motivations,

including the reconstruction of 3-dimensional molecular structure from cryogenic electron microscopy (cryo-

EM) images. In cryo-EM, individual particles are frozen in a thin layer of ice through which images are

taken by a scanning electron microscope. Particle orientations are random relative to the viewing plane.

While random rotations may be considered nuisance parameters due to these rotations, we can only hope

to recover a 3D structure up to a 3D rotation i.e., the structure’s orbit under the action of SOp3q. Two

added complexities are that the images are tomographic projections of a 3D electro-static potential function

onto a 2D imaging plane, and low amounts of radiation must be used to avoid damage and motion blur

from melting ice, leading to noisy images. The tomographic projection results in additional ambiguity since
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particles of different chirality will have the same distribution of projections. With projection, one can only

hope to recover structure up to handed-ness, or equivalently, up to the action of Op3q. See [35] for a historical

narrative of cryo-EM’s experimental development and [63] for a more detailed discussion of the mathematical

details we mention here.

Collecting useful experimental cryo-EM data requires considerable expertise, but even after successful

data collection, the mathematics of structure determination as a non-linear inverse problem is highly non-

trivial. Orbit recovery in the mathematical models like that those in [63] is far from solved. The MRA

problem provides a toy model which captures some key features of the cryo-EM problem, including a phase

transition first observed empirically by Sigworth [60] and later proven [3,10,56] in which the reconstruction

error scales as 1{SNR3 in the high-noise regime. However, the MRA model simplifies several aspects present

in cryo-EM since the action of cyclic shifts is diagonalizable while the action of SOp3q is not. In addition,

in cryo-EM the tomographic projection operation has a non-trivial kernel so that each sample only contains

partial information about the object even when σ “ 0.

We study two different multi-reference alignment (MRA) variants which aim to introduce these challenges

to the MRA model. The first variant is dihedral multi-reference alignment (dMRA) [13,31] where samples

are drawn from

(5.2) yi “ gi ¨ x ` σξi, i “ 1, . . . , N

where (5.2) modifies (5.1) in that gi is an element of dihedral group Dd “ tR0, . . . , Rd´1, JR0, . . . , JRd´1u

drawn independently and uniformly at random. Here, J acts by reversing the order of entries in the vector.

The distribution of the samples tyuNi“1 is invariant if we exchange x for any g ¨ x with g P Dd so we can only

expect to recover x up to its Dd-orbit.

The second variant, a version of which was introduced in [7, Section 4.4.1], is projected multi-reference

alignment (pMRA)

(5.3) yi “ ΠpRi ¨ xq ` σξi, i “ 1, . . . , N

where we modify (5.1) by fixing x P R2d X spanpr1,´1, 1, . . . ,´1sJqK and using the projection operation

Π : R2d Ñ Rd given by

(5.4) pΠxqrjs “ xrjs ` xr2d ´ 1 ´ js, j “ 1, 2, . . . , d.
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We call the application of Π “projection” since it could be considered a discretization of the tomographic

projection operation. In this context, we can think of entries of x as giving the density for patches of a

thin-shell object. Projection then has the effect of summing two entries when they align on an imaging

axis (see Figure 5.1). An effect of the projection operation is that we can only hope to recover x up to

Figure 5.1. A visualization of the sampling procedure in the pMRA model as tomographic
projection of some thin-shell 2D discretized object.

its D2d-orbit instead of its C2d-orbit. In fact, the model is unchanged if our group were dihedral instead of

cyclic. The condition that the signal is orthogonal to p1,´1, 1, . . . ,´1qJ ensures the problem is well-posed

since the vector p1,´1, 1, . . . ,´1qJ lies in the kernel of Π ˝ g for every g P D2d. This vector represents the

highest frequency component present in the signal, so excluding this component amounts to a “smoothness’

assumption on the signal. Projection has been a key difficulty in extending methods developed for orbit

recovery for the MRA model to a model of cryo-EM [50]. Projection has also been shown to cause issues

with methods such as maximum likelihood estimation (MLE) when the probability distribution on group

actions is misspecified [68].

Method of moments/invariants. In this work, we focus on the high noise regime where σ is much

larger than a typical entry of x. The strategy of synchronization [9,61,62] uses comparisons between samples

to label each with a unique group action (up to a global action), after which samples with the same label

may be averaged to reduce noise. In the high noise regime, we cannot hope to estimate the group element

associated with each sample by pairwise or even n-way comparisons [4]. Instead, one can aim to estimate

features of the sample distribution that are invariant under the group action and then use these features

to recover the signal’s orbit under the group action. We use moment tensors of (the signal part of) the

sample distribution which are one class of invariant features (capturing all the polynomial invariants). These
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moments are given by

(5.5) T
prq

G,P pxq :“ E
g„UnifpGq

rpP pg ¨ xqqbrs

where in the dMRA model G “ Dd and P “ I, and in the pMRA model G “ C2d and P “ Π. Whenever

P is omitted in the subscript, it is assumed to be the identity P “ I. Each T
prq

G,P pxq is an order-r tensor

where each entry of the tensor is a homogeneous degree-r G-invariant polynomial of x. Each entry of the

r-th order moment may be estimated to an accuracy δ with high probability using Opσ2r logpd{δqq samples

[7, Proposition 6.7] using the empirical moments 1
N

ř

i y
br
i and some post-processing steps to remove bias

caused by noise. Since the number of samples needed grows exponentially in the order of the tensor we wish

to estimate, one might hope that for small R the tensors tT
prq

G,P pxquRr“1 separate the G-orbits of x, i.e., contain

enough information to identify the orbit of x. Unfortunately, even for the original MRA model this does not

hold; there exist signals x P Rd that will require up to the d-th moment to separate orbits (see [10] for this

result in a continuous MRA model and a similar analysis in [56] for the discrete MRA model). However, the

signals of this type have Lebesgue measure zero. If we are satisfied with recovering “most” signals, we can

instead ask how many moments are needed to uniquely identify the G-orbit for a generic signal, meaning

we exclude some measure-zero set of “bad” signals (see Definition 5.1.1 for the formal definition). It has

been shown in the MRA model that the first and second moment tensors are not sufficient to identify the

orbit of x, but the third moment tensor separates the orbits of a generic signals. As a result, the sample

complexity of MRA scales like Θpσ6q in the high-noise limit (where throughout this discussion we will ignore

the logarithmic dependence on other parameters such as dimension and accuracy) [3,10,56]. Further, there

is a fast algorithm to recover the orbit from the third moment tensor [56]. Beyond MRA, for more general

orbit recovery problems, Θpσ2rq samples are both necessary and sufficient, information-theoretically, where

r is the number of moments needed to uniquely identify the signal [7].

Both the models we study are strictly harder than the original MRA model in the sense that the invariant

tensors in the dMRA and pMRA models have entries which are linear combination of the entries found in

the MRA invariant tensors; hence, one obtains less information from these tensors. One therefore needs

at least three moments to achieve orbit recovery in both the pMRA and dMRA models. Recently, Edidin

and Katz [31] proved that the first three moments do indeed separate generic Dd-orbits1 so the sample

complexity of dihedral MRA is Θpσ6q. However, the proof method does not result in a computationally

efficient algorithm to recover the orbit. For the pMRA model, even less was known prior to our work:

1When we say that certain moments “separate generic orbits” we mean that for a generic x, the only vectors y that share the
same moments as x are the elements of x’s orbit.

55



Bandeira et al. showed that for a similar model [7, Problem 4.7] — in which projection is defined for odd-

length signals — the system of polynomials defined by the first three moment tensors will have a finite

number of solutions for problems of dimension 3 to 21, but again this does not yield an efficient algorithm

for recovery.

In a more general setting that includes cryo-EM, we note that Balanov, Bendory, and Edidin [5] have

shown that for an unknown n-dimensional object, the r-th moment of tomographic projection onto an m-

dimension subspace determines the r-th moment of the un-projected object provided that m ě r, leading to

an algorithm that recovers certain un-projected moments from their projected counterparts. However, this

does not handle the important case of r “ 3 and m “ 2 in cryo-EM, and does not seem to apply in the

models we study here.

Our perspective. We work towards finding a polynomial-time algorithm that can provably recover

orbits for generic signals in the dihedral and projected MRA models. In this work we suppose that we have

access to exact third order moments T p3q

Dd
pxq or T p3q

C2d,Π
pxq, and we assume linear-algebraic computations can

be done in exact arithmetic. While questions of robustness and noise stability are pertinent (e.g. [50]),

we leave this direction for future work. We insist on using only moments of order ď 3 (and in fact the

third moment alone will be enough for our purposes) in order to achieve optimal sample complexity in the

high-noise limit.

Known algorithms and their limitations. From an algebraic perspective, the entries of T prq

G,P pxq

are degree-r homogeneous polynomials in the entries of the vector x, so orbit recovery may be achieved by

solving a polynomial system of equations. In principle, the solutions may be found by computing a Gröbner

basis with an ordering on the monomials to allow for elimination. In practice, this method is not efficient,

and the worst-case time complexity of Gröbner basis computation is doubly exponential in the dimension d.

We briefly detail two approaches developed in prior work on the MRA model that motivate our approach.

First, frequency marching may be used to achieve orbit recovery in the original MRA model [36, 53]

and in cryogenic electron tomography (cryo-ET) [7,50] — i.e., “unprojected” cryo-EM with 3-dimensional

observations rather than 2-dimensional projections — using the first three moments of the sample distri­

bution. In both models, the second moment determines the magnitudes of the Fourier or Fourier–Bessel

coefficients, also called the power spectrum. To recover phases of these coefficients, the third moment of the

distribution may be used to set up a linear system of equations modulo 2π for the coefficients’ phases. The

phases of coefficients may then be solved for sequentially, in a procedure called frequency marching referring

to the fact that one initializes a phase for the first Fourier coefficient (corresponding to a low frequency
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component of signal) then then uses relationships between phases to determine phases of subsequent Fourier

coefficients (higher frequencies). Bendory et al. [12] give a version of frequency marching for the MRA

problem and compare its performance to a number of other algorithms. Liu and Moitra [50] modify the

frequency marching procedure to achieve SOp3q-orbit recovery in cryo-ET in quasipolynomial time.

However, Edidin and Katz [31] showed that adapting the frequency marching method to dihedral MRA,

one can only determine each linear equation needed to march frequencies up to an unknown sign. The

ambiguity in sign leads to a combinatorial explosion in which there are exponentially many linear systems,

only one of which is guaranteed to have the true x as a solution. While in theory solving the right system

recovers the orbit, the runtime of enumerating all systems is impractical.

Second, tensor decomposition methods have been shown to achieve orbit recovery in the MRA model

[56]. For x P Rd the third moment tensor takes the form

T
p3q

Cd
pxq “

d´1
ÿ

`“0

pR`xqb3,

which is the sum of d different d ˆ d ˆ d rank-1 tensors. Unlike a matrix factorization, the factorization

of a tensor into its rank-1 summands (called its canonical polyadic (CP) decomposition) does not require

the component vectors to be orthogonal for a unique decomposition [48]. Perry et al. [56] showed that

simultaneous diagonalization, a classical tensor decomposition algorithm, may be used to factor the third

moment in a robust way to recover the components tR`xu
d´1
`“0 . Crucially, simultaneous diagonalization

requires the rank (number of rank-1 summands to recover) to be no larger than the dimension — in the case

of MRA, this holds with equality. However, the third moments arising from the models we study take the

form

T
p3q

Dd
pxq “

ÿ

gPDd

pg ¨ xqb3 and T
p3q

C2d,Π
pxq “

ÿ

gPC2d

pΠpg ¨ xqqb3.

Each is the sum of 2d different d ˆ d ˆ d rank-1 tensors, which is more components than simultaneous

diagonalization can handle. The best known methods for generic tensor decomposition can reach a rank of

p2 ´ εqd [47] (see also [22,45,57]), which barely falls short of our 2d. This means we cannot use known

tensor methods “out of the box” and must take advantage of the special structure in our tensors to when

devising an efficient algorithm.

We also note that methods for fourth-order tensor decomposition can handle significantly more compo­

nents, namely Θpd2q [26,41,43,52]. However, estimating the fourth moment requires sub-optimal sample

complexity, so our focus in this work is on methods that only use the third moment and below.
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Our contributions. Our main results partially resolve the open problem of orbit recovery in the

dihedral and projected MRA models.

We first formally define the algebraic idea of generic vectors.

Definition 5.1.1. A property Q is said to “hold generically” for vectors v P Km (or to “hold for generic

choice of” v P Km) if there is a non-zero polynomial p on Km such that when ppvq ‰ 0, v has property Q.

Next, are results are as follows:

Theorem 5.1.2 (Dihedral MRA). Let d “ 2k, for k ě 2 and suppose a particular symbolic matrix

M “ Mpdq (see (5.41)) has full column-rank. Then there is a polynomial-time procedure that, for generic

x P R2d, takes as input the exact third moment T p3q

D2d
pxq and outputs an element in the D2d-orbit of x.

Theorem 5.1.3 (Projected MRA). Let d “ 2k, for k ě 3, and suppose a particular symbolic matrix

M 1 “ M 1pdq (see (5.42)) has full column-rank. Then there is a polynomial-time procedure that, for generic

x P R2d X spanp1,´1, . . . , 1,´1qK, takes as input the exact third moment T
p3q

C2d,Π
pxq and outputs an element

in the D2d-orbit of x.

For any specific dimension d, one can use a computer to verify that the symbolic matricesMpdq andM 1pdq

have full column-rank, implying that the algorithm works for generic inputs of that size. This check only

needs to be done once and ensures our algorithm then works on generic inputs. Each of these matrices has

more rows than columns under the conditions given, and both classes of matrices have an aspect ratio (rows :

columns) tending toward 8 : 3 as d goes to infinity. We ran numerical tests giving strong evidence that these

matrices have full column-rank numerically for a random initialization in the dimensions d “ 4, 8 and 16.

This gives evidence that the matrices have full column-rank symbolically and that each procedure succeeds

in recovering orbits for generic vectors. Further, we provide an implementation of the algorithms in Python

and demonstrate their efficacy by recovering signals in R64 and R64 X spanp1,´1, . . . , 1,´1qK respectively.

In both cases the algorithms recover the signal up to cyclic shift and reversal with high accuracy from the

moments described. These numerical tests and further details may be found in Section 5.7.1.

The dimension 2d must be a power of two since our method uses recursion to extract and solve orbit

recovery sub-problems. We first recover the even Fourier coefficients of x by recursively running the algo­

rithm on a sub-tensor. We can then recover the odd Fourier coefficients given the even ones using a different

subtensor. While this method is reminiscent of frequency marching, we solve for multiple coefficients simul­

taneously by setting up a variety-constrained linear system, a method that synthesizes the work of Boussé et

al. [19] on CPD-constrained linear systems and Johnston et al. [43] on efficiently finding the intersection of
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a subspace and a conic variety. Unlike frequency marching, our methodology is able to handle the projection

operation in the projected MRA model.

Further discussion and related work. A significant body of literature studying orbit recovery exists.

We highlight a couple of key problems not addressed in this work that are particularly interesting practically

and theoretically, especially with respect to cryo-EM.

In cryo-EM, often we cannot guarantee that all the particles in a sample are identical. Either there may

be gross differences, e.g., a protein-complex missing a sub-unit, or conformational differences where proteins

flex or bend slightly. Both situations present a form of signal heterogeneity. In the simplest form, one

assumes a mixture of K different signals. Including heterogeneity in an MRA model as in [56], we assume

that instead of one distinct signal x there are K different signals that each appear with some probability.

Boumal et al. [18] show that fitting the first three moments, heterogeneity K ą rd{6s causes the problem

to be ill-posed but a non-convex optimization approach seems to handle up to (approximately) K ď
?
d

different signals, when the signals are generated randomly (a more restrictive setting than that of generic

signals). Continuous heterogeneity is a considerably different challenge to handle; see [65] for the current

state of the art. Heterogeneity is related to the problem of super-resolution in MRA [14].

Another reality is that due to boundary effects in the ice layer, particle orientation in cryo-EM may

not be uniformly distributed [59]. One can make a similar assumption that some cyclic shifts are more or

less likely in the MRA model. If the distribution of group elements is unknown, it must also be estimated.

Interestingly, in some orbit recovery models, non-uniformity of the group elements allows for generic recovery

using lower order moments than in the uniform case. For example, Abbe et al. [2] give an exact method

for recovering the signal and non-uniform distribution of cyclic shifts for the MRA model using the second

moment rather than the third. Bendory et al. [13] give an information-theoretic proof that the second

moment suffices in the dihedral MRA model with a generic distribution on group elements. Similarly for

cryo-EM, results by Sharon et al. [59] show that the second moment suffices for accurate estimation, and

determine bandlimit conditions on molecular structure and the distribution over viewing angles which ensure

well-posedness.

There is also a significant body of research on non-convex methods for orbit recovery, e.g. [18,32,33,68].

Notably, fitting moments by least squares is demonstrated by Edidin and Katz [31] as a practical method

for recovery in dihedral MRA, albeit one without guarantees of correctness. In MRA with a non-uniform

distribution, Abas et al. [1] develop a generalized method of moments which determines how to re-weight

a least-squares fitting of moments to be asymptotically optimal and demonstrate this improves recovery of
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the signal and distribution as parameters. Other directions explore maximum likelihood estimation (MLE)

as a recovery technique. Xu et al. [68] observe in cryo-EM that misspecifying the probability distribution

(e.g., assuming a uniform distribution when viewing angles are non-uniform) does not have a deleterious

effect on the likelihood landscape in unprojected cryo-EM (cryo-ET) but does result in incorrect estimation

when projection is present. Due to this effect, they propose an expectation maximization (EM) algorithm for

estimating the signal and viewing-angle distribution jointly. To our knowledge, none of the methods based

on non-convex optimization provide a rigorous proof that the global optimum can be found in polynomial

time. As a result, this line of work deviates from our primary objective of finding algorithms with provable

guarantees.

Concurrent work. Finally, we point out the concurrent and independent work [6], which also studies a

variation of the projected MRA problem (with odd-length signals) and gives an algorithm for recovery from

the third moment. Their algorithmic approach is rather different from ours: essentially they have adapted

the frequency marching method in a way that avoids the combinatorial explosion we mentioned above. Their

algorithm appears to also work for dihedral MRA.

Organization. In Section 5.2, we define the dMRA and pMRA models in the Fourier basis and give

explicit expressions for the invariants that result. Section 5.3 covers the steps of our algorithm in detail.

In Section 5.4, we give sufficient conditions for the recursive step to succeed and give evidence that these

conditions hold for generic signals. Since our algorithm is recursive, we discuss how orbit recovery may be

achieved for the base case in Section 5.5. In Section 5.7 we give an efficient implementation of the recursive

step and details for an implementation in Python of the full algorithm. Finally, in Section 5.8 we discuss

future directions.

5.2. Dihedral MRA and MRA with Projection

In this section, we define and compare the two main models of interest in this work: dihedral MRA

(dMRA) and MRA with projection (pMRA).

Dihedral MRA. In the dMRA model, we observe N samples according to

(5.6) yi “ gi ¨ x ` σξi

where x is some fixed signal in Rd, each gi is a group element of the dihedral group Dd, each ξi is independent

standard Gaussian noise in Rd, and σ ą 0 is a scalar that determines the signal-to-noise ratio. We will index

entries in x starting at zero so that x “ pxr0s, xr1s, . . . , xrd ´ 1sq.
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The dihedral group Dd may be generated from cyclic shifts and reflections. We will denote these R`

and J respectively with Dd “ tR0, R1, . . . , Rd´1, JR0, JR1, . . . , JRd´1u. For ` P rdq, we define the action of

R` P Dd to be a cycling of entries in x to the right by ` positions so that for each index j P rdq,

pR` ¨ xqrjs “ xrj ´ ` pmod dqs.

In general, we will assume that any indexing we do is done cyclically modulo the length of the vector involved

so we may omit the modulus. For J P Dd, we define its action to be reversal of entries in a vector so that

for an index j P rds,

pJ ¨ xqrjs “ xrd ´ j ´ 1s.

Using the samples tyiu
N
i“1, one aims to recover the signal x up to the action of Dd.

MRA with projection. Our second model is MRA with projection (pMRA). In the pMRA model, we

observe N samples according to

(5.7) yi “ Πpgi ¨ xq ` σξi.

Here now x is a fixed signal in R2d, gi are group elements of the cyclic group C2d “ tR0, R1, . . . , R2d´1u,

and again ξi is independent standard Gaussian noise (now in R2d) with σ ą 0 a scalar determining the

signal-to-noise ratio. We also define the linear operator, Π : C2d Ñ Cd, defined entry-wise by for j P rdq by

(5.8) pΠxqrjs “ xrjs ` xr2d ´ j ´ 1s.

This projection operation is a proxy for tomographic projection or the X-ray transform in the sense that if

we view the object as being the discretization of some “thin-shell” circular 2D object with xrjs the density

in the j-th patch, projection sums two entries when they are align vertically (see Figure 5.1).

