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ABSTRACT OF THE THESIS

Optimizing Ring AllReduce for Sparse Data
By
Anshul Arunachalam
Masters of Science in Computer Science
University of California, Irvine, 2025

Assistant Professor Sangeetha Abdu Jyothi, Chair

The distributed training of machine learning models via gradient descent is generally con-
ducted by iteratively computing the local gradients of a loss function and aggregating them
across all processors. Communicating these gradients during aggregation is often a major
cost but sparsification techniques can greatly improve efficiency. One such technique, Top-k
gradient compression, ensures that only the k£ largest components of each local gradient are
sent. However, effectively scaling this method can be challenging. The standard ring AllRe-
duce algorithm, which is frequently used to aggregate dense gradients, lacks a counterpart
that is optimized for sparse data. Notably, ring algorithms are contention-free, which gen-
erally make them easier to scale than other collective communication algorithms. Thus, in
practice, the ring AllGather algorithm, which can be trivially adapted for sparse data, may
be used instead, even though its bandwidth costs are proportional to the number of utilized
processors (unlike ring AllReduce). To provide a more scalable contention-free alternative,
we present a variant of ring AllReduce that has been better optimized for sparse data. We
compare it to the standard dense ring AllReduce and ring AllGather algorithms, and we

evaluate it empirically using gradients sampled from fine-tuning Llama 2 7b.

vi



Chapter 1

Introduction

Recent transformer-based models utilize a much greater number of parameters than previous
generations of machine learning models. For example, Meta’s largest Llama 3 model has 405
billion parameters [4]. A vast number of techniques are used to efficiently train these models,
including using distributed systems. When conducting distributed training, the dataset is
partitioned and each compute node (e.g., a GPU) trains on a partition for a period of time.
Then, the nodes’ computed gradient updates are aggregated and redistributed. Each node
will eventually receive the same final gradient update and, when it does, it can continue

training.

There are two commonly used methods used to aggregate gradient updates, parameter servers
[7] and AllReduce. Parameter servers receive updates from all compute nodes, aggregate
them locally, and broadcast the aggregated result back to the compute nodes. One issue
with this is that it can be difficult to scale well. AllReduce algorithms, which are generally

more uniform and balanced, tend to scale better.

Since communication costs are a large proportion of overall training costs, a variety of train-

ing techniques have been developed to optimize for lower communication volumes. One of



these techniques is sparsification. Sparsification reduces the communication volume and, in
many cases, does so without meaningfully reducing inference accuracy. (There can also be

other benefits to sparsification, like the tendency of sparse models to generalization better

[5].)

However, maintaining sparsity levels can be challenging during gradient aggregation. In order
to address this in a scalable manner, we optimize the standard ring AllReduce algorithm for

sparse data.



Chapter 2

Background

2.1 What is AllReduce?

In many distributed settings, nodes (e.g., servers with CPUs or GPUs) need to coordinate
computation. This can require communicating data between nodes in a highly-choreographed,
optimized manner. Collective communication operations [2] fulfill this need. Common op-
erations include broadcast (where one node sends data to all other nodes) and AllGather

(where all nodes send data to all other nodes).

Reduction collective communication operations, such as AllReduce, are also important.
Given an associative (and, usually, commutative) operator, AllReduce reduces (applies the
operator on) data from all nodes and sends the result to every node [9]. (See Figure 2.1 for
an example.) One example of this collective communication operation is in Horovod [11],
which utilizes AllReduce to improve the scaling of model training. In this case, the reduc-
tion operator is tensor addition, which aggregates gradient updates. Note that collective
communication operations are used beyond machine learning applications (including in, e.g.,

scientific computing).



Figure 2.1: An example AllReduce operation.

2.2 Cost Model

The standard linear cost model (the Hockney model) [2] for collective communication oper-
ations is: C,(n) = a+ fBn, where p is the number of processors, n is the size of the data, « is
the per-message cost (the latency) and f is the per-byte cost (the inverse of the bandwidth).

(Note that we’ll refer to it as the “bandwidth cost” from here.)

There may also be a factor § to account for congestion: C,(n) = o + §fn. We'll generally
omit it since the ring algorithms we’ll discuss are contention-free. (Of course, it’s generally
nontrivial to account for congestion, especially at scale, so any benefits of a contention-free
algorithm may be difficult to quantify sufficiently precisely in this model.) Additionally,
we assume that wormhole routing and (full duplex) bidirectional links are used. (This also

allows us to avoid additional communication cost terms [3, 10] in our model.)

