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Abstract

Three eperiments with a probabilistic truth-table
evaluation task suggest that most people interpret
conditionals as asgerting a high condtional probability of
the mnsequent, given the atecalent. A minority seems
to endarse an interpretation in terms of a single explicit
mental model (Johrson-Laird & Byrne, 1991). There was
no evidencethat a substantive number of people interpret
condtionals as materiad implicaions. We propose a
revison d the theory of menta models that can
acommodate both prevalent interpretations as two levels
of elaboration d model-based representations.

I ntroduction

How do people understand statements of the form “if p
then g"? Conditionals an to have a chameleon-like
meaning that varies with content and context (c.f.
Johnson-Laird & Byrne, 2002. Still, people can reason
systematicadly from conditional statements even with
abstrad material presented out of context, as in typicd
experiments on deduction (for an overview see Evans,
1993. This suggests that there is a psychologicd core
meaning asociated with the connedive “if ... then”.

The experiments reported here put to test two theories
of the psychologicd meaning of conditionals - the
theory of menta models (Johnson-Laird & Byrne,
1991)) and the hypothesis that conditionals are
interpreted as conditional probabilities (Edgington,
1995 Evans, Handley, & Over, 2003 Oaksford &
Chater, 2001 Oberauer & Wilhelm, in press.
According to the theory of mental models, a conditional
of the form “if p then g” isinitially represented as one
explicit mental model together with one implicit model
(expressd by the threedats):

(p] q

The square bradkets around p signify that there ae no
other possble cases with p, so al the implicit models
must be caes of —p. The initia representation can be
“fleshed out” if necessry, yielding three eplicit
models:
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p q
-p q
-p q

Thus, the full set of mental models represents those
cases from a truth-table that make the @nditional
statement true. The initial representation corresponds to
what has been cdled a “defedive truth table”, based on
the observation that people often regard the cases with a
negation of the antecadent (=p) asirrelevant to the truth
of the @nditional (Johnson-Laird & Tagart, 1969.

According to the cnditional probability view, thisis
not a defedive judgment at al. Edgington (1995,
building on ealier work in the philosophy of logic,
proposed that the reasonable degree of belief in a
conditional “if p then Q" equas the subjedive
conditional probability P(qg|p). This depends on the
relative frequency of pq cases and p—q cases, whereas
cases with negated anteceadent are irrelevant.

Our experiments used a probabilistic truth-table
evaluation task. Participants were given information
about the frequencies of the four cases of the truth-table
and asked to judge how likely a conditional statement
was true (Experiments 1 & 2) or whether it was true or
fase (Experiment 3). Two fadors were varied
orthogonally: The relative frequency of pg, and the ratio
of pqto p—q cases. Table 1 shows the resulting design.

Table 1: Design of Experiments

Cases | Conditions - HH HL LH LL

P 900 900 90 100
p-q 100 900 10 100
p q 500 100 950 900
~p —q 500 100 950 900

Legend: HH = high frequency of pg, high P(q|p), HL =
high frequency of pq, low P(qg|p), LH = low frequency
of pg, high P(q|p), LL = low frequency of pq, low

P(alp).

If people interpret “if p then q” as aswerting that the
conditional probability of g, given p, is high, then their
judgment of how likely this datement is true should
depend only on the ratio variable. Thus, they should



judge the likelihood d the conditional to be high in
conditions HH and LH, and low in the other two
conditions. Asauming further that people accet a
conditional as “true” if P(q|p) surpasses a threshold
close to, but not equal to one, this acount would
predict that a larger number of people would be willi ng
to accept the conditional statement as true in conditi ons
HH and LH than in the other two.

The theory of mental models predicts that people
estimate the probability of a statement by the relative
frequency associated with the mental models of the
statement, set in relation to the number of al cases
(Johnson-Laird, Legrenzi, Girotto, Legrenzi, &
Caverni, 1999. Thus, people working with the initial
model representation should judge the likelihood d a
conditional as a function of the relative frequency of pqg
cases, independent of the ratio fador. People who
employ the full set of three eplicit models sould
estimate the probability of a conditiona as the sum of
the frequencies of the ca&es pg, -pg, and -p-q,
divided by the sample size (i.e., 2000, which eguals 1-
P(p—q). Their judgments sould thus depend on the
relative frequency of the p—q cases only. Within our
design, this can be decomposed into a main effed of
ratio and a main effea of frequency of pg. Note that the
predicted effea of the frequency of pqg goes in the
oppaite diredion of that expeded from the initial
model representation: Within ead caegory of ratio,
high frequency of pqg goes with high frequency of p-q,
which should yield low estimates of the likelihood d
the conditional.