In this model, one might aim to recover the signal x up to the action of D2d from the projections

tyiu
N
i“1. Note that while the group actions are cyclic, we can only hope recover the signal up to action

by the dihedral group. Indeed, a signal x and its reflection Jx will produce the same distribution over

samples. In this manner, the pMRA model captures the same ambiguity that occurs in tomography; when

the orientations in three dimensions are unknown, one can only distinguish an object up to reflection.

However, in another regard the model suffers from a small issue. Complete recovery for a signal is impossible

since the vector c “ p1,´1, 1,´1, . . . ,´1q lies in the kernel of ΠR` for every ` P rds. This component is the

Nyquist component and under the Fourier transform corresponds to the d-th Fourier coefficient of x. Since

this component is of highest frequency, the inability to recover this component could be taken as akin to an
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optical or electron-imaging system having some limited resolving power. In light of this, we refine the goal:

using samples tyiu
N
i“1, one aims to recover all Fourier coefficients of the signal x except the d-th one, up to

the action of D2d.

Advantages of the Fourier Basis. The action of C2d on C2d is diagonalized in the Fourier basis and

gives the standard representation for the cyclic group. However, D2d is not a commutative group, the actions

of its elements cannot be simultaneously diagonalized, and the matrices giving the action in the Fourier basis

are all sparse with non-zero entries only on the diagonal or anti-diagonal.

For a signal x P Rd, denote the Fourier coefficients of x indexed from zero, by

x̂rks :“
d´1
ÿ

j“0

xrjs ¨ e´2πijk{d

where i “
?

´1. Define

x̂ :“ px̂rks : k “ rdqq P Cd.

Implicitly x̂ “ Fdx where Fd : Cdˆd is a linear transformation giving the change of basis from the standard

basis into the Fourier basis in Cd. In addition, since x is a real signal, we have that x̂ satisfies x̂r´ks “ x̂rks

with indices taken modulo d so that they lie in rdq. Next, define the following matrices pR`,d P Cdˆd, ` P rdq,

and pJd P Cdˆd, where for v P Cd with entries indexed by j P rdq,

p pR`,d ¨ vqrjs “ e´2πi`j{p2dqvrjs,(5.9)

p pJd ¨ vqrjs “ vr´js,(5.10)

and the matrix pΠ2d P Cdˆ2d, where for v P C2d,

(5.11) ppΠ2dvqrjs “ vrjs ` e2πij{2dvr´js.

We will omit the subscript dimensions d and 2d where it may be inferred from context.

5.2.1. Invariants from the dMRA and pMRA Models. Using the linear operators defined in

(5.9)-(5.11) we define the following invariant tensors of a complex vector x̂ P C2d,

T
prq

dMRA,2dpx̂q :“
1

4d

˜

2d´1
ÿ

`“0

p pR`,2d ¨ x̂qfr `

2d´1
ÿ

`“0

p pJ pR`,2d ¨ x̂qfr

¸

,(5.12)

T
prq

pMRA,2dpx̂q :“
1

2d

˜

2d´1
ÿ

`“0

ppΠ2d
pR`,2d ¨ x̂qfr

¸

.(5.13)
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As suggested by our notation, we claim that these tensors are the same invariants from the dMRA and

pMRA models given by (5.5) under a change of basis. First we give the following lemma.

Lemma 5.2.1. For any d,

pR` “ FR`F´1,

for any ` P rdq,

pJ “ FJR´1F´1,

and there is a full-rank square matrix C giving a change of basis such that

pΠ2d “ CΠ2dF´1.

Using this we have the following result.

Proposition 5.2.2. Let x P R2d and let T prq

D2d
pxq and T

prq

C2d,Π
pxq be r-order invariant tensor of x as defined

in (5.5). For F P C2dˆ2d the matrix giving the change of basis from the standard basis into the Fourier basis

in C2d,

T
prq

dMRA,2dpFxq “ Ffr
´

T
prq

D2d
pxq

¯

.

For C the change-of-basis matrix in Lemma 5.2.1,

T
prq

pMRA,2dpFxq “ Cfr
´

T
prq

C2d,Π
pxq

¯

.

The subscript 2d may be dropped when the dimension is clear from context. See Section 5.9.1 for the

proof of Lemma 5.2.1 and Proposition 5.2.2, including the explicit construction of the change-of-basis matrix

C. Lemma 5.2.1 is also useful in proving the following fact.

Proposition 5.2.3. In the pMRA model, two projections tΠR`1x,ΠR`2xu from known directions `1 ‰ `2

are sufficient to recover x P R2d X spanp1,´1, 1, . . . ,´1qK when gcdp`1 ´ `2, 2dq “ 1.

See Section 5.9.1 for the proof. As we mentioned, strategies to label samples provably fail in the high-

noise regime; however, Proposition 5.2.3 demonstrates the irony of the pMRA model: the third moment is

an overcomplete tensor and we do not have an algorithm to decompose it; we also do not need all the factors

from its decomposition, just two! Next, one may wonder why we give our dMRA invariant tensor in (5.12)

for a signal of length 2d instead of d. By defining both models with a common dimension we may give a

relationship between the invariants:

63



Lemma 5.2.4. For x̂ P C2d,

ppΠfr
2d qT

prq

dMRA,2dpx̂q “ T
prq

pMRA,2dpx̂q.

Proof. By linearity and Lemma 4.2.4 we may move the projection operator into the summands

ppΠfrqT
prq

dMRApx̂q “
1

4d

˜

2d´1
ÿ

`“0

ppΠ pR`x̂qfr `

2d´1
ÿ

`“0

ppΠ pJ pR`x̂qfr

¸

.

Substituting the relations from Proposition 5.2.1 we have that

pΠ pJ “ CΠJR´1F´1 “ CΠR´1F´1 “ CΠF´1
pR´1 “ pΠ pR´1

since ΠJ “ Π. If we re-index the second sum we may combine, yielding the result:

ppΠfrqT
prq

dMRApx̂q “
1

4d

˜

2d´1
ÿ

`“0

ppΠ pR`x̂qfr `

2d´1
ÿ

`“0

ppΠ pR`´1x̂qfr

¸

“
1

2d

2d´1
ÿ

`“0

ppΠ pR`x̂qfr “ T
prq

pMRApx̂q. �

As a result, the D2d-invariant polynomials that make up the entries of the T
prq

pMRApx̂q tensor are linear

combinations of the D2d-invariant polynomials in T
prq

dMRApx̂q. In other words, the invariant dMRA tensor

contains at least as much information as the pMRA tensor. The advantage of our change of basis by the

Fourier transform is apparent in computations giving each entry in the invariant tensors for both models.

Proposition 5.2.5. For x̂ P C2d,

T
prq

dMRApx̂qrHj1, . . . , jrIs “
wHj1,...,jrI

2

˜

r
ź

k“1

x̂rjks `

r
ź

k“1

x̂r´jks

¸

1

#

r
ÿ

k“1

jk ” 0 pmod 2dq

+

for Hj1, . . . , jrI a multiset of r2dq.

For the same signal,

T
prq

pMRApx̂qrHj1, . . . , jrIs “

wHj1,...,jrI

2

ÿ

sPt´1,1ur

φps, Hj1, . . . , jrIq

˜

r
ź

k“1

x̂rskjks `

r
ź

k“1

x̂r´skjks

¸

1

#

r
ÿ

k“1

skjk ” 0 pmod 2dq

+

for Hj1, . . . , jrI a multiset of rdq and where φ is a complex phase given by

φps, Hj1, . . . , jrIq :“ p´1q
1
2d

řr
k“1 skjk exp

˜

πi

2d

r
ÿ

k“1

jk

¸

.

See Section 5.9.2 for the computations that verify these facts. Observe that each entry of the T
prq

dMRApx̂q

tensor is either zero or simply the sum of two monomials up to scale. Further, it is relatively simple to verify

these polynomials are invariant under the actions given in (5.9) and (5.10). In contrast, in the standard
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basis the entries of T prq

D2d
pxq and T

prq

C2d,Π
pxq will be the sum of many monomials. We can tie sparsity directly

to computational efficiency later and it also eases several future constructions.

5.3. Method for Recovery

In this section, we first define generally the conditions which allow us to extract a subtensor of an

invariant tensor that is also an invariant tensor for some model. We demonstrate that this is possible for

both the dMRA and pMRA invariant tensors and that the procedure produces smaller dMRA and pMRA

invariant tensors such that an orbit recovery problem’s dimension may be recursively halved. First, we

introduce some notation we use to indicate extracting subtensors.

Restriction and subtensors. Given a vector x P Kn and a set of indices S Ď rns we define the

restriction of x to S using either the notation x|S or xrSs :“ pxrss : s P Sq P K|S|. For a matrix A P Kmˆn,

R Ď rms, and S Ď rns subsets. We will use ArR,Ss to denote the submatrix of A with rows in R and

columns in S. When R “ rms or S “ rns we will use Ar:, Ss or ArR, :s respectively.

Similarly, for a tensor T P Rd1 bRd2 b ¨ ¨ ¨ bRdr and subsets Sj Ď rdjs, j “ 1, . . . , r we use the following

to denote restriction along multiple modes:

T |S1,S2,...,Sr
or T rS1, S2, . . . , Srs :“ rT rs1, s2, . . . srs : s1 P S1, s2 P S2, . . . , sr P Srs P K|S1|ˆ¨¨¨ˆ|Sr|

is a subtensor of T . For symmetric tensors T P pRnqfr we may use a single restriction to indicate restriction

on all modes by the same subset of indices:

T |S :“ rT rHs1, s2, . . . , srIs : s1, s2, . . . , sr P Ss P pK|S|qfr,

or when the subsets tSiu
r
i“1 are pairwise equal or disjoint, then the subtensor of T defined by

T rS1, S2, . . . , Srs :“ rT rHs1, s2, . . . , srIs : s1 P S1, s2 P S2, . . . , sr P Srs

is partially symmetric along modes where the subsets Sj and Sk are equal for j, k P rrs.

We quickly give some implications for restriction on matrix-vector products and matrix-matrix products,

that are handy.

Lemma 5.3.1. Let A P Kmˆn, B P Kmˆn be matrices and v P Kn be a vector. Let R Ď rms, and S Ď rns

be subsets of indices. Then

pAvqrRs “ ArR, :sv and pABqrR,Ss “ ArR, :sBr:, Ss.
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This follows directly from our definition of restriction and matrix multiplication.

5.3.1. Invariant Subtensors.

Lemma 5.3.2 (Moment subtensors from restriction). Let G be a finite group with some action on Km,

h : Km Ñ Kn be a linear transformation, and R Ď rms, S Ď rns both be sets of indices. If G̃ is a finite group

with some action on K|R| and h̃ : K|R| Ñ K|S| a linear transformation such that for all v P Km,

(5.14) Hphpg ¨ vqq|S : g P GI “ k ˆ Hh̃pg̃ ¨ v|Rq : g̃ P G̃I,

where for a multiset M , k ˆ M indicates a multiset with each item in M repeated k times. Then restricting

each mode of a G-invariant tensor to S produces a G̃-invariant tensor under the projection h̃ up to scale,

´

T
prq

G,hpvq

¯
ˇ

ˇ

ˇ

S
“ k

|G̃|

|G|
T

prq

G̃,h̃
pv|Rq.

Proof. Proof of Lemma 5.3.2. First,

”

T
prq

G,hpvq

ı
ˇ

ˇ

ˇ

S
“

1

|G|

ÿ

gPG
rphpg ¨ vqqfrs|S “

1

|G|

ÿ

gPG
phpg ¨ vq|Sqfr

by our definition of restriction for a symmetric tensor. Next, applying the multiset condition we have

1

|G|

ÿ

gPG
phpg ¨ vq|Sqfr “

k

|G|

ÿ

g̃PG̃

ph̃pg̃ ¨ v|Rqqfr,

so with some manipulation,

k

|G|

ÿ

g̃PG̃

ph̃pg̃ ¨ v|Rqqfr “
k|G̃|

|G|
¨

1

|G̃|

ÿ

g̃PG̃

ph̃pg̃ ¨ v|Rqqfr “
k|G̃|

|G|
T

prq

G̃,h̃
pv|Rq,

and
”

T
prq

G,hpvq

ı
ˇ

ˇ

ˇ

S
“ k |G̃|

|G|
T

prq

G̃,h̃
pv|Rq. �

The property above is useful since when it holds, a particular subtensor is actually an invariant tensor

in its own right and — if k ą 1 — is an invariant over a smaller group.

We now show that the invariant tensors from the dMRA and pMRA models both satisfy Lemma 5.3.2

when restricting to even Fourier coefficients. To denote the even numbers in rdq we use

(5.15) Ed “ tj P rdq : j ” 0 pmod 2qu.
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We will omit the subscript and simply write “E” if the dimension can be inferred from context. We also use

pΠ2d “ pΠ to indicate the projection operation defined in (5.11) and pΠ4d an analogous operator defined in the

same manner but with the domain C4d.

Proposition 5.3.3. For d ě 1, the following invariant tensors have invariant subtensors found by

restriction:

(1) For x̂ P C2d,
´

T
prq

dMRA,2dpx̂q

¯
ˇ

ˇ

ˇ

E2d

“ T
prq

dMRA,dpx̂|E2d
q.

(2) For x̂ P C4d,
´

T
prq

pMRA,4dpx̂q

¯
ˇ

ˇ

ˇ

E2d

“ T
prq

pMRA,2dpx̂|E4d
q.

Proof. For each case we show that the multiset condition (5.14) holds so that Lemma 5.3.2 applies.

Since we deal with the cyclic group and dihedral group over vector spaces of different sizes we will include

the dimension in the subscript on elements, i.e. Cd “ t pR`,du
d´1
`“1 where

p pR`,d ¨ x̂qrjs “ e´2πij`{dxrjs

for j P rdq. Similarly, we will use pJd for the reflection element on Cd.

(1) Let x̂ P C2d be any vector. Given m P rdq we define `k “ m ` dk P r2dq for k P t0, 1u. We claim

that for each k, p pR`k,2d ¨ x̂q|E2d
“ pRm,d ¨ px̂|E2d

q and p pJ2d ¨ pR`k,2d ¨ x̂q|E2d
“ pJd ¨ pRm,d ¨ px̂|E2d

q so the

multiset condition holds. To this end, notice that since `k “ m ` kd,

e´2πi`k{d “ e´2πim{d ùñ

for any j “ rdq, e´2πij`k{d “ e´2πjim{d ùñ

e´2πij`k{dx̂r2js “ e´2πjim{dx̂r2js ùñ

e´2πip2jq`k{p2dqx̂r2js “ e´2πjim{dpx̂|E2d
qrjs ùñ

p pR`k,2d ¨ x̂qr2js “

´

pRm,d ¨ px̂|E2d
q

¯

rjs ùñ

´

p pR`k,2d ¨ x̂q|E2d

¯

rjs “

´

pRm,d ¨ px̂|E2d
q

¯

rjs,
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and so p pR`k,2d ¨ x̂q|Ed
“ pRm,d ¨ px̂|Ed

q. Similarly,

e2πi`k{d “ e2πim{d ùñ

for any j “ rdq, e2πij`k{d “ e2πjim{d ùñ

e2πij`k{dx̂r´2js “ e2πjim{dx̂r´2js ùñ

e´2πip´2jq`k{p2dqx̂r´2js “ e´2πp´jqim{dpx̂|E2d
qr´js ùñ

p pJ2d ¨ pR`k,2d ¨ x̂qr2js “

´

pRm,d ¨ px̂|E2d
q

¯

r´js ùñ

´

p pJ2d ¨ pR`k,2d ¨ x̂q|E2d

¯

rjs “

´

pJd ¨ pRm,d ¨ px̂|E2d
q

¯

rjs,

and so p pJ2d ¨ pR`k,2d ¨ x̂q|Ed
“ pJd ¨ pRm,d ¨ px̂|Ed

q. This completes the association of elements between

the sets so that

Hpg ¨ x̂q|Ed
: g P D2dI “ 2 ˆ Hpg̃ ¨ x̂|Ed

q : g̃ P DdI.

(2) Let x̂ P C4d. Set m P r2dq and let `k “ m ` p2dqk P r4dq for k P t0, 1u. We aim to show that

´

pΠ4dp pR`k,4d ¨ x̂q

¯
ˇ

ˇ

ˇ

E2d

“ pΠ2d

´

pRm,2d ¨ px|E4d
q

¯

.

Reusing analysis from the first part, we know that e´2πij`k{p2dqx̂r2js “ e´2πijm{p2dqx̂r2js for all

j P r2dq. Rewriting this, we have that e´2πij`k{p2dqx̂r2js “ e´2πip2jq`k{p4dqx̂r2js “ p pR`k,4d ¨ x̂qr2js

and that e´2πijm{p2dqx̂r2js “ e´2πijm{p2dqpx̂|E4d
qrjs “

´

pRm,2d ¨ px̂|E4d
q

¯

rjs for all j P r2dq.

Now we take linear combinations to produce the d different equations

e´2πij`k{p2dqx̂r2js ` e2πij{p2dqe2πij`k{p2dqx̂r´2js “ e´2πijm{p2dqx̂r2js ` e2πij{p2dqe2πijm{p2dqx̂r´2js

with j P rdq. Applying the rewritings gives

p pR`k,4d ¨ x̂qr2js ` e2πij{p2dq
looomooon

“e2πip2jq{p4dq

p pR`k,4d ¨ x̂qr´2js “

´

pRm,2d ¨ px̂|E4d
q

¯

rjs ` e2πij{p2dq
´

pRm,2d ¨ px̂|E4d
q

¯

r´js.

We then have that by the definition of the pΠ operator that

´

pΠ4dp pR`k,4d ¨ x̂q

¯

r2js “

´

pΠ2d

´

pRm,2d ¨ px̂|E4d
q

¯¯

rjs ùñ

´´

pΠ4dp pR`k,4d ¨ x̂q

¯
ˇ

ˇ

ˇE2d

¯

rjs “

´

pΠ2d

´

pRm,2d ¨ px̂|E4d
q

¯¯

rjs.

Then

HppΠ4dpg ¨ x̂qq|Ed
: g P C4dI “ 2 ˆ HpΠ2d pg̃ ¨ px̂|E2d

qq : g̃ P C2dI. �
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Proposition 5.3.3 shows that we can recover part of the signal by extracting a subtensor and then solving

(recursively) the orbit recovery problem associated to it. Once we recover an element y in the Dd-orbit of

x̂rEs, our next goal will be to extend y to a vector double its length that lies in the D2d-orbit of x̂.

5.3.2. Variety-Constrained Linear Systems. In this section, we introduce a broad class of problems

we call variety-constrained linear systems. The construction of such systems, an algorithm for solving them,

and conditions that guarantee uniqueness of solutions, will allow us to complete the second stage of recovery.

We introduced varieties and some core concepts associated with them in Chapter 2 and encourage the reader

to review them since they will be relevant throughout this section.

Definition 5.3.4 (Variety-constrained linear system). We define a variety-constrained linear system

(VC-LS) to be

Au “ b subject to u P X

where A P Kmˆn is a coefficient matrix, u P Kn is the solution vector, b P Km is another vector and X Ď Kn

is an irreducible conic variety.

Notably these systems may have unique solutions even when m ă n. The condition u P X could

be considered a form of “sparsity” and as such, algorithms to solve VC-LSs can be considered a form

of compressive sensing [20]. Problems of this form include the canonical polyadic decomposition (CPD)-

constrained linear systems studied in [19], where the authors give an algebraic algorithm when X is a variety

of rank-1 tensors and the constrained system has a single unique solution.

In a different direction, recent work by Johnston, Lovitz, and Vijayaraghavan develops an algorithm [43,

Algorithm 1] that can be used to find multiple intersections between a linear subspace U and a conic variety X ,

corresponding to a VC-LS with b “ 0. We observe that the machinery of this intersection algorithm greatly

clarifies the general principles in Boussé et al.’s algebraic algorithm and provides a method for dealing with

multiple solutions. In Algorithm 2 below, we give a method for solving VC-LSs, synthesizing [19] and [43].

This can potentially handle multiple solutions, although there will only be a single solution in our use cases.

We note that the algorithm is not always guaranteed to succeed, and this will be discussed later.
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Algorithm 2 Solve a variety-constrained linear system.
Input: Matrix A P Kmˆn, vector b P Km, and irreducible conic variety X Ď Kn.
Output: Solution(s) to variety-constrained linear system Au “ b subject to u P X , or “Fail.”

1: procedure FindVarietyConstrainedSolutions(A, b,X )
2: Find the subspace U “ tu P Kn : Au “ γb, γ P Ku of solutions to Au “ b up to scale.
3: Run the subspace conic-variety intersection algorithm ([43, Algorithm 1]) to find the vectors

v1, v2, . . . , vs1 P U X X
(or report ‘Fail’ if the algorithm fails).

4: for all vk do
5: t Ð xb, Avky{}b}22
6: if t ‰ 0 then
7: uk Ð 1

t vk
8: else
9: discard uk

10: return tu1, u2, . . . , usu

Johnston, Lovitz, and Vijayaraghavan prove that their intersection algorithm succeeds on a certain class

of generic inputs with planted solutions, provided the dimension of U is not too large. In the following

sections we will be constructing specialized VC-LS problems, which are not covered by the existing analysis.