Finally, for operations involving reductions, there is a per-byte computation cost term: yn.

Thus, our final cost model is Cy(n) = a + fn + yn.



2.2.1 Lower Bounds

Informally, the theoretical lower bounds on total messages and bandwidth for AllReduce
in single-ported indirect networks are 2(p — 1) and 2n’%1, respectively [9]. The ring and

recursive-doubling algorithms are optimal in the bandwidth term, as illustrated in Table 2.1.

2.3 Common AllReduce Algorithms

2.3.1 Binary Trees

The binary tree algorithm [10] is a well-known method of implementing AllReduce. In each
round, data is exchanged between pairs of nodes and is reduced. After any given round,
only half the processes are used in future rounds of reduction (which makes this algorithm
suboptimal). Once the final reduction occurs at the root of the tree, the result is broadcast

to all other nodes.

2.3.2 Recursive Doubling (Rabenseifner’s Algorithm)

Recursive doubling (also known as Rabenseifner’s algorithm) [10] utilizes an exchange of
data between nodes, similar to the binary tree algorithm. However, in the first round, only
half the data is exchanged (with different halves going to each node) and reduced. In each
subsequent round, the data exchanged is further halved. In addition, to further improve

performance, nodes closer together exchange the largest amounts of data.

One issue with recursive doubling is that it can be sensitive to the number of processes used.
The lowest cost version of the algorithm is only utilized if the number of processes is a power

of 2. (However, utilization of binary blocks, where processes are partitioned into groups of



Algorithm Latency Bandwidth Computation Contention-Free?

Binary Tree [10] 2logp 2nlog p nlogp No

Recursive Doubling! [10]  2logp 2711”%1 n’%l No
i — p—1 p—1

Ring [9] 2(p—1) 2ntS nk Yes

'For p is a power of 2.

Table 2.1: Costs for well-known AllReduce algorithms.

different powers of 2, can help improve performance when the total number of nodes is not

a power of 2.)

2.3.3 Rings

Ring algorithms [3, 9] tend to scale better than other collective communication algorithms,
such as recursive-doubling algorithms, since they are contention-free (and, hence, have no
congestion). In ring AllReduce, also known as bucket AllReduce, each node’s data is parti-
tioned into blocks and, in each round, one block (of size g) is sent from each node to the next
node in the ring in a synchronous manner. One drawback to this, however, is that latencies

tend to be higher, particularly if Hamiltonian rings are used.

2.4 Sparsity

Sparsity is an important aspect of both model training and inference [5]. One specific benefit
of sparsity is that utilizing sparsity can enable efficiently training large models for little cost

to inference.



2.4.1 Top-k Sparsification

Top-k sparsification [1] utilizes the fact that communication accounts for a substantial share
of costs when training large models. The idea here is that instead of sending all gradient
updates, we just send the k largest components of the update and keep the rest (to be added
back locally in the next round). Note that a variant of this method, Random-k, does not

converge well in practice [12].

2.4.2 Sparse Tensors

Sparse tensors can be characterized in several ways but the method we use here is to consider
the fraction of nonzero values. One important aspect of this is that the sum of two x-sparse
matrices may be 2k-sparse (which would happen if there was no overlap of components). This
means that efficiency gains from sparse tensors can be easily lost if suboptimal methods (e.g.,

suboptimal aggregation methods) are used.

2.5 Other AllReduce Algorithms for Sparse Data

2.5.1 O(k)-Topk

O(k)-Topk [8] is a recursive doubling-based aggregation technique for sparse data. The
algorithm utilizes an approximation of the global Top-k components (across multiple nodes).
It also uses load balancing to ensure that nonzero values are more evenly partitioned among
workers. Its costs are linear in terms of k£ so it is asymptotically optimal in the bandwidth
component. (In particular, bandwidth costs are between 21{:’%1 £ and 6]{31%1 [, where p is the

number of compute nodes.) However, since it optimizes recursive doubling, congestion may



hinder scalability. Furthermore, the utilization of the approximation could reduce broader
applicability, especially because it utilizes periodic recalculations (the scheduling of these

recalculations is a hyperparameter that may need to be tuned).