Experiments1 and 2

Method

Participants. Experiment 1 was a paper-pencil study
redizing the design in Table 1 within subjeds.
Participants were 61 high schod students (age range
17-21). Experiment 2 redized the same design between
subjeds as an internet survey, to which 2255 ople
contributed data. We accepted only respondents who
provided an email address for feedbadk that was not
entered before in order to reduce the likelihood d
multi ple participations of the same person.

Materials and Procedure. Participants of Experiment
1 recaved afive-page bodklet, with one page for a brief
introduction into the task and one for ead condition.
Eadh condition introduced an imaginary set of 2000
cads, ead card having either an A or a B printed on it
in either red o blue. Next the frequency information
was given about each combination of letter and color
(e.g., “There ae 900 cards with ared A”). Participants
were then asked four sets of questions for ead
condition. The first set of four questions asked about
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the probability that a cad seleded at random had a
particular feaure combination (e.g., that it had a blue
A). The sewmnd pair of questions asked about the
probability that a single cad, which happens to have an
A printed on it, was red, and the probability that it was
blue. These two questions targeted dredly the
conditional probability corresponding to the cnditi onal
statement introduced in the third question. As an
introduction to the third question, participants were
informed that a random set of 10 cards was drawn from
the padk. They were then asked to estimate how likely it
is that the following statement is true for the 10 cards:
“If a cad has an A, then it is red”. All estimates of
probabilities were to be given on a scde from 0
(“absolutely imposgble”) to 100 (“absolutely certain”).
The final question asked participants to imagine abet
on the truth of the conditional. If the conditional turned
out to be true for the sample of 10 cards, they would
win 100 DM, otherwise they would lose their bet. They
were required to indicae the maximum amount they
would be willi ngto bet on the truth of the conditional.

Results

Figure 1 plots participants estimates of the conditional
probability P(q|p) and their estimates of the probability
of the conditional, P(“if p then ") in Experiment 1.
The third line represents aubjedive probabiliti es of the
conditional cdculated from participants bets by the
formula P = bet/(bet+100), multiplied by 100 for
compatibility with the estimates. Figure 2 shows the
corresponding data from Experiment 2.

—o— Conditional Probability
L = Probability of Conditional .
90 --0-- Prob. of Conditional from Bet

80
70
60
50
40
30
20
10

Probability Estimate

HH HL LH LL
Condition

Figure 1. Probability estimates (on a scde from O to
100) for the onditiona probability P(qg|p), the
probability of the mnditiona statement, and the
probability of the @nditiona cdculated from
participants’ bet; Experiment 1. Conditions H = high, L
= low, first letter refers to the frequency of pg, second
to the ratio of pqg to p—q. Error bars represent one
standard error.



The etimated probabilities of the anditional
statements were submitted to an ANOVA with
frequency of pq (2) and ratio (2) as fadors. Both main
effeds were significant in both experiments; for the
effed of ratio, F (1, 60) = 5867 and F (1, 1998 =
5764, for Experiment 1 and 2, respedively; for the
effed of frequency of pg, F (1, 60) = 21.7 and F (1,
1998 = 33.5. The interadion was not significant (F =
.02and 3.7, respedively).

Equivalent ANOVASs on the cnditional probabiliti es
of g, given p, yielded comparable results. There was a
main effed of ratio, F (1, 60) =2334 and F (1, 1998 =
11996, for Experiment 1 and 2, respedively. The main
effed of the frequency of pq also was sgnificant, F (1,
60) =8.44and F (1, 1998 = 104.5. The interadion was
not significant.

Finaly, the same analysis was conducted with the
probabiliti es cdculated from bets, and again there was a
main effed of ratio, F (1, 60) =179 and F (1, 1998 =
57.4. The dfed of frequency was not significant in
Experiment 1 (F = 2.1), but it was in Experiment 2, F
(21,1998 =4.9.