Towards analyzing these, we next formulate more explicit sufficient conditions for Algorithm 2 to recover a

unique solution to a VC-LS. We ask the following:

Given a particular A P Kmˆn and u P X Ď Km, and defining b :“ Au, what are explicit

conditions on A, u, X to guarantee that Algorithm 2 recovers u?

In this context, we will call u P X the planted solution to the VC-LS. First, observe that if b “ 0 then we

are finding kerA X X so the intersection algorithm of JLV may be used without modification and solutions

are only unique up to scaling. We will then only consider the case where u R kerA so that b ‰ 0 and it

is possible for a solution to be unique, not just unique up to scale. We will also restrict ourselves here to

varieties X Ď Kn cut out by degree-2 homogeneous polynomials and no linear functions so we may consider

spantp1, p2, . . . , pku Ď pKnqf2. As discussed in Chapters 2 and 4, varieties of this type include the variety

of rank-at-most-1 tensors of any shape and number of symmetries and include the the variety of symmetric

matrices of rank-at-most-1 which is our primary use case. We now define a construction which may be used

to certify unique recovery. To do this, we first extend our definition for the symmetric product from matrices

and vectors to subspaces.

Definition 5.3.5. For subspaces A,B Ď Kn, define

Afk “ spantufk : u P Au Ď pKnqfk
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and

A f B “ spantu f v : u P A, v P Bu Ď pKnqf2.

Next, we generalize a construction used in prior work by the authors with Dastidar [24] to improve a

bound the maximum dimension of a subspace in which one can find planted rank-1 matrices.

Definition 5.3.6. Define a set of matrices denoted by MpA, u,X q associated to the variety-constrained

linear system with planted solution u where

M P MpA, u,X q

if we may write M “ ΦU for Φ a matrix whose rows form a basis for spantp1, p2, . . . , pku Ď pKnqf2

where p1, p2, . . . , pk cut out the irreducible conic variety X , and U a matrix whose columns form a basis for

pspanpuq f kerAq ` pkerAqf2 Ď pKnqf2.

Note that each matrix in MpA, u,X q is related by matrix equivalence in that if M,M 1 P MpA, u,X q

then there exist invertible matrices P and Q such that P´1M 1Q “ M .

Proposition 5.3.7. If M P MpA, u,X q has full column-rank then Algorithm 2 recovers the planted

vector u given inputs A, b,X , where b “ Au.

Before we prove this, observe that for a representative M to have full column-rank, it must have at least

as many rows as columns. This gives a necessary condition that may be used to determine when the kernel

of A is too large. If L “ dimpkerAq and k “ dimpspantp1, . . . , pkuq, then M has k rows and
´́

L
2

¯̄

´ 1

columns. It is then necessary that

(5.16) L ď

c

2pk ` 1q `
1

4
´

1

2
,

or else M has fewer rows than columns and necessarily has a non-trivial nullspace. The bound we give

in (5.16) is a tightened version of the necessary condition given in [19, Section 3.1.2] which is based off

counting the number of entries in second-compound matrices (a matrix containing all 2 ˆ 2 minors). The

use of second-compound matrices is a convenient tool but will produce linearly dependent rows for tensors

of order greater than two or with symmetries. See Section 5.4 for more discussion.

In general, the bound (5.16) indicates that the more degree-2 homogeneous polynomials that cut out X ,

the larger the kernel of A may be while allowing for the possibility of unique recovery. Now we give a proof

of the proposition.
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Proof of Proposition 5.3.7. First, the bulk of our work will be showing that the intersection algo­

rithm in Step 3 will return a single vector v1 in the direction of u. Then we show that our rescaling produces

a vector u1 such that Au1 “ b ensuring that u1 “ u.

We will show by way of contraposition that ifM P MpA, u,X q has full column-rank then for the subspace

U “ tu P Kn : Au “ γb, γ P Ku,

spantp1, p2, . . . , pkuK X Uf2 “ spanpuf2q.

Suppose that spantp1, p2, . . . , pkuK X Uf2 ‰ spanpuf2q. Now since u was planted, u P X and u P U ,

spantp1, p2, . . . , pkuK X Uf2 Ě spanpuf2q so it must be that spantp1, p2, . . . , pkuK X Uf2 Ľ spanpuf2q.

Suppose then there is some w P pKnqf2 such that w P spantp1, p2, . . . , pkuK, w P Uf2 and w R spanpuf2q.

First, if tn1, . . . , nLu is a basis for kerA, then tu, n1, . . . , nLu is a basis for U .

Then tuf2u Y tu f nj : j P rLsu Y tnj f nk : 1 ď j ď k ď Lu is a basis for Uf2 and we may write

w “ ct0,0uu
f2 `

L
ÿ

j“1

ct0,jupu f njq `
ÿ

1ďjďkďL

ctj,kupnj f nkq

for coefficients ctj,ku P K, 0 ď j ď k ď L. Now it must be that ctj,ku ‰ 0 for some tj, ku ‰ t0, 0u,

otherwise w “ ct0,0upuf2qf2 P spanppuf2qf2q. Next, observe that if Φ is a matrix with rows a basis for

spantp1, p2, . . . , pku then Φw “ ~0. Since Φuf2 “ ~0 we have

~0 “ Φw “ ct0,0uΦu
f2 ` Φ

˜

L
ÿ

j“1

ct0,jupu f njq `
ÿ

1ďjďkďL

ctj,kupnj f nkq

¸

“ Φ

˜

L
ÿ

j“1

ct0,jupu f njq `
ÿ

1ďjďkďL

ctj,kupnj f nkq

¸

.

The set tufnj : j P rLsuYtnj fnk : 1 ď j ď k ď Lu is a basis for the subspace pspanpuqfkerAqYpkerAqf2.

Collecting these vectors as columns of a matrix N and collecting coefficients into a column vector c “

`

ctj,ku : 0 ď j ď k ď L, tj, ku ‰ t0, 0u
˘

, we have

~0 “ ΦNc.

Observe that ΦN P MpA, u,X q and by the previous observation that at least one ctj,ku ‰ 0, the vector c ‰ ~0

so ΦN does not have full column-rank. Since column-rank is preserved by matrix equivalence, every matrix

M P MpA, u,X q lacks full column-rank.

In its second step, the intersection algorithm of JLV runs simultaneous diagonalization on a basis for the

subspace spantp1, p2, . . . , pkuK X Uf2 which we have shown is equal to spanpuf2q under the assumption M
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has full column-rank. However, reshaping any w P spanpuf2q to an nˆnˆ1 tensor and running simultaneous

diagonalization in this special case degenerates to the rank-1 factorization of the nˆn matrix which has the

form αuuJ for some α P K. (We note that when u P C this matrix is complex symmetric, not Hermitian.)

It follows that Step 3 recovers a vector in the direction of u.

So the intersection algorithm of JLV in step 3 will output a vector v1 that is a nonzero scalar multiple

of u, i.e. v1 “ γu for some γ P K. Finally, we can check that u1 “ v1{t for t “ xb, Au1y{}b}22 obeys Av1 “ b:

Av1 “
1

t
Au1 “

}b}22
xb, Au1y

Au1 “
}b}22

xb, γAuy
γAu “

}b}22
xb, by

b “ b.

It follows that u1 “ u, meaning Algorithm 2 outputs the correct planted solution. �

5.3.3. Aided Recovery. In this section, we will show how one may set up a variety-constrained linear

system using either dMRA or pMRA invariant tensors such that the symmetric lift of the odd Fourier

coefficients px̂rEcsqf2 is the planted solution (or more precisely these coefficients after some group action).

First, we note that second order invariants are insufficient to recover the signal in the dMRA model and

hence the pMRA model as well.

Proposition 5.3.8 (see [13,31]). For x P Rd, the second order invariant T
p2q

dMRApx̂q only determines

|x̂rjs| for j P rdq (the power spectrum of x).

Proof of this follows almost directly from Proposition 5.2.5. We show an analogous result holds for the

pMRA model.

Proposition 5.3.9. For x P R2d, the second order invariant T
p2q

pMRApx̂q only determines |x̂rjs| for

j P r2dqztdu (the power spectrum of x minus the Nyquist component).

See Section 5.9.2 for the proof, which follows almost directly from Proposition 5.2.5.

Since in neither model can we recover the phases of the Fourier coefficients from the second order

invariants, we can examine third order invariants. Consider for T “ T
p3q

dMRApx̂q or T “ T
p3q

dMRApx̂q the

following four (partially) symmetric subtensors, recalling that E denotes the even Fourier coefficients:

T rE,E,Es, T rEc, E,Es, T rEc, Ec, Es, and T rEc, Ec, Ecs.

Since T is symmetric and E and Ec are a partition of r2dq, these subtensors represent a disjoint partition of

the invariant polynomials that are entries of T . The first subtensor is the subject of Proposition 5.3.3 where

we give the conditions under which it is itself an invariant subtensor of the same type as T . One might hope
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that the fourth subtensor might yield some useful information about x̂rEcs in a similar manner but this is

not the case. Instead, T rEc, Ec, Es contains the remaining non-zero invariant polynomials.

Proposition 5.3.10. For x P R2d and T “ T
p3q

dMRApx̂q or T “ T
p3q

pMRApx̂q,

T rEc, E,Es “ 0 and T rEc, Ec, Ecs “ 0.

Proof. This follows directly from Proposition 5.2.5 as well. Observe that entries of T rE,E,Ecs are

indexed by two even indices and one odd index, so any sum or difference of the three will be odd. Similarly,

T rEc, Ec, Ecs is indexed by three odd indices, so any sum or difference of the three will be odd. Consider

the indicator variables in the formulas found in Proposition 5.2.5 for r “ 3, namely

1 tj1 ` j2 ` j3 ” 0 pmod 2dqu and 1 ts1j1 ` s2j2 ` s3j3 ” 0 pmod 2dqu .

By the parity argument, the first can never be satisfied, and similarly the second cannot since the sign

variables s1, s2, s3 P t´1, 1u do not alter parity. Hence, these subtensors must be identically zero. �

This raises the question:

If we can recover y P Cd in the Dd-orbit of x̂rEs from the subtensor T rE,E,Es, is the

remaining non-zero subtensor T rEc, Ec, Es enough to extend y to a vector x1 in the D2d-

orbit of x̂?

We will see the answer is yes. Observe that by similar parity arguments to those used in Proposi­

tion 5.3.10, the entries of T rEc, Ec, Es are bihomogeneous polynomials, being degree-2 in the entries of

x̂rEcs and degree-1 in the entries of x̂rEs. Following this observation, we may set up a VC-LS problem with

a planted solution providing such an extension.

Overarching Strategy. Suppose that x P Km is some signal, G is a finite group with some action on

Km, h : Km Ñ Kn is a linear transformation, R Ď rms, S Ď rns are sets of indices, G̃ is a finite group with

some action on K|R|, h̃ : K|R| Ñ K|S| is also a linear transformation such that the conditions of Lemma 5.3.2

hold and we may extract an invariant subtensor

´

T
p3q

G,hpxq

¯

rS, S, Ss “
k|G̃|

|G|
T

p3q

G̃,h̃
pxrRsq.

Next, define

X_
1 “ txf2 : x P K|Rc

|u Ď

´

K|Rc
|
¯f2

to be the variety of symmetric |Rc| ˆ |Rc| rank-1 matrices.

74



The following strategy may be applied recursively to the orbit recovery problem:

(1) Find a representative y of the orbit of xrRs under G̃ by solving the orbit recovery problem associated

with T
p3q

G̃,h̃
pxq.

(2) Define

b :“
´

T
p3q

G,hpxq

¯

rSc, Sc, Ss P K
´́

|Sc|
2

¯̄

|S|

to be the vectorization of a particular subtensor of T
p3q

G,hpxq. Next, construct a linear operator

using y so that A :“ Apyq P K
´́

|Rc|
2

¯̄

ˆ

´́

|Sc|
2

¯̄

|S| and for some x1 in the G-orbit of x with component

z “ x1rRcs,

(5.17) Apzf2q “ b.

(3) Solve the variety-constrained linear system constructed in (5.17), given generally as

(5.18) Au “ b subject to u P X_
1 ,

using Algorithm 2.

We call this procedure aided recovery since a specific representative y is used to construct A and aids in the

recovery of the rest of the signal. This ensures that only particular representatives of x’s orbit satisfy (5.18).

The subsequent portions of this section show how to construct a linear operator as suggested in Step 2 for

the tensors T p3q

dMRApx̂q and T
p3q

pMRApx̂q with a planted solution as given in (5.17).

Aided Recovery for Dihedral MRA..

Definition 5.3.11. For y P Cd, define the linear operator AdMRApyq : pCdqf2 Ñ pCdqf2 b Cd column-

wise by

(5.19) AdMRAr:, Hj, kIs “

?
3

2
yr´pj ` k ` 1qsp~ej f ~ek b ~e´j´k´1 ` ~e´j´1 f ~e´k´1 b ~ej`k`1q

for Hj, kI a multiset of rdq.

For x̂ P C2d, define a vector bdMRApx̂q :“ bdMRA P pCdqf2 b Cd given entry-wise by

(5.20) bdMRArpHj, kI, HmIqs “

´

T
p3q

dMRApx̂q

¯

rH2j ` 1, 2k ` 1, 2mIs

where 0 ď j ď k ă d and 0 ď m ă d.

The vector bdMRA is a particular vectorization of
´

T
p3q

dMRApx̂q

¯

rEc, Ec, Es, which is a partially symmetric

tensor with symmetry along the first two modes.
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Proposition 5.3.12. Let x P R2d with Fourier transform x̂ P C2d, and let y P Cd belong to the Dd-orbit

of x̂rEs. For A “ AdMRApyq and b “ bdMRApx̂q, there is some g P D2d such that pg ¨ x̂q|E “ y and the vector

z “ pg ¨ x̂q|Ec satisfies Azf2 “ b.

Remark 5.3.13. There are generically two g1, g2 P D2d that meet these conditions and produce vectors

z that are negations of each other.

The crux is that the VC-LS

pAdMRAqu “ bdMRA subject to u P X_
1

contains a planted solution which may be used to extend y to an element in the D2d-orbit of x̂. Applying

such extensions recursively gives us our strategy for orbit recovery of signals x P R2k`1 for k ě 2.

Since much of our indexing is modulo d we will also find it helpful to say that two multisets of the

same size, M and M 1, are equivalent modulo d denoted by M ” M 1 pmod dq when there exists a bijection

π : M Ñ M 1 such that for every m P M , m ” πpmq pmod dq.

Proof of Proposition 5.3.12. To begin let x P R2d, x̂ P C2d be x’s Fourier coefficients. We first

consider the special case y “ x̂rEs. Using the shorthand A “ AdMRApx̂rEsq and b “ bdMRApx̂q, we will show

that the choice g “ Id, i.e. z “ x̂rEcs, satisfies

(5.21) Azf2 “ b.

Then, more generally, we will show that this holds over the orbit of x̂rEs for a corresponding transformation

on x̂rEcs.

First, observe that by Definition 4.1.2, for j1, k1 P rdq,

(5.22) pzf2qrHj1, k1Is “ wHj1,k1Ix̂r2j1 ` 1sx̂r2k1 ` 1s

and by Definition 5.3.11, for j, k,m P rdq we may find the entries in column of A using indicator functions,

ArpHj, kI, HmIq, Hj1, k1Is “

?
3

2
xr´2pj1 ` k1 ` 1qsˆ

p1tHj, kI ” Hj1, k1I pmod dqu ¨ 1tm ” ´j1 ´ k1 ´ 1 pmod dqu

` 1tH´j ´ 1,´k ´ 1I ” Hj1, k1I pmod dqu ¨ 1tm ” j1 ` k1 ` 1 pmod dquq.

(5.23)
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So then entries of Azf2 — the left-hand side of (5.21) — have the form

pAzf2qrpHj, kI, HmIqs “ ArpHj, kI, HmIq, :szf2

“
ÿ

0ďj1ďk1ăd

ArpHj, kI, HmIq, Hj1, k1Ispzf2qrHj1, k1Is.

Using (5.22) and (5.23), we simplify this to

pAzf2qrpHj, kI, HmIqs “1tm ” ´j ´ k ´ 1 pmod dqu ¨

˜?
3wHj,kI

2
x̂r2j ` 1sx̂r2k ` 1sx̂r2p´j ´ k ´ 1qs

`

?
3wH´j´1,´k´1I

2
x̂r´2j ´ 1sx̂r´2k ´ 1sx̂r2pj ` k ` 1qs

¸

.

Now wHj,kI “ wH´j´1,´k´1I since if j “ k then ´j ´ 1 “ ´k ´ 1. We may further simplify to get

pApx̂rEcsqf2qrpHj, kI, HmIqs “

?
3wHj,kI

2
1tm ” ´j ´ k ´ 1 pmod dquˆ

px̂r2j ` 1sx̂r2k ` 1sx̂r´2pj ` k ` 1qs ` x̂r´2j ´ 1sx̂r´2k ´ 1sx̂r2pj ` k ` 1qsq.

(5.24)

Next, we examine the entries of b — the right-hand side of (5.21) — using Proposition 5.2.5. We can expand

the entries of the third order invariant indexed as

brpHj, kI, HmIqs “

´

T
p3q

dMRApx̂q

¯

rH2j ` 1, 2k ` 1, 2mIs

“
wH2j`1,2k`1,2mI

2
1t2j ` 1 ` 2k ` 1 ` 2m ” 0 pmod 2dquˆ

px̂r2j ` 1sx̂r2k ` 1sx̂r2ms ` x̂r´2j ´ 1sx̂r´2k ´ 1sx̂r´2msq.

(5.25)

The indicator conditions in (5.24) and (5.25) are the same, i.e.,

1t2j ` 1 ` 2k ` 1 ` 2m ” 0 pmod 2dqu “ 1tm ” ´j ´ k ´ 1 pmod dqu.

Next, by parity, 2m ı 2j ` 1 pmod 2dq and 2m ı 2k ` 1 pmod 2dq for any assignment of indices so we may

simplify wH2j`1,2k`1,2mI “
?
3wH2j`1,2k`1I. Similar to our observations before, wH2j`1,2k`1I “ wHj,kI so we

get

brpHj, kI, HmIqs “

?
3wHj,kI

2
1tm ” ´j ´ k ´ 1 pmod dquˆ

px̂r2j ` 1sx̂r2k ` 1sx̂r´2pj ` k ` 1qs ` x̂r´2j ´ 1sx̂r´2k ´ 1sx̂r2pj ` k ` 1qsq.

(5.26)

Comparing (5.24) to (5.26), they are equal and so Apx̂rEcsqf2 “ b.
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Next, suppose that y “ g̃ ¨ x̂rEs for g̃ P Dd and set A1 “ ApMRApyq. The group element g̃ is one of

t pR`,d, pJ pR`,du
d´1
`“0 . If g̃ “ pR`,d, set g “ pR`,2d or pR``d,2d and if g̃ “ pJ pR`,d, set g “ pJ pR`,2d or pJ pR``d,2d. From

the proof of Lemma 5.3.2, one can verify that these choices of group elements will ensure that pg̃ ¨ x̂q|E “ y.

Set z “ pg ¨ x̂q|Ec . We will show that A1pzf2q “ Apx̂rEcsqf2. First, observe that we may factor coefficients

out of the columns of A by defining a diagonal matrix X P C
´́

d
2

¯̄

ˆ

´́

d
2

¯̄

,

X “ diag px̂r´2pj ` k ` 1qs : 0 ď j ď k ă dq ,

and a matrix B such that BX “ A. Rows and columns of X are indexed by multisets Hj, kI of rdq under the

DM order, and columns of B are

Br:, Hj, kIs “

?
3

2
p~ej f ~ek b ~e´j´k´1 ` ~e´j´1 f ~e´k´1 b ~ej`k`1q.

Observe that in the first case g̃ “ pR`,d for some ` P rdq,

AdMRApg̃ ¨ px̂rEsqq “ BX diag
´

e2πip2pj`k`1qq`{p2dq : 0 ď j ď k ă d
¯

looooooooooooooooooooooooooomooooooooooooooooooooooooooon

“:D1

“ AD1.

With a small simplification we have D1 “ diag
`

e2πipj`k`1q`{d : 0 ď j ď k ă d
˘

. Next, consider that for

`1 P r2dq, if z “ p pR`1,2d ¨ x̂q|Ec , then for j, k P rdq,

zf2rHj, kIs “ wHj,kIe
´2πip2j`1q`1

{p2dqx̂r2j ` 1se´2πip2k`1q`1
{p2dqx̂r2k ` 1s

“ e´2πip2j`1`2k`1q`1
{p2dqwHj,kIx̂r2j ` 1sx̂r2k ` 1s.

So when `1 “ ` or `1 “ ` ` d,

zf2 “ diag
´

e´2πipj`k`1q`{d : 0 ď j ď k ă d
¯

looooooooooooooooooooooooomooooooooooooooooooooooooon

“:D2

pxrEcsqf2.