2.5.2 AllGather

Some existing frameworks that implement sparse collective communication tend to use All-
Gather algorithms to implement sparse AllReduce. One reason is that it is more broadly

applicable than O(k)-Topk, which is a fairly heavy-duty, opinionated algorithm.

Ring AllGather can ensure that the sparsity of the data transmission is maintained through-
out the duration of the operation. Horovod [11], for example, utilizes ring AllGather. How-
ever, although it is contention-free, it does not scale as well since the bandwidth cost increases

with the number of compute nodes (unlike dense ring AllReduce).



Chapter 3

Ring AllReduce for Sparse Data

3.1 Description

The main idea is to turn AllReduce into a sort of greedy algorithm. We start with the regular
ring AllReduce set up, except each node starts with a set of sparse data (the particular format
is not too relevant as long as it is efficient to track ordering). In essence, in any particular
round, each node 7 can skip ahead if it does not have enough values to fill up its send buffer.

Figure 3.1 illustrates this step.

If another node j sends indices to node i that node i already sent (when it skipped ahead),
then node ¢ simply passes along the new values without reducing it. Figure 3.2 illustrates
this correction message. (Node i would have already sent its own message so this ensures the
accuracy of the final output.) Note that the loss in efficiency from this correction message
will, in the worst case, only set the algorithm back to where the node would have been in

the standard AllReduce.

No matter what, if a node receives a message in its “final zone,” then the node reduces and
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Figure 3.1: An example of skipping ahead.
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Figure 3.2: An example of a correction message.
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Starting Offset

Impossible/Error
\

4

Standard AllReduce Round Offset

Correction Message
\

4

Skip Ahead Offset

To Reduce
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Figure 3.3: Actions at one node of the algorithm during the reduction phase.

keeps it. The final zone is essentially the region of the data that will eventually be broadcast.
Figure 3.3 illustrates and summarizes several aspects of the reduction phase of the algorithm.

Note that the orientation of the torus is down.

After the reduce-scatter phase, a broadcast (AllGather) phase is done just like the one for the
standard ring AllReduce. (This is done in p — 1 rounds as well.) The only difference is that
the sparse broadcast phase only broadcasts nonzero values. The more precise pseudocode of

the algorithm is presented in Algorithm 1.
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Algorithm 1: SPARSERINGALLREDUCE

// Let p be the number of compute nodes.

1 function SparseRingAllReduce(rank, dataBuffer, p)

10
11

12

13
14

15

// totalData denotes all data (including zeros)
chunkLength < | |totalData| / p |
// This enables the calculation of the final region (no values are
sent from the region)
noGo < ((rank — 1) mod p)
// Get a chunk’s worth of non-zero values (until the final region
is reached)
initialSendBuffer, nextStartOffset
+ getInitialSendData(chunkLength, noGo)
sendData(initialSendBuffer, (rank+ 1) mod p)
for (p - 1 rounds) do
newDataBuffer < receiveData((rank — 1) mod p)
// correctionBuffer and/or toReduceBuffer may be empty
correctionBuffer, toReduceBuffer
< processBuffer (newDataBuffer, nextStartOffset)
reduce(dataBuffer, toReduceBuffer)
remainingChunkLength - chunkLength — |correctionBuffer|
toSendBuffer, nextStartOffset <
getNextDataValues(remainingChunkLength, nextStartOffset, noGo)
if (round # p — 1) then
sendBuffer < concat(correctionBuffer, toSendBuffer)
LsendData(sendBuffer, (rank + 1) mod p)

// The broadcast (i.e. AllGather) phase is the same as the one in
the standard ring AllReduce algorithm (except it only broadcasts
nonzero values)

StandardBroadcastPhaseWithNonzero ()

12



3.2 Correctness

To show the correctness of the algorithm, we’ll prove the following theorem.

Theorem 1. Let p compute nodes P = {Fy,...,P,_1} be connected in a ring such that
P; — Plit1) mod p- Let there also be data D = (dy, . ..,d,—1), where |d;| = n, such that each
node P; has partition d;. Given a commutative (and associative) reduction operator &, and
an identity element 0, SPARSERINGALLREDUCEg (P, D) correctly outputs the final data
D* = (dy,...,d;_ ), where dj = ?;é d; for alli.

Proof. We reduce the correctness of SPARSERINGALLREDUCE to the correctness of STAN-

DARDRINGALLREDUCE.