100 —&— Conditional Probability —
~e= Probability of Conditional
==~ Probability of C. from Bet

90
80
70
60
50
40

30
20 ==

Probability Estimate

10

HH HL LH LL

Condition
Figure 2: Results from Experiment 2; see Figure 1 for
legend.

Figures 1 and 2 show that in al cases the ratio
variable was the dominant determinant of people’'s
judgments: High ratios of pqg to p—q were aciated
with high estimated conditional probabiliti es, with high
estimated probabiliti es of the conditiona statement, and
with higher bets on its truth. In addition, higher
frequencies of pq dightly increased the estimates of the
probability of the conditional and the bets on its truth,
and, surprisingly, also the estimates of P(q|p).

In Experiment 2, 52% of participants gave a
estimate of the probability of the conditional that
exadly matched their estimate of P(q|p). Ten percent
gave estimates that matched exadly their estimates of
the unconditional probability of the pq cese.
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Discusson

The data provide compelli ng suppart for the view that a
majority of people interpret statements of the form “if p
then q” as expressng a high conditional probability of
g, given p. In addition, the smaller effed of frequency
of pq suggests that a minority of people judge the
probability of a conditional statement on the basis of a
mental model representation that contains only the cae
pg as an explicit model. This minority could be
responsible for the difference in overal level between
the estimated probabiliti es of the cnditional and the
P(qlp) estimates: For this group, the probability that the
conditional is true would be @nsiderably smaller than
P(qp) — except in condition HL, where the two
estimates were in fad very close in both experiments.
The low level of probabilities derived from bets are
probably due to conservative betting (hardly anyone bet
more than 100 DM), which can be explained by loss
aversion (Kahneman & Tversky, 1984).

Experiment 3

The results of the foregoing experiments could have
been biased toward a probabilistic reading of the
conditional statement because the task was embedded in
a ontext of probability estimations. Therefore,
Experiment 3 was designed as a further test of the two
theories in a ontext that avoided mention of
probabiliti es altogether.

Method

The third experiment was again a web-based survey,
using the same design as Experiment 2. The only
difference was that ead participant answered a single
question: “Someone daims that the following general
rule about the playing cards holds: ' If thereisan A ona
cad, then it isred’. Do you think thisis true or false?’
Responses were obtained from 2198 people.

Results and Discusgon
The percentage of participants regarding the conditi onal
statement as true in the four conditions was 21 for HH
(i.e., highfrequency of pg, highratio), 10 for HL, 20for
LH, and 12for LL. A log-linea analysis performed on
the frequencies of responses in ead condition reveded
a significat effea of ratio, Chiz (2) = 43.0, but no
significant effed of frequency of pg, Chiz (2) = 1.90.
The results are in good agreement with the
probabilistic acount of conditionals. People can be
asumed to accept a anditional statement as true when
the anditional probability of the cnseguent, given the
antecalent, surpases a threshold close to one. The
predse locaion of the threshold can vary between
individuals, such that some, but not al of them are
willi ng to accept a conditional when P(q|p) is only .9,



and considerably less but still a few are gparently
willi ngto accept it even when P(q|p) isonly .5.

General Discusson

The eperiments summarized here (for a more
detailed report see Oberauer & Wilhelm, in presg
provide strong suppat for the wntention that people
interpret conditional statements as asserting a high
conditional probability of the nsequent, given the
antecalent (Edgington, 1995 Oaksford & Chater,
2001Y). In addition, they provide esidence for a minority
of people who bese their judgments on a representation
akin to the initial mental model representation
(Johnson-Laird & Byrne, 1991). Hardly anyone, it
seams, endorsed a representation corresponding to the
full set of three mental models making the conditional
true. This elaborate set of mental models corresponds to
a reading of the mnditional as a material implication.
Thus, our results also demonstrate that people untrained
in formal logic don’t interpret conditionals as material
implications. In arecent series of experiments smilar to
ours, Evans et a. (2003 obtained a pattern of results
strikingly matching those presented here.