Observe that the phases in D1 and D2 are conjugates so D1D2 “ I and

A1zf2 “ AD1D2pxrEcsqf2 “ ApxrEcsqf2 “ b.

In the second case, we set g̃ “ pJd pR`,d for some ` P rdq. Let us consider the effect of the exchange matrix

without phase shifting (` “ 0) first. Observe that while p pJ2d ¨ x̂qrEs “ pJd ¨ px̂rEsq, p pJ2d ¨ x̂qrEcs “ Jd ¨ px̂rEcsq
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where

Jdrj, j1s “

$

’

’

&

’

’

%

1 j ” ´j1 ´ 1 pmod dq

0 otherwise.

In other words, the action of reflection around the zero index for a vector of length 2d (the action of pJ2dq has

the effect of reversal pJdq on the odd coefficients. Then pJd ¨ px̂rEcsqqf2rHj, kIs “ px̂rEcsqf2rH´j ´1,´k´1Is

so we may write

Jf2
d rHj, kI, Hj1, k1Is “

$

’

’

&

’

’

%

1 Hj, kI ” H´j1 ´ 1,´k1 ´ 1I pmod dq

0 otherwise.

Since Jf2
d swaps entries in the vector, it is an involution, i.e. pJf2

d q2 “ I. Next notice that

Jf2
d XJf2

d “ diag px̂r´2pp´j ´ 1q ` p´k ´ 1q ` 1qs : 0 ď j ď k ă dq “ diag px̂r2pj ` k ` 1qs : 0 ď j ď k ă dq

so we have that AdMRAp pJd ¨ x̂rEsq “ BJf2
d XJf2

d . Also note that Br:, Hj, kIs “ Br:, H´j ´ 1,´k ´ 1Is so

BJf2
d “ B. Then for any ` P rdq with g̃ “ pJd pR`,d,

AdMRApg̃ ¨ x̂rEsq “ BJf2
d XD1J

f2
d “ BXD1pJdqf2 “ AD1pJdqf2.

Next, consider that for `1 “ ` or `1 “ ` ` d, if g “ pJ2d pR`1,2d and z “ pg ¨ x̂q|Ec ,

zf2 “ ppg ¨ x̂qrEcsqf2 “ Jf2
d D2px̂rEcsqf2.

Combining these two expressions we have

A1zf2 “ AD1J
f2
d Jf2

d D2px̂rEcsqf2 “ AD1D2px̂rEcsqf2 “ Apx̂rEcsqf2 “ b. �

Aided Recovery for MRA with Projection. The relationship between the MRA invariants given

in Lemma 5.2.4 implies something similar for subtensors of T p3q

pMRA. We define the following shorthand for a

particular restriction of pΠf3 along each mode of its domain and codomain:

(5.27) pΠ
p3q

Ec,Ec,E :“ ppΠ2drEc
d, E

c
2dsqf2 b pΠ2drEd, E2ds.

By construction this is a linear transformation from a tensor with partial symmetry in pCdqf2 b Cd to a

tensor with partial symmetry in pCtpd`1q{2uqf2 b Ctd{2u.
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Definition 5.3.14. For y P Cd, define the linear operator ApMRApyq : pC2dqf2 Ñ pCtd{2uqf2 b Ctd{2u by

(5.28) ApMRApyq “ pΠ
p3q

Ec,Ec,EAdMRApyq,

with pΠ
p3q

Ec,Ec,E given in (5.27) and AdMRA given in Definition 5.3.11.

For x P C2d, define a vector bpMRApx̂q :“ bpMRA P pCtpd`1q{2uqf2 b Ctd{2u given entry-wise by

(5.29) bpMRArpHj, kI, HmIqs “

´

T
p3q

pMRApxq

¯

rH2j ` 1, 2k ` 1, 2mIs

where 0 ď j ď k ă d and 0 ď m ă d.

Proposition 5.3.15. Let x P R2d X spanp1,´1, . . . , 1,´1qK with Fourier transform x̂ P C2d, and let

y P Cd belong to the Dd-orbit of x̂rEs. For A “ ApMRApyq and b “ bpMRApx̂q, there is some g P D2d such

that pg ¨ x̂q|E “ y and the vector z “ pg ¨ x̂q|Ec satisfies Azf2 “ b.

Again, the main point is that

pApMRAqu “ bpMRA subject to u P X_
1

also contains a planted solution which may be used to extend y to an element in the D2d-orbit of x̂ and so

solving this VC-LS can help us achieve orbit recovery.

The proposition follows almost directly from Proposition 5.3.12, though we clarify some of the more

complicated steps through smaller lemmas.

Lemma 5.3.16. For any x P C2d,

bpMRA “ pΠ
p3q

Ec,Ec,E

´

T
p3q

dMRApx̂q

¯

rEc
2d, E

c
2d, E2ds.

Proof. First, observe that

bpMRA “

´

T
p3q

pMRApx̂q

¯

rEc
d, E

c
d, Eds “

´

pΠf3T
p3q

dMRApx̂q

¯

rEc
d, E

c
d, Eds

by Lemma 5.2.4. Then by Lemma 5.3.1, we may move the restriction to the rows of pΠf3 yielding

bpMRA “

´

ppΠrEc
d, :sq

f2 b pΠrEd, :s
¯

T
p3q

dMRApx̂q.

Finally, notice that for any vector v P C2d, pΠrEd, :sv “ pΠrEd, E2dsvrE2ds since by the sparsity structure of pΠ

given in (5.11), restriction to even rows pΠrEd, :s eliminates all non-zero entries in odd-indexed columns. The

odd columns are all then zero so restriction to non-zero columns has no effect on the matrix-vector product.
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For the analogous reasons, pΠrEc
d, :sv “ pΠrEc

d, E
c
2dsvrEc

2ds. Finally, applying this gives

´

T
p3q

pMRApx̂q

¯

rEc
d, E

c
d, Eds “

´

ppΠrEc
d, E

c
2dsqf2 b pΠrEd, E2ds

¯ ´

T
p3q

dMRApx̂q

¯

rEc
2d, E

c
2d, E2ds

“ pΠ
p3q

Ec,Ec,E

´

T
p3q

dMRApx̂q

¯

rEc
2d, E

c
2d, E2ds. �

Proof of Proposition 5.3.15. Suppose x P R2d, let x̂ P C2d be its Fourier transform, and fix some

y P Cd in the Dd-orbit of x̂rEs. Then y “ g̃ ¨ x̂rEs for some g̃ P Dd. Pick g P D2d as in Proposition 5.3.15

and set z “ pg ¨ xqrEcs. Then we know that z satisfies

AdMRAz
f2 “ bdMRA.

But then we have

ppΠ
p3q

Ec,Ec,EAdMRAqzf2 “ pΠ
p3q

Ec,Ec,EbdMRA,

pApMRAqzf2 “ bpMRA,

where the left-hand side follows from the definition of ApMRA and the right-hand side from Lemma 5.3.16.

Hence, zf2 is still a planted solution for the variety constrained linear system

pApMRAqu “ bpMRA subject to u P X_
1 . �

Careful readers may notice what appears to be an inconsistency: in the pMRA model we cannot recover

the Nyquist component x̂rds when x P R2d. It appears that we need this component in the construction of

ApMRA. We clarify this apparent issue.

Lemma 5.3.17. When d is even and j, k P rdq such that j ` k ` 1 ” d{2 ” ´d{2 pmod dq,

ApMRAr:, Hj, kIs “ ~0,

so ApMRApyq does not depend on the value of yrd{2s.

Proof. When d is even, the matrix pΠ2drEd, E2ds used in the construction of pΠ
p3q

Ec,Ec,E in (5.27) is simply

the matrix pΠd. From (5.11) one can determine that pΠd has a zero-column at index d{2, so pΠd~ed{2 “ ~0. In

Definition 5.3.11, it would appear we need to know yrd{2s to construction a column AdMRAr:, Hj, kIs when

j ` k ` 1 ” d{2 ” ´d{2 pmod dq, which we use in the construction of ApMRA. However, in this case the
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column has the form

AdMRAr:, Hj, kIs “

?
3

2
yrd{2sp~ej f ~ek b ~ed{2 ` ~e´j´1 f ~e´k´1 b ~ed{2q.

Consider the partially symmetric standard basis tensors appearing above. If follows that

pΠ
p3q

Ec,Ec,Ep~ej f ~ek b ~ed{2q “ ppΠ2drEc
d, E

c
2dsf2p~ej f ~ekqq b ppΠ2drEd, E2ds~ed{2q

“ ppΠ2drEc
d, E

c
2dsf2p~ej f ~ekqq b ppΠd~ed{2q

“ ppΠ2drEc
d, E

c
2dsf2p~ej f ~ekqq b~0

“ ~0.

Similarly pΠ
p3q

Ec,Ec,Ep~e´j´1f~e´k´1b~ed{2q “ ~0. Thus, the corresponding columns in ApMRA that would appear

to use yrd{2s are zero-columns. �

Observe that since ApMRA has some zero-columns it will certainly have a non-trivial nullspace. However,

this does not mean the VC-LS is impossible to solve.

5.3.4. Extending Representatives. We have now shown how the subtensor T rEc, Ec, Es can be used

to produce variety-constrained linear systems that contain the remaining information about x̂. We now state

the full routine for extracting this information, in both the dihedral and projected MRA settings.

Algorithm 3 Aided recovery for dihedral MRA.
Input: A vector y in the Dd-orbit of x̂rEs (even Fourier coeffs. of x) and the tensor T p3q

dMRApx̂q from (5.12).
Output: Either reports an element w in the D2d-orbit of x̂ or “Fail” if no element was found.

1: procedure ExtendRepresentativeDihedralMRA(y, T )
2: A Ð AdMRApyq from Definition 5.3.11
3: b Ð T rEc, Ec, Es

4: u Ð FindVarietyConstrainedSolutionspA, b,X_
1 q (see Algorithm 2)

5: Reshape u to a complex symmetric matrix using (4.9): U Ð matricizepuq

6: Find any z such that zzJ “ U
7: wrEs Ð y
8: wrEcs Ð z
9: return w
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Algorithm 4 Aided recovery for projected MRA.
Input: A vector y in the Dd-orbit of x̂rEs and the tensor T p3q

pMRApx̂q from (5.13).
Output: Either reports an element w in the D2d-orbit of x̂ or “Fail” if no element was found.

1: procedure ExtendRepresentativeProjectedMRA(y, T )
2: A Ð ApMRApyq from Definition 5.3.14
3: b Ð T rEc, Ec, Es

4: u Ð FindVarietyConstrainedSolutionspA, b,X_
1 q (see Algorithm 2)

5: Reshape u to a complex symmetric matrix using (4.9): U Ð matricizepuq

6: Find any z such that zzJ “ U
7: wrEs Ð y
8: wrEcs Ð z
9: return w

We note that matricizing u produces a complex symmetric matrix, not a Hermitian one. To find z, one

can simply take the first column of U scaled by the appropriate complex scalar. There is a unique choice of

z, up to negation.

The success of these algorithms hinge on the success of the FindVarietyConstrainedSolutions

subroutine applied in this case. In Section 5.4, we analyze the two sets of equivalent matrices MpA, u,X q

corresponding to these two problems, to determine when these methods succeed.

5.4. Analysis of the Aided Recovery Procedure

In Section 5.3.2 we repurposed the subspace–conic variety intersection algorithm from [43] via our

modification in Algorithm 2 to solve VC-LS’s. We now apply our general construction from Definition 5.3.6

for the dMRA and pMRA models.

Since this section and the next concern aided recovery in the context of recursion we will assume that d

is even.

Let

(5.30) C :“ tHj, kI : j, k P rdq, j ` k ` 1 ă du

be a set of multisets. Treated as coordinates in the plane pj, kq with j ď k for even d these make up one

fourth of the square rdq ˆ rdq, so |C| “ d2{4. We use the Dershowitz–Manna order to construct a map

β1 : C Ñ rd2{4s which maps a multiset in C to its index when all are arranged in increasing order. Next, we

will define

´C :“ tHd ´ 1 ´ j ´ 1, d ´ 1 ´ kI : tj, ku P Cu
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which we may think of as the reflection of the original multisets-as-coordinates in C over the line k “ d ´ j.

Define the set

L1 :“ tHj, kI : j, k P rdq, j ` k ` 1 “ du.

These three sets form a partition of the set of all two-element multisets of rdq, i.e. C \ ´C \ L1 “

´́

rdq

2

¯̄

.

Using this partition we extend our original ordering to a map from all multisets β :
´́

rdq

2

¯̄

Ñ rd2{4sYt0u by

βpCq “ βp´Cq “ β1pCq and βpL1q “ 0 for any j P rdq. Finally define a function sgn :
´́

rdq

2

¯̄

Ñ t´1, 0, 1u

by sgnpCq “ 1, sgnp´Cq “ ´1 and sgnpL1q “ 0.

Definition 5.4.1. For x̂ P C2d the matrix MdMRApx̂q is defined to have the rows

pMdMRAqrpj1, k1, j2, k2q, :s “

x̂r2j1 ` 1s ¨ x̂r2k1 ` 1s ¨ x̂r2pj2 ` k2 ` 1qs ¨ sgnpHj2, k2Iq ~e0 f ~eβpHj2,k2Iq

´ x̂r2j1 ` 1s ¨ x̂r2k2 ` 1s ¨ x̂r2pj2 ` k1 ` 1qs ¨ sgnpHj2, k1Iq ~e0 f ~eβpHj2,k1Iq

` x̂r2j2 ` 1s ¨ x̂r2k2 ` 1s ¨ x̂r2pj1 ` k1 ` 1qs ¨ sgnpHj1, k1Iq ~e0 f ~eβpHj1,k1Iq

´ x̂r2j2 ` 1s ¨ x̂r2k1 ` 1s ¨ x̂r2pj1 ` k2 ` 1qs ¨ sgnpHj1, k2Iq ~e0 f ~eβpHj1,k2Iq

` x̂r2pj1 ` k1 ` 1qs ¨ x̂r2pj2 ` k2 ` 1qs ¨ sgnpHj1, k1Iq ¨ sgnpHj2, k2Iq ~eβpHj1,k1Iq f ~eβpHj2,k2Iq

´ x̂r2pj1 ` k2 ` 1qs ¨ x̂r2pj2 ` k1 ` 1qs ¨ sgnpHj1, k2Iq ¨ sgnpHj2, k1Iq ~eβpHj1,k2Iq f ~eβpHj2,k1Iq

(5.31)

with 0 ď j1 ď k1 ă d, 0 ď j2 ď k2 ă d, j1 ă j2 and k1 ă k2. Indices are taken modulo 2d when accessing

entries of x̂ and the rowspace of M should be considered a subspace of pCd2
{4`1qf2 X spanp~e0 f ~e0qK.

For x̂ P C2d, MdMRApx̂q has 1
12 pd ` 1qd2pd ´ 1q rows and

`

d2
{4`2
2

˘

´ 1 columns. As a result, it has more

rows than columns when d ě 4. It is also a very sparse matrix, having at most 6 non-zero entries per row.

Proposition 5.4.2. For x̂ P C2d and any g P D2d,

MdMRApg ¨ x̂q P M
`

AdMRApx̂rEsq, px̂rEcsqf2,X_
1

˘

where MpA, u,X q is the set of equivalent matrices in Definition 5.3.6 for a variety-constrained linear system

Au “ b with planted solution u P X .

Conjecture 5.4.3. For d “ 2k with k ě 2, MdMRApx̂q has full column-rank as a symbolic matrix of

polynomials where the variables are the d` 1 real and d´ 1 imaginary components of the Fourier coefficients

of x P R2d.
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See Section 5.4.2 for numerical evidence that these matrices have full column-rank symbolically. We

will also drop the dependence on x̂, replacing it with the parameter d, and writing MdMRApdq, to emphasize

when we are considering the construction as a symbolic matrix.

Remark 5.4.4 (Symbolic Matrices). While we define MdMRApx̂q in terms of Fourier coefficients of x, the

signal x is real so x̂rjs “ x̂r2d ´ js for j P r2dq. Due to this conjugate relationship, x̂rjs and x̂r2d´ js cannot

be considered distinct complex variables symbolically. Instead we consider symbolic variables r0, r1, . . . , rd

and c1, c2, . . . , cd´1 and define x̂ by

<px̂q “: pr0, r1, r2, . . . , rd´1, rd, rd´1, . . . , r2, r1q and

=px̂q “: p0, c1, c2, . . . , cd´1, 0,´cd´1,´cd´2, . . . ,´c2,´c1q.

Now MdMRApx̂q is a matrix of symbolic polynomials in these underlying symbolic variables. Such a matrix

is said to have full column-rank if some maximal minor evaluates to a nonzero polynomial.

If MdMRApdq has full column-rank symbolically, this ensure the success of Algorithm 3 in retrieving the

odd Fourier coefficients for generic x P R2d.

Theorem 5.4.5 (Aided recovery for dihedral MRA). Fix even d ě 4 and suppose MdMRApdq has full

column-rank as a symbolic matrix. Then for generic x P R2d, if y is an arbitrary element in the Dd-orbit of

x̂rEs, Algorithm 3 runs in polynomial time on inputs y and T
p3q

dMRApx̂q and recovers some x̂1 in the D2d-orbit

of x̂.

Note that the algorithm is guaranteed to succeed for a specific x̂ whenever the instance MdMRApx̂q has

full column-rank.

As one can see in Definition 5.3.6, the construction of MdMRApx̂q requires a basis for the kernel of

AdMRApx̂rEsq. To prove Proposition 5.4.2 (and subsequently Theorem 5.4.5), we give an explicit and sparse

basis for this subspace. For y P Cd, define the vectors

(5.32) nHj,kIpyq :“ yrj ` k ` 1s~ej f ~ek ´ yr´j ´ k ´ 1s~e´k´1 f ~e´j´1

where indices on the standard basis vectors and indexing entries of y are taken modulo d. Define

(5.33) NdMRApyq :“ tnmpyq : m P Cu Ď pCdqf2

where C is the set defined in (5.30).

Lemma 5.4.6. When y P Cd with each yrjs ‰ 0 for j P rdq, NdMRApyq is a basis for kerAdMRApyq
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The non-zero condition prevents AdMRApyq from having zero-columns. Zero-columns would increase the

dimension of the nullspace of AdMRA which — as we have noted — does not necessarily break our method

unless the bound in (5.16) is exceeded. However, generic signals will have non-zero Fourier coefficients so we

do not consider these cases.

As suggested by the lemma, C, β and sgn are helpful construct this specific basis. Note that for any

j P rdq, nHj,d´j´1Ipyq is ~0, hence it is an edge-case we handle along this anti-diagonal and the reason we split

our set of multisets into C, ´C and L1.

Proof of Lemma 5.4.6. For some y P Cd set A “ AdMRApyq. Consider the inner product of two

columns of A given by Definition 5.3.11:

xAr:, Hj, kIs, Ar:, Hj1, k1Isy “
3

4
w2

Hj,kIyr´pj ` k ` 1qsyr´pj1 ` k1 ` 1qs

xp~ej f ~ek b ~e´j´k´1 ` ~e´j´1 f ~e´k´1 b ~ej`k`1q,

p~ej1 f ~ek1 b ~e´j1´k1´1 ` ~e´j1´1 f ~e´k1´1 b ~ej1`k1`1qy.

The columns will be orthogonal unless they have overlapping support. Observe that by Corollary 4.1.4,

x~ea f ~eb b ~ec, ~ea1 f ~eb1 b ~ec1 y “ x~ea f ~eb, ~ea1 f ~eb1 yx~ec, ec1 y

“
1

2
px~ea, ea1 yx~eb, eb1 y ` x~ea, eb1 yx~eb, ea1 yq x~ec, ec1 y

“
|Ha, bI|

2
1pHa, bI “ Ha1, b1Iq1pc “ c1q.

By linearity of the inner product and since are indices are taken modulo d we have

xp~ej f ~ek b ~e´j´k´1 ` ~e´j´1 f ~e´k´1 b ~ej`k`1q, p~ej1 f ~ek1 b ~e´j1´k1´1 ` ~e´j1´1 f ~e´k1´1 b ~ej1`k1`1qy

“

ˆ

|Hj, kI|

2
1pHj, kI ” Hj1, k1I pmod dqq1p´j ´ k ´ 1 ” ´j1 ´ k1 ´ 1 pmod dqq

`
|Hj, kI|

2
1pHj, kI ” H´j1 ´ 1,´k1 ´ 1I pmod dqq1p´j ´ k ´ 1 ” j1 ` k1 ` 1 pmod dqq

`
|H´j ´ 1,´k ´ 1I|

2
1pH´j ´ 1,´k ´ 1I ” Hj1, k1I pmod dqq1pj ` k ` 1 ” ´j1 ´ k1 ´ 1 pmod dqq

`
|H´j ´ 1,´k ´ 1I|

2
1pH´j ´ 1,´k ´ 1I ” H´j1 ´ 1,´k1 ´ 1I pmod dqq

¨ 1p´j ´ k ´ 1 ” j1 ` k1 ` 1 pmod dqq

˙

“ |Hj, kI|1pHj, kI ” Hj1, k1I pmod dqq ` |Hj, kI|1pHj, kI ” H´j1 ´ 1,´k1 ´ 1I pmod dqq.
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Hence, columns are orthogonal unless Hj, kI ” Hj1, k1I (i.e. they are the same column) or Hj, kI ” H´j1 ´

1,´k1 ´ 1I. Notice that in the second case, these columns are scalar multiples of each other. We then have

that

yrj ` k ` 1s ¨ Ar:, Hj, kIs ´ yr´pj ` k ` 1qs ¨ Ar:, H´j ´ 1,´k ´ 1Is “ ~0.