The standard algorithm has two distinct phases: the reduction phase and the broadcast
phase. Let ¢(i) : Z, — P({1,2,...,n}) be a function that assigns a unique part of a
partition of indices to each node i. Let d;4;) denote a region of node j’s initial data, as
selected by ¢(i). At the start of the broadcast phase, each node P; has a region of data d; )
such that df ;) = @?;é dje@) (i-e., each region is uniquely fully reduced). Note that the
state transitions of the broadcast phase of STANDARDRINGALLREDUCE are independent of
the distribution of the data. Then, since df = @', d; = Uj;;é d; 4; the regions d ., are

the only inputs to the broadcast phase that have any impact on the output.

SPARSERINGALLREDUCE also has reduction and broadcast phases, and it has a very similar
broadcast phase to STANDARDRINGALLREDUCE. For each partition ¢(7), let ¢,.(7) be the
set of the nonzero values of the partition. Consider an invertible mapping g : |J,({i} x
¢nz(1)) = {1,2,...,n}, where each index of a nonzero value in each partition is assigned a
unique virtual index. In other words, the only indices being considered are nonzero indices

*

and, at the start of the broadcast phase, each node has a region d; i i

) After mapping,

the broadcast phase is exactly the same (we apply ¢! to get the original indices at the end).

13



Thus, if the reduction phase of SPARSERINGALLREDUCE correctly outputs the regions

i oiim. (iy)> Phe whole algorithm is correct.

We’ll show that this is the case. Without loss of generality, assume all partitions are the
same size b. First, note that the current offset counter cannot repeat an offset. Furthermore,
after the first r» rounds, the current offset counter must have been incremented by at least
rb. To see this, consider a hypothetical dense version of the data. Note that by default, the
counter increments by b. For every zero index encountered, it increments by one additional
position (until the final zone is reached). (This also applies to zeros that appear in the new
additional positions.) Every correction index received corresponds to a unique additional
increment caused by a zero. For example, if two correction messages with the same index
need to be sent by a node, each correction message corresponds to two different unique
increments. Thus, at the end of p — 1 rounds, the current offset counter will be at the final

zone (so all local indices would be sent by the end of the reduction phase).

Consider an arbitrary message m = (i1,43...,%,) (where ¢ denotes an index) initiated by
an arbitrary node P,. Consider an arbitrary index in the message i,. We will show that it
must reach its final destination. Consider some non-final node P, that receives the message.
Its current offset counter has either passed i, or it hasn’t. If it has, we know that 7, will be
sent in the next message (since it is a correction index). (Clearly, all the current correction
indices will fit into the next message since they must have arrived in one message in the first
place.) If it hasn’t, we know it will eventually be sent since the current offset must eventually
pass 7, on its way to its final zone. In the worst case, i, will be sent as a correction index for
every other node after the current node. However, 7, will still reach its final node since we
know that there must be enough round left. (Note that otherwise, the current offset would

have passed i,.)

Finally, note that each node’s index will only be reduced with all other data once so the

actual value is also correct. O

14



3.3 Theoretical Performance

3.3.1 Latency, Computation, and Bandwidth Costs

Latency and Computation Costs

There are p — 1 rounds for the reduce-scatter (i.e., the reduction phase) and p — 1 rounds
for the AllGather (i.e., the broadcast phase). Hence, just like with the standard algorithm,

the latency cost of SPARSERINGALLREDUCE is 2(p — 1).

Let x be the fraction of the data that is nonzero. The computation cost of the algorithm is
%"(p — 1) since we only reduce each node’s nonzero components of data once. (Note that,

when a correction is sent, we only pass along the message so we do not incur any additional

computation costs.)

Bandwidth Cost

The bandwidth cost is dependent on the distribution of the data. However, we can compare

it with the alternative contention-free options.

3.3.2 Comparison to Standard Ring AllReduce

Consider the timeline of both the regular ring AllReduce and the sparse ring AllReduce.
Recall the proof of correctness of the sparse ring AllReduce algorithm. In each round of the
sparse AllReduce, when a node skips ahead, it gains extra credits as compared to the regular
AllReduce. Thus, when it has to stall due to corrections, it simply loses some credits. It
can never lose more than it gained since the messages it receives are bounded by the regular

AllReduce’s schedule. (This can also be seen in the distance it takes for a message to reach

15



a node.) Hence, the amount of data sent by sparse ring AllReduce can be no worse than the

standard ring AllReduce.