These findings pose a serious problem for a truth-
functional acount of the psychologicd meaning of
conditionals. The most prominent such acwourt is the
theory of menta models (Johnson-Laird & Byrne,
1997). In its present form, the mental model theory of
the nditional can acount well for the pattern of
responses demonstrated by a minority of participants,
who based their degree of belief in the conditional on
the frequency of the pq case. This would be expeded if
they represent the cnditional by a single explicit model
of pg The mental model theory cannot acwmurt,
however, for the observation that most people's degree
of belief in “if p then q” is determined by their
subjedive conditional probability P(q|p).

In order to acommodate the two most prevalent
interpretations observed in our experiments, as well as
those from Evans et a. (2003, we propose amodified
version of the mental model acount. Every statement
in ordinary discourse implicitly refers to a domain of
discourse, which defines what is relevant for the truth
or fasity of the statement. For example, “Peter is in
Paris or he is in Moscow” refers to a somewhat
extended present on the time dimension and to a
particular person named Peter whom both spedker and
heaer happen to know. A statement such as “there is a
triange or there is a square” makes snse only when we
asame a spatially as well as temporally restricted
domain of discourse (e.g., what is drawn on a cetain
blackboard right now). Mental models for such
statements can be interpreted only if the agnitive
system frames them into a domain of discourse, which
defines the scope of applicaion of the model —
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otherwise, the wgnitive system would have no idea
what to dowith amodel such as:

\Y%
O

Conditionals can be interpreted as gating the truth of
the consequent in a domain of discourse in which the
antecalent is true. The mnditional is true to the extent
that the consequent is true in the domain of discourse
defined by the antecedent. It follows that a reasonable
degreeof belief in the conditional should depend on the
propartion of pq cases among all p cases, that is, among
all cases in the domain of discourse. This is exadly the
conditional probability of g, given p. Cases of -p are
irrelevant to the truth of the cnditional, because they
are outside the domain of discourse. This is exadly
what most participants expressin truth-table evaluation
or production tasks (e.g., Johnson-Laird & Tagart,
1969.

In order to represent the meaning of conditionals by
mental models, one has to make eplicit the domain of
discourse spedfied by the atecalent in the
representation. To this end we introduce the mncept of
a reference frame into the ontology of mental models.
A reference frame defines explicitly a region in a
mental spaceof posshiliti es relative to which a mental
model should be interpreted. Reference frames are most
obviously necessry in mental models of containment
relations in  space and the mputational
implementation of the theory developed by Bara,
Bucdarelli, and Lombardo (2001) uses them to
represent, for example, statements like “There is no
ashtray in Holmes' house” (p. 855).

Bara @ a. (2001, however, did not introduce
reference frames as a speda kind of entity into their
“ontology” of mental model representations. We
propase that this $ould be done. A conditional can then
be interpreted as an instruction to construct a reference
frame defined by the antecedent and to construct a
model of q (or of the mnjunction pg) within it. Thus,
reference frames take over the function of the square
bradkets in the origina model theory of conditionals.
Different from the square bradkets, they are not
symbalic annotations linked to individual models, but
regions in menta space in which models are
constructed.

The explicit representation of the domain of discourse
by a reference frame can be done more or less
completely, and this variation, we suggest, acournts in
part for the individual differences in urderstanding of
conditional ~ statements.  Different  variants  of
representing “if p then " by menta models are
sketched in Figure 3.

We believe that the initial mental model constructed
by logicdly untutored adults corresponds to one of the



first two variants (Figure 3a or 3b). With the model in
Figure 3a the person endorses a *“conjunctive”
interpretation of the onditional. The domain of
discourse is left implicit, such that the model of pqgis
interpreted relative to an urrestricted space of
posgbilities. Thus, the degree of belief in the
conditional depends on the frequency of pq cases
relative to all other casesin the population.

A pq
P
: pq
P
c pg
-p
~q
P
S pg
all
=p-q

Figure 3: Four levels of elaboration of mental models of
a oonditiona “if p then q". Elli pses designate explicitly
represented damains of discourse in the space of
possble situations. Capital |etters define these domains
by marking what is true in situations belonging to them.
Small | etters refer to mental models of situations.