Hence, all null vectors take the form given in (5.32). Further, for m1,m2 P C with m1 ‰ m2, xnm1
, nm2

y “ 0

since the null vectors have non-overlapping support. Hence, NdMRApyq is a orthogonal basis for kerA. �

Having determined a sparse basis for the nullspace of AdMRApyq in terms of the entries of y we may now

show that MdMRApx̂q lies in the equivalence class of matrices that determine whether the variety-constrained

linear system has a unique planted solution recoverable by Algorithm 3.

Proof of Proposition 5.4.2. We will proceed in two stages: first we will show that the matrix

MdMRApx̂q P M
`

AdMRApx̂rEsq, px̂rEcsqf2,X_
1

˘

, and then we will show that for g P D2d, MdMRApg ¨ x̂q “

WgMdMRApx̂q where Wg is some change-of-basis matrix acting on the rows of MdMRApx̂q depending on g.

Consider a matrix N P C
´́

d
2

¯̄

ˆ|C| with rows

N rHj, kI, :s “ sgnpHj, kIqwHj,kIx̂r2pj ` k ` 1qs~eβpHj,kIq.

The columns of N are the null vectors of NdMRA scaled by the weight wHj,kI so by Lemma 5.4.6, colspanN “

kerAdMRA. Next, we can expand the solution vector x̂rEcsf2 by examining its entries,

px̂rEcsf2qrHj, kIs “ wH2j`1,2k`1Ix̂r2j ` 1sx̂r2k ` 1s “ wHj,kIx̂r2j ` 1sx̂r2k ` 1s.

If we form the C
´́

d
2

¯̄

ˆp|C|`1q block matrix

U “

„

px̂rEcsqf2 N



,

where columns are indexed from 0 to |C|, the rows have the form

U rHj, kI, :s “ wHj,kI
`

x̂r2j ` 1sx̂r2k ` 1s~e0 ` sptj, kuqx̂r2pj ` k ` 1qs~eβpHj,kIq

˘

.
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Define the matrix Ũ to be Uf2 with the first column dropped. Using Lemma 4.2.2 we expand along the

rows but exclude vectors in the direction ~e0 f ~e0. This gives the three terms

Ũ rHHj1, k1I,Hj2, k2II, :s “ wHHj1,k1I,Hj2,k2IIwHj1,k1IwHj2,k2Iˆ

px̂r2j1 ` 1sx̂r2k1 ` 1sx̂r2pj2 ` k2 ` 1qsspHj2, k2Iq~e0 f ~eβpHj2,k2Iq

` x̂r2j2 ` 1sx̂r2k2 ` 1sx̂r2pj1 ` k1 ` 1qsspHj1, k1Iq~e0 f ~eβpHj1,k1Iq

` x̂r2pj1 ` k1 ` 1qsx̂r2pj2 ` k2 ` 1qsspHj1, k1IqspHj2, k2Iq~eβpHj1,k1Iq f ~eβpHj2,k2Iqq.

(5.34)

Finally, define Φ to have rows indexed by the set tpj1, k1, j2, k2q : 0 ď j1 ď k1 ă d, 0 ď j2 ď k2 ă d, j1 ă

j2 and k1 ă k2u defined row-wise by

Φrpj1, k1, j2, k2q, :s “ pE_
j1k1j2k2

qJ

where E_
j1k1j2k2

is the vector define in (4.12). These vectors are a basis for IpX_
1 q2 Ď ppCdqf2qf2 by

Lemma 2.4.6 and since each vector E_
j1k1j2k2

is the difference of two rescaled standard basis vectors, left-

multiplication by Φ has the effect of taking a linear combination of exactly two rows of Ũ . The weights in

(5.34) cancel with those in (4.12) for each row which result in the final expression given in Definition 5.4.1.

By construction this in M
`

AdMRApx̂rEsq, px̂rEcsqf2,X_
1

˘

.

Next, we will show that MdMRApx̂q transforms equivariantly in that for g P D2d, MdMRApg ¨ x̂q “

g ¨ MdMRApx̂q for some group action on the column space. First, consider the action of pR` P D2d. Observe

that for each monomial in the row, the sum of indices used to access entries is always 2pj1 `k1 ` j2 `k2 `2q.

Then

MdMRAp pR` ¨ x̂qrHHj1, k1I, Hj2, k2II, :s “ e´2πi`pj1`k1`j2`k2`2q{dMdMRApx̂qrHHj1, k1I, Hj2, k2II, :s.

If we define a matrix D` :“ diagpe´2πi`pj1`k1`j2`k2`2q{d : HHj1, k1I, Hj2, k2IIq, where j1, j2, k1, k2 P rds and

j1 ď k1, j2 ď k2, j1 ă j2 and k1 ă k2, then

MdMRAp pR`x̂q “ D`MdMRApx̂q P M
`

AdMRApx̂rEsq, px̂rEcsqf2,X_
1

˘

.

since D` is an invertible matrix. It remains to show that exchange also causes a simple change of basis.

Recall that p pJ ¨ x̂qrjs “ x̂r´js for j P r2dq and with indices take modulo d. Then

MdMRAp pJ ¨ x̂qrHHj1, k1I, Hj2, k2II, :s “ MdMRApx̂qrHHd ´ j2 ´ 1, d ´ k2 ´ 1I, Hd ´ j1 ´ 1, d ´ k1 ´ 1II, :s.
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Observe that if j1 ď k1, j2 ď k2 and k1 ă k2, then the mapping j ÞÑ d´ j ´1 flips each inequality. Thus, the

action of pJ simply permutes the rows of MdMRA by swapping many pairs of rows. Hence, pJ induces some

change of basis so in general

MdMRApg ¨ x̂q P M
`

AdMRApx̂rEsq, px̂rEcsqf2,X_
1

˘

for any g P D2d. �

Next, we will briefly give an elementary result in invariant theory about the decomposition of a symmetric

rank-1 matrix.

Lemma 5.4.7. If z P Kd and Z “ zzJ then Z determines z up to sign.

Proof. If Z is the zero matrix then z “ ~0. Suppose Z is not the zero matrix and both Z “ z1z
J
1 and

Z “ z2z
J
2 for z1, z2 P Kd are rank-1 decompositions. Then there exists some j P rds so that zrjs ‰ 0. The

j-th column of Z is Zr:, js “ z1rjsz1 “ z2rjsz2 Since z1rjs ‰ 0 we know z1 “ αz2 for some α P K. But then

z1z
J
1 “ Z “ α2z2z

J
2 so 1 “ α2 and α “ ˘1. We can then conclude that z2 “ ˘z1. �

We can now prove the correctness of the recovery step in Algorithm 3.

Proof of Theorem 5.4.5. Since y is in the Dd-orbit of x̂rEs, by Lemma 5.3.12 the linear system

Au “ b with u P X_
1

with A “ AdMRApŷq and b “ bdMRApx̂q has a planted solution of the form u “ zf2 such that z “ pg ¨ x̂q|Ec

and pg ¨ x̂q|E “ ŷ for some g P D2d. Define M “ MdMRApx̂q to be the specific instance of MdMRApdq

using the coefficients of x̂. Since symbolically MdMRApdq has full column-rank and x̂ is generic, the specific

instanceM has full column-rank. Then Proposition 5.4.2 and Proposition 5.3.7 together imply the subroutine

FindVarietyConstrainedSolutions returns u. Now u “ zf2 so the matricization of u may be written

U “ zzJ. By Lemma 5.4.7 there is a z1 such that U “ z1z1J and z1 “ z or z1 “ ´z. We will show either

choice of sign in the rank-1 decomposition is valid. If the sign is positive and z1 “ z, by assumption z

extends y to some w P C2d in the D2d-orbit of x̂. If z1 “ ´z observe that pRd “ diagpp´1qj : j P r2dqq so

p pRdg ¨ zqrEcs “ ´pg ¨ zqrEcs and p pRdg ¨ zqrEs “ pg ¨ zqrEs “ y. Since pRdg P D2d, either sign results in an

element in the D2d-orbit of x̂. �

5.4.1. Sufficient Conditions for Aided Recovery in the pMRA Model. As in the previous

section, we assume d is even throughout. The construction of MpMRA is very similar to that of MdMRA with
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a small modification to the column indexing function β. Define the sets of multisets

L2 :“ tHj, kI : j, k P rdq, j ` k ` 1 ” d{2 pmod dqu,

C 1 :“ CzL2, and

´C 1 :“ tHd ´ 1 ´ j, d ´ 1 ´ kI : Hj, kI P C 1u,

where C is defined in (5.30). The accounting is somewhat trickier but |L2 X C| “ rd{4s (see Figure 5.2 for a

visualization). We can then determine that |C 1 \L2| “ rdpd`1q{4s. Let γ1 : C 1 XL2 Ñ rrdpd`1q{4ss give the

DM order on C 1 XL2. We extend this using the partition given by four sets now,
´́

rdq

2

¯̄

“ L1\C 1 \´C 1 \L2,

so that γ :
´́

rdq

2

¯̄

Ñ rrdpd ` 1q{4ss Y t0u is a map such that γpC 1q “ γp´C 1q “ γ1pCq, γpL2q “ γ1pL2q and

γpL1q “ 0. We may reuse the original sign function defined at the start of Section 5.4.

Finally, recall that x̂rds is indeterminate in the pMRA model. However, in the following we will set

x̂rds “ 1 to avoid dealing with a special case in construction. Lemma 5.4.13 and the proof of Proposition 5.4.9

will clarify why this is used. With these modification, our M -matrix representative for the pMRA model is

effectively the same as in Definition 5.4.1.

Definition 5.4.8. For x̂ P C2d the matrix MpMRApx̂q has rows

pMpMRAqrpj1, k1, j2, k2q, :s “

x̂r2j1 ` 1s ¨ x̂r2k1 ` 1s ¨ x̂r2pj2 ` k2 ` 1qs ¨ sgnpHj2, k2Iq ~e0 f ~eγpHj2,k2Iq

´ x̂r2j1 ` 1s ¨ x̂r2k2 ` 1s ¨ x̂r2pj2 ` k1 ` 1qs ¨ sgnpHj2, k1Iq ~e0 f ~eγpHj2,k1Iq

` x̂r2j2 ` 1s ¨ x̂r2k2 ` 1s ¨ x̂r2pj1 ` k1 ` 1qs ¨ sgnpHj1, k1Iq ~e0 f ~eγpHj1,k1Iq

´ x̂r2j2 ` 1s ¨ x̂r2k1 ` 1s ¨ x̂r2pj1 ` k2 ` 1qs ¨ sgnpHj1, k2Iq ~e0 f ~eγpHj1,k2Iq

` x̂r2pj1 ` k1 ` 1qs ¨ x̂r2pj2 ` k2 ` 1qs ¨ sgnpHj1, k1Iq ¨ sgnpHj2, k2Iq ~eγpHj1,k1Iq f ~eγpHj2,k2Iq

´ x̂r2pj1 ` k2 ` 1qs ¨ x̂r2pj2 ` k1 ` 1qs ¨ sgnpHj1, k2Iq ¨ sgnpHj2, k1Iq ~eγpHj1,k2Iq f ~eγpHj2,k1Iq

(5.35)

with 0 ď j1 ď k1 ă d, 0 ď j2 ď k2 ă d, j1 ă j2 and k1 ă k2. Indices are taken modulo 2d when accessing

entries of x̂ and the rowspace of MpMRA should be considered a subspace of pCrdpd`1q{4s`1qf2Xspanp~e0f~e0qK.

Further, one should replace x̂rds with the constant 1 anywhere it appears as the expression above as MpMRA

does not depend on x̂rds’s value but the definition requires a non-zero constant in these positions to be correct.
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For x̂ P C2d, MpMRApx̂q has 1
12 pd ` 1qd2pd ´ 1q rows and

`

rdpd`1q{4s`2
2

˘

´ 1 columns. As a result, it is

square when d “ 4 and has more rows than columns when d ą 4. It is also a very sparse matrix, having at

most 6 non-zero entries per row.

We have an analogue to Proposition 5.4.2.

Proposition 5.4.9. For x̂ P C2d and any g P D2d,

MpMRApg ¨ x̂q P M
`

ApMRApx̂rEsq, px̂rEcsqf2,X_
1

˘

where MpA, u,X q is the set of equivalent matrices in Definition 5.3.6 for a variety-constrained linear system

Au “ b with planted solution u P X .

Conjecture 5.4.10. For d “ 2k with k ě 3, MpMRApx̂q has full column-rank as a symbolic matrix in

the d real and d ´ 1 imaginary components of the Fourier coefficients of x P R2d X spanp1,´1, . . . , 1,´1qK.

See Section 5.4.2 for evidence toward this conjecture. Similar to the notation MdMRApdq, we will write

MpMRApdq and drop the dependence on x̂ and reference the parameter d when considering this matrix as a

symbolical construct.

Remark 5.4.11. See Remark 5.4.4 for how these symbolic variables are formally described in the case

of the MdMRA matrix in Definition 5.4.1. The condition that x P R2d X spanp1,´1, . . . , 1,´1qK results in

one less variable since now

<px̂q “: pr0, r1, r2, . . . , rd´1, 0, rd´1, . . . , r2, r1q

in the underlying symbolic variables. However, in Definition 5.4.8, to ensure that Proposition 5.4.9 holds,

the dependence on x̂rds “ rd should formally be removed by replacing it with the constant 1 (or any non-zero

constant).

Theorem 5.4.12 (Aided recovery for projected MRA). Fix even d ě 4 and suppose MpMRApdq has full

column-rank as a symbolic matrix. Then for generic x P R2d X spanp1,´1, . . . , 1,´1qK, if y is an arbitrary

element in the Dd-orbit of x̂rEs, Algorithm 4 runs in polynomial time on inputs y and T
p3q

pMRApx̂q and recovers

some x̂1 in the D2d-orbit of x̂.

The construction requires a basis for the kernel of ApMRApx̂rEsq, which we now characterize. Define the

set of vectors

(5.36) NpMRApyq :“ tnmpyq : m P C 1u Y t~ej f ~ed{2´1´j : j P rdqu
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where nmpyq is a null-vector of the form define in (5.32) where indices are taken modulo d on the standard

basis vectors.

Lemma 5.4.13. When d is even and y P Cd with each yrjs ‰ 0 for j P rdq, NpMRApyq is a basis for

kerApMRApyq.

Comparing constructions in Lemma 5.4.6 and Lemma 5.4.13, kerAdMRA Ď kerApMRA which can also

be inferred from the definition of ApMRA. In the pMRA model, without the Nyquist component a small

set of the dMRA null vectors (specifically the vectors indexed by multisets in the set L2) to split into two

orthogonal standard basis vectors in pCdqf2.

Proof of Lemma 5.4.13. SetA “ ApMRApyq for y P Cd. By Definition 5.3.14, A “ pΠ
p3q

Ec,Ec,EAdMRApyq,

and in Lemma 5.3.17 we determined that A has zero-columns in the Hj, kI-th position when j ` k ` 1 ” d{2.

By these observations we may conclude that spanpNpMRApyqq Ď kerApMRA. Our main goal is to show that

these are the only such vectors. First, recall that our indices are taken modulo 2d or d depending on the

dimension of the matrices involved. If we use j P t´d ` 1, . . . , 0, . . . , d ´ 1, du to index columns of pΠ then

observe that the d-th column is ~0 and every other column may be written as

pΠr:, js “ eπipj´|j|q{2d~e|j|.

For j, k, ` P t´d{2 ` 1, . . . , d ´ 1, d{2u the pHj, kI, H`Iq-th column of pΠ
p3q

Ec,Ec,E is given by

pΠ
p3q

Ec,Ec,Er:, pHj, kI, H`Iqs “

$

’

’

&

’

’

%

φpj, kq
?
3wHj,kI

´

~e|j` 1
2 |´ 1

2
f ~e|k` 1

2 |´ 1
2

b ~e|`|

¯

` ı d{2 pmod dq

~0 ` ” d{2

where φpj, kq “ exp
´

πip2j`1´|2j`1|`2k`1´|2k`1|´2pj`k`1q`2|j`k`1|q

2d

¯

“ exp
´

πip2|j`k`1|´|2j`1|´|2k`1|q

2d

¯

. It

then follows that the columns of A have the form

Ar:, Hj, kIs “ pφpj, kq ` φp´j ´ 1,´k ´ 1qq

?
3wHj,kI

2

´

~e|j` 1
2 |´ 1

2
f ~e|k` 1

2 |´ 1
2

b ~e|j`k`1|

¯

except when j ` k ` 1 ” d{2, in which case the phase factors cancel to form a zero-column, producing the

second set of null vectors in (5.36). Next, for a column of A with index Hj1, k1I to have the same support as
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the Hj, kI-th column of A, it must be that

|j ` 1{2| ´ 1{2 ” |j1 ` 1{2| ´ 1{2 pmod dq,

|j ` 1{2| ´ 1{2 ” |j1 ` 1{2| ´ 1{2 pmod dq,

|j ` k ` 1| ” |j1 ` k1 ` 1| pmod dq.

The first two equations force j1 ” j or ´j ´ 1 pmod dq and k1 “ k or ´k ´ 1 pmod dq. We know from

Lemma 5.4.6 that when Hj1, k1I “ H´j ´ 1,´k ´ 1I, this produces the set of vectors we index by C 1 in

(5.36). For the other two pairs, if tj1, k1u “ t´j ´ 1, ku or if tj1, k1u “ tj, k ´ 1u then the third modular

equation requires either 2j ” 1 pmod dq or 2k ” 1 pmod dq, both of which are impossible since d is even.

Since the columns have non-overlapping support, they are orthogonal and there can be no additional linearly

independent null vectors beyond the ones in NpMRApyq. �

Figure 5.2. Illustration of the combinatorics involved in computing nullspace dimensions
for d “ 8. Columns of AdMRA and ApMRA correspond to boxes in the upper triangular
region, as they are indexed by pairs Hj, kI with 0 ď j ď k ă d. Boxes that are reflections
across the diagonal dashed line correspond to columns that are scalar multiples of each
other. Each pair gives an element in the null space. Boxes in blue along the dashed line
indicate columns that have a unique support and produce no null vectors. Boxes in red
indicate columns that are zero-columns in ApMRA but not AdMRA; these produce additional
null vectors which are tensor products of standard basis elements.

Having verified our choice of basis spans the nullspace of ApMRA, we will now sketch the proof of

Proposition 5.4.9, highlighting some subtle differences to Proposition 5.4.2 though the same technique is

used.

Proof sketch of Proposition 5.4.9. In Definition 5.4.8, the function γ serves the same role as β in

Definition 5.4.8, being a column-index lookup function to place the vectors of NdMRApx̂rEsq into a matrix N .

The construction ofMpMRApx̂q from this matrix then follows along the same lines as that in Proposition 5.4.2.
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However, MpMRApg ¨ x̂q is no longer row-equivalent to MpMRApx̂q since we canonically set x̂rds “ 1 in

our formula. Indeed, when g P t pR`u
2d´1
`“0 Ď D2d, multiplying by D` (defined in the proof of Proposition 5.4.2)

may change the sign of x̂rds. However, observe that this coefficient is used to weight one of the basis vectors

in NpMRApx̂rEsq which is just a standard symmetric tensor product of two basis vectors. Multiplying N on

the right by a diagonal matrix with a sign in the correct place will fix the sign issue and we can conclude

that MpMRApg ¨ x̂q is still matrix-equivalent to MpMRApx̂q. �

Finally, we can verify that the recursive step succeeds.

Proof of Theorem 5.4.12. This proof follows from identical logic to that in the proof of Theo­

rem 5.4.5 with the replacements A “ ApMRA, b “ bpMRA, M “ MpMRApx̂q and the reference to Propo­

sition 5.3.12 should be replaced with Proposition 5.3.15. �

5.4.2. Numerical Evidence for Conjectures. For x P R2d with Fourier coefficients x̂ “ Fx, one

can produce strong numerical evidence that MdMRApx̂q and MpMRApx̂q have full column-rank symbolically

by picking x at random from some absolutely continuous distribution in R2d and verifying that the smallest

singular value of MdMRApx̂q or MpMRApx̂q are each significantly far from zero. Note that demonstrating a

single choice of x for which M has full column-rank implies that M has full column-rank symbolically, and

therefore implies success of aided recovery for generic inputs of this dimension. The condition number of a

rectangular matrix M is defined to be

(5.37) κpMq “
σmaxpMq

σminpMq
.