However, no correction messages are sent for indices for which there are no nodes that have
nonzero values. Thus, the amount of data sent by sparse ring AllReduce can be no worse
than the standard ring AllReduce on simply the final aggregated indices. (Note that these

indices would not be known ahead of time.)

(Also, note that the latency costs are the same and the computation costs are better. Thus,

the total cost of sparse AllReduce can be no worse than that of dense AllReduce.)

3.3.3 Comparison to Standard Ring AllGather

Let k be the fraction of the data that is nonzero. Note that standard AllReduce on sparse
data (where the data is stored in a dense format) outperforms AllGather as the number of

compute nodes increases:

o> 2 = b= 1)) >p(2<p—1>g)

Since we know that the sparse ring AllReduce is no worse than the standard ring AllReduce,

we know that when x > %, sparse ring AllReduce is better than the standard ring AllGather.

(The latency cost of the standard ring AllGather algorithm is p — 1 since there’s just p — 1
rounds of broadcasting. This is half the latency cost of SPARSERINGALLREDUCE. The

computation cost is kn(p — 1) since, in each round, data of size xn is sent and reduced.)

16



3.3.4 Additional Remarks

The number of rounds utilized for the reduce-scatter phase of the sparse algorithm is simply
the length of the longest path taken by any message. For example, suppose the orientation
of thering is i — (i+1) mod p. If no node i needs to send data to node (i —1) mod p, then
the last round is unnecessary. However, this is unlikely to be the case for most workloads
(including machine learning tasks), so allowing for the possibility of exiting the algorithm

early would not be worth the coordination costs.

Even for workloads that are sparse and highly asymmetrical, no node in the ring would know
if they are finished early since, at any time, they may receive a message that was initiated
at a faraway node. A simple way to resolve this would be to do a preliminary AllReduce.
Each node would compute the length of the longest path required by its local data. Then,
the reduction operator utilized over the lengths would be € := max(+). (Since the messages
are small, it would almost certainly be more efficient to utilize a latency-optimal AllReduce

algorithm like, e.g., recursive doubling.)

17



Chapter 4

Evaluation

We evaluate our algorithm along with the primary contention-free alternatives for AllReduce

on sparse data, which are ring AllGather and standard (dense) ring AllReduce.

4.1 Experimental Set-Up
To evaluate the algorithms, we use a packet-level simulator, ns-3. We use parameters that
approximately match the NDR Infiniband’s parameters, as can be seen in Table 4.1.

The architecture of the ns-3 application used to simulate the communications is simple.

Note that sending a notification packet backward is a common design pattern that is used

Parameter Value
Data Rate 400 GB/s
Delay 1 s
MTU 4096

Table 4.1: Parameters used for the ns-3 simulation

18



reduce

notify /\

send
send buffer
transfer ready
receive buffer [“|
receive

Figure 4.1: The architecture of the ns-3 application.
in production libraries, such as gloo.

Also, note that ns-3 does not model computation costs. In practice, we precompute the

reductions at each stage to improve the simulation’s efficiency.

In order to accurately model large gradient updates, we sample gradient updates, with
enforced layer-level sparsity of 65% via Top-k, from fine-tuning Llama 2 7b [13] on the

OpenAssistant Conversations dataset [6], which was released after Llama 2 7b.

4.2 Results and Discussion

We simulate both a 5 node ring and a 10 node ring, and compare how both ring AllGather and
sparse ring AllReduce scale. Figure 4.2 shows the results. We see that as the number of nodes
increase, the performance of the sparse ring AllReduce algorithm improves (as compared to
ring AllGather). This is likely due to the higher overhead of sparse ring AllReduce (when

utilizing a smaller number of nodes).

19



Sparse Ring AllReduce vs Ring AllGather

1.5

Speed-Up Factor (AG runtime / Sparse AR runtime)

5 Nodes 10 Nodes

Number of Nodes in Ring

Figure 4.2: The results of the ns-3 simulation.
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Chapter 5

Conclusion

Here, we have presented a variant of the standard ring AllReduce algorithm that has been
optimized for sparse data. The algorithm shows both theoretical and empirical improvements
over the primary contention-free alternative for sparse data, ring AllGather, particularly as

the number of compute nodes increases.

Future potential research directions could include developing a variant of the sparse AllRe-
duce algorithm that computes a global approximate Top-k. This may improve efficiency even

more as it could reduce the bandwidth costs during the broadcast phase of the algorithm.
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