Figure 3b illustrates a model where the domain of
discourse is made explicit as a reference frame. Within
this frame, again only pq is represented by a model.
This foll ows from the “principle of truth”, which is one
of the basic asaumptions in mental model theory:
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Models represent only true posshiliti es, not false ones
(Johnson-Laird, 200L Johnson-Laird, Legrenzi,
Girotto, & Legrenzi, 2000. Therefore, p—~q is not
represented. Since the domain of discourse defined by p
is represented explicitly, it is possble to assgn
frequencies or probabiliti es to p as well as to pqgin the
way proposed by Johnson-Laird et al. (1999. Thus,
with this representation the degree of belief in the
conditional should equal the propation of pq cases
within the set of p cases, and hence the conditiona
probability P(q|p). The frequency of pq relative to the
total population (including —p cases) should not be
regarded as relevant.

Figures 3c ad 3d dpict more daborate
representations, which reasoners can form to med
spedal requirements. When the negation of p is brought
to the person’s attention — for example through explicit
mention in discourse or by perception — it will be
represented explicitly outside the domain of discourse
defined by the wnditional. This will be the cae, for
instance, in a denial of the antecalent inference task
where the minor premise is “p is not the cae”. More
generaly, this is the kind of representation employed
for counterfactual conditionals: The true situation is —=p,
and the onditional invites one to consider a
counterfactual situation p. A negation of q will also be
represented explicitly outside the reference frame
defined by p, becaise the oonditional disalows -q
cases within  the reference frame. A natural
consequence of this arrangement is to infer —p from -q
(modus tollens) and the other way round (denial of the
anteceadent). This pattern of inferences corresponds to a
“biconditional” interpretation of conditional statements.

Figure 3d shows a more sophisticaed way of
elaborating the onditional when presented with
negated cases. Here the set of q casesisrepresented asa
seoond reference frame in which the p frame is
embedded. This representation rests on the flexible
engagement of p and o q as potential domains of
discourse and thereby effedively coordinates the
conditionals “if p then g” and “if g then either p or =p).
This is a representation that supparts conditional
ressoning in acordance with propasitional cdculus:
accetance of modus porens and modus tollens, and
rejedion of denial of the antecalent and acceptance of
the mnsequent.

The four versions of mental models to represent
conditionals can be mapped onto the three successve
stages in development of mental models proposed by
Barrouillet and Leca (1999 Barrouill et, Grosst, &
Lecas, 2000. In the first stage dildren endorse a
conjunctive interpretation of the conditional, based on a
singe model of pg They accet inferences with
positive but not negative minor premises (i.e., modus
porens and acceptance of the @nsequent). This
corresponds to the representation in Figure 3a. In the



seond stage children construct an additional model
=p-g. This leads them to interpret conditionas as
biconditionals. They accept al i nferences involving one
of the four possble minor premises (p, —=p, g, —q) as
valid. This corresponds to an initial model like Figure
3b, which is elaborated as in 3c in the faceof negative
minor premises. The third stage of Barrouillet and
Leca (1999 is reatied when people build al three
models required to represent the conditional as material
impli cation.

The evidence presented in this article suggests that
people hardly ever represent the conditional as material
implication. Instead, we believe, people on the second
and third stage identified by Barrouillet and Lecas
(1999 still represent the mre meaning of a conditional
as in 3b, but they elaborate it as in 3c or 3d when
necessry, that is, when a negation of the antecedent or
of the onseguent is given. An elaboration into a
representation as in 3c suppats al four standard
inferences, equivalent to a biconditional reading of the
conditional premise, whereas the more @mplex
representation depicted in 3d suppats only modus
porens and modus toll ens, corresponding to a use of the
conditional as material implicaion. We regard these
elaborations not as part of the cre meaning of “if”, but
as context-dependent modulations of it, of which there
are probably many more than the two dscussed here
(c.f. Johnson-Laird & Byrne, 2002.

The modified mental model theory of conditionals
spedfies four levels of elaboration for a representation
of conditionals. Which level isadually used depends on
the working memory cagpadty of the person (higher
levels requiring more cgadty) and the requirements of
the task (asessng the truth or probability of a
conditional requires only a representation of level B,
whereas reasoning with negated premises requires
higher levels). Through the introduction of reference
frames that explicitly designate arelevant domain of
discourse, the theory can explain why most adults
interpret  conditionals in terms of conditional
probabilities. At the same time, it preserves the
explanatory power of the model theory for conditional
reasoning, because the model (or models) built within
the reference frame (or frames) are the same & in the
original model theory.
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