Since κpMq “ κpαMq for α ‰ 0, the condition number is a scale-invariant measure of how close M is to

having a rank-deficit where if M has linearly-dependent columns, we canonically define κpMq :“ 8. In the

following repository2, we furnish the experiments for the values d “ 4, 8 and 16 where x is chosen to have

standard real Gaussian entries. Out of 500 random trials, we report the smallest condition number obtained

for each of MdMRApx̂q and MpMRApx̂q. We report the smallest condition number since, in practice we need

only show that there exists one instantiation of variables x̂0, . . . , x̂d´1 such that MdMRApx̂q and MpMRApx̂q

have full numerical column-rank. This instance then provides the best possible evidence of these matrices

having full column-rank symbolically. The results reported in Table 5.1 support Conjectures 5.4.3 and 5.4.10,

respectively. When d “ 32, we were not able to get our numerical method to converge when computing the

smallest singular value for instances ofMdMRApx̂q andMpMRApx̂q. However, we note that the implementation

given in Section 5.7.1 and our numerical experiments there give indirect evidence that MdMRA and MpMRA

2Repository is found at https://github.com/lemniscate8/MRA-variant-orbit-recovery for those reading in print.
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d κpMdMRAq κpMpMRAq

4 6.07 74.96
8 13.36 129.78
16 135.81 1464.38

Table 5.1. The smallest condition numbers of both MdMRApx̂q and MpMRApx̂q out of
500 trials where each entry of x P R2d is chosen independently from a standard normal
distribution.

still have full column-rank symbolically in this case. While the smallest sampled condition number grows in

the cases we could test, we have no reason to believe that it is becomes infinite for any finite d.

5.5. Analysis of the Base Case

The recursive procedure described above can reduce the problem to an orbit recovery problem of constant

size. In these cases, the theoretical computational complexity is not an issue, but we we do need a proof

that the orbit is uniquely identifiable and an explicit procedure to recover it.

5.5.1. Frequency Marching in Dihedral MRA. By the work of Edidin and Katz [31] the question

of identifiability has been solved for the dMRA model: namely, the first three moments separate generic

orbits.

Counting the number of rows and columns of MdMRA shows that our recursive method cannot work

starting from d “ 1 (x P R2), which is unfortunate since this case is trivial to achieve orbit recovery in as

the zeroth and first Fourier coefficients are real and can be estimated from the first and second moments,

respectively. We then consider the case d “ 2 (x P R4) as our base case.

The technique of frequency marching arises from the observation that the degree-2 cyclic or dihedral

invariants give the magnitudes of Fourier coefficients. One can then use the degree-3 invariants to set up a

system of equations modulo 2π to solve for the phases of Fourier coefficients. Edidin and Katz considered

frequency marching as a strategy for recovery, but primarily considered it as a proof strategy, since it does

not give an efficient algorithm. However, since we only care about signals of small dimension for our base

case, we demonstrate that frequency marching recovers the orbit of a signal of length four. This example also

helps elucidate why this method is inefficient for larger signals (although the concurrent work [6] provides a

fix to this).

Theorem 5.5.1. When x P R4 with x̂rjs ‰ 0 for j P r4q, the third moment T
p3q

dMRApx̂q may be used to

recover the D4-orbit of x̂.
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Proof of Theorem 5.5.1. First, observe that since x P R4, x̂r0s and x̂r2s are real and x̂r1s “ x̂r3s.

While T
p1q

dMRApx̂qrjs “ x̂r0s for every j “ 0, 1, 2, 3, we can also recover this from the third moment via

x̂r0s “
3

b

T
p3q

dMRApx̂qrH0, 0, 0Is{wH0,0,0I.

Similarly, for each j “ 1, 2, 3,

T
p3q

dMRArH0, j,´jIs “ wH0,j,´jIx̂r0sx̂rjsx̂r´js “ wH0,j,´jIx̂r0s|x̂rjs|2

so we can recover the magnitudes of Fourier coefficients from the third moment. Using the Fourier coefficient

magnitudes we may define the phases of Fourier coefficients to be φ P r0, 2πq4 where x̂rjs “ |x̂rjs|eiφrjs for

j “ 0, 1, 2, 3. However, φr0s is known, and φr3s ” ´φr1s pmod 2πq so we need only determine φr1s and φr2s.

Since x̂r2s is real, for some choice of sign s1 P t´1, 1u we have that x̂r2s “ s1|x̂r2s| and φr2s “ π
2 p1 ´ s1q.

Next, by Proposition 5.2.5,

T
p3q

dMRArH1, 1, 2Is “
wH1,1,2I

2

`

x̂r1s2x̂r2s ` x̂r3s2x̂r2s
˘

“
wH1,1,2I

2
|x̂r1s|2x̂r2s

´

e2iφr1s ` e2iφr3s
¯

“
wH1,1,2I

2
|x̂r1s|2x̂r2s

´

e2iφr1s ` e´2iφr1sq
¯

“ wH1,1,2I|x̂r1s|2x̂r2s cosp2φr1sq.

Using the expression for φr2s, we know φr1s must satisfy

(5.38) cosp2φr1sq “ s1
T

p3q

dMRArH1, 1, 2Is

wH1,1,2I|x̂r1s|2|x̂r2s|
.

Treating φr1s as an unknown value in r0, 2πq, there are at most four solutions for this value φr1s. Further,

if φr1s is a solution, so are ´φr1s and φr1s ` π. It follows that for some choice of sign s2 P t´1, 1u and

k P t0, 1u,

φr1s “
1

2
s2 cos

´1

˜

s1
T

p3q

dMRArH1, 1, 2Is

wH1,1,2I|x̂r1s|2|x̂r2s|

¸

` kπ.

Finally, for each choice of s1, s2 P t´1, 1u and k P t0, 1u the assignments

φr1s Ð
1

2
s2 cos

´1

˜

s1
T

p3q

dMRArH1, 1, 2Is

wH1,1,2I|x̂r1s|2|x̂r2s|

¸

` kπ

φr2s Ð
π

2
p1 ´ s1q
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and φr3s Ð ´φr1s pmod 2πq enumerate (by varying s1, s2, k) all 8 elements of a D4-orbit for some signal.

Since at least one choice of s1, s2 and k must produce the true phases for x̂, this procedure must recover all

elements of the D4-orbit of x̂. �

Frequency marching succeeds because we only need to use one relationship between the phases φr1s and

φr2s given by (5.38). In general, for x P R2d, relationships between phases take the form

cospφrj1s ` φrj2s ` φrj3sq “
T

p3q

dMRArHj1, j2, j3Is

wHj1,j2,j3I|x̂rj1s||x̂rj2s||x̂rj3s|
“: αj1,j2,j3

with j1, j2, j3 P r2dq, j1 ` j2 ` j3 ” 0 pmod 2dq and φrjs “ ´φr2d ´ j pmod 2dqs for j P r2dq. As noted by

Edidin and Katz, we can only determine a linear equation for the phases modulo 2π up to sign, i.e.

φrj1s ` φrj2s ` φrj3s ” ˘ cos´1pαj1,j2,j3q pmod 2dq.

In this case d “ 2, the number of signs was sufficiently small that each assignment of sign variables produced

a consistent system of equations, each giving an element of the orbit of x̂. For larger d one must resort to

an exhaustive search over all choices of signs, most of which will produce inconsistent linear systems. As a

result, we use frequency marching in four dimensions as demonstrated in Theorem 5.5.1 as a base case for

our recursive method to recover a signal from the dMRA third moment.

Further discussion. Comparing to the frequency marching implementation by Bendory, Boumal, Ma,

Zhao and Singer [12, Algorithm 4] for regular MRA, our method differs in that we first estimate φr2s and

then φr1s. Their method requires finding the exact value of φr1s to begin estimating further frequencies.

The method of doing this exactly given at the beginning of [12, Section IV] requires the cyclic invariants

and there is not an immediate adaptation wherein we can determine φr1s exactly using dihedral invariants.

Instead, we observe that when the dimension is d “ 2k, a consequence of Lemma 5.3.3 is that one may use

the phase φr2ms and the entry T
p3q

dMRArH2m´1, 2m´1, d ´ 2mIs to recover the phase φr2m´1s by solving

2φr2m´1s ` φrd ´ 2ms ” 2φr2m´1s ´ φr2ms ” ˘ cos´1pα2m´1,2m´1,2mq pmod 2dq

for any choice of sign and for m “ k ´ 1, k ´ 2, . . . , 1 until φr1s is found. Our proof uses this observation for

d “ 22 in a single step.

5.5.2. Frequency Marching in Projected MRA. In this section, we will demonstrate that frequency

marching can still be used in the projected MRA model as an algorithm for the base case.
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First, we will explain why the orbits of signals of small dimension cannot be uniquely identified. Next, we

show in Theorem 5.5.2 that for x P R8 X spanp1,´1, . . . , 1,´1qK one may narrow down the orbit of x̂ to one

of four possibilities using a frequency marching-like procedure. Finally, using results of Edidin and Katz [31]

but applied to the pMRA model, we show in Theorem 5.5.6 that for x P R16 X spanp1,´1, . . . , 1,´1qK the

third moment separates generic dihedral orbits.

Unidentifiability for small dimensions. For d “ 2 (x P R4 X spanp1,´1, 1,´1qK), examination of

the entries of T p3q

pMRA reveals that the phase of φr1s (and φr3s) cannot be determined. This occurs because

the only two non-zero entries are T
p3q

pMRArH0, 0, 0Is and T
p3q

pMRArH0, 1, 1Is. Each multiset contains a 0 index

and as a result these elements are invariants of the form x̂r0sx̂rjsx̂r´js and contain no information about

the phase of x̂r1s.

Modified frequency marching. Next, for d “ 4 (x P R8 X spanp1,´1, . . . , 1,´1qK), numerical tests

we performed indicated that for a randomly generated real signal there were three additional orbits which

shared the first three moments with the true signal. We show that this is indeed the case.

Theorem 5.5.2. For x P R8 Xspanp1,´1, 1, . . . ,´1qK with x̂rjs ‰ 0 for all j ‰ 4, the moment T p3q

pMRApx̂q

determines a set of at most four D8-orbits, one of which is the orbit of x̂.

Proof. By similar observations to those in the proof of Theorem 5.5.1 using Proposition 5.2.5, we can

see that

T
p3q

dMRArH0, 0, 0Is “ 8wH0,0,0Ix̂r0s3 and

T
p3q

dMRArH0, j, jIs “ 4wH0,j,jIe
πip0`j`jq{8x̂r0sx̂rjsx̂r´js,

so x̂r0s and the Fourier coefficient magnitudes are given by

x̂r0s “
3

b

T
p3q

dMRArH0, 0, 0Is{p8wH0,0,0Iq and

|x̂rjs|2 “
|T

p3q

dMRArH0, j, jIs|

4wH0,j,jIx̂r0s
, j “ 1, 2, 3.

Next, there are only three non-zero entries of the third moments which do not contain a zero index:

T
p3q

pMRArH1, 1, 2Is “ eiπ{2wH1,1,2I
`

x̂r1s2x̂r6s ` x̂r7s2x̂r2s
˘

,

T
p3q

pMRArH1, 2, 3Is “ e3iπ{4wH1,2,3I px̂r1sx̂r2sx̂r5s ` x̂r7sx̂r6sx̂r3sq ,

T
p3q

pMRArH2, 3, 3Is “ ´wH2,2,3I
`

xr2sx̂r3s2 ` x̂r6sx̂r5s2
˘

.
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Using x̂rjs “ eiφrjs|x̂rjs| with φrjs P r0, 2πq and φr8 ´ js “ ´φrjs for j “ 1, 2, 3, these three entries allow us

to determine the following three relationships between phases:

a1 :“
T

p3q

pMRArH1, 1, 2Is

2eiπ{2wH1,1,2I|x̂r1s|2|x̂r2s|
“ cosp2φr1s ´ φr2sq,

a2 :“
T

p3q

pMRArH1, 2, 3Is

2e3iπ{4wH1,1,2I|x̂r1s||x̂r2s||x̂r3s|
“ cospφr1s ` φr2s ´ φr3sq,

a3 :“ ´
T

p3q

pMRArH2, 2, 3Is

2wH2,2,3I|x̂r2s|2|x̂r3s|
“ cospφr2s ` 2φr3sq.

Setting αj :“ arccospajq for j “ 1, 2, 3, this determines a system of three equations up to a sign and multiple

of 2π:

2φr1s ´ φr2s “ ˘α1 ` 2πk1,

φr1s ` φr2s ´ φr3s “ ˘α2 ` 2πk2,

φr2s ` 2φr3s “ ˘α3 ` 2πk3.

A global change of sign sg P t´1, 1u for these equations corresponds to the action of pJ on x̂ so we need two

additional sign variables, s1, s2 P t´1, 1u to produce all possible systems. Hence, all solutions are given via

the assignments

φr1s Ð sg
1

8
p3ps1α1 ` 2πk1q ` 2ps2α2 ` 2πk2q ` pα3 ` 2πk3qq ,

φr2s Ð sg
1

4
p´ps1α1 ` 2πk1q ` 2ps2α2 ` 2πk2q ` pα3 ` 2πk3qq ,

φr3s Ð sg
1

8
pps1α1 ` 2πk1q ´ 2ps2α2 ` 2πk2q ` 3pα3 ` 2πk3qq ,

and φr8´ js Ð ´φrjs pmod 2πq for j “ 1, 2, 3. Observe that if we fix the sign variables s1, s2 and set sg “ 1,

k1 “ k2 “ k3 “ 0 to produce a solution yps1, s2q P C8, then each choice of sg, k1, k2 and k3 produces a

solution z “ pJ p1´sgq{2
pRp3k1`2k2`k3q ¨ yps1, s2q. It follows that each choice ps1, s2q produces an orbit, while

choices of psg, k1, k2, k3q enumerate the 16 elements of the orbit. Since these are all the possible assignments

to produce signals y such that T
p3q

pMRApyq “ T
p3q

pMRApx̂q, at least one choice of s1 and s2 must produce the

orbit of x̂. �

Identifiability for larger signals. Next, for d “ 8 (where x P R16 X spanp1,´1, 1, . . . ,´1qK), we will

show that a generic signal’s orbit is determined by the exact projected MRA third moment. To show this

we will need a few constructions and results from Edidin and Katz [31].
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Define an Op2q-group action on a real vector x P R2d in the Fourier basis generated by the reflection

element pJ defined in (5.10) and by a now continuous cyclic shift pRθ for θ P r0, 2πq acting on a signal x̂ P C2d

in the Fourier basis entry-wise by

(5.39) p pRθ ¨ x̂qrjs “

$

’

’

&

’

’

%

e´ijθx̂rjs j “ 0, 1, . . . , d ´ 1,

eip2d´jqθx̂rjs j “ d, d ` 1, . . . , 2d ´ 1.

Observe that when θ a multiple of 2π
2d , the action is that of D2d as defined in (5.9). Define the restricted

action of Op2q to be the action on x̂ where we have excluded the zeroth Fourier coefficient x̂r0s and

Nyquist component x̂rds, i.e., the Op2q-action restricted to a subspace spanned by standard basis vectors

~e1, ~e2, . . . , ~ed´1, ~ed`1, . . . , ~e2d´1.

Remark 5.5.3. Our definition of the action of Op2q in (5.39) differs from the one given by Edidin and

Katz in [31, Section 3] since they index the Fourier basis elements using negative indices. In addition, a

difference in sign in the phase produces a rotation by θ that is in the opposite direction as Edidin and Katz’s

definition. These differences in convention will not affect the results.

Drawing from Edidin and Katz’s calculations in [31, Section 3.1.2], in the context of our setup the

degree-2 Op2q-invariant polynomials are

x̂rjsx̂r´js “ |x̂rjs|2, 0 ď j ď d

(with indices taken modulo 2d), and the degree-3 Op2q-invariant polynomials are

x̂rj1sx̂rj2sx̂r´j1 ´ j2s ` x̂r´j1sx̂r´j2sx̂rj1 ` j2s

“ x̂rj1sx̂rj2sx̂r´j1 ´ j2s ` x̂rj1sx̂rj2sx̂r´j1 ´ j2s, 0 ď j1 ď j2 ď d, 0 ď j1 ` j2 ď d

(with indices taken modulo 2d). The invariant polynomials for the restricted Op2q-action exclude the poly­

nomials containing the terms x̂r0s and x̂rds.

Theorem 5.5.4 (Theorem 3.2 [31]). When x P R2d for d ‰ 4, the invariants of degree two and three for

the restricted action of Op2q separate generic orbits.

To prove that the invariants from the pMRA model separate generic orbits when d “ 8 (meaning the

signal has length 16) we will first show in Lemma 5.5.5 that we actually have access to the dMRA invariants,

except for those involving the term x̂rds. If we had all the invariants, we could simply use Edidin and Katz’s

results as presented.
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Lemma 5.5.5. Let x P R16 X spanp1,´1, . . . , 1,´1qK with Fourier transform x̂, and let Hj1, j2, j3I be a

multiset of r16qzt8u such that j1 ` j2 ` j3 ” 0 pmod 16q. Then there is a multiset Hj1
1, j

1
2, j

1
3I of r8q such that

(5.40) T
p3q

pMRApx̂qrHj1
1, j

1
2, j

1
3Is “ Kptj1

1, j
1
2, j

1
3uqp´1qpj1`j2`j3q{16eπipj

1
1`j1

2`j1
3q{16 T

p3q

dMRApx̂qrHj1, j2, j3Is,

where KpHj1
1, j

1
2, j

1
3Iq is 8 when Hj1

1, j
1
2, j

1
3I “ H0, 0, 0I, 4 when Hj1

1, j
1
2, j

1
3I has the form H0, j, jI, and 2 otherwise.

Proof. We split into cases based on the number of zero indices in the multi-set Hj1
1, j

1
2, j

1
3I. Due to the

modular condition, non-zero entries in T
p3q

pMRA appear when Hj1
1, j

1
2, j

1
3I “ H0, 0, 0I, when Hj1

1, j
1
2, j

1
3I “ H0, j, jI

for some j P r16szt0, 8u, or when every entry is non-zero. The first two cases follow by inspection. By the

first expression from Proposition 5.2.5, if Hj1, j2, j3I is a multiset of r16q such that j1 ` j2 ` j3 ” 0 pmod 16q

then

T
p3q

dMRApx̂qrHj1, j2, j3Is “
wHj1,j2,j3I

2
px̂rj1sx̂rj2sx̂rj3s ` x̂r´j1sx̂r´j2sx̂r´j3sq.

First, for Hj1, j2, j3I “ H0, 0, 0I, using the second expression from Proposition 5.2.5, we may simplify to get

T
p3q

pMRApx̂qrH0, 0, 0Is “ 8wH0,0,0Ix̂r0s3 “ 8 ¨ T
p3q

dMRApx̂qrH0, 0, 0Is

and so (5.40) holds for this multiset index. Second, for j P t1, 2, . . . , 7u,

T
p3q

pMRApx̂qrH0, j, jIs “ 4eπip0`j`jq{16wH0,j,jIx̂r0sx̂rjsx̂r´js “ 4eπip0`j`jq{16 ¨ T
p3q

dMRApx̂qrH0, j,´jIs

with indices taken modulo 16, so (5.40) holds for these multiset indices. Third, with the bulk of cases

remaining, we will show that for any multiset Hj1, j2, j3I of r16qzt0, 8u there is a multiset Hj1
1, j

1
2, j

1
3I of

r8qzt0u so that (5.40) holds. To this end, define a map on indices f : r16qzt0, 8u Ñ r8qzt0u by

fpjq “

$

’

’

&

’

’

%

j if j ă 8,

16 ´ j otherwise.

We extend f to multisets Hj1, j2, j3I of r16qzt0, 8u elementwise by fpMq “ Hfpmq : m P MI. For indices

j1, j2, j3 P r8qzt0u, we may then rewrite the second expression from Proposition 5.2.5 using a summation

over the pre-image of f ,

T
p3q

pMRApx̂qrHj1
1, j

1
2, j

1
3Is “

wHj1
1,j

1
2,j

1
3I

2

ÿ

Hj1,j2,j3IPf´1pHj1
1,j

1
2,j

1
3Iq

˜

φpHj1, j2, j3I, Hj1
1, j

1
2, j

1
3Iq

¨ px̂rj1sx̂rj2sx̂rj3s ` x̂r´j1sx̂r´j2sx̂r´j3sq1

#

r
ÿ

k“1

jk ” 0 pmod 16q

+¸
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where

φpHj1, j2, j3I, Hj1
1, j

1
2, j

1
3Iq “ p´1qpj1`j2`j3q{16eπipj

1
1`j1

2`j1
3q{16.

Defining the set

Z “ tHj1, j2, j3I : j1, j2, j3 P r16qzt0, 8u, j1 ` j2 ` j3 ” 0 pmod 16qu,

we may absorb the indicator function into the sum condition to get

T
p3q

pMRApx̂qrHj1
1, j

1
2, j

1
3Is “

wHj1
1,j

1
2,j

1
3I

2

ÿ

Hj1,j2,j3IPf´1pHj1
1,j

1
2,j

1
3IqXZ

φp ¨ ¨ ¨ q px̂rj1sx̂rj2sx̂rj3s ` x̂r´j1sx̂r´j2sx̂r´j3sq .

However, note that (a) f´1pHj1
1, j

1
2, j

1
3Iq X Z “ pf |Zq´1pHj1

1, j
1
2, j

1
3Iq, and (b) the summand is invariant under

the substitution Hj1, j2, j3I ÞÑ H16 ´ j1, 16 ´ j2, 16 ´ j3I. We will show that, in fact,

f |
´1
Z pHj1

1, j
1
2, j

1
3Iq “ tHj1, j2, j3I, H16 ´ j1, 16 ´ j2, 16 ´ j3Iu

so that summation simplifies to

T
p3q

pMRApx̂qrHj1
1, j

1
2, j

1
3Is “ 2p´1qpj1`j2`j3q{16eπipj

1
1`j1

2`j1
3q{16 T

p3q

pMRApx̂qrHj1, j2, j3Is.

First, if f |ZpHj1, j2, j3Iq “ Hj1
1, j

1
2, j

1
3I then it is simple to see that f |

´1
Z pHj1

1, j
1
2, j

1
3Iq Ě tHj1, j2, j3I, H16 ´

j1, 16 ´ j2, 16 ´ j3Iu. We will show by contradiction these are the only two multisets in the pre-image.

Suppose there is some third multiset K “ Hk1, k2, k3I so that K P Z and fpKq “ Hj1
1, j

1
2, j

1
3I. Then by the

definition of f , there will be some permutation π P S3 such that either kπpiq “ ji or kπpiq “ 16 ´ ji for each

i “ 1, 2, 3. Without loss of generality we may assume that π “ id. It must be that either k1 “ 16 ´ j1,

k2 “ j2 and kπp3q “ j3, or k1 “ j1, kπp2q “ 16 ´ j2 and k3 “ 16 ´ j3 for some π P S3. We may assume

the first since if K P f |
´1
Z pHj1

1, j
1
2, j

1
3Iq then H16 ´ k1, 16 ´ k2, 16 ´ k3I P f |

´1
Z pHj1

1, j
1
2, j

1
3Iq. But since K P Z,

k1 `k2 `k3 “ 16´j1 `j2 `j3 ” 0 pmod 16q and tj1, j2, j3u P Z gives j1 `j2 `j3 ” 0 pmod 16q, we find that

pj1 ` j2 ` j3q ´ p16 ´ j1 ` j2 ` j3q ” 0 pmod 16q which implies 2j1 ” 0 pmod 16q but then j1 ” 0 pmod 8q

and j1 “ 0 or j1 “ 8 so Hj1, j2, j3I R Z which contradicts our initial assumptions. �

Lemma 5.5.5 shows that we can recover (most of) the dihedral MRA 3rd moment from the projected

MRA 3rd moment. Using this and Theorem 5.5.4 we will verify generic identifiability in the pMRA model

in the base case d “ 8.

Theorem 5.5.6. For generic x P R16 X spanp1,´1, . . . , 1,´1qK, the moment T
p3q

pMRApx̂q uniquely deter­

mines the D16-orbit of x.
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Proof. Let x P R16 X spanp1,´1, . . . , 1,´1qK be a generic vector. Now suppose that there is a y P

R16 X spanp1, . . . ,´1qK such that T p3q

pMRApx̂q “ T
p3q

pMRApŷq. We will show that y is in the D16-orbit of x. First,

by Lemma 5.5.5, we have that

T
p3q

pMRApx̂q “ T
p3q

pMRApŷq ùñ T
p3q

dMRApx̂qrHj1, j2, j3Is “ T
p3q

dMRApŷqrHj1, j2, j3Is for all j1, j2, j3 P r16qzt8u.

Observe that since

T
p3q

dMRApx̂qrH0, 0, 0Is “ wH0,0,0Ix̂r0s3

we can infer that x̂r0s “ ŷr0s, i.e. x and y have the same mean value. Next, for j P r16qzt8u since x is real,

x̂r´js “ x̂rjs and since

T
p3q

dMRApx̂qrH0, j,´jIs “ wH0,j,´jIx̂r0sx̂rjsx̂r´js “ wH0,j,´jIx̂r0s|x̂rjs|2,

|x̂rjs| “ |ŷrjs| for j P r8q, i.e. x and y have the same power spectrum. It remains to show that the phases

of x̂rjs and ŷrjs must be related by a dihedral group action. We will first show that x̂ and ŷ must be in the

same Op2q-orbit. Observe that for j1, j2, j3 P r16qzt0, 8u with j1 ` j2 ´ j3 “ 0,

T
p3q

dMRApx̂qrHj1, j2, j3Is “
wHj1,j2,j3I

2
px̂rj1sx̂rj2sx̂rj3s ` x̂r´j1sx̂r´j2sx̂r´j3sq ,

so the Op2q-invariant polynomials for x̂ and ŷ have the same values. By Theorem 5.5.4, these invariants

separate generic Op2q-orbits, so we know that x̂ and ŷ are in the same Op2q-orbit, i.e. ŷ “ pRθx̂ or ŷ “ pJ pRθx̂

for some θ P r0, 2πq. Without loss of generality assume the first occurs. In our final step, we will resolve

θ “ 2πk
16 for some k P r16q using the same argument as in [31, Section 3.3], which implies x̂ and ŷ are in the

same D16-orbit. Pick j1 ` j2 ` j3 “ 16 with 0 ă j1, j2, j3 ă 8 (e.g. j1 “ 3, j2 “ 6 and j3 “ 7). Then

T
p3q

dMRApx̂qrHj1, j2, j3Is “ T
p3q

dMRApŷqrHj1, j2, j3Is

ùñ x̂rj1sx̂rj2sx̂rj3s ` x̂r´j1sx̂r´j2sx̂r´j3s “ ŷrj1sŷrj2sŷrj3s ` ŷr´j1sŷr´j2sŷr´j3s

ùñ x̂rj1sx̂rj2sx̂rj3s ` x̂r´j1sx̂r´j2sx̂r´j3s “ e´iθpj1`j2`j3qx̂rj1sx̂rj2sx̂rj3s ` eiθpj1`j2`j3qx̂r´j1sx̂r´j2sx̂r´j3s

ùñ x̂rj1sx̂rj2sx̂rj3s ` x̂r´j1sx̂r´j2sx̂r´j3s “ e´16iθx̂rj1sx̂rj2sx̂rj3s ` e16iθx̂r´j1sx̂r´j2sx̂r´j3s.

Define φ P r0, 2πq to be such that |x̂rj1sx̂rj2sx̂rj3s|e´iφ “ x̂rj1sx̂rj2sx̂rj3s. Then

e´iφ ` eiφ “ e´iφe´16iθ ` e´iφe´16i

ùñ cospφq “ cospφ ` 16θq.
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Since φ is generic, this equality only holds when 16θ “ 2πk for some k P r16q, so θ “ 2πk
16 . Thus, ŷ is in the

D16-orbit of x̂. Hence, the third order invariants from projected MRA separate generic orbits. �

Algorithmic implications. While unique recovery of an orbit is not possible for signals of length 8,

we use frequency marching in 8 dimensions (d “ 4) as demonstrated in Theorem 5.5.2 as a base case for our

recursive method to recover a set of four orbit representatives in C8 from the dMRA third moment. If each

of these is used as the input to Algorithm 4 to recover some larger signal in C16, Theorem 5.5.1 then ensures

that any solutions to the variety-constrained linear system belong to the same orbit. Alternatively if any

of the other three orbit representatives fail to extend to an orbit representative in C16, they may simply be

discarded. See the next section and proof of Theorem 5.1.3 for a rigorous explanation.

5.6. Putting it Together: Proofs of Main Results

First, we define the matrix M “ Mpdq referenced in Theorem 5.1.2. For d “ 2k and x P R2d we give

this matrix as the direct sum of matrices

(5.41) Mpx̂q :“ MdMRApx̂rK3sq ‘ MdMRApx̂rK4sq ‘ ¨ ¨ ¨ ‘ MdMRApx̂rKksq ‘ MdMRApx̂q,

where Km :“ t2k`1´mj : j P r2mqu so that each x̂rKms is a subsequence of 2m Fourier coefficients of x.

We omit the dependence on x̂ (as in the statement of Theorem 5.1.2) when considering M to be a symbolic

matrix in the 2k ` 1 real and 2k ´ 1 imaginary components of x̂ in the same sense as Remark 5.4.4.

Proof of Theorem 5.1.2. First, observe that the effect of extracting even Fourier coefficients repeat­

edly has the same effect as indexing by directly by the sets Km in that x̂rKks “ x̂rE2¨2k s and px̂rKmsqrE2ms “

x̂rKm´1s where Ed is defined in (5.15). By Proposition 5.3.3, one may extract the subtensor of TdMRApx̂q

which will have the form T
p3q

dMRApx̂rE2¨2k sq “ T
p3q

dMRApx̂rKksq. Applying this repeatedly one may then extract

sequence of sub-tensors of the form

T
p3q

dMRApx̂rK2sq, T
p3q

dMRApx̂rK3sq, . . . , T
p3q

dMRApx̂rKksq, T
p3q

dMRApx̂q.

For the sub-tensor T
p3q

dMRApx̂rK2sq P pC4qf3, by Theorem 5.5.1 there is an efficient method for finding a

representative y2 in the D4-orbit of x̂rK2s. Since x is generic and under the assumption that the matrix M

has full column-rank symbolically, the instance Mpx̂q has full column-rank and as a result each of

MdMRApx̂rK3sq,MdMRApx̂rK4sq, . . . ,MdMRApx̂rKksq, and MdMRApx̂q
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has full column-rank. Further, we note that for each g P D2¨2k , the instances Mpg ¨ x̂q will have full column-

rank as a consequence of Proposition 5.4.2. Theorem 5.4.5 then guarantees that Algorithm 3 run on inputs

y2 and T
p3q

dMRApx̂rK3sq produces y3 in the D8-orbit of x̂rK3s. At each stage, this process may be repeated to

recover ym the D2m -orbit of x̂rKms until the final step recovers y in the D2d-orbit of x̂.

Finally, since the method for initializing y2 as described in the proof of Theorem 5.5.1 takes constant time

and Algorithm 3 runs in polynomial time, the recursive procedure as a whole runs in polynomial time. �

Similar to the dihedral MRA case, we define the matrix M 1 “ M 1pdq referenced in Theorem 5.1.3. For

d “ 2k and x P R2d X spanp1,´1, . . . , 1,´1q, we give this matrix as the direct sum of matrices

(5.42) M 1px̂q :“ MpMRApx̂rK4sq ‘ MpMRApx̂rK5sq ‘ ¨ ¨ ¨ ‘ MpMRApx̂rKksq ‘ MpMRApx̂q

where Km is defined as before. We will also omit the dependence on x̂ (as in the statement of Theorem 5.1.3)

when considering M 1 to be a symbolic matrix in the 2k real and 2k ´ 1 imaginary components of x̂ in the

same sense as in Remark 5.4.11.

Proof of Theorem 5.1.3. In a similar manner to that in the proof of Theorem 5.1.2, by Proposi­

tion 5.3.3, we may extract a sequence of sub-tensors of the form

T
p3q

pMRApx̂rK3sq, T
p3q

pMRApx̂rK4sq, . . . , T
p3q

pMRApx̂rKksq, T
p3q

pMRApx̂q.

For the sub-tensor T p3q

dMRApx̂rK3sq P pC8qf3, by Theorem 5.5.2 there is an efficient method for finding a set

of four vectors y3,1, y3,2, y3,3 and y3,4 P C8 at least one of which (say y3,1 without loss of generality) is in the

D4-orbit of x̂rK2s. Since x is generic and under the assumption that the matrix M 1 has full column-rank

symbolically, the instance Mpx̂q has full column-rank and as a result each of

MpMRApx̂rK4sq,MpMRApx̂rK5sq, . . . ,MpMRApx̂rKksq, and MpMRApx̂q

has full column-rank. Theorem 5.4.12 then guarantees that Algorithm 4 run on inputs y3,1 and T
p3q

dMRApx̂rK4sq

to produces y4 P C16 in the D16-orbit of x̂rK4s. For the remaining vectors, we have no guarantees that

Algorithm 4 will succeed: if it fails on each of y3,j for any j P t2, 3, 4u before succeeding on y3,1, there is no

issue. However, if Algorithm 4 also succeeds for inputs y3,j and T
p3q

pMRApx̂rK4sq for some j P t2, 3, 4u then

it produces some y1
4 such that bpMRApy1

4q “ bpMRApx̂rK4sq. But then TpMRApy1
4q “ TpMRApx̂rK4sq. Since

x is generic, so is the subset of Fourier coefficients x̂rK4s, and by Theorem 5.5.6 we can conclude that y1
4

is also in D16-orbit of x̂rK4s. Hence, if Algorithm 4 does not output “Fail” for any inputs y3,j , j P r4s and
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T
p3q

pMRApx̂rK4sq, the output is guaranteed to lie in the in the D16-orbit of x̂rK4s. From here the process is then

the same as the dihedral case, where Algorithm 4 may be repeatedly applied to recover ym the D2m -orbit of

x̂rKms until the final step recovers y in the D2d-orbit of x̂.

Finally, since the method for finding the candidates y3,1, y3,2, y3,3 and y3,4 given in Theorem 5.5.2 takes

constant time and Algorithm 3 runs in polynomial time, the recursive procedure as a whole runs in polynomial

time. �

5.7. Efficient Implementation

Our algorithms obscure some computational details in the FindVarietyConstrainedSolutions sub­

routine (our Algorithm 2) by using Algorithm 1 from [43]. However, we feel the process deserves more

coverage since the statement of Algorithm 1 in [43] is given at a high level of abstraction.

We synthesize the application of Boussé et al. [19] to give a method for finding the solution(s) to Au “ b

subject to u P X_
1 where A P Kmˆn, u P Kn, using Algorithm 1 from [43].

Algorithm 2 (detailed procedure).

1. Find any particular solution xp to Au “ b and tnjuLj“1 a basis for the nullspace of A. Con­

catenate as columns the matrix

N “

„

xp n1 n2 ¨ ¨ ¨ nL



P KnˆpL`1q.

2. Compute a basis tcjusj“1 Ď pKpL`1qqf2 for kerpΦNf2q where Φ has rows a basis for IpX_
1 q2.

If ΦNf2 has full column-rank, report “No solutions.”

3. Reshape each vector to a symmetric matrix cj ÞÑ Cj P KpL`1qˆpL`1q. Use tCjusj“1 as slabs of

a partially symmetric tensor T P KpL`1qˆpL`1qˆs.

4. Run simultaneous diagonalization2 on T so that T “ rrW,W,V ss or report “Fail” if simultaneous

diagonalization fails.

5. Find the normalized weight matrix W̃ “ W diagpW r1, :sq´1 with all 1’s in the first row.

6. Solution(s) are the columns of X “ UW̃ .

7. (Optional) Matricize each column of X and compute its symmetric rank-1 decomposition.

In comparison with the original algorithm [43, Algorithm 1], in addition to our specific application which

necessitates the normalization step (Step 5.), we note that it is possible to run simultaneous diagonalization

2 If s “ 1, the tensor degenerates to a single matrix C1 “ rrW,W,V ss “ rrw,w, λss “ λwwJ for w P Kn and λ P R` so
simultaneous diagonalization becomes a symmetric rank-1 factorization in this special case.
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directly on the reshaping of the coefficient vectors tcjusj“1 and save space and time running simultaneous

diagonalization on pL ` 1q ˆ pL ` 1q matrices rather than n ˆ n matrices so that the complexity of this step

scales with the dimension of the subspace, not the ambient space. Only in the final step do we change back

to the standard basis after which one may compute decompositions of the planted solutions.

Unfortunately, in general ΦNf2 may be a very large matrix with a small kernel (one-dimensional in the

case of unique recovery). In our applications we also can produce a very sparse basis for our nullspace and

Φ is also sparse by construction. To take better advantage of these structural properties, we will give an

alternative method which converts the problem into a top right singular vector computation.

First, define the set of all possible splittings of a multiset Ha, b, c, dI of rdq into two multisets of two

elements as

splitpHa, b, c, fIq “ tHHj, kI, H`,mII : Hj, k, `,mI “ Ha, b, c, fIu .

Definition 5.7.1. Let Q be the set of vectors

Q_
abcf “

ÿ

HHj,kI,H`,mIIPsplitpHa,b,c,fIq

pwHHj,kI,H`,mIIwHj,kIwHm,`Iq~eHHj,kI,H`,mII.

Proposition 5.7.2. Q is an orthogonal basis for IpX_
1 qK

2 which has dimension
´́

d
4

¯̄

.

See Section 5.9.3 for the proof. Using this, we may replace Steps 1. and 2. with Steps 1˚ and 2˚:

1˚. Find x̃p, the least-squares solution to Au “ b (given by xp “ A`b where A` is the psuedoinverse

of A) and find tñjuLj“1 an orthonormal basis for the nullspace of A. Concatenate as columns

the matrix

Ñ “

„

x̃p

}x̃p}2
ñ1 ñ2 ¨ ¨ ¨ ñL



P KdˆpL`1q.

2˚. Compute a basis tcjusj“1 Ď pKpL`1qqf2 of the right singular subspace of ΦKÑ
f2 associated

with the top singular value of 1 where ΦK has rows an orthonormal basis for IpX_
1 qK

2 .

If each singular value of ΦKÑ
f2 is less than 1, report “No solutions.”

Most importantly, we claim that these two methods are equivalent.

Proposition 5.7.3. The basis produced by steps 1. and 2. and the basis produced by steps 1˚ and 2˚

span the same subspace.

The orthogonal basis Q can be easily normalized. The advantage of Steps 1˚ and 2˚ is that we can find

top singular vectors — a method that can be done efficiently using power iteration — instead of finding the
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kernel of a massive matrix. By Lemmas 5.4.6 and 5.4.13 bases for the nullspaces needed for the variety-

constrained linear systems may be made very sparse (a constant number of entries per row) and orthogonal.

This simplifies finding an orthonormal basis in step 1˚ and the sparsity significantly improves matrix-vector

the efficiency of multiplication against ΦKÑ
f2.

Theorem 5.7.4. The matrix-vector products ΦKÑ
f2v and wJΦKÑ

f2 may be performed in Opd4q

floating-point operations.

The number of operations is the same order as the number of rows or columns of ΦKÑ
f2. Without a

sparse construction for Ñ , a naive matrix-vector multiplication would require Opd8q operations.

Proof of Theorem 5.7.4. For both the dMRA and pMRA model, Ñ has one dense column x̃p{}x̃p}2.

However, by Lemmas 5.4.6 and 5.4.13 the remaining columns have non-overlapping support and contain at

most two non-zero entries. As a result, Ñ has at most two non-zero entries per row and d rows. It then

follows from Lemma 4.2.2 that Ñf2 will have at most 4 non-zero entries per row. Next, the rows of ΦK are

also sparse, containing at most 3 non-zero entries. The matrix multiplications ΦKÑ
f2 has rows which are

linear combinations of the rows of Nf2 from which we can infer that each row contains no more than 12

non-zero entries. This gives no more than 23
´́

d
4

¯̄

operations by summing scalar products and additions to

compute the dot-product of v with every row of ΦKÑ
f2 for the right multiplication.

For the left multiplication, the first column of Ñ is dense with
´́

d
2

¯̄

entries. As a result, one column

of Ñf2 contains Opd4q entries, Opd2q columns contain Opd2q entries and Opd4q columns contain a constant

number of entries. Each row of ΦK has a constant number of non-zero entries so performing the multiplication

ΦKÑ
f2 requiredOpd4q arithmetic operations. Similarly, finding wJΦKÑ

f2 will requireOpd4q operations. �

Next, to demonstrate the equivalence of these two methods we first define the principal angles and

principal vectors between two subspaces A,B Ď Kn where p ě dimpAq ě dimpBq ě q.

Definition 5.7.5. The principal angles θk and principal vectors uk P A, vk P B between two subspaces

are recursively defined for k “ 1, 2, . . . , q by

cospθkq “ max
uPA

max
vPB

u˚v “: u˚
kvk, }u} “ 1, }v} “ 1

under the orthogonality constraints

u˚
j u “ 0, v˚

j v “ 0 j “ 1, 2, . . . , k ´ 1.

Our simplification arises from an efficient method for finding principles angles by Bjorck and Golub.
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Theorem 5.7.6 ([17, Theorem 1]). Let QA and QB have columns that are unitary bases for subspaces

A,B Ď Kn. If the p ˆ q matrix

M “ Q˚
AQB

has a singular value decomposition

M “ XΣY ˚, Σ “ diagpσ1, σ2, . . . , σqq

with X˚X “ Y ˚Y “ Y Y ˚ “ Iq and σ1 ě σ2 ě ¨ ¨ ¨ ě σq then

cospθkq “ σk, uk “ QAXr:, ks, and vk “ QBY r:, ks, k “ 1, 2, . . . , q.

Note that the singular values of 1 correspond to principal angles of zero; in other words, we can extract

these principal vectors to find a subspace intersection.

Proof of Proposition 5.7.3. We will show that both kerpΦNf2q and the right singular subspace of

ΦKÑ
f2 associated with the top singular value of 1, may be used to construct a basis for colspanpNf2q X

IpX_
1 qK

2 .

The first case is simplest. Suppose that c P kerpΦNf2q. ClearlyNf2c P colspanpNf2q. But ΦpNf2cq “ ~0

so Nf2c P kerpΦq. By construction, rowspanpΦq “ IpX_
1 q2 so kerpΦq “ IpX_

1 qK
2 and then Nf2c P IpX_

1 qK
2 X

colspanpNf2q.

Next, for the second case observe by Lemma 4.2.8 since Ñ is an orthonormal basis, so is Ñf2. By

Theorem 5.7.6, the SVD

ΦKÑ
f2 “ XΣY ˚

gives the principal vectors between these subspaces via uk “ ΦKXr:, ks and vk “ Ñf2Y r:, ks. Suppose that

σ1 “ σ2 “ ¨ ¨ ¨ “ σs “ 1. Then the first s principles angles are zero and as a consequence of Definition 5.7.5

we have uk “ vk for k “ 1, 2, . . . , s. Since uk P IpX_
1 qK

2 and vk P colspanpÑf2q “ colspanpNf2q it follows

that vk P colspanpNf2q X IpX_
1 qK

2 for s “ 1, 2, . . . , k and these vectors are a basis for the intersection. �

5.7.1. Numerical Experiments with Full Algorithm. We implement Algorithms 3 and 4 using our

efficient method for solving variety-constrained linear systems in Python. For our procedure, we generated

real signals x P R64 by selecting entries uniformly at random from a standard normal distribution. The exact

third moments given by (5.12) and (5.13) for the dMRA and pMRA model are computed. Our program for

reconstruction reads the invariants and applies the Algorithms 3 and 4 recursively. For the base case of the

recursion in dihedral MRA, when the recursion reaches a signal length of 4 we use the frequency marching
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procedure from Theorem 5.5.1. For the base case in projected MRA, when the recursion reaches a signal

length of 8 for projected MRA we use our modified frequency marching procedure from Theorem 5.5.2 and

the next step in the recursion determines which of the four orbit representatives extend to a length-16 orbit

representative.

To measure any error in recovery, we measure the dihedral-invariant distance

(5.43) dpx̂, yq “ min
gPD2d

}x̂ ´ g ¨ y}2

between the true set of Fourier coefficients x̂ and the vector generated by our procedure y. In projected

MRA, we omit the Nyquist component (the 32nd coefficient) of each signal when computing this distance

which is equivalent to setting each to zero. In random tests, our algorithm recovers an estimate for the true

signal with a reconstruction error close enough to zero to be consistent with loss of precision in floating point

computations with a median error of 2.37 ˆ 10´10 for dihedral MRA and 1.21 ˆ 10´11 for projected MRA

out of 1000 trials.

Since the algorithm is recursive and floating point calculations are inexact we can also get a sense for

how errors propagates through the recursion. We split up the vector of Fourier coefficients x̂ P C2 based on

which coefficients are recovered at each level of recursion. Define the m-th cohort of Fourier coefficients to

be the odd coefficients at level m of the recursion, i.e. if y P C2k ,

C0pyq :“ pyr0sq,

Cmpyq :“ pyr2k´mp2j ´ 1qs : j P r2m´1sq, 1 ă m ď k.

The errors for cohorts is then e0 “ |x̂r0s ´ yr0s| and em “ dpCmpx̂q, Cmpyqq{2m´1 for 1 ă m ď k where we

have normalized by the number of elements in the cohort. Table 5.2 gives a median error for each cohort

over 1000 samples. While these median errors are small and near machine precision, note that they grow

for each cohort of odd Fourier coefficients recovered. We also remark that cohort one is always the Nyquist

component so we exclude it from analysis in the pMRA case.

These results can be verified by the Python scripts in the following repository.3. We also furnish unit tests

verifying various mathematical calculations done in this paper. See the repository for a detailed description

of the contents.

3Repository is found at https://github.com/lemniscate8/MRA-variant-orbit-recovery for those reading in print.
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Cohort Error dMRA pMRA

e0 2.11 ˆ 10´15 1.11 ˆ 10´15

e1 1.56 ˆ 10´14 N/A

e2 2.39 ˆ 10´14 2.24 ˆ 10´14

e3 1.15 ˆ 10´12 1.88 ˆ 10´14

e4 1.76 ˆ 10´12 8.98 ˆ 10´14

e5 3.27 ˆ 10´12 1.53 ˆ 10´13

e6 6.07 ˆ 10´12 3.45 ˆ 10´13

Table 5.2. Median reconstruction errors for each cohort of odd Fourier coefficients over
1000 random samples.

5.8. Future Directions

Removing the power-of-two assumption. Our methodology exploits the specific structure of both

dihedral and projected MRA, relying on a particular recursive structure which requires that the dimension

of the signal be a power of two. It would be interesting to adapt our approach to all signal lengths. The

concurrent work [5] achieves this using a different style of algorithm (for both dihedral MRA and a variation

of projected MRA).

Proving the conjectures. While proof of generic recovery in some dimension d can be verified by

checking the rank of certain symbolic matrices, we were not able to prove in general that these matrices

always have full column-rank despite their shape approaching an 8 : 3 ratio of rows to columns. Techniques

for such a proof would likely lead to improved bounds for finding rank-1 symmetric matrices planted in a

subspace like those conjectured in Section 3.5.

Continuous groups and heterogeneity. It would be interesting to explore whether our methods can

be applied in continuous multi-reference alignment, that is, orbit recovery under the action of an infinite group

such as SOp2q or Op2q, potentially with a projection step. It would additionally valuable to explore whether

our methods can handle a heterogeneous combination of different signals (as described in the introduction)

since it remains a difficult impediment for frequency marching-type algorithms.

Other projection operators. With regards to projection operations, a close analysis of Proposi­

tion 5.2.5 reveals that most monomials present as entries in T
p3q

dMRA also appear in T
p3q

pMRA. As a result, the

effect of projection is mostly negligible for lower order moments in the sense that we have almost the same
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information, even though the projection cuts the signal dimension in half. Determining more general condi­

tions on a projection operation so that the sample complexity remains the same as for the “un-projected”

version is an interesting direction for future work.

Robustness to noise. Finally, we have given an algorithm in the exact setting where we have abstracted

away the estimation of moments from samples. It remains open to give an end-to-end analysis of our

method applied to noisy samples, and to bound the sample complexity. This would require, in particular, a

robust analysis of the intersection algorithm [43, Algorithm 1]; this currently only exists in a non-planted

setting [16]. To illustrate that robustness can be a non-trivial issue, we point to the setting of cryo-ET: while

an “exact” algorithm runs in polynomial time [7], a more detailed analysis of the noise tolerance requires

quasi-polynomial time and sample complexity [50]. Determining whether our method will incur similar costs

is an interesting question for further work.

5.9. Deferred Proofs

5.9.1. Group Action and Projection in the Fourier Basis.

Proof of Proposition 5.2.1. First, F P C2dˆ2d has entries Frj, ks “ e´2πijk{p2dq and F´1rj, ks “

1
2de

2πijk{p2dq.

The elements of the cyclic group on 2d elements are generated by R1 since R` “ pR1q` so it is sufficient

to show that pR1 “ FR1F´1:

pFR1F´1qrj, ks “ Frj, :spR1F
´1qr:, ks

“

2d´1
ÿ

`“0

e´2πij`{p2dq ¨
1

2d
e2πip`´1qk{p2dq

“ e´2πik{2d 1

2d

2d´1
ÿ

`“0

e´2πipj´kq`{p2dq

“

$

’

’

&

’

’

%

e´2πik{2d j ” k pmod 2dq

0 otherwise.

So FR1F´1 “ pR1 as defined in (5.9) and then FR`F´1 “ FpR1q`F´1 “ pFR1F´1q` “ p pR1q` “ pR`.
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Next, notice that pJ “ JR´1 since for x P K2d with entries x “ px0, x1, . . . , x2d´1q,

JR´1x “ JR´1

»

—

—

—

—

—

—

—

—

—

—

—

–

x0

x1

...

x2d´2

x2d´1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“ J

»

—

—

—

—

—

—

—

—

—

—

—

–

x1

x2

...

x2d´1

x0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

—

—

—

—

—

—

–

x0

x2d´1

...

x2

x1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“ pJx.

So

pFJR´1F´1qrj, ks “ pF pJF´1qrj, ks

“ pFqrj, :sp pJF´1qr:, ks

“

2d´1
ÿ

`“0

e´2πij`{p2dq ¨
1

2d
e2πip´`qk{p2dq

“
1

2d

2d´1
ÿ

`“0

e´2πipj`kq`{p2dq

“

$

’

’

&

’

’

%

1 j ” ´k pmod 2dq

0 otherwise.

This is pJ as given in (5.10) so FJR´1F´1 “ pJ .

Finally, we aim to show that there exists a full rank square matrix C such that

DΠC´1 “ pΠ.

Note that the matrix Π has the same rowspan as the matrix Π :“ ΠJΠ P R2dˆ2d. Inspecting the structure

of Π gives the simplification Π “ I ` J . Since this matrix is square we may find its conjugation by F ,

FΠF´1 “ I ` FJF´1 “ I ` F pJR1F´1 “ I ` pJFR1F´1 “ I ` pJ pR1.

Elementwise, this gives pFΠF´1vqrjs “ vrjs ` e´2πip2d´jq{p2dqvr2d ´ js for j “ 0, 1, 2, . . . , 2d ´ 1. With a

small algebraic simplification, the rows of this matrix are

FΠF´1rj, :s “ ~ej ` e2πij{p2dq~e´j ,

with indices of the standard basis vectors taken modulo 2d. Notably, FΠF´1rd, :s “ 0 which is why the

Nyquist component is unrecoverable, and FΠF´1r2d ´ j, :s “ e´2πij{p2dqFΠF´1r2d ´ j, :s so we define pΠ to
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be the first d rows of FΠF´1 (those indexed 0 to d ´ 1). To make explicit the change of basis we can write

D :“ Frrdq, :sΠJ P Cdˆd

where it then follows that DΠF´1 “ pΠ. (Note Frrdq, :s is the first d rows of the matrix F .) The original

projection matrix Π had full row-rank and so does pΠ (for both, the rows are an orthogonal set of vectors)

so C is a change of basis. �

Proof of Proposition 5.2.3. Let `1, `2 P r2dq be known and suppose that gcdp`1 ´ `2, 2dq “ 1. We

will consider the pMRA model in the Fourier basis. Consider the block matrix given by

P`1,`2 “

»

—

–

pΠ pR`1

pΠ pR`2

fi

ffi

fl

P C2dˆ2d.

For a signal’s Fourier transform x̂, P`1,`2 x̂ produces the concatenation of the projections from directions `1

and `2. Now the kernel of P`1,`2 contains spant~edu as previously noted but if P`1,`2 has rank 2d ´ 1 we may

recover the rest of x̂. We will demonstrate this by showing that Gaussian elimination produces 2d´1 pivots.

Consider that the rows of P`1,`2 have the form

P`1,`2r j, :s “ e´2πij`1{p2dq~ej ` e2πijp`1`1q{p2dq~e´j

P`1,`2r j ` d, :s “ e´2πij`2{p2dq~ej ` e2πijp`2`1q{p2dq~e´j

, for j P rdq,

where indices on are taken modulo 2d as needed. For j “ 0, P`1,`2r0, :s “ P`1,`2rd, :s so we get our missing

pivot since the row operation P`1,`2rd, :s Ð P`1,`2rd, :s ´ P`1,`2r0, :s produces a zero row. Next, if we apply

the row operations

P`1,`2rj ` d, :s Ð P`1,`2rj ` d, :s ´ e´2πip`2´`1q{p2dqP`1,`2rj, :s

for each j “ 1, 2, . . . , d ´ 1 then each row has at most one non-zero entry of the form

P`1,`2rj ` d, :s “ pe2πijp`2`1q{p2dq ´ e´2πip`2´`1q{p2dqe2πijp`1`1q{p2dqq~e´j

“ pe2πijp`2`1q{p2dq ´ e´2πip`2´2`1´1q{p2dqq~e´j .

These two phases will only cancel if ´jp`2 ` 1q ” jp`2 ´ 2`1 ´ 1q pmod 2dq for some j “ 1, 2, . . . , d ´ 1.

Simplifying this produces the modular equation jp`1 ´ `2q ” 0 pmod 2dq. Since `1 ´ `2 has no factors in

common with 2d the modular condition is not satisfied for any row and so each has a non-zero entry in the

pd´ jq-th column. Thus, the row-echelon form for P`1,`2 contains pivots in every column except for the d-th

one and we may recover all coefficients except the d-th. �
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5.9.2. Invariant Tensor Structure.

Proof of Proposition 5.2.5. First, for x P Rd we will use the structure of the invariant tensor from

the original MRA model since we may express the other tensors in terms of this one:

T
prq

MRApx̂q “
1

d

d´1
ÿ

`“0

p pRx̂qfr.

We will use Definition 4.1.2 to expand entries in the tensor:

T
prq

MRApx̂qrHj1, . . . , jrIs “
1

d

d´1
ÿ

d“`

wHj1,...,jrI

r
ź

k“1

p pR`x̂qrjks

“ wHj1,...,jrI
1

d

d´1
ÿ

d“`

r
ź

k“1

e´2πi`jk{dxrjks

“ wHj1,...,jrI
1

d

d´1
ÿ

d“`

exp

˜

´
2πi`

d

r
ÿ

k“1

jk

¸

r
ź

k“1

xrjks

“ wHj1,...,jrI
1

d

d´1
ÿ

d“`

˜

exp

˜

´
2πi

d

r
ÿ

k“1

jk

¸¸` r
ź

k“1

xrjks

“ wHj1,...,jrI

˜

r
ź

k“1

xrjks

¸

1

#

r
ÿ

k“1

jk ” 0 pmod dq

+

.

The last line follows since the sum is a geometric series with the common ratio a complex root of unity. As a

result it only sums to zero when the base is one. This only occurs under the modular condition
řr

k“1 jk ” 0

pmod dq.

Next, we use the fact that

T
prq

dMRApx̂q “
1

2

´

T
prq

MRApx̂q ` T
prq

MRAp pJx̂q

¯

,

so

T
prq

dMRApx̂qrHj1, . . . , jrIs “
wHj1,...,jrI

2

˜

r
ź

k“1

xrjks `

r
ź

k“1

xr´jks

¸

1

#

r
ÿ

k“1

jk ” 0 pmod dq

+

.

Finally, for the pMRA model with x P R2d,

T
prq

pMRApx̂qrHj1, . . . , jrIs “ wHj1,...,jrI
1

2d

2d´1
ÿ

d“`

r
ź

k“1

ppΠ pR`x̂qrjks

“ wHj1,...,jrI
1

2d

2d´1
ÿ

d“`

r
ź

k“1

pe´2πipjk`q{p2dqxrjks ` e2πipjkq{p2dqe2πipjk`q{p2dqxr´jrsq

“ wHj1,...,jrI
1

2d

2d´1
ÿ

d“`

r
ź

k“1

ÿ

sPt´1,1u

eπip1´sqpjkq{p2dqe´2πipsjk`q{p2dqxrsjks.
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We may exchange the product and sum to get a sum over vectors of signs, giving

wHj1,...,jrI
1

2d

2d´1
ÿ

d“`

r
ź

k“1

ÿ

sPt´1,1u

eπip1´sqpjkq{p2dqe´2πipsjk`q{p2dqxrsjks

“ wHj1,...,jrI
1

2d

2d´1
ÿ

d“`

ÿ

sPt´1,1ur

r
ź

k“1

eπip1´skqpjkq{p2dqe´2πipskjk`q{p2dqxrskjks

“ wHj1,...,jrI
1

2d

2d´1
ÿ

d“`

ÿ

sPt´1,1ur

exp

˜

πi

2d

r
ÿ

k“1

p1 ´ skqjk

¸

exp

˜

´2πi`

2d

r
ÿ

k“1

skjk

¸

r
ź

k“1

xrskjks

“ wHj1,...,jrI

ÿ

sPt´1,1ur

exp

˜

πi

2d

r
ÿ

k“1

p1 ´ skqjk

¸

1

2d

2d´1
ÿ

d“`

˜

exp

˜

´2πi

2d

r
ÿ

k“1

skjk

¸¸` r
ź

k“1

xrskjks

“ wHj1,...,jrI

ÿ

sPt´1,1ur

exp

˜

πi

2d

r
ÿ

k“1

jk

¸

p´1q
1
2d

řr
k“1 skjk

˜

r
ź

k“1

xrskjks

¸

1

#

r
ÿ

k“1

skjk ” 0 pmod dq

+

.

In the sum, all terms are invariant to negation of the sign vector s ÞÑ ´s except for the product
śr

k“1 xrskjks

so if we reindex by a negation of the sign vector we simply get

wHj1,...,jrI

ÿ

sPt´1,1ur

exp

˜

πi

2d

r
ÿ

k“1

jk

¸

p´1q
1
2d

řr
k“1 skjk

˜

r
ź

k“1

xr´skjks

¸

1

#

r
ÿ

k“1

´skjk ” 0 pmod dq

+

.

Averaging these two equivalent equations gives

wHj1,...,jrI

2

ÿ

sPt´1,1ur

exp

˜

πi

2d

r
ÿ

k“1

jk

¸

p´1q
1
2d

řr
k“1 skjk

˜

r
ź

k“1

xrskjks `

r
ź

k“1

xr´skjks

¸

1

#

r
ÿ

k“1

skjk ” 0 pmod dq

+

.

�

Proof of Proposition 5.3.9. Let x P R2d. By Proposition 5.2.5, for j1, j2 P rdq,

T
p2q

pMRApx̂qrHj1, j2Is “
1

2
px̂rj1sx̂rj2s ` x̂r´j1sx̂r´j2sq1tj1 ` j2 ” 0 pmod 2dqu

`
1

2
eπipj1`j2q{p2dqp´1qpj1´j2q{p2dqpx̂rj1sx̂r´j2s ` x̂r´j1sx̂rj2sq1tj1 ´ j2 ” 0 pmod 2dqu,

(5.44)

with indexing into x̂ taken modulo 2d. The conditions, j1 ` j2 ” 0 pmod 2dqu and j1 ´ j2 ” 0 pmod 2dqu

only hold simultaneously when j1 “ j2 “ 0. In this case, the entry is a multiple x̂r0s2 and hence one

can only determine the value of |x̂r0s|. Beyond this, there are no other conditions under which the first

indicator variable is non-zero. The second indicator is satisfied along the diagonal, and since x is a real

signal x̂r´js “ x̂rjs, so for 0 ă j ă d,

T
p2q

pMRApx̂qrHj, jIs “ eπij{dx̂rjsx̂r´js “ eπij{d|x̂rjs|2.
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Taking the magnitude of these entries recovers |xrjs|2 for 0 ă j ă d and this is the power spectrum of x

excluding the coefficient x̂rds. �

5.9.3. Polynomial Subspaces.

Proof of Proposition 5.7.2. As previously noted, spanpvf2 : v P X_
1 q – pCdqf4 so Q is the correct

size to be an orthogonal basis for IpX_
1 qK

2 . First, we will confirm that Q is a basis by showing it is an

orthogonal set of vectors. Notice that since they are standard basis vectors of ppCnqf2qf2, xp~ea f~ebq f p~ec f

~edq, p~ea1 f ~eb1 q f p~ec1 f ~ed1 qy “ 0 whenever HHa, bI, Hc, dII ‰ HHa1, b1I, Hc1, d1II. When multisets Ha, b, c, dI ‰

Ha1, b1, c1, d1I, each produces a different set of two element partitions so xQ_
abcd, Q

_
a1b1c1d1 y “ 0.

Next, we will show that for each E_
abcd from (4.12) andQ_ P Q, Q_ K E_

abcd. Consider that if Ha, b, c, dI ‰

Ha1, b1, c1, d1I then xE_
abcd, Q

_
abcdy “ 0. We need only verify that xE_

abcd, Q
_
abcdy “ 0 and xE_

abcd, Q
_
acbdy “ 0.

For the first, expanding terms then canceling weights allows us to write the inner product as a sum of inner

products of standard basis vectors in ppCnqf2qf2,

xE_
abcd, Q

_
abcdy “ x~eHHa,bI,Hc,dII, ~eHHa,bI,Hc,dIIy

´ x~eHHa,dI,Hc,bII, ~eHHa,bI,Hc,dIIy

` x~eHHa,bI,Hc,dII, ~eHHa,cI,Hb,dIIy

´ x~eHHa,dI,Hc,bII, ~eHHa,cI,Hb,dIIy

` x~eHHa,bI,Hc,dII, ~eHHa,dI,Hb,cIIy

´ x~eHHa,dI,Hc,bII, ~eHHa,dI,Hb,cIIy

“ 1 ´ 1 “ 0.

The computation for xE_
abcd, Q

_
acbdy “ 0 is effectively identical in structure. So Q is an orthogonal basis for

IpX_
1 qK

2 . �
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